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1. Introduction

Harmonic mappings constitute an important area of research in geometric function theory (GFT)
and complex analysis (CA) owing to their rich analytical structure and broad range of applications.
They arise naturally as solutions of Laplace’s equation and play a significant role in several branches
of mathematics and applied sciences, including potential theory, fluid mechanics, elasticity,
electrostatics, and conformal mapping theory. Their smoothness, mean-value property, and close
relationship with analytic functions (AFs) have made harmonic mappings (HPs) an active topic of
investigation over the past several decades. Besides the classical theory, considerable attention has
recently been devoted to subclasses of harmonic mappings characterized by differential operators and
differential inequalities. Such additional constraints provide an effective framework for studying
geometric properties that are not immediately accessible through the standard harmonic setting. In
particular, second-order differential inequalities have proved to be a useful tool for constructing new
harmonic subclasses and deriving coefficient estimates, growth theorems, inclusion relations,
distortion bounds, and close-to-convexity criteria. Harmonic functions (HFs) have a central role in
mathematical analysis and applied mathematics because of their remarkable analytical properties and
numerous applications in physics, engineering, fluid dynamics, and potential theory.

LetA denote the class of analytic function in the open unit disk

D = {v ∈ C : |v| < 1}.

Thus, every ξ ∈ A has the Taylor series expansion of the form

ξ(v) = v +
∞∑

s=2

asvs (1.1)

and are normalized by
ξ(0) = 0, ξ′(0) = 1.

Definition 1.1 (Starlike functions of order τ). Let 0 ≤ τ < 1. An analytic function ξ ∈ A is said to be
starlike of order τ in D if

ℜ

{
vξ′(v)
ξ(v)

}
> τ, v ∈ D.

The class of all such functions is denoted by S∗(τ). In particular, for τ = 0, we obtain the usual class
of starlike functions

S∗ = S∗(0).

Definition 1.2 (Close-to-convex functions of order τ). Let 0 ≤ τ < 1. An analytic function ξ ∈ A is
said to be close-to-convex of order τ in D if there exists a function g ∈ S∗ such that

ℜ

{
vξ′(v)
g(v)

}
> τ, v ∈ D.

The class of all such functions is denoted by K(τ). For τ = 0, this reduces to the usual class of
close-to-convex functions.
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A complex-valued harmonic functions in the open unit disk D can be written in the form

f (v) = η(v) + ξ(v),

where η and ξ are analytic in D. LetH denote the class of harmonic functions normalized by

f (0) = 0, f ′(0) = 1,

and let
H0 = { f ∈ H : ξ′(0) = 0}.

Every function f ∈ H0 admits the representation

η(v) = v +
∞∑

s=2

asvs, ξ(v) =
∞∑

s=2

bsvs.

Moreover,
f = η + ξ

is locally univalent and sense-preserving (see [1, 2]) in D, whenever

|ξ′(v)| < |η′(v)|, v ∈ D.

The geometric theory of harmonic mappings was developed extensively through the pioneering
work of Clunie and Sheil-Small [1]. Since then, numerous subclasses of HPs associated with
convexity, starlikeness, close-to-convexity, coefficient inequalities, convolution operators, and
differential operators have been introduced and investigated. Moreover, particular attention has been
devoted to harmonic classes characterized by differential inequalities involving the analytic and
co-analytic parts. Such classes have proved to be an effective tool for establishing coefficient
estimates, growth and distortion theorems, inclusion relations, and closure properties. One of the
earliest harmonic subclasses defined through a differential inequality was introduced by Ponnusamy
et al. [3]. They considered the class

P0
H =

{
f = η + ξ ∈ H0 : ℜ

(
η′(v)

)
> |ξ′(v)|

}
and proved that every function belonging to PH0 is harmonic close-to-convex. Their work laid the
foundation for the subsequent development of several harmonic subclasses generated by first and
higher-order differential inequalities. Later, Ghosh and Vasudevarao [4] considered harmonic
functions satisfying

ℜ
(
η′(v) + γvη′′(v)

)
> |ξ′(v) + γvξ′′(v)|

and found coefficient estimates, growth results, convolution properties, and radius problems.
Subsequently, Breaz et al. [5] investigated a generalized class involving the parameter λ, while Nagpal
and Ravichandran [6] studied the harmonic analogue of Chichra’s analytic class and established
several geometric properties. Other related harmonic subclasses generated by differential operators
were investigated by Mishra et al. [7], Çakmak et al. [8], Breaz et al. [9], and many others. Moreover,
Yalçın et al. [10] introduced a new subclass of harmonic functions defined by a second-order
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differential inequality. Specifically, they considered the class BH0(γ, δ), consisting of functions
f = η + ξ ∈ H0 satisfying

ℜ

{
γ
η(v)

v
+ δη′(v) +

(
δ −
γ

2

)
vη′′(v)

}
>

∣∣∣∣∣γξ(v)
v
+ δξ′(v) +

(
δ −
γ

2

)
vξ′′(v)

∣∣∣∣∣ , (1.2)

where
δ ≥ γ ≥ 0, v ∈ D.

They also considered the associated analytic subclass B1(γ, δ, 0; 0), defined by η ∈ A and satisfying

ℜ

{
γ
η(v)

v
+ δη′(v) +

(
δ −
γ

2

)
vη′′(v)

}
> 0, δ ≥ γ ≥ 0, v ∈ D. (1.3)

The inclusion properties of the analytic class B1(γ, δ, 0; 0) were investigated by Al-Refai [11].
Developments in geometric function theory have studied the harmonic and analytic function

classes through differential operators and geometric properties. The Janowski-type p-harmonic
functions associated with the generalized Sălăgean operator were investigated in [12], where several
coefficient estimates and geometric properties were investigated. Furthermore, the application of the
q-derivative operator to harmonic functions with positive real part was explored in [13], leading to
new inclusion relationships and distortion results. In addition, geometric properties of Bazilevič
harmonic functions were studied in [14], providing further insights into starlikeness and convexity.
Along this direction, Çakmak and Yalçın [15] introduced the harmonic class KH0(k, γ), which
extends the analytic class K(k, γ) by incorporating the co-analytic part into a differential inequality.
Class KH0(k, γ) is defined as follows:

Let

ϕ(v) = v +
∞∑

s=2

csvs ∈ S∗
(
k − 1

k

)
,

where k ∈ N, and define

ϕk(v) =
k−1∏
j=0

µ− jϕ(µ jv), µ = e2πi/k, µk = 1. (1.4)

Then, the class KH0(k, γ) consists of harmonic mappings

f = η + ξ ∈ SH0,

satisfying

ℜ

{
vkη′(v)
ϕk(v)

− γ

}
>

∣∣∣∣∣∣vkξ′(v)
ϕk(v)

∣∣∣∣∣∣ , 0 ≤ γ < 1, v ∈ D. (1.5)

This formulation considerably enlarges the corresponding analytic family while preserving many
of its geometric features. In particular, when co-analytic part is zero, then class KH0(k, γ) reduces to
analytic class K(k, γ). Several subclasses of harmonic mappings and their geometric properties have
been investigated in [16–18]. Further developments concerning close-to-convex harmonic mappings
can be found in [19–21]. More recent contributions to related harmonic mapping problems and their
applications are presented in [22]. Consequently, KH0(k, γ) provides a unified setting for studying a
wide variety of harmonic close-to-convex mappings.
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1.1. Mittag–Leffler functions in geometric function theory

The Mittag–Leffler functions (MLFs) are some of the most important special functions arising in
fractional calculus, integral equations, mathematical physics, viscoelasticity, anomalous diffusion, and
related areas. The one-parameter Mittag–Leffler function was introduced by Mittag–Leffler [23] and
later generalized by Wiman [24], who defined the classical two-parameter Mittag–Leffler function as

Ed1,d2(v) =
∞∑

ns=0

vs

Γ(d1n + d2)
, d1, d2 > 0.

This function has been extensively studied in fractional calculus and related differential equations,
provides a natural generalization of the exponential functions and plays a fundamental role in the
theory of fractional differential equations [25, 26]. In geometric function theory, normalized Mittag–
Leffler functions have attracted considerable attention because of their rich coefficient structure and
their ability to generate subclasses of analytic and univalent functions. Various geometric properties,
including starlikeness, coefficient estimates, convexity, close-to-convexity, differential subordinations,
and partial sums, have been investigated for MLFs and their generalizations [27–29].

The Mittag–Leffler functions have also become important special functions in geometric function
theory, where its normalized forms and associated operators provide useful tools for constructing and
investigating subclasses of analytic and univalent functions. In particular, coefficient estimates,
starlikeness, convexity, close-to-convexity, and related geometric properties of Mittag–Leffler-type
functions have attracted considerable attention. The flexibility of its parameters makes the
Mittag–Leffler functions particularly remarkable for generating new families of analytic functions and
for defining connections between special functions and classical geometric function theory. These
developments motivate the study of a normalized Mittag–Leffler kernel into harmonic differential
inequalities, leading to the harmonic subclass considered in this work. For more studies related to
harmonic mappings, differential inequalities, and Mittag–Leffler functions, (see [10, 30, 31]). Among
the most studied forms is the normalized two-parameter Mittag–Leffler function introduced by Bansal
and Orhan [27]. Since the function Ed1,d2 does not belong to the standard class A of normalized
analytic functions, it is natural to consider the normalization

Ed1,d2(v) = Γ(d2) v Ed1,d2(v) =
∞∑

s=0

Γ(d2)
Γ(d1s + d2)

vs+1 = v +
∞∑

s=2

Asvs, (1.6)

where

(v, d1, d2 ∈ C; ℜ(d1) > 0, d2 , 0,−1, . . .).

The coefficients As are given by

As =
Γ(d2)

Γ(d1(s − 1) + d2)
, s ≥ 2. (1.7)

Formula (1.6) is valid for complex-valued d1, d2, and v ∈ C. Throughout this paper, we restrict our
attention to the case where d1, d2 ∈ R and v ∈ D. Function Ed1,d2 contains many well-known functions
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as special cases, including

E0,1(v) =
v

1 − v
, E1,1(v) = vev, E2,1(v) = v cosh(

√
v),

E1,2(v) = ev − 1, E1,3(v) =
2(ev − v − 1)

v
, E1,4(v) =

6(ev − 1 − v) − 3v2

v2 ,

E2,2(v) =
√

v sinh(
√

v), E3,1(v) =
1
2

ev1/3
+ 2e−v1/3/2 cos

 √3
2

v1/3

 .
For convenience, we define the normalized Mittag–Leffler kernel

Ed1,d2(v) =
Ed1,d2(v)

v
= 1 +

∞∑
s=1

As+1vs. (1.8)

Equivalently,

Ed1,d2(v) =
∞∑

s=0

Γ(d2)
Γ(d1s + d2)

vs. (1.9)

Equations (1.8) and (1.9) show that the normalized Mittag–Leffler kernel inherits the analytic structure
of the classical Mittag–Leffler function while belonging to the standard normalized class of analytic
functions.

Remark 1.1 (Kernel positivity and admissible parameter ranges). The coefficient-sum condition

∞∑
s=1

∣∣∣∣∣ Γ(d2)
Γ(d1s + d2)

∣∣∣∣∣ ≤ 1 (1.10)

is a sufficient condition for the positivity of the real part of the normalized Mittag–Leffler kernel.
Indeed, by Proposition 1.1, condition (1.10) is satisfied, in particular, for the nontrivial parameter
ranges

d1 ≥ 1, d2 ≥ 2,

and
d1 ≥ 2, 1 ≤ d2 ≤ 2.

For these parameter ranges,
ℜ

{
Ed1,d2(v)

}
> 0, v ∈ D,

and hence
Ed1,d2(v) , 0, v ∈ D.

Thus, all quotients involving Ed1,d2 in the subsequent results are well defined. Condition (1.10) is used
as a convenient sufficient criterion and is not intended to characterize all parameter values for which
the normalized Mittag–Leffler kernel have positive real part.

Proposition 1.1. Let

Ed1,d2(v) =
∞∑

s=0

Γ(d2)
Γ(d1s + d2)

vs, v ∈ D.
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The coefficient-sum condition
∞∑

s=1

∣∣∣∣∣ Γ(d2)
Γ(d1s + d2)

∣∣∣∣∣ ≤ 1 (1.11)

holds, in particular, in each of the following nontrivial parameter ranges:

d1 ≥ 1, d2 ≥ 2,

and
d1 ≥ 2, 1 ≤ d2 ≤ 2.

Consequently,
ℜ

{
Ed1,d2(v)

}
> 0, v ∈ D,

and hence
Ed1,d2(v) , 0, v ∈ D.

Proof. We first consider the case
d1 ≥ 1, d2 ≥ 2.

Since d1s + d2 ≥ s + d2 ≥ 3 for s ≥ 1 and the gamma function is increasing on [2,∞), we have

Γ(d1s + d2) ≥ Γ(s + d2).

Moreover,
Γ(d2)
Γ(s + d2)

=
1

(d2)s
,

where (d2)s denotes the Pochhammer symbol. Since d2 ≥ 2,

(d2)s = d2(d2 + 1) · · · (d2 + s − 1) ≥ 2 · 3 · · · (s + 1) = (s + 1)!.

Therefore,
Γ(d2)

Γ(d1s + d2)
≤

1
(s + 1)!

.

Consequently,
∞∑

s=1

∣∣∣∣∣ Γ(d2)
Γ(d1s + d2)

∣∣∣∣∣ ≤ ∞∑
s=1

1
(s + 1)!

= e − 2 < 1.

Thus, condition (1.11) is satisfied.
Next, suppose that

d1 ≥ 2, 1 ≤ d2 ≤ 2.

For 1 ≤ d2 ≤ 2, we have
Γ(d2) ≤ 1.

Furthermore,
d1s + d2 ≥ 2s + 1, s ≥ 1.
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Since 2s + 1 ≥ 3 and the gamma function is increasing on [2,∞),

Γ(d1s + d2) ≥ Γ(2s + 1) = (2s)!.

Hence,
Γ(d2)

Γ(d1s + d2)
≤

1
(2s)!

,

and therefore
∞∑

s=1

∣∣∣∣∣ Γ(d2)
Γ(d1s + d2)

∣∣∣∣∣ ≤ ∞∑
s=1

1
(2s)!

= cosh(1) − 1
< 1.

Thus, condition (1.11) also holds in this parameter range.
Finally, let

as =
Γ(d2)

Γ(d1s + d2)
.

Under either of the above parameter restrictions,

∞∑
s=1

|as| < 1.

For |v| < 1, we consequently obtain

ℜ
{
Ed1,d2(v)

}
= ℜ

1 +
∞∑

s=1

asvs

 ≥ 1 −
∞∑

s=1

|as||v|s > 1 −
∞∑

s=1

|as| > 0.

Therefore,
Ed1,d2(v) , 0, v ∈ D.

This completes the proof. □

Definition 1.3. Let 0 ≤ τ < 1, and κ ≥ 0. An analytic function Υ(v) is said to belong to the class
E1,κ,τ(d1, d2), if

ℜ

{
Υ′(v) + κvΥ′′(v)
Ed1,d2(v)

}
> τ, v ∈ D. (1.12)

Definition 1.4. Let 0 ≤ τ < 1, κ ≥ 0, and k ∈ N. A harmonic mapping f = η + ξ ∈ H0, where

η(v) = v +
∞∑

s=2

asvs, ξ(v) =
∞∑

s=2

bsvs,

is said to belong to the classHE0
1,κ,τ(d1, d2), if

ℜ

{
η′(v) + κvη′′(v)
Ed1,d2(v)

− τ

}
>

∣∣∣∣∣∣ξ′(v) + κvξ′′(v)
Ed1,d2(v)

∣∣∣∣∣∣ , v ∈ D. (1.13)
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Table 1 show the relations between the new class and previous known classes.

Table 1. Relations between the proposed class and selected previously studied harmonic
differential inequalities.

Previously studied
classes

Specialization in the
present framework

Resulting condition

Second-order
harmonic
differential
structure [4]

Ed1,d2(v) ≡ 1, τ = 0,
κ = γ

ℜ{η′(v) + γvη′′(v)} > |ξ′(v) + γvξ′′(v)|

Associated second-
order differential
structure [6]

Ed1,d2(v) ≡ 1, τ = 0,
κ = 1

ℜ{η′(v) + vη′′(v)} > |ξ′(v) + vξ′′(v)|

Second-order
differential
inequality of
Yalçın et al. [10]

Ed1,d2(v) ≡ 1, k = 1 ℜ{η′(v) + κvη′′(v) − τ} > |ξ′(v) + κvξ′′(v)|

First-order
harmonic
differential
structure [10, 15]

Ed1,d2(v) ≡ 1, κ = 0 ℜ{η′(v) − τ} > |ξ′(v)|

Present Mittag–
Leffler-based class

Ed1,d2(v) retained,
0 ≤ τ < 1, κ ≥ 0

ℜ

{
η′(v) + κvη′′(v)
Ed1,d2(v)

− τ

}
>

∣∣∣∣∣∣ξ′(v) + κvξ′′(v)
Ed1,d2(v)

∣∣∣∣∣∣
Example 1.1. Let d1 = d2 = 1. Then the normalized Mittag–Leffler kernel reduces to E1,1(v) = ev.

Although this parameter choice does not satisfy the sufficient coefficient-sum condition (1.10), the
required non-vanishing property can be verified directly. Indeed, for |v| < 1,

ℜ{E1,1(v)} = ℜ(ev) = eℜ(v) cos(ℑ(v)).

Since |v| < 1, we have
|ℑ(v)| < 1 <

π

2
,

and hence
cos(ℑ(v)) > 0.

Therefore,
ℜ{E1,1(v)} > 0, v ∈ D,

which implies
E1,1(v) , 0, v ∈ D.
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Now consider
f (v) = η(v) + ξ(v),

where
η(v) = v +

1
5

v2, ξ(v) =
1
20

v2.

Choose
κ = 0.8, τ =

1
4
.

Since
η′(v) = 1 +

2
5

v, η′′(v) =
2
5
,

and
ξ′(v) =

1
10

v, ξ′′(v) =
1

10
,

the defining condition (1.13) becomes

ℜ

1 + 18
25v

ev −
1
4

 >
∣∣∣∣∣∣ 9

50v

ev

∣∣∣∣∣∣ , v ∈ D.

The corresponding residual function is

R(v) = ℜ

1 + 18
25v

ev −
1
4

 −
∣∣∣∣∣∣ 9

50v

ev

∣∣∣∣∣∣ .
Numerical evaluation of R(v) on a fine grid in the unit disk indicates positive values throughout the
sampled region. This example is therefore presented only as a numerical illustration of the defining
inequality and does not constitute a rigorous proof of class membership.

Example 1.2. Let d1 = 2 and d2 = 1, so that

E2,1(v) = cosh(
√

v).

Consider
f (v) = η(v) + ξ(v),

where
η(v) = v, ξ(v) =

1
500

v2.

Choose
κ =

1
5
, τ =

1
4
.

Then
η′(v) = 1, η′′(v) = 0,

and
ξ′(v) =

1
250

v, ξ′′(v) =
1

250
.
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Therefore, condition (1.13) becomes

ℜ

{
1

cosh(
√

v)
−

1
4

}
>

∣∣∣∣∣∣ 3
625v

cosh(
√

v)

∣∣∣∣∣∣ , v ∈ D.

Define the residual function

R(v) = ℜ
{

1
cosh(

√
v)
−

1
4

}
−

∣∣∣∣∣∣ 3
625v

cosh(
√

v)

∣∣∣∣∣∣ .
Numerical evaluation of R(v) on a fine grid in the unit disk indicates positive values throughout the
sampled region. The example is included as a numerical illustration of the proposed Mittag–Leffler-
based condition and is not intended as a rigorous verification of class membership. Below Figures 1–4
show the image of unit disk under the different analytic functions.

Figure 1. Image of the unit disk under the harmonic mapping f (v) = v+ 1
5v2 +

(
1
20v2

)
, related

to the normalized Mittag–Leffler kernel for d1 = d2 = 1, κ = 0.8, τ = 1
4 .

Figure 2. Image of the unit disk under the harmonic mapping f (v) = v + 1
4v2 +

(
1
15v2

)
,

associated with the normalized Mittag–Leffler kernel for d1 = 2, d2 = 1, κ = 0, τ = 1
3 .
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Figure 3. Image of the unit disk under the analytic function f (v) = v + 1
5v3, corresponding

to the parameters d1 = 2, d2 = 1, τ = 1
1000 , and κ = 0.1. The figure shows the geometric

transformation of concentric circles and radial segments of the unit disk under the mapping f .

Figure 4. Image of the unit disk under the analytic function f (v) = v+ 1
500v2, associated with

the parameters d1 = 2, d2 = 1, τ = 1
4 , and κ = 1

5 .

1.2. Motivation, contributions, and novelty

Although harmonic subclasses defined by differential inequalities and the geometric properties of
Mittag–Leffler functions have been extensively investigated separately, the interaction between these
two directions has received comparatively limited attention. In particular, harmonic subclasses
generated directly through normalized Mittag–Leffler kernels have not been systematically
investigated. Motivated by these developments and the literature, we introduce the normalized
Mittag–Leffler kernel

Ed1,d2(v) =
Ed1,d2(v)

v
,
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and use it to define the new harmonic subclass

HE
0
1,κ,τ(d1, d2), 0 ≤ τ < 1, κ ≥ 0.

The main novelty of this work lies in integrating the normalized two-parameter Mittag–Leffler kernel
directly into a second-order harmonic differential inequality. This construction provides a natural
connection between harmonic mapping theory and Mittag–Leffler-type special functions and enables
the effect of parameters d1 and d2 to be reflected in the resulting geometric properties.

Our primary objective of this paper is to develop a systematic geometric theory for the newly
introduced class HE0

1,κ,τ(d1, d2). Especially, we establish an analytic properties through the related
analytic family, derive close-to-convexity criteria, and obtain coefficient and growth estimates. We
further investigate inclusion relations and closure under convex combinations, together with a
Fekete–Szegő type coefficient inequality for the associated analytic combinations. These results
establish the normalized two-parameter Mittag–Leffler kernel provides an effective and flexible
framework for determining and studying new harmonic subclasses and their geometric behavior. The
identity kernel also clarifies the connection of the proposed class with previously studied harmonic
differential inequalities.

2. Set of lemmas

Lemma 2.1. [32]. Let

f (v) = v +
∞∑

s=2

asvs.

If
∞∑

s=2

(s − τ)|as| < 1 − τ,

then
f ∈ S∗(τ).

Lemma 2.2 (Clunie–Sheil–Small [1]). Let η and ξ be analytic functions in the unit disk D such that

|ξ′(0)| < |η′(0)|.

Suppose that, for each ε with |ε| = 1, the analytic function

Υε(v) = η(v) + εξ(v)

is close-to-convex in D. Then the harmonic function

f (v) = η(v) + ξ(v)

is close-to-convex in D.

Lemma 2.3 ( [33, 34]). Let
q(v) ∈ P,
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where

P =

q(v) = 1 +
∞∑

s=1

qsvs : ℜ{q(v)} > 0, v ∈ D

 .
Then

|qs| ≤ 2, s ≥ 1.

Moreover, for every α ∈ C, ∣∣∣q2 − αq 2
1

∣∣∣ ≤ 2 max{1, |2α − 1|}.

3. Main results

3.1. Analytic characterization

The result we present below establishes a connection between the harmonic function class
HE

0
1,κ,τ(d1, d2) and the analytic function class E1,κ,τ(d1, d2).

Theorem 3.1. Let f = η + ξ ∈ H0. Then

f ∈ HE0
1,κ,τ(d1, d2)

if and only if
Υε(v) = η(v) + εξ(v) ∈ E1,κ,τ(d1, d2)

for every ε with |ε| = 1.

Proof. Since
Ed1,d2(v) , 0, v ∈ D,

the functions
A(v) =

η′(v) + κvη′′(v)
Ed1,d2(v)

and
B(v) =

ξ′(v) + κvξ′′(v)
Ed1,d2(v)

are well defined in D. Suppose that
f ∈ HE0

1,κ,τ(d1, d2).

Then, by the definition ofHE0
1,κ,τ(d1, d2), we have

ℜA(v) − τ > |B(v)|, v ∈ D.

Let ε be any complex number with |ε| = 1. Then

ℜ{A(v) + εB(v)} = ℜA(v) +ℜ{εB(v)}.

Since
ℜ{εB(v)} ≥ −|B(v)|,
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we obtain

ℜ{A(v) + εB(v)} ≥ ℜA(v) − |B(v)| > τ.

Moreover,

Υ′ε(v) + κvΥ′′ε (v) = η′(v) + κvη′′(v) + ε
(
ξ′(v) + κvξ′′(v)

)
.

Therefore,

ℜ

{
Υ′ε(v) + κvΥ′′ε (v)
Ed1,d2(v)

}
= ℜ{A(v) + εB(v)} > τ.

Hence,

Υε ∈ E1,κ,τ(d1, d2)

for every |ε| = 1.
Conversely, suppose that

Υε(v) = η(v) + εξ(v) ∈ E1,κ,τ(d1, d2)

for every ε with |ε| = 1. Then

ℜ{A(v) + εB(v)} > τ, v ∈ D.

If B(v) = 0, then

ℜA(v) > τ,

and hence

ℜA(v) − τ > |B(v)|.

If B(v) , 0, choose

ε = −
B(v)
|B(v)|

.

Then |ε| = 1 and

εB(v) = −|B(v)|.

Thus,

τ < ℜ{A(v) + εB(v)} = ℜA(v) − |B(v)|.

Therefore,

ℜA(v) − τ > |B(v)|.

Hence, by the definition ofHE0
1,κ,τ(d1, d2), we get

f ∈ HE0
1,κ,τ(d1, d2).

This completes the proof. □
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3.2. Starlikeness of the normalized Mittag–Leffler function

Theorem 3.2. Let d1 > 0 and d2 > 0. Suppose that

∞∑
s=2

(s − τ)
∣∣∣∣∣ Γ(d2)
Γ(d1(s − 1) + d2)

∣∣∣∣∣ ≤ 1 − τ, 0 ≤ τ < 1.

Then the normalized Mittag–Leffler function Ed1,d2 belongs to S∗(τ).

Proof. The normalized Mittag–Leffler function has the expansion

Ed1,d2(v) = v +
∞∑

s=2

Asvs,

where

As =
Γ(d2)

Γ(d1(s − 1) + d2)
.

Hence, the assumed condition is precisely

∞∑
s=2

(s − τ)|As| ≤ 1 − τ.

Therefore, Lemma 2.1 gives
Ed1,d2 ∈ S

∗(τ).

This completes the proof. □

Corollary 3.1. If τ = 0 and
∞∑

s=2

s
∣∣∣∣∣ Γ(d2)
Γ(d1(s − 1) + d2)

∣∣∣∣∣ ≤ 1,

then
Ed1,d2 ∈ S

∗.

3.3. Close-to-convexity for the analytic κ-transform

Theorem 3.3. Let 0 ≤ τ < 1, κ ≥ 0, and suppose that

Ed1,d2 ∈ S
∗.

If
Υ ∈ E1,κ,τ(d1, d2),

then the function
L(v) = (1 − κ)Υ(v) + κvΥ′(v)

is close-to-convex of order τ in D.
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Proof. Since
Υ ∈ E1,κ,τ(d1, d2),

we have

ℜ

{
Υ′(v) + κvΥ′′(v)
Ed1,d2(v)

}
> τ, v ∈ D.

Using

Ed1,d2(v) =
Ed1,d2(v)

v
,

we obtain

ℜ

{
v
(
Υ′(v) + κvΥ′′(v)

)
Ed1,d2(v)

}
> τ.

Define
L(v) = (1 − κ)Υ(v) + κvΥ′(v).

Then
L′(v) = (1 − κ)Υ′(v) + κ

(
Υ′(v) + vΥ′′(v)

)
= Υ′(v) + κvΥ′′(v).

Therefore,

ℜ

{
vL′(v)
Ed1,d2(v)

}
> τ, v ∈ D.

Since
Ed1,d2 ∈ S

∗,

the last inequality shows that L is close-to-convex of order τ in D. This completes the proof. □

3.4. Close-to-convexity of the harmonic κ-transform

Theorem 3.4. Let 0 ≤ τ < 1, κ ≥ 0, and suppose that

Ed1,d2 ∈ S
∗.

If
f = η + ξ ∈ HE0

1,κ,τ(d1, d2),

then the harmonic mapping
Lκ f (v) = Lκη(v) +Lκξ(v)

is close-to-convex in D, where
Lκη(v) = (1 − κ)η(v) + κvη′(v),

and
Lκξ(v) = (1 − κ)ξ(v) + κvξ′(v).

Proof. Let
f = η + ξ ∈ HE0

1,κ,τ(d1, d2).

Then, by Theorem 3.1, for every ε with |ε| = 1, the analytic function

Υε(v) = η(v) + εξ(v) ∈ E1,κ,τ(d1, d2).
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Hence, by Theorem 3.3, the function

Lε(v) = (1 − κ)Υε(v) + κvΥ′ε(v)

is close-to-convex of order τ in D.
Now

Lε(v) = (1 − κ)
(
η(v) + εξ(v)

)
+ κv

(
η′(v) + εξ′(v)

)
.

Therefore,
Lε(v) = Lκη(v) + εLκξ(v).

Thus, for every |ε| = 1, the analytic function

Lκη(v) + εLκξ(v)

is close-to-convex in D.
Since f ∈ H0, we have

η′(0) = 1, ξ′(0) = 0.

Moreover,
(Lκη)′(0) = (1 − κ)η′(0) + κ

(
η′(0) + 0 · η′′(0)

)
= 1,

and
(Lκξ)′(0) = (1 − κ)ξ′(0) + κ

(
ξ′(0) + 0 · ξ′′(0)

)
= 0.

Hence,
|(Lκξ)′(0)| < |(Lκη)′(0)|.

By Lemma 2.2, it follows that
Lκ f (v) = Lκη(v) +Lκξ(v)

is close-to-convex in D. □

Corollary 3.2. Let
Ed1,d2 ∈ S

∗.

If
f ∈ HE0

1,0,τ(d1, d2),

then f is close-to-convex in D.

Proof. Setting κ = 0 in Theorem 3.4, we obtain

L0 f = f .

Hence, the conclusion follows immediately. □
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3.5. Coefficient estimates

Theorem 3.5. Let
f = η + ξ ∈ HE0

1,κ,τ(d1, d2).

Assume that

Ed1,d2(v) = v +
∞∑

s=2

Asvs ∈ S∗.

Then, for s ≥ 2,

|as| + |bs| ≤
τ + s(1 − τ)
1 + κ(s − 1)

.

Proof. Let
f = η + ξ ∈ HE0

1,κ,τ(d1, d2).

By Theorem 3.1, for every ε with |ε| = 1, the analytic function

Υε(v) = η(v) + εξ(v) = v +
∞∑

s=2

(as + εbs)vs ∈ E1,κ,τ(d1, d2).

Hence,

ℜ

{
Υ′ε(v) + κvΥ′′ε (v)
Ed1,d2(v)

}
> τ, v ∈ D.

Since
Ed1,d2(v) =

Ed1,d2(v)
v
,

we obtain

ℜ

{
v
(
Υ′ε(v) + κvΥ′′ε (v)

)
Ed1,d2(v)

}
> τ.

Therefore, for each fixed ε with |ε| = 1, there exists a function

qε(v) = 1 +
∞∑

s=1

qsvs, ℜ{qε(v)} > 0,

such that
v
(
Υ′ε(v) + κvΥ′′ε (v)

)
Ed1,d2(v)

= τ + (1 − τ)qε(v).

Equivalently,
v
(
Υ′ε(v) + κvΥ′′ε (v)

)
=

[
τ + (1 − τ)qε(v)

]
Ed1,d2(v). (3.1)

From the left-hand side of (3.1), we get

v
(
Υ′ε(v) + κvΥ′′ε (v)

)
= v +

∞∑
s=2

s
[
1 + κ(s − 1)

]
(as + εbs)vs.

Comparing the coefficient of vs in (3.1), we obtain

s
[
1 + κ(s − 1)

]
(as + εbs) = As + (1 − τ)qs−1 + (1 − τ)

s−1∑
j=2

A jqs− j.
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Since Ed1,d2 ∈ S
∗, we have

|A j| ≤ j, j ≥ 2.

Also, Lemma 2.3 gives
|q j| ≤ 2, j ≥ 1.

Therefore,
s
[
1 + κ(s − 1)

]
|as + εbs|

≤ |As| + (1 − τ)|qs−1| + (1 − τ)
s−1∑
j=2

|A j||qs− j|

≤ s + 2(1 − τ) + 2(1 − τ)
s−1∑
j=2

j.

Hence,

s
[
1 + κ(s − 1)

]
|as + εbs| ≤ s + 2(1 − τ) + 2(1 − τ)

(
s(s − 1)

2
− 1

)
= s + (1 − τ)s(s − 1)
= s

[
τ + s(1 − τ)

]
.

Thus,

|as + εbs| ≤
τ + s(1 − τ)
1 + κ(s − 1)

.

Choosing ε such that
|as + εbs| = |as| + |bs|,

we obtain
|as| + |bs| ≤

τ + s(1 − τ)
1 + κ(s − 1)

.

This completes the proof. □

3.6. Growth estimates

Theorem 3.6 (Growth estimate). Let

f = η + ξ ∈ HE0
1,κ,τ(d1, d2),

and suppose that
Ed1,d2 ∈ S

∗.

For |v| = r, where 0 ≤ r < 1, define

M(r) =
∞∑

s=2

τ + s(1 − τ)
1 + κ(s − 1)

rs.

Then M(r) converges for every 0 ≤ r < 1, and

| f (v)| ≤ r + M(r), |v| = r < 1,
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while
| f (v)| ≥ r − M(r), |v| = r < 1.

In particular, whenever
M(r) < r,

the lower estimate is positive and hence nontrivial, so that

r − M(r) ≤ | f (v)| ≤ r + M(r).

Proof. Let |v| = r, where 0 ≤ r < 1. We have

f (v) = v +
∞∑

s=2

asvs +

∞∑
s=2

bsvs.

Therefore, by the triangle inequality,

| f (v)| ≤ |v| +
∞∑

s=2

|as||v|s +
∞∑

s=2

|bs||v|s.

Hence,

| f (v)| ≤ r +
∞∑

s=2

(
|as| + |bs|

)
rs.

Using Theorem 3.5, we obtain

|as| + |bs| ≤
τ + s(1 − τ)
1 + κ(s − 1)

.

Thus,

| f (v)| ≤ r +
∞∑

s=2

τ + s(1 − τ)
1 + κ(s − 1)

rs = r + M(r).

Moreover,
τ + s(1 − τ)
1 + κ(s − 1)

= O(1) (s→ ∞),

for κ ≥ 0. Consequently, the series defining M(r) converges for every 0 ≤ r < 1.
For the lower bound, using the reverse triangle inequality, we get

| f (v)| ≥ |v| −

∣∣∣∣∣∣∣∣
∞∑

s=2

asvs +

∞∑
s=2

bsvs

∣∣∣∣∣∣∣∣ .
Therefore,

| f (v)| ≥ r −
∞∑

s=2

|as|rs −

∞∑
s=2

|bs|rs.

That is,

| f (v)| ≥ r −
∞∑

s=2

(
|as| + |bs|

)
rs.
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Applying Theorem 3.5 once more, we obtain

| f (v)| ≥ r −
∞∑

s=2

τ + s(1 − τ)
1 + κ(s − 1)

rs = r − M(r).

Hence,
| f (v)| ≥ r − M(r).

In particular, if M(r) < r, then
| f (v)| ≥ r − M(r) > 0,

and the lower estimate is nontrivial. This completes the proof. □

3.7. Closure under convex combinations

Theorem 3.7. Let
f j = η j + ξ j ∈ HE

0
1,κ,τ(d1, d2), j = 1, 2, . . . ,N,

and let λ j ≥ 0 with
N∑

j=1

λ j = 1.

Then

L(v) =
N∑

j=1

λ j f j(v)

also belongs to
HE

0
1,κ,τ(d1, d2).

Proof. For each j = 1, 2, . . . ,N, write

f j(v) = η j(v) + ξ j(v).

Define

L(v) =
N∑

j=1

λ j f j(v).

Then

L(v) =
N∑

j=1

λ jη j(v) +
N∑

j=1

λ jξ j(v).

Put

Υ(v) =
N∑

j=1

λ jη j(v), Λ(v) =
N∑

j=1

λ jξ j(v).

Thus,
L(v) = Υ(v) + Λ(v).

Since
f j ∈ HE

0
1,κ,τ(d1, d2),
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we have

ℜ

{
η′j(v) + κvη′′j (v)

Ed1,d2(v)
− τ

}
>

∣∣∣∣∣∣ξ′j(v) + κvξ′′j (v)

Ed1,d2(v)

∣∣∣∣∣∣ , v ∈ D.

Now

Υ′(v) + κvΥ′′(v) =
N∑

j=1

λ j
(
η′j(v) + κvη′′j (v)

)
,

and

Λ′(v) + κvΛ′′(v) =
N∑

j=1

λ j
(
ξ′j(v) + κvξ′′j (v)

)
.

Therefore,

ℜ

{
Υ′(v) + κvΥ′′(v)
Ed1,d2(v)

− τ

}
= ℜ

 N∑
j=1

λ j

η′j(v) + κvη′′j (v)

Ed1,d2(v)
− τ

N∑
j=1

λ j


=

N∑
j=1

λ jℜ

{
η′j(v) + κvη′′j (v)

Ed1,d2(v)
− τ

}

>

N∑
j=1

λ j

∣∣∣∣∣∣ξ′j(v) + κvξ′′j (v)

Ed1,d2(v)

∣∣∣∣∣∣ .
Using the triangle inequality, we obtain

N∑
j=1

λ j

∣∣∣∣∣∣ξ′j(v) + κvξ′′j (v)

Ed1,d2(v)

∣∣∣∣∣∣ ≥
∣∣∣∣∣∣∣

N∑
j=1

λ j

ξ′j(v) + κvξ′′j (v)

Ed1,d2(v)

∣∣∣∣∣∣∣ .
Hence,

ℜ

{
Υ′(v) + κvΥ′′(v)
Ed1,d2(v)

− τ

}
>

∣∣∣∣∣∣Λ′(v) + κvΛ′′(v)
Ed1,d2(v)

∣∣∣∣∣∣ .
Therefore,

L = Υ + Λ ∈ HE0
1,κ,τ(d1, d2).

This completes the proof. □

3.8. Inclusion relation

Theorem 3.8. Let
0 ≤ τ1 ≤ τ2 < 1.

Then
HE

0
1,κ,τ2(d1, d2) ⊂ HE0

1,κ,τ1(d1, d2).
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Proof. Let
f = η + ξ ∈ HE0

1,κ,τ2(d1, d2).

Then

ℜ

{
η′(v) + κvη′′(v)
Ed1,d2(v)

− τ2

}
>

∣∣∣∣∣∣ξ′(v) + κvξ′′(v)
Ed1,d2(v)

∣∣∣∣∣∣ .
Since

τ1 ≤ τ2,

we have

ℜ

{
η′(v) + κvη′′(v)
Ed1,d2(v)

− τ1

}
= ℜ

{
η′(v) + κvη′′(v)
Ed1,d2(v)

− τ2

}
+ (τ2 − τ1).

Hence,

ℜ

{
η′(v) + κvη′′(v)
Ed1,d2(v)

− τ1

}
>

∣∣∣∣∣∣ξ′(v) + κvξ′′(v)
Ed1,d2(v)

∣∣∣∣∣∣ .
Therefore,

f ∈ HE0
1,κ,τ1(d1, d2).

This proves the inclusion. □

3.9. Initial coefficient estimates

Theorem 3.9. Let
f = η + ξ ∈ HE0

1,κ,τ(d1, d2).

Then
|a2| + |b2| ≤

|A2| + 2(1 − τ)
2(1 + κ)

,

and
|a3| + |b3| ≤

|A3| + 2(1 − τ)|A2| + 2(1 − τ)
3(1 + 2κ)

,

where
A2 =

Γ(d2)
Γ(d1 + d2)

, A3 =
Γ(d2)

Γ(2d1 + d2)
.

Proof. By Theorem 3.1, for every ε with |ε| = 1, the analytic function

Υε(v) = η(v) + εξ(v) ∈ E1,κ,τ(d1, d2).

Write
Υε(v) = v + c2v2 + c3v3 + · · · ,

where
c2 = a2 + εb2, c3 = a3 + εb3.

Since
Υε ∈ E1,κ,τ(d1, d2),

there exists a function
qε(v) = 1 + q1v + q2v2 + · · · , ℜ{qε(v)} > 0,
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such that
Υ′ε(v) + κvΥ′′ε (v)
Ed1,d2(v)

= τ + (1 − τ)qε(v).

Equivalently,
Υ′ε(v) + κvΥ′′ε (v) =

[
τ + (1 − τ)qε(v)

]
Ed1,d2(v). (3.2)

Now, from the left-hand side of (3.2), we have

Υ′ε(v) + κvΥ′′ε (v) = 1 + 2(1 + κ)c2v + 3(1 + 2κ)c3v2 + · · · . (3.3)

Also,
Ed1,d2(v) = 1 + A2v + A3v2 + · · · ,

where
A2 =

Γ(d2)
Γ(d1 + d2)

, A3 =
Γ(d2)

Γ(2d1 + d2)
.

Hence, from the right-hand side of (3.2), we have[
τ + (1 − τ)q(v)

]
Ed1,d2(v) = 1 +

[
A2 + (1 − τ)q1

]
v +

[
A3 + (1 − τ)A2q1 + (1 − τ)q2

]
v2 + · · · . (3.4)

Comparing the coefficients of v in (3.3) and (3.4), we obtain

2(1 + κ)c2 = A2 + (1 − τ)q1. (3.5)

Thus,
2(1 + κ)|c2| ≤ |A2| + (1 − τ)|q1|.

Lemma 2.3 gives

|c2| ≤
|A2| + 2(1 − τ)

2(1 + κ)
.

Hence,

|a2| + |b2| ≤
|A2| + 2(1 − τ)

2(1 + κ)
.

Again, comparing the coefficients of v2 in (3.3) and (3.4), we obtain

3(1 + 2κ)c3 = A3 + (1 − τ)A2q1 + (1 − τ)q2. (3.6)

Hence,
3(1 + 2κ)|c3| ≤ |A3| + (1 − τ)|A2||q1| + (1 − τ)|q2|.

Again, by Lemma 2.3, we obtain

|c3| ≤
|A3| + 2(1 − τ)|A2| + 2(1 − τ)

3(1 + 2κ)
.

Hence,

|a3| + |b3| ≤
|A3| + 2(1 − τ)|A2| + 2(1 − τ)

3(1 + 2κ)
.

This completes the proof. □
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3.10. Fekete–Szegő inequality for functions in the familyHE0
1,κ,τ(d1, d2)

Theorem 3.10. Let
f = η + ξ ∈ HE0

1,κ,τ(d1, d2).

For each fixed ε with |ε| = 1, define the analytic combination

Υε(v) = η(v) + εξ(v) = v +
∞∑

s=2

csvs,

where
cs = as + εbs, s ≥ 2.

For any µ ∈ C, consider the associated Fekete–Szegő functional

Φµ,ε( f ) = c3 − µc2
2 = (a3 + εb3) − µ(a2 + εb2)2.

Then

|Φµ,ε( f )| ≤

∣∣∣∣∣∣ A3

3(1 + 2κ)
−

µA2
2

4(1 + κ)2

∣∣∣∣∣∣
+ 2(1 − τ)|A2|

∣∣∣∣∣ 1
3(1 + 2κ)

−
µ

2(1 + κ)2

∣∣∣∣∣
+

2(1 − τ)
3(1 + 2κ)

max
{

1,
∣∣∣∣∣3µ(1 − τ)(1 + 2κ)

2(1 + κ)2 − 1
∣∣∣∣∣} ,

where
A2 =

Γ(d2)
Γ(d1 + d2)

, A3 =
Γ(d2)

Γ(2d1 + d2)
.

The estimate holds for every fixed |ε| = 1.

Proof. For each fixed ε with |ε| = 1, by the analytic characterization theorem, there exists a
Carathéodory function

qε(v) = 1 + q1v + q2v2 + · · · , ℜ{qε(v)} > 0,

such that
Υ′ε(v) + κvΥ′′ε (v)
Ed1,d2(v)

= τ + (1 − τ)qε(v).

Comparing coefficients as in (3.5) and (3.6), we obtain

c2 =
A2 + (1 − τ)q1

2(1 + κ)

and
c3 =

A3 + (1 − τ)A2q1 + (1 − τ)q2

3(1 + 2κ)
.

Therefore,

c3 − µc2
2 =

A3

3(1 + 2κ)
+

(1 − τ)A2q1

3(1 + 2κ)
+

(1 − τ)q2

3(1 + 2κ)

−
µ

4(1 + κ)2

[
A2

2 + 2(1 − τ)A2q1 + (1 − τ)2q2
1

]
.
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After rearranging, we get

c3 − µc2
2 =

[
A3

3(1 + 2κ)
−

µA2
2

4(1 + κ)2

]
+ (1 − τ)A2

[
1

3(1 + 2κ)
−

µ

2(1 + κ)2

]
q1

+
1 − τ

3(1 + 2κ)

[
q2 −

3µ(1 − τ)(1 + 2κ)
4(1 + κ)2 q2

1

]
.

Taking absolute values and using the triangle inequality, we obtain

|c3 − µc2
2| ≤

∣∣∣∣∣∣ A3

3(1 + 2κ)
−

µA2
2

4(1 + κ)2

∣∣∣∣∣∣
+ (1 − τ)|A2|

∣∣∣∣∣ 1
3(1 + 2κ)

−
µ

2(1 + κ)2

∣∣∣∣∣ |q1|

+
1 − τ

3(1 + 2κ)

∣∣∣q2 − νq 2
1

∣∣∣ ,
where

ν =
3µ(1 − τ)(1 + 2κ)

4(1 + κ)2 .

By Lemma 2.3, we obtain

|Φµ,ε( f )| = |c3 − µc2
2|

≤

∣∣∣∣∣∣ A3

3(1 + 2κ)
−

µA2
2

4(1 + κ)2

∣∣∣∣∣∣
+ 2(1 − τ)|A2|

∣∣∣∣∣ 1
3(1 + 2κ)

−
µ

2(1 + κ)2

∣∣∣∣∣
+

2(1 − τ)
3(1 + 2κ)

max
{

1,
∣∣∣∣∣3µ(1 − τ)(1 + 2κ)

2(1 + κ)2 − 1
∣∣∣∣∣} .

This completes the proof. □

4. Conclusions

In this paper, we introduced a new subclass of harmonic functions associated with the normalized
two-parameter Mittag–Leffler function through a second-order differential inequality involving the
normalized Mittag–Leffler kernel. The proposed class established a natural connection between
harmonic mapping theory and the geometric theory of Mittag–Leffler functions. First, an analytic
characterization of the proposed harmonic class was established via the family of analytic functions
Υε = η + εξ, which enabled the transfer of several geometric properties from analytic functions to
harmonic mappings. Sufficient conditions for the starlikeness of the normalized Mittag–Leffler
function were then derived and subsequently used to establish close-to-convexity results for both the
analytic and harmonic κ-transforms. Furthermore, inclusion relations, coefficient estimates, growth
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bounds, closure under convex combinations, and Fekete–Szegő inequalities were established for the
proposed class. Several illustrative examples and graphical representations were also presented to
demonstrate the geometric behavior of functions belonging to the class.

The results obtained in this work give a new directions for studying harmonic mappings related to
the normalized Mittag–Leffler kernel and establish several geometric properties, such as, coefficient,
growth, inclusion, close-to-convexity, and Fekete–Szegő results. In future studies may focus on
extending the present work to generalized and multi-parameter Mittag–Leffler functions, as well as to
q-operators, q-Mittag–Leffler functions, and fractional operators. In further directions includes the
study of harmonic subclasses related to other special-function kernels and the investigation of
additional geometric properties, such as differential subordination, Hankel determinants, and related
coefficient problems.
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