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1. Introduction

The investigation of newly introduced mathematical spaces has been a prominent topic in
mathematical research. Among these, b—metric spaces have gained increasing attention, first
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introduced through the contributions of Bakhtin [9] and Bourbaki [10]. Czerwik [12] later formulated
a condition weaker than the classical triangle inequality and formally defined a b—metric space to
broaden the scope of the Banach contraction principle. In the meantime, the theory of b—metric spaces
has evolved through numerous generalizations (see, [14, 19, 28]). Interested readers may consult
Karapinar [22] for a concise survey on fixed point theory in b—metric spaces. Not long ago, Karapinar
and Fulga [21] launched a new notion of b—hybrid contraction in b—metric spaces, together with fixed
point results. Shortly, Alansari et al. [3] developed multivalued counterparts of these findings.
Interestingly, several applications of hybrid fixed point theory arise in optimization and functional
inclusions; refer to [21,26] and some references therein.

Zadeh [33] introduced fuzzy sets as an advancement beyond the classical idea of crisp sets. Over
time, the concept has been extensively refined, with scholars enhancing its scope and applying it
across multiple domains of natural sciences and engineering. Heilpern [17] developed a class of fuzzy
mappings within the fuzzy framework, serving as a fuzzy counterpart to Nadler’s theorem [27].
Thereafter, many authors explored conditions ensuring the existence of fuzzy fixed points
(see [7,8,25)).

Intuitionistic fuzzy sets (IFS) were introduced by Atanassov [5] and extended the conventional
fuzzy set theory by incorporating both membership and non-membership degrees. This framework
provides an efficient mathematical approach for handling uncertainty and imprecision arising from
inadequate information. Owing to its effectiveness, it has found wide-ranging applications in areas
including medical diagnosis, image processing, and decision-making. Meanwhile, ongoing research in
this area has increased considerably, producing significant contributions across the multiple disciplines.
Not long ago, Azam et al. [7] presented a novel approach for analyzing fixed point results via IFS-
valued mappings. In the subsequent studies, Azam and Tabassum [8] derived new criteria for the
existence of common coincidence points for three IFS-valued mappings and utilized their findings to
examine the existence criteria for solutions of a system of integral equations. More recently, Tabassum
et al. [32] developed some common fixed point results in the setting of a (T, N, a)-level set of IFS.

Atanassov and Stoeva [6] introduced the concept of an L—intuitionistic fuzzy set by replacing the
unit interval [0, 1] with a complete bounded lattice L. This generalization provides a richer
mathematical structure for representing uncertainty, vagueness, and incomplete information in
situations where the classical intuitionistic fuzzy model is inadequate. In an L—intuitionistic fuzzy set,
both the membership and non-membership degrees take values in the lattice L, allowing more flexible
and expressive modeling of complex systems. Although IFsS have been widely investigated,
comparatively little research has been devoted to L—intuitionistic fuzzy sets. Only a few works have
investigated such as similarity measures, aggregation operators, and decision-making models.

On the other hand, numerous researchers have employed fixed point theory to obtain the existence
and uniqueness of solutions for fractional differential equations under various boundary conditions
(see [1,2,18]). More recently, fixed point methods have also been applied to stochastic and impulsive
fractional differential equations to investigate the existence of mild solutions and approximate
controllability (see [11]). Furthermore, fuzzy and intuitionistic fuzzy fixed point techniques have been
successfully utilized to study delay and fractional differential equations under uncertainty. In
particular, Tabassum et al. [32] applied intuitionistic fuzzy weak contraction mappings to obtain
existence results for Riemann-Liouville fractional differential equations.

Motivated by this research gap, The main novelty of this work lies in introducing the notions of
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L—intuitionistic fuzzy mappings and L—intuitionistic fuzzy fixed points in b—metric spaces and
establishing fixed point theorems under a new L—intuitionistic fuzzy hybrid contraction condition.
Unlike the existing literature, which primarily considers classical fuzzy or intuitionistic fuzzy
mappings, our approach employs (T, N, ap )-level sets together with the Hausdorff b—metric and a
comparison function to develop a more general contractive framework. Furthermore, to demonstrate
the validity and practical significance of the proposed theory, we have included a non-trivial example
together with graphical illustrations. The graphs verify the proposed contractive condition and
support the applicability and novelty of the obtained fixed point results. As an application, one of the
results obtained herein is employed to analyze more general conditions for the existence of solutions
to a class of fractional delay differential equations with multi-points boundary conditions. Our
findings, in their crisp forms, recover a variety of fixed point results. The literature appears to lack
results on hybrid fixed point theory via L-intuitionistic fuzzy mappings on b-metric spaces.
Accordingly, the proposed work contributes a novel research perspective in non-classical analysis.

2. Preliminaries

In this section, we have compiled specific fundamental concepts here that will be needed later.
In what follows, R*, R, and N respectively stand for the sets of non-negative real numbers, real
numbers, and natural numbers.

Definition 2.1. [12] Let Q # ¢ and s > 1 be a fixed constant. Assuming o : Q X Q — R™ satisfies all
the stated conditions for every o, vy, w € Q,

(i) o(o,y) =0 ifandonlyif o =1),

i) o(o,y) =y, 0),
@iii) o(o,y) < slo(o, w) + o(w,y)] .

Then (Q, o, s) is referred to as a b—metric space.

Definition 2.2. [10] Let (Q, o, 5) be a b—metric space. A sequence w, C € is said to be

(1) convergent if and only if there exists w € Q such that o(w,, w) = 0 as n — oo;
(i1)) Cauchy if and only if o(w,, w,) — 0 as n,m — oo;
(iii)) complete if every Cauchy sequence in £ converges to a point of €.

Definition 2.3. [20] Let (€2, o, s) be a b—metric space. A nonempty subset 2; of Q is said to be proximal
if for each w € Q, there exists y € Q; such that o(w,y) = o(w, ).

Let N(Q), EB(Q), P (), P, (), and K(Q) denote the collection of all nonempty, closed and
bounded, proximal, proximal bounded, and compact subsets of Q, respectively.

For Q,Q, € P"(Q) and H : P"(Q) X P"(Q) — R*, defined by

max( SUp,.cq, a(y,Qy), Sup, <o, o(y, Q )), if it exists,
7‘{(Ql, Q) =

oo, otherwise,
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it is said to be the Hausdorff-Pompeiu b—metric on #"(€2) induced by the b—metric o, where

o(w, Q) = inf o(w, 7).
Y€Q

Remark 2.4. In view of the fact that every compact set is proximal and every proximal set is closed
(see [20]), the following inclusions are valid:

K(Q) C P(Q) Cc CB(Q) C N(D).
Definition 2.5. [21] A nondecreasing function ¢ : R* — R™ is referred to as:

(i) acomparison function of c-type, provided that ¢"(tf) — 0 whenever n — oo for each t € R*.
(ii) a comparison function of b-type, if there is ny € N, 4 € (0, 1) and a convergent non-negative
series ). | w, satisfying
sn+l¢n+l(t) < ;lsnsxbn(l_) + w,,
fors>1,n>ngy,and t > 0,
where ¢" stands for the n”" iterated form of ¢.

Take W, and denote the family of ¢ that abide by the following:

(1) ¢ is a comparison function of b-type;
(i) ¢@(t) = 01if and only if # = 0;
(iii)) ¢ is continuous.
In the following, we present a brief overview of lattices, L—fuzzy and L-intuitionistic fuzzy
structures that are essential for the subsequent discussion.

Definition 2.6. [16] A relation < on L is termed a partial ordering if < satisfies the properties of
reflexivity, antisymmetry, and transitivity. The structure (L, <) is called a partially ordered set.
Such orderings are useful for assigning structure to unordered collections.

Definition 2.7. [16] A partially ordered set (L, <) is said to be

(i) alatticeifwVvyelLandw Ay €L forany w,y € L;

(ii) a complete lattice if VE € L and AE € LL for any E c L;

(i11) a distributive lattice if o V(w Ay) =(@VW)A(@VY),oAN(wVYy) =(@Aw)V (o Avy)for any
o0, w,y €L.

Definition 2.8. [16] A lattice L is called bounded if there exists a least element O € L and the greatest
element 15, € L such that
O]L <w=X IL

for every w € L.

Definition 2.9. [16] Consider a nonempty set Q and a bounded complete distributive lattice L with O,
and 1;. An L—fuzzy set F on Q is a function F: Q — L.

Definition 2.10. [29] Let F be an L—fuzzy set in Q. The a;—level set of F is defined by

[Flo, ={weQ:ay < F(w)} if apeL\ {0}
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Definition 2.11. [29] Consider an arbitrary set Q and a metric space I'. A mapping J : Q — (F ) is
referred to L - fuzzy mapping. An element w € I is termed as a L - fuzzy fixed point of § : T — (F)'
if w € [J(W)]a., 3
where (F)' stands for the family comprising of all L - fuzzy subsets of I".

Definition 2.12. [5] Consider a universal set Q. An IFS A in Q may be expressed as
A= {((,(),/JA(C()), UA((/())) tWwE Q}’

where pp: Q — [0,1] and vp: Q — [0, 1] denote the membership and non-membership functions,
respectively, such that 0 < pa(w) + va(w) < 1 for every w € Q.
The hesitation degree is given by

m(w) = 1 = pp(w) — vp(w).
Denote the class of all intuitionistic fuzzy subsets of Q by (IFS)®.

Example 2.1. Let Q = {w, w;, w3} denote the set of patients under examination. Assume that A =
{patients diagnosed with influenza} is an IFS defined on Q.

A = {(w1,0.70,0.15), (w7, 0.50,0.25), (w3, 0.65,0.15)} .

Hence, for each patient w;,
ua(w;) represents the degree of evidence supporting the diagnosis of influenza.
nu(w;) represents the degree of evidence against the diagnosis. The degrees of hesitation are given
by
ma(wy) = 0.15, ma(wy) = 0.30, mo(w3) = 0.20.

Here, patient w, is indicating that there is a 50% degree of evidence supporting the diagnosis of
influenza, a 25% degree of evidence against the diagnosis, and a 25% hesitation degree reflecting
uncertainty due to incomplete medical information. Such uncertainty cannot be represented explicitly
using classical fuzzy sets, where only the membership degree is specified.

Definition 2.13. [24] A mapping T : [0, 1] X [0, 1] — [0, 1] is known as a triangular norm (t-norm) for
an IFS provided that for each w, y, o € [0, 1], the following requirements are met:
() T(w,T(y,0) = T(T(w, y), 0);
(i) T(w,y) =T(y,w);
(iii) if w,y,0 € [0,1] and w <y, then T(w, 0) < T(y, 0);
(iv) T(w, 1) = w.
A fuzzy negation for an IFS is a non-increasing mapping N : [0, 1] — [0, 1] satisfying N(0) = 1
and N(1) = 0. If N(N(w)) = w for all w € [0, 1], then N is said to be a strong fuzzy negation.

Definition 2.14. [24] The (T, N, a)-level set of an IFS A is represented by [A]r ) and is expressed
by
[Alrne = {w € Q: T(ua(w), N(vp(w))) 2 o}, a€[0,1].
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Definition 2.15. [31,32] Let Q be a nonempty arbitrary set and I be a metric space. An element w € r
is called an intuitionistic fuzzy fixed point of an intuitionistic fuzzy mapping ¢ : I’ — (IFS)" if there
exists a € [0, 1] such that w € [Y(w)]T1.0)-

These three lemmas are crucial to the discussion of our main findings:

Lemma 2.1. [21] The following criteria for a comparison function ¢ hold:

(1) Each iterate 95", n € N is also a comparison function;
(i) @) <tforallt> 0.

Lemma 2.2. [21] Let ¢ : R* — R* be a comparison function of b-type. Then for every t € R*, the
series )~ s"¢"(t) converges.

Lemma 2.3. [30] Let (Q, 0, s) be endowed with a b—metric space. For Q;, Q,, Q; € K(w) and w,y € Q,
the following conditions apply:

(1) o(w, Q) < H(Q,Q,) for any w € Qy;
(i) o(w,€;) = 0holds if and only if in the case w € y;
(i) H(Q, Q) = H(Q, Q));
(iv) H(Q(,Q,) =0if and only if Q; = Qy;
(V) H(Qy, Q) < g[HQy, Q3) + H(Q3,Q,)];
(Vi) o(w, Q) <glo(w,y) + oy, Q)]

3. Main results

Definition 3.1. [15] Let Q be an arbitrary set and (L, <) be a complete bounded distributive lattice with
an involutive order reversing operator N : . — L. An L-intuitionistic fuzzy set Ay, in € is represented
by

Ar = {{w, up, (W), v, (W) * w € Q},

where pp, : Q — L and v5, : Q — L denote the membership and non-membership functions,
respectively, such that p, (w) < N(vy, (w)), for all w € Q.

Remark 3.1. [15] L-intuitionistic fuzzy sets generalize IFS, and they coincide for L = [0, 1].

Definition 3.2. [13] Let (L, <) be a complete bounded lattice. A binary operation T : L?> — L is said
to be a t-norm for an L—intuitionistic fuzzy set if for each w;, w,, w3, w4 € L, the following properties
hold:
(1) T(wy,wz) = T(wy, wy) (commutativity);
(i) T(wy, T(w,, w3)) = T(T(w1, ws), w3) (associativity);
(i11) T(wq, 11) = w; (neutral element),
(iv) if w; < wy and w3 < wy, then T(wy, w3) < T(w,, ws)(Monotonicity).

A fuzzy negation for an L—intuitionistic fuzzy set is a decreasing mapping N : L. — L satisfying
N(Op) = Iy and N(1) = Op. If N(N(w)) = w for all w € L, then N is said to be an involutive negation.

Remark 3.2. If we take the lattice L = [0, 1], then the notion of the t-norm for L—intuitionistic fuzzy
sets coincides with the classical one [24].
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Definition 3.3. [13] Let Ay, be an L—intuitionistic fuzzy set in Q. Then the (T, N, oy )-level set of Ap
takes the form

[ALlr e = {w € Q: ap < T(up, (W), N(va, (w)))}, forall ay € L.
Denote by (IFS)I%, the class of all L-intuitionistic fuzzy subsets of Q.

Definition 3.4. Consider an arbitrary set Q and a metric space I'. A point w € € is said to be an
L—intuitionistic fuzzy fixed point of L—intuitionistic fuzzy mapping Q : I’ — (IFS)! if there is @y, € L
such that w € [Q((JJ)](T’N’QL).

Definition 3.5. Let (Q, 0, 5) be a b—metric space, and a pair of L—intuitionistic fuzzy mappings Q, S :
Q- (IFS)S is said to form an L—intuitionistic fuzzy b-hybrid contraction if for all w,y € Q, we have

W([Q(‘”)](T,N,Quw))’ [S(’)/)](T,N,(IL(”) S S\b ( E’Q,S)(wa ’y, (Ta N7 QL)) s (3' 1)
where ¢ € W,r >0, and p; > 0with 37 | p; = 1 and

| P19 + p2 (0 (. [Q Nt

+p3 (O' (’}’, [S(Y)](T,Nﬂuy))))
1
. (o(y,[Q(w)]w,aw)+a(w,[S(y)lmN,auw)) )r ] '

2s
fOI‘ r>0’w,'y€Q,
9@ 7, (TN, ar) =

p2

(o (w, )" (0' (a), [Q(w)](T,N,aL(m))))

P3
X (0' (% [5(7)]<T,N,aL<y»))
y (0.(% [Q(@))(T 1.y, (w)))+(r(w, [S()’)J(’]I‘,N,uL(y))) )P4

2s

for r=0,w,y€Q\ ¥, (Q,S),

where
Fio(Q,S) = {w,y € Q: w € [QIW) T iar)s ¥ € ST Mar,)}- (3.2)

Theorem 3.1. Let (Q, o, ¢) be a complete b—metric space, and a pair of L-Intuitionistic fuzzy mappings
Q,S:Q — (IFS)E forms an L—Intuitionistic fuzzy b-hybrid contraction. Assuming for each w € Q,
there exists a;, € L such that [Q(w)](Tv.e1,) and [S(w)](T.q,) are nonempty bounded subsets of Q
possessing the proximal property.

Thus, one can find w € Q such that w € [Q(wW)]ir.ar,) N [S(W)]ir1arw)-

Proof. Let wy € Q, then by assumption, there exists (T, N, a1,,)) such that [Q(cuo)](T,N’aMwO)) € P ().

Take w; € [Q(w0)l(ritar,y such that o (wp, wi) = o (wo, [Q(Wo)lwsvar,,)- Again by hypothesis,
there exists w, € [S(wl)](T,N,aMw])) such that [S(a)l)](qp,N,aL(w')) € P,(Q), and we have

o(wy,wy) =0 (u)l, [S(wl)](T,N,aL(m))). Continuing in this way, we can formulate a sequence {w,},ex Of
elements of Q such that

W41 € [Q(wzq)](T,N,amzq)), W42 € [S(wzq+1)](T,N,amzqm)
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and

O (Wag, Wag+1) = T (W, [Q(w2q)]<T,N,aL(wzq))),
0 (Wagr1, Wagr2) = O (Wage1, [S(Wags Dl vany, -

Using Lemma 2.3 and the above expression, one can obtain
0 (Wag, wrgs1) < H ([Q(C‘)Zq)](T,N,aL(wzq)), [S(w2y-1 )](T,N,a][l(wzqil))) , (3.3)

(o (w2q+l’ w2q+2) <H ([Q(w2q)](T,N,aL(w2q))a [S(w2q+1)](T,N,amzqm)) . (3.4)

Assume that wy, = wy,44 for some g € N and r > 0. Thus from inequality 3.1, we get

Cla.s)(Wag> Wag1) Z[Pl(O' (wzq, wzq+1))r + P2 (0' (qua [Q(wzq)](T,N,wL(mzq))))r

+P3 (0' (w2q+1  [S(@age )]l rvan,, ))))
o (w41, [Q(U)Zq)](T,N,aL(qu))) '
a2 79
0-((1)2(]’ [S(w2q+l)](T,N,(lL(w2q+l))) " }
P4 2s ]

:[pl((r(cqu, Wagr)Y + (@3 rg1))

+p3(0(Wrge1, Warg42))

1
T(Wags1, Wags1) + T(Wag, Wrg2) \ 17
+D4

2s

S[P3(0' (Wag+1, Wrg+2))

ol
+p4(s (U(wzq, Wig+1) ';O-(w2q+l’ wzq+2)) ) ] r
s

1
=(p3 + pPa)70(Wrge1, Wags2) = O(Wags1, Wrgea) AS T —> 0.
Using inequality 3.4 together with condition (ii) of Lemma 2.1, we have

O (Woge1, Wage2) < H ([Q(WZq)](T,N,aL(wqu’ [S(w2q+1)](T,N,amzq+l)))

< P(O(Wags1, Wag)) < O(Wrge1, Wrgs2), (3.5)

a contradiction. Therefore, for all g € N,
Wy = Wogt1 € [Q((UZq)](T,N,aL(wzq))’

Wig = Wrgs] = Woges € [S(w2q+1)](T,N,QL(wzq+l)) = [S(Q)Zq)](T,N,aL(wzq))-

Thus, w,, is a common L-intuitionistic fuzzy fixed point of Q and S.
Therefore, for r = 0 and wy,; = w441, for some g € K, we can find C{Q S)(wzq, wg+1, (T, N, ar)) = 0 for

all ¢ € N. By property (ii) of W, one can obtain o(wWag+1, wWrg+2) = 0 for all g € N. In a similar way,
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we conclude that w,, € [Q(wzq)](T,N,amzq)) N [S(wzq)](T,N,auwzq))- Subsequently, we suppose that for all
q €N, wgs1 # wg if and only if o(wy11, wg) > 0.
Now, setting w = wy, and y = wy,—; in Eq (3.2), we have

| P1( (@2 020 + 2 (0200 Q2 010

,
+p3 (T(@ag1, [S@2g- Dt 1)

o ((UZq—l7[Q(U)2q)](T,N,<YL(w2q)))‘HT (qu,[S(wzq—l)](T,N,auwzq_l))) ' I
P4 ]

2s

. for r >0,
Clo.s)(Wag, wry-1) = (3.6)
(0 (Wag, W2g-1))"" X (0' (w2g5 [Q(qu)](T,N,aL<w2q))))p2

P3
X (0' (wag-1, [S(U—)Zq—l)](T,N,auwzq_l))))
(O' (w24,[Q(w2g-1 )](T,N,<yuw2q_ . PF(W2g-1 ,[S(qu)](T,N,tyL(wzq)) )p 4
X

2s

for r = 0.

Thus,

[Pl(o' (Wag, Wrg-1))" + P2 (0' (w2y, w2q+1))
1

r 0(Wag-1,w2g41)+0(@rgs2) \ |”
+p3 (O'(a)zq_l,wzq)) + p4( 4 "*ZS S ) ] forr > 0,

(3.7)

C?Q,S)(whp Wog-1 ) =

(0 (Wag, Wrg-1))"" X (0 (Wag, Wrg+1))7? X (T (Wog—1, Wrg))"?
% (O’(wzq,wzq)+0'(w2q+1,wzq—l))1’4 forr = 0.

2s

Consider the following two cases:

Case 1. r > 0 and assume 0(wyy, Wrg+1) = 0 (wrg-1, woy). Thus, in view of Eq (3.7), we get
Cla.s)(W2g, W2g-1) S[Pl(o'(wzqﬂ, W) + P20 (Wrgs1, Wrg)) + P3(0(Wags1, Way))

r 1
. (s (O-(quH, Wyg) + (W2, wzq—l))) ]

2s
S[Pl(o_(quH’ W) + Pa(0(Wags1, Wrg)) + P3(0(Wrgs1, Wag))"

. (S (cr(wzq+1, w2y 2+S o (Wags1, wzq)))rr (3.8)

< [pi(0(wage1, Wrg))" + Pa(T(wrge1, Wag)) + p3(0(Warge1, Wrg))"

1
+ pa(0(woge1, W) 17
4 1

= 0'(w24+1 > wzq)( Z Pi) = 0'(w2q+1 > wzq)-

i=1
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Therefore, in view of inequalities (3.2), (3.4), and (3.8), one can obtain

O (Wrg, Wrgs1) < H ([Q(U)Zq)](T,N,aL(wzq))’ [S(w2q—l)](T,N,QL(U,ZTI)))
< (CZQ,S)(U)an CUZq—l))
< P(o(wagr1, Wag))- (3.9)

By using condition (ii) of Lemma 2.1, inequality (3.9) yields
T(Wag41, Wag) < 0 (Wags1, Wag). (3.10)
This is a contradiction. Thus from inequality (3.9), we get
T (Wag+1, Wag) < P(O(W2g, W2g-1))- (3.1
Substituting n = 2¢ € N in inequality (3.11),

O-(wn+l’ wn) < ¢(O-(wn’ wn—l)) < ¢2(U(wn—l9 wn—Z)) (3 12)
< GO (Wn-2, W-3))eer < P (W1, W) '

From inequality (3.12) and the triangular inequality of b—metric space for all k > 1, we have

O-(wn+ka wn) < S(O-(wn+k, wn+1) + O-(wn+1, wn))
1 n+k—1

k
< -1 Z s'o(w;, Wir1)

i=n

ikl 3.13
LY ddtor ) e

i=n

<
- Sn—l

(o)

D SE (oW wo)).

=n

Sn—l

Setting n — oo and applying Lemma 2.2, one can find lim o (w,x, w,) = 0. Therefore we have a

n—oo

Cauchy sequence {w, }.ex 1n (€2, 0, §). As the space is complete, therefore there exists w €  such that

lim o(w,, w) = 0. (3.14)

n—oo

Now, we have to prove that w is the common L—intuitionistic fuzzy fixed point of Q and S. First,
suppose that w ¢ [Q(w)](T.a,) 30 T(W, [Q(W)]Ti.ar,)) > 0. Thus, using condition (i) of Lemma 2.3
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and the contractive inequality (3.1) for » > 0, one can find

o (w, [QW)]TNarw)) < ST(W, W) + ST(wWy, [Q(W)](T.01(,))
< so(w, wy) + SHIQW) .01 [S(@n-D]r a1, )

< so(w, w,) + s¢ (C(’Q’S)(w, a),,_l))
= so(w, w,) + S¢[p1(0(w, wp-1))" + par(o(w, [Q(W)]T.ar))

+ p3(0(Wn-1, [S(@p-D]rvac, )"
T (Wn-1, [QW) ] v.010,) + T (@, [S(wn—l)](T,N,aL(wn1))))r ]1 (3.15)
2s

+P4(

= so(w, w,) + ssb[pl(a(w, wp-1)) + pa(o(w, [Q(W)]iriarw)

+ p3(0(Wy-1, W)
T (Wp-1, [QW)](T1a1,) + T (W, W)\ ;
P4 2s ] '

Using condition (ii) of Lemma 2.1 and assuming n — oo in inequality (3.15), we have

o(w, [QW)]r i) < ST(w, [Q(W)]Tiaw) (P2 + Pa)T. (3.16)

Asr — oo,

o(w, [QW)]rraw,) < sT(w, [QMW)]rra,))- (3.17)

This is a contradiction for s = 1. Consequently, o(w, [Q(w)]TNay,,)) = 0, and this implies that

w € [Q(W)](TNar )
In a similar way, it can be shown that w € [S(w)](r ey, ). Hence for r > 0, there is a point w € € such

that w € [Q(W)](T ey N ST 101w
Case 2. Consider r = 0 and use inequality (3.7) and condition (ii) of Lemma 2.1,

0 (Wog, Warg-1) SH ([Q(wzq—l)](T,N,aL(mM)), [S(wzq—z)](T,N,QL@,ZH)))
<¢ (CE’Q’S)(MZ({—I ; wzq—z))
<(0(W2g-1, W2g-2))" (O (Wag-1, W2g))* (O (W2g-2, W24-1))”
(U(wzq—l , Wag-1)) + 0 (Wrg-2, Wrg) )p4 (3.18)
2s
=(0(Wag-1, W2g-2))" P (0 (Wag-1, W2g))™?

(O-(qua w2q—l)) + 0-((*)211—1 ) w2q—2) )p4
> .

Suppose that o (wag-1, Wrg-2) < 0(Way, wr4-1), therefore inequality (3.18) yields

1-p1—pr—
(W2, Wag-1) S(O(Wagr g )PP (0 (g, g 1)) PP 510
= 0-(('02(1’ U)Zq—l),
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a contradiction. Thus,
0 (Wag, Warg-1) < 0 (Wary-1, Wry4-2). (3.20)

Using inequalities (3.18) and (3.20), one can obtain
O (Wag, Wrg-1) < P(0(W2y-1, W24-2)). (3.21)
Similarly, {w, }.ex 1s @ Cauchy sequence in (Q, o, 5). As Q is complete, therefore we have o(w,, w) — 0
as n — oo for some w € Q.
Now, by applying Lemma 2.3 and inequality (3.2), we have
O-((,(), [S(w)](T,N,(IL(w))) SSO-((,U, (,l)n) + SO-((,()n, [S(Z)](T,N,G/L(w)))
so(w, wy) + sH ([Q(wn—l)](T,N,aL(mH), [S(w)](T,N,aL(w))) (3.22)
s (w, wy) + 53 (Clo ) (@1, ),
where
Cla.s)(Wn-1, ) =(0(Wy-1, W) (O (Wn-1, [QWn-D]T w011, )
X (0-((,(), [S((fu)](P]F,N,a]]_,(w))))p3

(3.23)
o (0' (Wn-1, [S(W)](T3,01)) T+ (W, [Q(wn—l)](T,N,QL(wn_l)))p N

2s

It can be seen that r}l_}tg CzQ’S)(wn_l,a)) = 0. Thus, inequality (3.22) and ¢ € w implies that w €
[S((U)](T,N,auw))-

Similarly, it can be shown that w € [Q(w)](Tya,)- Hence w € Qis a common L-intuitionistic
fuzzy fixed point of Q and S. O

In the following, we explore the additional implications of our key findings. By taking single
mapping in Theorem 1, we can derive the following result as a corollary.

Corollary 3.1. Let (Q, 0, s) be a complete b—metric space and Q : Q — (IFS)S be an L—intuitionistic
fuzzy mapping. Assume that for each w € Q, there exists @y, € L such that [Q(w)](T.q.,) 1S @ NONempty
proximal bounded subset of Q. If the L—intuitionistic fuzzy mapping Q satisfies a b-hybrid contraction
property, then one can obtain w € Q for which w € [Q(w)]r.a1(,)-

By considering . = [0, 1] in Theorem 3.1, the following corollary can be deduced for a pair of
intuitionistic fuzzy mappings.

Corollary 3.2. Let (Q,0,s) be a complete h—metric space and Q,S : Q — (IFS)® be a pair of
intuitionistic fuzzy mappings. Assume that for each w € Q, there exists @ € [0, 1] such that
[Q(w)]iria,) and [S(w)]rie.,) are nonempty proximal bounded subsets of €. If the pair of
intuitionistic fuzzy mappings Q and S satisfy a b-hybrid contraction property, then one can find w € Q
for which w € [Q(W)]ir.xw) N [SW)](T1.0w))-

The following corollary is derived from the main theorem for a pair of L-fuzzy mappings.

Corollary 3.3. Let (Q, 0, s) be a complete h—metric space and Q,S : Q — (F )i be L-fuzzy mappings.
Assume that for each w € €, one can find ar, € L\ {0} satisfying [Q(w)]a,,, and [S(w)]a,, € P, (Q). If
for all w,y € Q, we have

HAQW)ar i S Narsy, < & (Clos(@.7- ).

AIMS Mathematics Volume 11, Issue 10, 32347-32368.



32359

where ¢ € W,r >0, and pi > 0 with Z?:] pi =1and

[pl(O'(a), ) + pa (cr (w, [Q(w)]auw)))r

+p3 (O’ (’)’, [S('Y)]am)))
py ((r(y,[Q(w)]agm)Hf (@IS 1) )r ]r

2s
for r>0,w,y€Q,
Clas(@. 7 1) =
@@ " (7 (@ 1Q),, )

p3
X (0' (7, [5(7)]%(7)))
y (O—(V’[Q(w)]%(w) )+0’(a),[5(7)]<q(y) ) )174

2s

for r=0,0,y€Q\ %, (Q,S),

where
Fiw(Q,S) = {w,y € Q: w € [Q(W)]ay)» Y € [SD]ar) s

then one can obtain w € Q satisfying w € [Q(w)]a, () N [S(W)]ay (w)-

Corollary 3.4. Let (Q,0,s) be a complete h—metric space and Q,S : Q — P} (Q) be a pair of
multivalued mappings. Assume that for each w € Q, Q and S € P (). For all w,y € Q, we have

H(QW), SO) < ¢ (Clos)(@. 7))

where ¢ € W,r >0, and p; > 0with 37 p; = 1 and
P (w, 7)) + pa(o(w, Q)" + p3(a(y, S(y))"+

p4(0'(%Q(w);(T(waS(7))r] for r>0,w,y€Q,

CrQ,S (0), 7) =

(o (w, M (o (w, QW) (o (y, S(y)P?

X(ZLLDeSD s for 1 = 0,0,y € Q\ Fir(Q, S),

where
Fiu(Q,S) = {w,y € Q: w € Qw),y € S(y)}.

Therefore, there exists w € Q such that w € Q(w) N S(w).

Remark 3.1. If the mapping is assumed to be a self-mapping on a complete b—metric space (2, 7, s),
then Corollary 3.4 reduces to the result given in [21].

Example 3.1. Let Q = [0,1] and 0(w,y) = |w — ¥|* for all w,y € Q then (Q, o, s) is a complete
b-metric space with s = 2. Let L = {1y, 75, 73, 74} with bottom element Or, and top element 1;. Assume
that 7y < 7 < 74 and 7y < 73 < 74. Note that 7, and 73 are not comparable, and thus (L, <) is a
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complete distributive lattice. Define a pair of L-intuitionistic fuzzy mappings Q =< uq, vq >,
Us,vs >: Q — (IFS) as below:

Ty if OSIS%,

e P P

Hop) (1) = i g <t
T if %<l§§,

3 if <1<,

i L

T1 if OSISIO’

Py P

L if E<t§7’
VQ)(t) = e p o
Ty if 5 <1<E,

T3 if §<ZS1,

o

T2 if OSZ‘SH,

4 if i%<l§%,

Hsp) (1) = oL <P
T 1 E<t_§,

T3 if §<IS1,

T1 if OSISI%,

) T, if %<IS§,
Vsi\l) = e p o
T4 if g<f§§,

T3 if §<IS1.

Then,
[Q(w)] (T = {1 € Q1 ar < T(gw)(®), N(vow) (D)}

If we take a3, = 74 and ap, = 75, then

[Q()]irvay, =t € Q1 74 < T(73,N(71))}
={t € Q: 14 < T(r3,N(0p))}
=te Q14 <T(ry, 1)}
=teQ: 14 214

{
foz]

[S()]r ey, ={t € Q: 72 < T(74, N(71))}
: Ty < T(74,N(0p))}
i i) < T(T4, IL)}

P Ty 2 T4
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Thus,

e

0 if =,
W([Q(w)](T,N,aL), [5(7)](T,N,<m) - {|w_1 2 ai)f Z) iy
10 '

Let ¢(t) = 5 for all > 0. Clearly, there are two cases in the verification of inequality 3.1.
Case 1. For w = y, we obtain

H ([QU)]x 100, [S@)]rrvan, ) = 0 = ¢ (Clgs)(@. 7))
Case 2. For w # v, we have

H (IQU) |z 1100, [S@) (w101, ) = il =

1
, , , =P +o- 5P\
(1= P + paler = HPY + pally = 2P + pa T ) |

for r>0 and w,y € Q,
(- P)+ly-22) \*
(I =y x (o — ZP)P x (fy — f’—OIZ)’”X(M

4
for r=0 and w,y € Q\ Fi,(0, ).

Therefore, on combining both cases, we have

H ([Q)] 111010 SO r1as))) < ¢(Clos)(@-7)) -

Consequently, all the assumptions of Theorem 3.1 are verified for p; = py = % and p, = p3 = 0,
hence w is a common fixed point of Q and S.

Figure 1(a) illustrates the three-dimensional surface corresponding to the left-hand side (LHS) of
the contractive inequality for a pair of L—intuitionistic fuzzy mappings, whereas Figure 1(b) depicts
the three-dimensional surface corresponding to its right-hand side (RHS). It can be observed that the
surface representing the left-hand side lies entirely below (or coincides with) the surface representing
the right-hand side over the prescribed domain. This provides a graphical confirmation of the validity
of the L—intuitionistic fuzzy b-hybrid contractive condition established analytically in Example 3.1.

RHS1

. RH.S 2

0.008

0.006

z axis
“—0 =« M © & o o =~

0.002

0 o ‘ X axis

(a) LHS (b) RHS

Figure 1. Three-dimensional graphical illustration of the L—intuitionistic fuzzy b-hybrid
contraction.
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4. Applications: A class of delay differential equations with multi-point boundary conditions

A delay differential equation involves derivatives that depend on earlier times and incorporate
continuous, discrete, as well as proportional delays. In some circumstances, the chaotic oscillations
are represented by non-linear first order delay differential equations. Moreover, a well-known
proportional delay differential equation in electrodynamics is the pantograph equation, given by

Y'(t) = a¥ () + bY(Br).

Applications of fractional delay differential equations arise in diverse dynamical systems, such as
economic models, biosystems, communication channels, and automatic regulation systems.

In this section, we establish the existence of a solution for a fractional delay differential equation
with multi-point boundary conditions, using the concept of L—intuitionistic fuzzy mappings.

We consider that the fractional delay differential equation equipped with conditions prescribed at
multiple boundary points is of the form

SDMNP(0) + (1, P(r), Y(at)) =0, n-1<A<n, tel, ac(01), 4.1)
m=2
W0) = h(P), WOO0)=0, W)= 9PE) +eW), j=1,2,.n-2 (4.2)

=1

where gD” is the standard Caputo derivative of order A and J = [0, 1]. The nonlinear functions T :
J % [0, 00) X [0, 00) — [0,00) and ¥, h, g : ] — R are continuous functions, and 9¥;,&; € (0, 1) such that
S eE < 1.

Definition 4.1. [23] The integral for non—integer order A > 0 of the function f is given by

1

1 -
OII f(t) - F(/l)

f t(t — W' f(w)du.
0

Definition 4.2. [23] The Caputo fractional derivative for A > 0 is defined by

1
T(n-2A)

!
OCfo(t) = f(t —w)"" fwdu, n-1<A1<n, neN,
0

where n = [4] + 1 with [4] denotes the integer part of a positive real number A and the right side is
pointwise defined on R*.

Lemma 4.1. [4] Let ¥, ® : J] — R be continuous functions. Then the boundary value problem (BVP)
SD()+D(1t)=0, n—1<A<n, tel,
m—2
Y0) =(¥), YV0)=0, ¥(1)= Zﬂﬂ’@) +M), Jj=L2,.n-2
j=1
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has at most one solution given by

n—1

B _t 9 t 1
‘I’(t)—(l )(‘I’)+ = (ﬂ) f (1 = W)™ O(w)du

tn 12 -1 -1
F(/l) f(fj—w) (I)(w)dw—mf(t W) O(w)dw.

n—1

() +

Note that k = 1 = 2729, and & = 1 - 37779,
On account of Lemma 4.1, the solution of problems (4.1) and (4.2) is given by

4n—1

W) = (1 _ it

P2
} Wil f (&= @) T, Y(w), Vaw)dw

-1
F(/l) f (t—w)'" " Y(w,¥Y(w),¥Yaw))dw.

n—1

)h(‘P)+t 2(P) + f (1 = 0" " (w, Y(w), ¥(aw))dw

F(/l)

Consider for the universal set €, the operators @, @, ®, : Q — Q are defined as

4n—1 n—1

©,¥(1) = (1 - )h(% +Logw),
K
0,¥Y(r) = F(/l) f (1 — )" 'Y (w, ¥(w), Y(aw))dw
[ lzj‘:l

- T)j f (& - 0 (W, P(w), Plaw))dw

-1
T (/1) f (t— w)" " V(w,¥Y(w),Y(aw))dw.

Thus, OF = 0,¥ + O, Y.
Since the functions g, 4, and I’ are continuous, ® is a well-defined operator. Thus, the solution of
problems (4.1) and (4.2) is a fixed point of ©.

Theorem 4.1. Let Q = C(J, R) be the space of all continuous functions endowed with the metric

(@i, @) = max w1 (1) - w0 (4.3)

Suppose that for any w;, w, € Q and (¢, wy, W) € J X Q x Q, the following conditions hold:
(i) For the given constant b, € [0, 1), we have |h(w,) — h(w,)| < bylw, — ws.
(i1) For the given constant b, € [0, 1), we have |g(w) — g(w>)| < belw; — w,|.
(ii1) For each wy, Wi, wy, w, € R, there exists a constant Ly > 0 such that |Y(z, w;, wy) — Y(t, W1, ;| <
Ly(lwy — 01| + |wy — @yl), and Ly < %ﬂ)-
Thus, the BVPs (4.1) and (4.2) have a solution.
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Proof. It follows from Eq (4.3) that Q is a complete b—metric space with coefficient s = 2. Assume
that i, : Q — L\ {0} is an arbitrary mapping and Q = (uq,vq) : Q — (IFS)S is an L—intuitionistic
fuzzy mapping defined as

Fr(w) if ' (t)=0,() forall teQ,

Op, otherwise

HQw)(w*) = {

and
Op if w* (@) =0, forall teQ,

F1(w) otherwise,

UQ(w)(U)*) = {

[Q)] Ty = (W' € W ar 2T (Uow)(w*), N (@)}

If we take ar, = Fr(w), then

[O(W) )Ty =lw" € Wi Fr(w) < T(Fp(w), N(0p))}
={w" e W: Fr(w) L T(F(w), 11)}
={0,}.

However,
H(IQ@ st [Q@ N, ) = MaX 00, 1) — O, (OF. (4.4

m—

For any w, and w,, using the assumptions (i)—(iii), ), j:12 ) jfj < 1,and k < 1, we can obtain

100, (1) = Oy (D)

9! t
(‘ (1 Ny )(h(wl) ~ h(w) + (

tnfl

1
D f (1 — )L (Y (u, wy (), i (au)) — Y(u, wa(u), wo(auw)) du
0
tn_l ZT:_lz 0] J 1
Kr—(/l) f(f (‘fj - I/t) (T(u, 0.)1(1/[), a)l(au)) — T(u, CUZ(M), wz(au)) du

t 2
+ ﬁ fo (t = w)* ™ (C(u, 1 (), i (au)) = Y(u, wy(u), wa(au)) du )

4n—1

(’1 ot
K

K
tn—l

1
YR fo (1 — )" (Y (u, w (), wy (aw)) — Y (u, wy (1), wo(aw)) du
tn—l Z;n:]z ﬁj
T(/l)

U (ma )
ru)‘ fo(’ '™ (V(, w1 (1), w1 (@) = Tat, s (), wo(aw)) du

(1+/lb| |+1b| I+ 2Ly | |
1 Wl — Wy 1 gl — Wy P W) — Wy

AIMS Mathematics Volume 11, Issue 10, 32347-32368.

n—1

)(g(wl) — g(wy))

K

+

n—1

IA

[h(wy) = h(w2)| +

lg(w1) — glwy)|

+

f, ](fj — )™ (T, 1 (), w1 (au)) = V(u, wa(u), wy(au)) du
0

:

+
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2Ly Y 08 2L 2
[ T RN (. )

KAL) AL
2
< (By,+B,+ i ) — wy)?
(h g LA+ 1) lwi — w,
< (B SLx )2| &
w1 — W
= LA+ 1)) 2
= TO'(wl,wz),

KT+

Note that ¢(r) = B3t for all # > 0. Therefore, in view of Lemma 2.3 and Eq (4.4), all the hypotheses
of Theorem 3.1 for p; = r = 1 and p, = p3 = p4 = 0 in the setting of Q = S are satisfied to obtain the
solution of BVPs (4.1) and (4.2). O

where, B, = (13)b;, B, =(3)b,and B = Bj,+ B, and thus one can see that By = (B+ OLy ) <1.

Example 4.1. Consider the fractional delay differential equation under the muti-point boundary

condition as ] |
5 (L) + |w(d)|?

cpio = L HWOR —y 4.5)
(0.3 = eNlw(®)|

w0) = hw), w"0)=0, ()= Z 0j0(y)) + g(w), Z 0j0(y)) = £ (4.6)
j=1 j=1
Taking A = %, b, = b, = % and B, = %, all the assumptions of Theorem 4.1 hold.

Therefore, the multi-point BVP (4.5) has a solution in C(€2, R) given by
2 5 t 5 1
w(®) = (1 = Hh(w) + r(g + g(w)) - f(t, w(o). w(g)) e f(l,w(l), w(g)).

S0, S1w(t) = (1 — Hh(w) + t(% ; g(a))) and S,w(t) = —, I3 f(t (D), a)( )) +, I f(l w(l), w( ))
Here, S =857+ S, as S; and S, are continuous and bounded functions.
Moreover,

1
S:=8S,| < =l¢E-n|.
| £ nl— 4|§ nl
5. Conclusions

This manuscript has proposed a new non-classical idea under the name L-intuitionistic fuzzy
mapping. Sufficient conditions for the existence of fixed points for such operators have been
presented. It has been observed that many results in the existing literature can be followed using the
notion established herein. Consequently, a few important corresponding results in the setting of fuzzy,
L—fuzzy, and crisp multivalued mappings have been obtained as corollaries. Nontrivial examples have
been constructed to support the genuineness of the assumptions forming our theorems. As an
application, one of the obtained results has been utilized to analyze novel conditions for the existence
of a solution to a class of fractional differential equations with a multi-point boundary condition.
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