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1. Introduction

Harmonic mappings constitute an important area of research in geometric function theory (GFT)
and complex analysis (CA) owing to their rich analytical structure and broad range of applications.
They arise naturally as solutions of Laplace’s equation and play a significant role in several branches
of mathematics and applied sciences, including potential theory, fluid mechanics, elasticity,
electrostatics, and conformal mapping theory. Their smoothness, mean-value property, and close
relationship with analytic functions (AFs) have made harmonic mappings (HPs) an active topic of
investigation over the past several decades. Besides the classical theory, considerable attention has
recently been devoted to subclasses of harmonic mappings characterized by differential operators and
differential inequalities. Such additional constraints provide an effective framework for studying
geometric properties that are not immediately accessible through the standard harmonic setting. In
particular, second-order differential inequalities have proved to be a useful tool for constructing new
harmonic subclasses and deriving coeflicient estimates, growth theorems, inclusion relations,
distortion bounds, and close-to-convexity criteria. Harmonic functions (HFs) have a central role in
mathematical analysis and applied mathematics because of their remarkable analytical properties and
numerous applications in physics, engineering, fluid dynamics, and potential theory.

Let A denote the class of analytic function in the open unit disk

D={peC:<l1}

Thus, every & € A has the Taylor series expansion of the form
EV)=v+ ) ay (1.1)
§=2

and are normalized by
£§0)=0, £0)=1
Definition 1.1 (Starlike functions of order 7). Let 0 < 7 < 1. An analytic function ¢ € A is said to be

starlike of order 7 in D if
R {V§’(V)

&)

The class of all such functions is denoted by S*(7). In particular, for 7 = 0, we obtain the usual class
of starlike functions

}>T, v e D.

S =85%0).

Definition 1.2 (Close-to-convex functions of order 7). Let 0 < 7 < 1. An analytic function ¢ € A is
said to be close-to-convex of order 7 in D if there exists a function g € S* such that

%{vf (V)} >71, veD.

gv)

The class of all such functions is denoted by K(r). For v = 0, this reduces to the usual class of
close-to-convex functions.
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A complex-valued harmonic functions in the open unit disk D can be written in the form

fO) = nv) + W),

where 77 and ¢ are analytic in D. Let H denote the class of harmonic functions normalized by

fO)=0, fO=1,

and let
H® ={(f e H :&(0) = 0}.

Every function f € H° admits the representation

(o)

nv)=v+ Z asv’, &) = i by'.
s=2 s=2

Moreover,
f=n+¢

is locally univalent and sense-preserving (see [1,2]) in D, whenever

&V < '), veD.

The geometric theory of harmonic mappings was developed extensively through the pioneering
work of Clunie and Sheil-Small [1]. Since then, numerous subclasses of HPs associated with
convexity, starlikeness, close-to-convexity, coefficient inequalities, convolution operators, and
differential operators have been introduced and investigated. Moreover, particular attention has been
devoted to harmonic classes characterized by differential inequalities involving the analytic and
co-analytic parts. Such classes have proved to be an effective tool for establishing coefficient
estimates, growth and distortion theorems, inclusion relations, and closure properties. One of the
earliest harmonic subclasses defined through a differential inequality was introduced by Ponnusamy
et al. [3]. They considered the class

P =1f=n+EcH :RGW) > O

and proved that every function belonging to P4, 1s harmonic close-to-convex. Their work laid the
foundation for the subsequent development of several harmonic subclasses generated by first and
higher-order differential inequalities. Later, Ghosh and Vasudevarao [4] considered harmonic
functions satisfying

R ) +yvn”(v) > &) +yv&" ()]

and found coefficient estimates, growth results, convolution properties, and radius problems.
Subsequently, Breaz et al. [5] investigated a generalized class involving the parameter A, while Nagpal
and Ravichandran [6] studied the harmonic analogue of Chichra’s analytic class and established
several geometric properties. Other related harmonic subclasses generated by differential operators
were investigated by Mishra et al. [7], Cakmak et al. [8], Breaz et al. [9], and many others. Moreover,
Yalcin et al. [10] introduced a new subclass of harmonic functions defined by a second-order
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differential inequality. Specifically, they considered the class B?—(O(y, 0), consisting of functions
f =n+¢& e HO satisfying

R {y@ +on (v) + (5 - g)m'm} > [ 4 o + (6 : %)vf"(v) : (1.2)
% v
where
60=>y=>0,veD.
They also considered the associated analytic subclass 8B,(y, 6, 0; 0), defined by 1 € A and satisfying
R {7@ +on'(v) + (5 - g)vn”(\/)} >0, 62y20, veD. (1.3)
%

The inclusion properties of the analytic class B, (y, 6, 0; 0) were investigated by Al-Refai [11].

Developments in geometric function theory have studied the harmonic and analytic function
classes through differential operators and geometric properties. The Janowski-type p-harmonic
functions associated with the generalized Séldgean operator were investigated in [12], where several
coeflicient estimates and geometric properties were investigated. Furthermore, the application of the
g-derivative operator to harmonic functions with positive real part was explored in [13], leading to
new inclusion relationships and distortion results. In addition, geometric properties of Bazilevi¢
harmonic functions were studied in [14], providing further insights into starlikeness and convexity.
Along this direction, Cakmak and Yalgin [15] introduced the harmonic class KH°(k,y), which
extends the analytic class K(k,y) by incorporating the co-analytic part into a differential inequality.
Class KH (k,y) is defined as follows:

Let
N s % k-1
o(v) = v+;csv eS (T),
where k € N, and define
k-1
o) = | |uiowv), p=e" k=1, (1.4)

J=0

Then, the class KH(, v) consists of harmonic mappings

f =n+ E S 87'{07
satisfying % {vkn'(\/) B } S W) 0<y<l,veD (1>
5e) Y ORE =Y ) . .

This formulation considerably enlarges the corresponding analytic family while preserving many
of its geometric features. In particular, when co-analytic part is zero, then class K'H O(k, ) reduces to
analytic class K(k,7y). Several subclasses of harmonic mappings and their geometric properties have
been investigated in [16—18]. Further developments concerning close-to-convex harmonic mappings
can be found in [19-21]. More recent contributions to related harmonic mapping problems and their
applications are presented in [22]. Consequently, KH"(k,y) provides a unified setting for studying a
wide variety of harmonic close-to-convex mappings.
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1.1. Mittag—Leffler functions in geometric function theory

The Mittag-Leffler functions (MLFs) are some of the most important special functions arising in
fractional calculus, integral equations, mathematical physics, viscoelasticity, anomalous diffusion, and
related areas. The one-parameter Mittag—Lefller function was introduced by Mittag—Leffler [23] and
later generalized by Wiman [24], who defined the classical two-parameter Mittag—Leffler function as

Eya,(v) = dy,dy > 0.

(o] vs
1;) F(dll’l + dz) ’

This function has been extensively studied in fractional calculus and related differential equations,
provides a natural generalization of the exponential functions and plays a fundamental role in the
theory of fractional differential equations [25,26]. In geometric function theory, normalized Mittag—
Leffler functions have attracted considerable attention because of their rich coefficient structure and
their ability to generate subclasses of analytic and univalent functions. Various geometric properties,
including starlikeness, coeflicient estimates, convexity, close-to-convexity, differential subordinations,
and partial sums, have been investigated for MLFs and their generalizations [27-29].

The Mittag—Lefller functions have also become important special functions in geometric function
theory, where its normalized forms and associated operators provide useful tools for constructing and
investigating subclasses of analytic and univalent functions. In particular, coefficient estimates,
starlikeness, convexity, close-to-convexity, and related geometric properties of Mittag—Lefller-type
functions have attracted considerable attention. The flexibility of its parameters makes the
Mittag—Leffler functions particularly remarkable for generating new families of analytic functions and
for defining connections between special functions and classical geometric function theory. These
developments motivate the study of a normalized Mittag—Leffler kernel into harmonic differential
inequalities, leading to the harmonic subclass considered in this work. For more studies related to
harmonic mappings, differential inequalities, and Mittag—Lefller functions, (see [10,30,31]). Among
the most studied forms is the normalized two-parameter Mittag—Leffler function introduced by Bansal
and Orhan [27]. Since the function E; 4, does not belong to the standard class A of normalized
analytic functions, it is natural to consider the normalization

(o) o0

I'(d,) 1 ,
=TI(d E = — = = As‘ b, 1.6
Eara(v) = T(da) v Egy 0, (v) 2tased = Z; v (1.6)
where
(V,dl,dz € C; %(dl) > 0, d2 * 0, -1,.. )
The coefficients A, are given by
r
() 5> 2. (1.7)

T G- +dy) =

Formula (1.6) is valid for complex-valued d,, d», and v € C. Throughout this paper, we restrict our
attention to the case where d;, d, € R and v € D. Function &, 4, contains many well-known functions
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as special cases, including

1%
Eo1(V) = 7=, S =ve',  E.1() = veosh(Vw),

20’ —v—-1 6(e’" —1—v) = 3?2
E) = e =1, Eia() = % Erat) = & )

b

V2

1( | 3
Ex(v) = Vv sinh(Vw), &E;31(v) = 5 (ev P 42672 cos (%vm)).

For convenience, we define the normalized Mittag—Leftler kernel

60 () = 2 "2(” ZAHM. (1.8)

Equivalently,

[e9)

I'(d
Gy (V) = o)

;) 1.9
= F(d1s+d2)v ( )

Equations (1.8) and (1.9) show that the normalized Mittag—Leffler kernel inherits the analytic structure
of the classical Mittag—Lefller function while belonging to the standard normalized class of analytic
functions.

Remark 1.1 (Kernel positivity and admissible parameter ranges). The coefficient-sum condition
2|
is a sufficient condition for the positivity of the real part of the normalized Mittag—Leffler kernel.

Indeed, by Proposition 1.1, condition (1.10) is satisfied, in particular, for the nontrivial parameter
ranges

_ Id)

Fdstd)l = <1 (1.10)

d>1,d, > 2,

and
d >2,1<d, <2.

For these parameter ranges,
R {(Edl,dz(v)} >0, veD,

and hence
@dl,dz(v) * O, v e D.

Thus, all quotients involving €, 4, in the subsequent results are well defined. Condition (1.10) is used
as a convenient sufficient criterion and is not intended to characterize all parameter values for which
the normalized Mittag—Leffler kernel have positive real part.

Proposition 1.1. Let

(o)

_ I(d)
(ﬁdl’dz(\/) = ; mv , v € D.
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The coefficient-sum condition
i I'(d>)
F(dls + dz)

s=1

(1.11)

holds, in particular, in each of the following nontrivial parameter ranges:

d>1,d, >2,
and
di>2,1<d, <2.
Consequently,
y\ {@dl,dz(v)} > 0, S D,
and hence

(gd| ’dz(V) * O, v e D.

Proof. We first consider the case
d > 1,d, > 2.

Since dys + dy > s+ d, > 3 for s > 1 and the gamma function is increasing on [2, o), we have
I'dis+dy) >T(s +dy).

Moreover,
I'd) 1

T(s+dy) (do)y

where (d,), denotes the Pochhammer symbol. Since d, > 2,

(dy)s=do(dy+1)---(dy+s5s-1)22-3---(s+1)=(s+ D

Therefore,
M) 1
I'dis+dy)  (s+ 1)!
Consequently,
Z‘ I'(d>) o
F(d1s+d2) — (s + D!
:e—2<1

Thus, condition (1.11) is satisfied.
Next, suppose that

For 1 < d, <2, we have
I'(d,) < 1.

Furthermore,
dis+d,>2s+1, s>1.
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Since 2s + 1 > 3 and the gamma function is increasing on [2, o),
I'dis+dy) >2T2s+1)=(2s).
Hence,

I'(dy) < 1
O(dis +dy) ~ (2s)!

I'(dy)
Z 'F(dls er dz)

and therefore

— (29)!
=cosh(l) -1
<1.

Thus, condition (1.11) also holds in this parameter range.

Finally, let
['(d>)

ay= —————.
: F(d 18+ dz)
Under either of the above parameter restrictions,

i las| < 1.

s=1

For |v| < 1, we consequently obtain

Therefore,

This completes the proof. O

Definition 1.3. Let 0 < 7 < 1, and » > 0. An analytic function T(v) is said to belong to the class

Eix(dy, dy), if
%{T(VH”VT (V)}>T, veD. (1.12)
Cia,(v)

Definition 1.4. Let 0 < 7 < 1, % > 0, and k € N. A harmonic mapping f = n + & € H°, where

nv)=v+ Z av’, &) = Z by,
§=2 §s=2
is said to belong to the class 7-{8(1)’%’T(d1, dy), if

% {n’(V) +avn”(v) T} S lf’@) +1vE" (v)
€0, (vV) € .a,(vV)

, veD. (1.13)
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Table 1 show the relations between the new class and previous known classes.

Table 1. Relations between the proposed class and selected previously studied harmonic

differential inequalities.

Previously studied
classes

Specialization in the
present framework

Resulting condition

Second-order
harmonic
differential
structure [4]

Cipa(v) =1, 7 =0,
x="7y

Associated second-
order differential
structure [6]

Cian(v) =1, 7=0,
=1

Second-order
differential
inequality of
Yal¢in et al. [10]

@dl,dz(v) = 1, k=1

First-order
harmonic
differential
structure [10, 15]

(fdl,dz(v) = 1, H = 0

Present ~ Mittag—

R {n'(v) + =" (v) -

€4 .4,(v)  retained,

0<7t<1,%2>0 Cay.a,(vV)

Leffler-based class

R {n’(V) +xvn”(v) T} S

R{n'v) +yvn" W} > 1§ W) +yv€” ()]

R ') +vn" M} > IE'0) +vE" )l

7> W) + 08" (V)]

R{n'() -1 > W)

EW) +xvé” (v)
Cq.0,(v)

Example 1.1. Let d; = d, = 1. Then the normalized Mittag—Leffler kernel reduces to €, ;(v) = e".
Although this parameter choice does not satisfy the sufficient coefficient-sum condition (1.10), the
required non-vanishing property can be verified directly. Indeed, for |v| < 1,

R{E (1)} = R(e") = XY cos(T(v)).

Since |[v] < 1, we have

T

J 1 <=,

Il <1< >
and hence

cos(I(v)) > 0.
Therefore,

R{€,(»)} >0, veD,
which implies
651,1(1/) #0, veD.

AIMS Mathematics
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Now consider

fO) =n0) +£0),

where | |
_ 19 _ 2
nw) =v+ v, &) = 5507
Choose
k =0.8, T=—
Since
’()—1+2 "()—2
T] V) = SV’ n V) = 57
and

, _ i 7 _ i
£W=gon £'0)= 5.

the defining condition (1.13) becomes

L+ 8y Y
%{ 25 _ Z > 0 , veD
e’ e’
The corresponding residual function is
1+ 8y 2y
R(Y) = R PR G 0
) { e’ 4 e’

Numerical evaluation of R(v) on a fine grid in the unit disk indicates positive values throughout the
sampled region. This example is therefore presented only as a numerical illustration of the defining
inequality and does not constitute a rigorous proof of class membership.

Example 1.2. Letd, = 2 and d, = 1, so that

€, 1(v) = cosh( V).

Consider L
f) =n) +£&W),
where .
_ _ L2
nw)y=v, &v)= 500"
Choose
54
Then
7w =1, 7'(v)=0,
and

’ _L 7 _
EW)=gmn  €'0)= 50

AIMS Mathematics Volume 11, Issue 10, 32484-32513.
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Therefore, condition (1.13) becomes

3

cosh(v)

1 1
R——m— -1 >
{cosh( W) 4}
Define the residual function

3
625"

1 1
Ry =% {cosh< W) Z} ~ |cosh(v)

Numerical evaluation of R(v) on a fine grid in the unit disk indicates

, veD

positive values throughout the

sampled region. The example is included as a numerical illustration of the proposed Mittag—Leftler-
based condition and is not intended as a rigorous verification of class membership. Below Figures 14

show the image of unit disk under the different analytic functions.

1 e

05+

Im f(z)

-05¢

Figure 1. Image of the unit disk under the harmonic mapping f(v)
to the normalized Mittag—LefHler kernel ford, =d, = 1,2 =0.8, 7

1.5

- 1,24 (1,2
=v+zv +(20v ), related

_ 1
=L

05+

-05+1

-1

Figure 2. Image of the unit disk under the harmonic mapping f(v) = v + {v* + (%vz),

associated with the normalized Mittag—Lefller kernel for d; = 2, d,
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08 [

06+
04}

0.2

0.2
04}
06}
08} —

K 05 0 05 1

Figure 3. Image of the unit disk under the analytic function f(v) = v + %v3, corresponding

to the parameters d; = 2,d, = 1, 7 = ﬁ, and x = 0.1. The figure shows the geometric

transformation of concentric circles and radial segments of the unit disk under the mapping f.

0.8+
061
04}
0.2+

021
-04 ¢
061
-0.8 1

Figure 4. Image of the unit disk under the analytic function f(v) = v+ ==-7°, associated with

500
the parameters d, = 2,d, = 1,7 = 7, and x = 1.

1.2. Motivation, contributions, and novelty

Although harmonic subclasses defined by differential inequalities and the geometric properties of
Mittag—Lefller functions have been extensively investigated separately, the interaction between these
two directions has received comparatively limited attention. In particular, harmonic subclasses
generated directly through normalized Mittag—Leffler kernels have not been systematically
investigated. Motivated by these developments and the literature, we introduce the normalized
Mittag—Leffler kernel

Edr.ary(V)
Cypay(V) = =2 j :

AIMS Mathematics Volume 11, Issue 10, 32484-32513.
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and use it to define the new harmonic subclass
HEY,(d,d>), 0<7<Ll,%>0.

The main novelty of this work lies in integrating the normalized two-parameter Mittag—Leffler kernel
directly into a second-order harmonic differential inequality. This construction provides a natural
connection between harmonic mapping theory and Mittag—Leftler-type special functions and enables
the effect of parameters d; and d, to be reflected in the resulting geometric properties.

Our primary objective of this paper is to develop a systematic geometric theory for the newly
introduced class ‘7—(8?,%’,(d1,d2). Especially, we establish an analytic properties through the related
analytic family, derive close-to-convexity criteria, and obtain coefficient and growth estimates. We
further investigate inclusion relations and closure under convex combinations, together with a
Fekete—Szegd type coefficient inequality for the associated analytic combinations. These results
establish the normalized two-parameter Mittag—Leffler kernel provides an effective and flexible
framework for determining and studying new harmonic subclasses and their geometric behavior. The
identity kernel also clarifies the connection of the proposed class with previously studied harmonic

differential inequalities.
2. Set of lemmas

Lemma 2.1. [32]. Let

(o)

fv)y=v+ Z a,v’.
s=2

If
D (s=Dla <1-7,
s=2

then
feS ().

Lemma 2.2 (Clunie-Sheil-Small [1]). Let n and & be analytic functions in the unit disk D such that
€0 < I’ ().
Suppose that, for each € with || = 1, the analytic function
Te(v) = n(v) + ££(v)
is close-to-convex in D. Then the harmonic function
fO) = n) + )

is close-to-convex in D.

Lemma 2.3 ([33,34]). Let
q(v) € P,

AIMS Mathematics Volume 11, Issue 10, 32484-32513.
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where

P = {q(v) =1+ Z gv* : R{g)} >0, ve D} .
s=1

Then
lgs) <2, s>1.

Moreover, for every a € C,
|q2 - aq12| < 2max{l,|2a - 1|}.

3. Main results

3.1. Analytic characterization

The result we present below establishes a connection between the harmonic function class
HEY (dy,d,) and the analytic function class & ,, (d, dy).

1,x,7

Theorem 3.1. Let f =5+ & € HC. Then

feHE, (d,d)

12,7

if and only if
To(v) = n(v) + €£V) € E14.:(d1, da)

for every € with |g| = 1.

Proof. Since
(Edl ’dz(V) * 0, S D,

the functions ) .
') +xvy’(v)

AW = €y4.0,(v)

and

&'(v) +xvé"(v)

B0 = )

are well defined in D. Suppose that
feHE, (d d>).

Then, by the definition of H. 8(1)%,((11 ,d>), we have
RA®W) — 1 > |BOV)|, veD.
Let £ be any complex number with |¢| = 1. Then
R{AW) + eB(v)} = RAW) + R{eB(v)}.

Since

RieBw)} > =B,

AIMS Mathematics Volume 11, Issue 10, 32484-32513.
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we obtain

R{AW) + eB(v)} > RA®WV) — |B(v)| > 7.
Moreover,
TL(v) + 2v YL (V) = 7' (v) + 2vn” (V) + (€' (v) + xvE” (V).
Therefore,
R {TQ(V) * ”VTQ(V)} = R{A(W) + 8B} >
€0, (v)
Hence,

Ta € 81,%,T(d19 dZ)

for every |g] = 1.
Conversely, suppose that

Te(v) = n(v) + €£(v) € E1.x(d1, da)

for every € with |g| = 1. Then
R{A(WV) + eB(v)} > 7, v eD.

If B(v) = 0, then
RAWV) > T,

and hence
RAW) — 1 > |B()|.

If B(v) # 0, choose

|B(v)|’
Then |¢| = 1 and
eB(v) = —|B(v)|.
Thus,
7 < R{A(W) + eB(v)} = RA(V) — |BO)|.
Therefore,

RAW) — 1 > |BOv)|.

Hence, by the definition of H 8(1),%’T(d1, d,), we get

feHE, (d.dy).

This completes the proof. O

AIMS Mathematics Volume 11, Issue 10, 32484-32513.
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3.2. Starlikeness of the normalized Mittag—Leffler function

Theorem 3.2. Let d, > 0 and d, > 0. Suppose that

- I'(d
S0l —|<1-n 0sr<l
s=2

Lldi(s—1D+d)l

Then the normalized Mittag—Leffler function &,, 4, belongs to S*(7).

Proof. The normalized Mittag—Leffler function has the expansion

[59)
Enan() = v+ D AW,
5=2

where
['(d>)

T Tdy(s— 1) +dy)

Hence, the assumed condition is precisely

Z(s —DIA| <1 -1
s=2

Therefore, Lemma 2.1 gives
Sdl,dz € S*(T)

This completes the proof.

Corollary 3.1. If 7 = 0 and

[ee)

St T
RCATESIETS]

s=2

then
Sdl & S S * .

3.3. Close-to-convexity for the analytic x-transform

Theorem 3.3. Let 0 < 7 < 1, ¥ > 0, and suppose that
8d1,d2 e S

If
T € 81,%,T(d1 ’ dZ),

then the function
L) = =2)Y®W) +2vY'(v)

is close-to-convex of order T in D.

AIMS Mathematics Volume 11, Issue 10, 32484-32513.
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Proof. Since
T € E1x:(dy, da),

we have ) )
"(v) + 20 Y (v
‘R{ €0 r0) } > T, v eD.
Using
&
Cgpan(v) = 20,
we obtain ') T09)
v(Y'(v) + v (v
R >
{ Er () } ’
Define
L) = =2)T®W) + v (v).
Then
L'W)={=2)Y'0)+x2(Y'0)+vY"() = Y'V) +2vY"(v).
Therefore,
vL'(v)
%{841,(12(\/)} > T, v eD.
Since

£3
Sdl,dz €S ,

the last inequality shows that L is close-to-convex of order 7 in D. This completes the proof.

3.4. Close-to-convexity of the harmonic x-transform

Theorem 3.4. Let 0 < 7 < 1, x > 0, and suppose that
8d1,d2 e S
If
f=n+&eHE, (d,d),

then the harmonic mapping

L fw) = L) + L£W)

is close-to-convex in D, where
L) = (1 =2)n) +2xvq’'(v),

and

LEW) = (1 =)&) + xvE'(v).

Proof. Let B
f=n+&e 7_{8(1),%;(611, dy).

Then, by Theorem 3.1, for every € with |¢| = 1, the analytic function

Te(v) = n(v) + ££(v) € E1o(d1, da).
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Hence, by Theorem 3.3, the function
L.(v) = (1 =2)T:(v) + 2vYL(v)

is close-to-convex of order T in D.
Now

L(v) = (1 = 0)(n(v) + £6()) + xv(n'(v) + £’ (v)).

Therefore,

Le(v) = Lin(v) + eLED).
Thus, for every |g| = 1, the analytic function
L) +eL,E()

is close-to-convex in D.
Since f € H°, we have

n0=1 £0)=0.

Moreover,

(L)' (0) = (1 =277 (0) + 2(n'(0) + 0- " (0)) = 1,
and

(L) (0) = (1 = %)&"(0) + %(£'(0) + 0- £7(0)) = 0.
Hence,

(L) (0)] < (L) (O)].

By Lemma 2.2, it follows that
L. f) = L) + L£(O)

is close-to-convex in D.

Corollary 3.2. Let
8d1,dz e S

If
feHE, (),

then f is close-to-convex in D.

Proof. Setting ¥ = 0 in Theorem 3.4, we obtain

Lof = f.

Hence, the conclusion follows immediately.

O
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3.5. Coefficient estimates

Theorem 3.5. Let B
f=n+&eHE], (di,dy).

1x,7

Assume that

Ena() =v+ ) AV €S
s=2

Then, for s > 2,
T+s(l-1)

J4lh < XD
sl + bl < 5T

Proof. Let B
f=n+&e 7’{8(1),%,7(611, dy).

By Theorem 3.1, for every & with |e| = 1, the analytic function

To(v) = N(v) + SEW) = v+ > (a + 8V € E (), ).
s=2

Hence,
Y (v) + »xvY”
%{ (V) + %7 8(V)}>T, v € D.
QEdl,dz(V)
Since & (V)
(v
Gy (v) = —
%
we obtain

R {v(T;(v) + %V‘Y"g’(v))} o
Eaa, (V)
Therefore, for each fixed & with |g| = 1, there exists a function

g =1+ v, Rig0}>0,
s=1
such that

v(TL(W) + 2V (v))
8d1 > )

= 7+ (1 = D)),
Equivalently,

v(CL(v) + v Y (V) = [T+ (1 = 1)g-(V]Ey, .0, (V).
From the left-hand side of (3.1), we get

(o8]

V(TL0) + L) = v+ > s[1+ (s = D](a, + sby)v".

§=2
Comparing the coefficient of v* in (3.1), we obtain

s—1

s[1+2(s = D(a, +8b) = Ay + (1= Dge + (1= 1) D Ajqy .

j=2

3.1

AIMS Mathematics Volume 11, Issue 10, 32484-32513.



32503

Since &, 4, € S*, we have
A< j=2

Also, Lemma 2.3 gives
gl <2, Jjz L

Therefore,
s[1 + x(s — 1)]lay + &by
s—1
<IAJ+ (1 =Dlgeil + (1 =7) > 1A/llg,- |
=
s—1
<s+2(1-1)+2(1 —T)Zj.
=)
Hence,
s(s—1)
s[1+x(s—Dllay +eby| < s+2(1 —=1) +2(1 — 1) 7~ 1
=s+(1-1)s(s—-1)
= s[t+ s(1 - 71)].
Thus,

T+ s(1-7)

yeb| <7D
las + &bl < 72 5T

Choosing € such that
las + &byl = las| + |byl,

we obtain 1 )
T+ s(l—-1

I < 227D

st + bl < T

This completes the proof.

3.6. Growth estimates

Theorem 3.6 (Growth estimate). Let
f=n+&cHE), (d,d),

and suppose that
Sdl,dz e S

For |v| = r, where O < r < 1, define

3 = T+s(1-17) |
M) = LiTrais-1)

Then M(r) converges for every O < r < 1, and

lf(W)| < r+ M(r), V=r<l1,
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while
lfOW) > r— M(r), v =r< 1.

In particular, whenever
M) <r,

the lower estimate is positive and hence nontrivial, so that
r=M@) <|fW|<r+ M)

Proof. Let|v| = r, where O < r < 1. We have

fv)y=v+ i a,v’ + i bsvs.
s=2 5=2

Therefore, by the triangle inequality,

(o] [s]
FON< I+ D vl + > b,
§=2 s=2

Hence,

FOI <+ > (lagl + b,
§s=2

Using Theorem 3.5, we obtain

T+5(1-7)
lag| + 1bs| < m
Thus,
T+ 5(1 - .
fO)l < r+z T 1) = r+ M().
Moreover, a )
T+s5(1 -7
m = 0(1) (S - OO),

for » > 0. Consequently, the series defining M(r) converges for every 0 < r < 1.

For the lower bound, using the reverse triangle inequality, we get

lfO)| = v - i a,v’ + i bsvs
5=2 5=2

Therefore,

FON = 7= ladr = bl
s=2 §s=2

That is,
FON = 7= ) (lail + byl
s=2
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Applying Theorem 3.5 once more, we obtain

> T+s5(1-1)

—S: _M .
2 Trai-1y MY

lfI=r-

Hence,
lfW = r— M(r).

In particular, if M(r) < r, then
lfWI = r—M(r) >0,

and the lower estimate is nontrivial. This completes the proof. O

3.7. Closure under convex combinations

Theorem 3.7. Let B
fi=nj+& € HE), (di,dv), j=1,2,...,N,

and let A; > 0 with

N
Z/lj: 1

=1
Then
N
LOv) = Y 4ifi)
=1
also belongs to
HEY, (dy, dn).

Proof. Foreach j=1,2,...,N, write

£i) = n;0) + ).

Define N
Lov) = > Aif).
j=1
Then
N N
L) = ) Ami0) + D A ).
j=1 j=1
Put
N N
TE) = D A0, A= Y AE).
= =
Thus,
L(v) = TO) + A®).
Since

fi € HE, (di,dy),
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we have
{n}(V) +xvn;(v) } !
-7 , veD
Gdl d> (V) ®d1 ,d> (V)
Now
N
T (V) + v X" (v) = Z ,07,v) + 200m (v)),
=1
and
N
N )+ 20K (4) = > (EW) + 2] ().
=1
Therefore,
") + 2 Y (v)
R
{ Co.a,(v) T}
=R

V) eeme) &
J J
{z:f Carn) _TZM%

J=1

{mw+wwm_*

N

Z:: €q.0,(v)

N |E W)+ xvE] ()
jZ: Coa( |

Using the triangle inequality, we obtain

N 7 N / 77
; &) + xve’l (v)

= €q.0,(v) = Cq.0,(v)

Hence,
{‘I”(v) + 2vY" (v) } 'A’(v) + xvA”(v)
R -7 >
€4 .a,(v) Ca.a,(v)

Therefore,

L="+AeHE, (d,d).

This completes the proof.

3.8. Inclusion relation
Theorem 3.8. Let
O0<ti <1<l

Then
1 % Tz(dl’ d2) C 7’(81 H,T] (d19 d2)'
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Proof. Let
f=n+EeHE], (d.d).
Then
R {TI'(V) +xvn”(v) Tz} S &'(v) +nve”"(v) ‘
Ci.a,(v) Ci.a,(v)
Since
T < T,
e e ) + () ') + ()
n'(v) +xvn” (v n'(v) +xvn” (v
‘R{ O - Tl} = ‘R{ O - Tz} + (12 —1).
Hence,
R {U'(V) +xvn”(v) } EW) +nve"(v)
Ty > |Z—2—7|.
Co.a,(v) Co.a, (V)
Therefore,

feHE), (d,dy).

1,x%,7

This proves the inclusion.

3.9. Initial coefficient estimates

Theorem 3.9. Let B
f=n+&eHE], (di,dy).

Then Ayl + 201 )
+2(1-71
b < 2—
laz| + |by| < 20 +2) ,
and Asl +2(1 - DAs] + 2(1 - 7)
+ —T)|Ay| + - T
byl < ,
las| + |bs3| < 31+ 2%)
where
_ T o T@)
T T, +dy) ST TQdy +dy)

Proof. By Theorem 3.1, for every & with || = 1, the analytic function

To(v) = (V) + ££(v) € E1,:(dy, da).

Write
T(V) =v+ey +ce’ + -0,
where
Cc) = ay + &by, cz=az+ 8b3.
Since

T, € E,.(d1,dr),

there exists a function
g:() =1+qv+qv +---, R{gm}>0,
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such that
TL(v) +2vY7 (v)

@dl R7)3 (V)

=7+ (1 —1)g.(v).

Equivalently,
T;(V) + %VT;,(V) = [T + (1 - T)QS(V)]@dl ,dz(v)-

Now, from the left-hand side of (3.2), we have

TL0) + 207 (V) = 1+ 2(1 + 2)cov + 3(1 + 2%)c3v” + -+ - .

Also,
Cpa, () = 1+ A+ AV + -+,
where
__Tdy -, _T@)
2T+ dy) T TQd, + dy)

Hence, from the right-hand side of (3.2), we have

[r+ (1 - DgW)]€ha(v) = 1+ [Ay + (1 = Dq1]v + [A3 + (1 = DAxg1 + (1 = D]V + -+

Comparing the coeflicients of v in (3.3) and (3.4), we obtain
2(1 + %)C2 = A2 + (1 - T)q].

Thus,
2(1 +2)lea| < Aol + (1 = Dlgul-
Lemma 2.3 gives
|Aa| +2(1 — 1)
leol € ————
2(1 + %)
Hence,
|As| +2(1 —7)

2(1 + %)

Again, comparing the coefficients of v? in (3.3) and (3.4), we obtain

las| + |by| <

3(1 + 2%)C3 = A3 + (1 — T)qul + (1 - T)CIQ.
Hence,
3(1 + 2x%)lcs| < |Az| + (1 = DIAsllgi| + (1 = D)lgal.
Again, by Lemma 2.3, we obtain

o] < |As] +2(1 = 7)|A2| +2(1 — 7)
3= 3(1 + 2%) '

Hence,
|A3] +2(1 — 7)|As| + 2(1 — 7)

b-| <
las| + |b3] < 301+ 22)

This completes the proof.

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

O
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3.10. Fekete—Szegd inequality for functions in the family H 8(1)’%7(611, d>)

Theorem 3.10. Let _
f=n+&cHE, (d,d).

For each fixed € with || = 1, define the analytic combination

[

To(v) = () + 80 = v+ ) e,
s=2

where
c,=as+¢eb;, s>2.

For any u € C, consider the associated Fekete—Szegd functional
D,.o(f) = 3 = pcy = (a3 + b3) — (az + eb)”.

Then

A3 /JA%
D, < -
[Duc /) |3(1 +2%)  4(1 + x)?
u
+2(1-1)A —
A=l 3052) " 20 v
2(1 — -
N 1-71) max 1, 3u(l —7)(1 + 2x) B 1‘ ’
3(1 + 2%) 2(1 + x)?
where
YT T +dy) T TQdy +dy)
The estimate holds for every fixed |e| = 1.
Proof. For each fixed € with |¢] = 1, by the analytic characterization theorem, there exists a
Carathéodory function
g:(vV) =1+ qv+gv +---, Rig(m)}>0,
such that
T.(v) + 2vY7 (v) + (1= D))
=T = 1)qs(v).
€ .a,(vV) 1
Comparing coefficients as in (3.5) and (3.6), we obtain
cr = Ay + (1 —7)q
2 2(1 + %)
and
o = Az + (1 -1DArxq + (1 —1)qa
: 3(1 + 22) '
Therefore,
A 1-1)A 1-
e — i 3, (I - 1)Axq N (I -7)q>

- 3(1+2%) 3(14+2x%)  3(1 +2x)

4(1“7)2 |43 +2(1 - DA + (1 - ).
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After rearranging, we get

2
S JY L
30 +2%) (1 +x)
1 H
+(1-1A -
=04 30520 " 20+ 22 |0

R (-0 +20) ,
31+ 22) | 2 Al+x2 D

Taking absolute values and using the triangle inequality, we obtain

les — uc?| < As — ﬂA%
SRR ST 0  20)  a(1 452
1 U
+(1-17)A -
(=0l 30520 ~ 20+
3(1+2%) 112 T

where
_ 3u1 —1)(1 +2x%)

4(1 + %)

By Lemma 2.3, we obtain

10,.()] = les — |
<4 pA3
T 131 4+ 2%) 4 + x)?

u

3(1+2%)  2(1 + x)?

L 20-7) X 3;1(1—T)(1+2%)_1‘
30+ 20 TV T 200+ 22 '

+2(1 — 7)|A,|

This completes the proof. m|
4. Conclusions

In this paper, we introduced a new subclass of harmonic functions associated with the normalized
two-parameter Mittag—Leffler function through a second-order differential inequality involving the
normalized Mittag—Lefller kernel. The proposed class established a natural connection between
harmonic mapping theory and the geometric theory of Mittag—Lefller functions. First, an analytic
characterization of the proposed harmonic class was established via the family of analytic functions
T, = n + &, which enabled the transfer of several geometric properties from analytic functions to
harmonic mappings. Sufficient conditions for the starlikeness of the normalized Mittag—Lefller
function were then derived and subsequently used to establish close-to-convexity results for both the
analytic and harmonic x-transforms. Furthermore, inclusion relations, coefficient estimates, growth
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bounds, closure under convex combinations, and Fekete—Szegd inequalities were established for the
proposed class. Several illustrative examples and graphical representations were also presented to
demonstrate the geometric behavior of functions belonging to the class.

The results obtained in this work give a new directions for studying harmonic mappings related to
the normalized Mittag—Leffler kernel and establish several geometric properties, such as, coefficient,
growth, inclusion, close-to-convexity, and Fekete—Szeg6 results. In future studies may focus on
extending the present work to generalized and multi-parameter Mittag—Leffler functions, as well as to
g-operators, g-Mittag—Lefller functions, and fractional operators. In further directions includes the
study of harmonic subclasses related to other special-function kernels and the investigation of
additional geometric properties, such as differential subordination, Hankel determinants, and related
coeflicient problems.
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