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Abstract: The star chromatic index of a graph G, denoted by x/,(G), is the minimum number of
colors needed to properly color the edges of G such that no path or cycle of length four is bi-colored.
Casselgren et al. and Hou et al. independently proved that the star chromatic index of a cubic Halin
graph, except in the case of a special graph, is at most 6. It remains an open problem to determine
which of such graphs have star chromatic index 5. In this paper, we show that if G # N,, is a cubic
Halin graph whose tree is a caterpillar or a complete tree, then y’,(G) = 5.
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1. Introduction

All graphs in this paper are finite and simple. Given a graph G, let c: E(G) — [k] be a proper edge
coloring of G, where k > 1 and [k] = {1,2,---,k}. We say that c is a star k-edge coloring of G if
no path or cycle of length four in G is bi-colored under the coloring c; and G is star k-edge colorable
if G admits a star k-edge coloring. The star chromatic index of G, denoted by x’,(G), is the smallest
integer k such that G admits a star k-edge coloring. A strong edge coloring of a graph G is a proper
edge coloring so that no edge can be adjacent to two edges with the same color. A strong edge coloring
is a special case of star edge coloring, and the strong chromatic index of a graph G, denoted by x,(G),
is an upper bound of y’,(G).

Star edge coloring of a graph G was introduced by Liu and Deng [1], motivated by the star vertex
coloring problem. Dvordk et al. [2] studied the star chromatic index of subcubic multigraphs and
proved that every such graph G satisfied y,(G) < 7. As observed in [2], both K35 and the Heawood
graph admit star 6-edge colorings. Up to date, no subcubic multigraph with star chromatic index 7 is
known. Dvordk et al. [2] therefore proposed the following conjecture.

Conjecture 1.1. [2] If G is a subcubic graph, then ' ,(G) < 6.
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Although Conjecture 1.1 remains open, it was confirmed true for some special graphs, such as
subcubic graphs with maximum average degree at most 5/2 [3]. Regarding a star 5-edge coloring of
subcubic graphs, it was shown that every subcubic outer-planar graph is star 5-edge-colorable in [4].
Later, Lei et al. [5] proved that if G is a subcubic graph with maximum average degree at most 15—2
then y/(G) < 5. In addition, other graphs of star edge coloring have also been studied extensively,
which was explicitly introduced in a survey [6].

A Halin graph G = T U C 1is a planar graph that consists of a plane embedding of a tree 7' that has
no vertices of degree two and a cycle C connecting all the leaves of T such that C is the boundary of
the exterior face. The tree T is called the characteristic tree. If every non-leaf vertex in the tree 7" of a
Halin graph G has degree exactly 3, then G is called a cubic Halin graph.

Recently, Conjecture 1.1 for cubic Halin graphs was independently proved true by Casselgren et
al. [7] and Hou et al. [8].

For [ > 1, a complete tree 7 is a tree of height / + 1 with a root vertex v, such that all its leaves are
at the same distance [ from vy, and we say that 7; has [ levels. A complete cubic Halin graph is a cubic
Halin graph whose characteristic tree is a complete tree 7}, denoted by G,. Clearly, G; = Kj.

A caterpillar is a tree such that the removal of all its leaves results in a path. Let G;, be the set of all
cubic Halin graphs whose characteristic trees are caterpillars with 2+ 2 leaves. In particular, G| = {K4}.
For h > 2 and a Halin graph G = T U C},4; € Gy, denote the spine of T by P, = viv,...v;, and let
uo, uy, and uy, u,, 1 be the neighbors of v; and v, on C,,,, respectively. For2 <i<h -1 (h > 3), let u;
be the neighbor of v; on Cj,,, then u;v; € E(G); we call such an edge u;v; a leaf-edge for2 <i < h — 1.
We draw the graph G on the plane such that the spine P, in the middle and the leaf-edges u;v; incident
with v; either on the left side or right side of P, for all i € {2,...,h — 1}. For example, Figure 4
shows all graphs in G, and Gs. Furthermore, if G € G, and all the leaf-edges are on the same side
of Py (i.e., Cpia = uou; - - - upUps1Up), then G is called a necklace graph, denoted by N,,. For example,
Figures 4(b),(e) show N,, and N,,, respectively.

There are many results about strong edge coloring of cubic Halin graphs. For a cubic Halin graph G
different from N,, and N,,, Lih et al. [9] proved x’,(G) < 7. For a Halin graph G other than a wheel W,,
N,,,and N,,, Yang et al. [10] determined y,(G) < x.(T)+2. For a complete cubic Halin graph G, Shiu et
al. [11] determined x,(G) = 6 when G # N,,. For G € G),, Shiu et al. [12] determined y(N,,), showed
that 6 < x'.(G) < 8 if h > 4, and conjectured that ,(G) = 6 if h is odd. Furthermore, Chang et al. [13]
disproved the conjecture of Shiu et al. [12] and determined the values of strong chromatic indices for
some special families of graphs G € G;,. Up to date, there are very few results about the star chromatic
index for the above two kinds of cubic Halin graphs. Hou et al. [8] proved the following result.

Theorem 1.2. [8] If h is odd, then 4 < x/,(N,,) < 5.

Based on the above known results, we are interested to study star edge coloring of the above two
kinds of cubic Halin graphs. In this paper, we determine the exact values of star chromatic indices
for these graphs, which improves Theorem 1.2, and extends the known results. In Section 2, we prove
that x;,(G) > 5 for any cubic Halin graph G (see Theorem 2.1). In Section 3, we show thatif G # N,, is
a complete cubic Halin graph, then y/,(G) = 5 (see Theorem 3.2). In Section 4, we show thatif G € G,
and G # N,,, then x’,(G) = 5 (see Theorem 4.1), and hence x',(N,,) = 5 for h # 2 (see Corollary 4.2).
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2. Preliminaries

Theorem 2.1. If G is a cubic Halin graph, then ', (G) > 5.

Proof. Note that y/,(Ks) = 5, so we may assume G ¢ K. We prove the result by contradiction.
Assume ¢ is a star 4-edge coloring of G using the color set {1, 2, 3, 4}. It is easy to see that G contains
a 5-cycle Cs. Let Cs = ujupusuqusu;. Note that Cs is star 4-edge colorable. Therefore, there exist two
non-adjacent edges in Cs with the same color. Without loss of generality, we may assume ¢(u u;) =
(usug) = 1, e(uouz) = 2, (ugus) = 3, and @(usu;) = 4. Note that dg(u;) = dg(us) = 3. Then
uuy € E(G), or uy, us have other neighbors vy, v4 not on Cs, respectively (see Figure 1(a),(b)).

(a) (b)
Figure 1. Two cases for the subgraphs of G: (a) ujuy € E(T), (b) uyus ¢ E(T).

If uyuy € E(G), then o(ujuy) € [4]\ {1, 3,4} = {2}, since u u, is adjacent to the four edges of Cs
except upus. But o(uyuy) = @(upu3), which results in a bi-chromatic 4-cycle uyuyuzuqsu; with 1-2—1-2,
a contradiction.

Suppose that uyvy,usvy € E(G). Then @(uvy) € {2,3}, p(ugvy) € {2,4}. We claim that
2 ¢ {o(uvy), p(usvys)}. Otherwise, there is a bi-chromatic 4-path viujuyuzuy or ujusuzusv, with
2-1-2-1orl-2-1-2,respectively. Then, ¢(u;vy) = 3, and ¢(usv4) = 4, which implies
in a bi-chromatic 4-path v u ususv, with 3 —4 — 3 — 4, a contradiction.

From the above, the result follows. m]

3. Characteristic trees are complete trees

Let Té be a full binary tree of 3 levels, where the root vertex is vf), the first-level vertices
are x',y", the second-level vertices are sequentially xi,x,,y,y5, and the third-level vertices are
sequentially xi,, X{,, X5, X35, Y| 1> Y}os y’21,y’22,_which are leaves. Define F' as the g_rap_h o_btqingd from T‘l)
by sgquentially connecting the leaves of T, such that thefe is a path Py = X\ X155, X5, 91151551 V9
in F* (that will be applied in Lemma 3.1). Fori > 0, let G' = T' U C' be a cubic Halin graph. For a
vertex v\ € C', let i/, s', and ¢ be the neighbors of v/, where u’ € T', s',# € C'. First we delete the
two edges v's' and v'' in G'; then, we attach F' at V' to ' such that v, = V'; lastly, we add two new
edges x!,s' and y,#' in G'. Let G™*' be a graph obtained from G’ by the above three steps. It can be
shown that if G° = G,, then G5 = G*, where k = 3 x 2/71.

Lemma 3.1. Fori > 0, let G' be a cubic Halin graph. If x',(G") < 5, then ' (G™*') < 5.

Proof. Let ¢ be a star 5-edge coloring of G'. Without loss of generality, assume that o(vju') = 1,
e(Vis)) = 2, g(vit}) = 3. Now we extend the coloring ¢ of G’ to G™*! using the colors shown in
Figure 2. This gives a star 5-edge coloring of G™*!. Thus the result follows. O
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Figure 2. Structure of G'*!.

Theorem 3.2. If G is a complete cubic Halin graph, then ' ,(G) = 5.

Proof. LetG = G,. If [ = 1, then G = K,. From Figure 3(a), it is clear that x’,(G) = 5. Suppose
that / > 2. By Theorem 2.1, we only need to prove that y’,(G) < 5. We will prove it by induction on
the level [ of G. If [ = 2,3, then x/,(G) < 5, see Figure 3(b),(c). Suppose that for any graph G with
level [ < k, the result holds. Repeatedly using Lemma 3.1, we can directly prove that if / = k + 3, then
X (G) < 5. Thus the result follows. m]

x

w
i

Y

0

(a) (b) (0
Figure 3. (a) G, = K4, (b) Gs, (C) G3.

4. Characteristic trees are caterpillars

Theorem 4.1. Let G =T U C € G, and G # N,,, then x'(G) = 5.

Proof. Note that G, = {N,,} for h = 1,2,3. It is easy to check that y/,(N,,) = x’,(N,,) = 5 and
X' (Ne,) = 6. Suppose that 2 > 4. By Theorem 2.1, we only need to prove x,(G) < 5. We prove it by
induction on A. For h = 4,5, x,(G) < 5, all such colorings are supplied in Figure 4.

In the following, we may assume i > 6. Let P = vyv; - - - v,41 be the longest path in 7. Rename the
vertices so that u; = vy, u = vy, v = vo, w = v3, x = vy and y = vs. Apart from u; and v, let the other
neighbor of u be a leaf u, on C. Apart from the edge x;_;x; (v;_1y;), let the other two edges incident
to x; (y;) in G" be x;x] (y;y}) and x;x; 11 (yiyis1) for i € {1,2,3} (let xo = uy, yo = up). For convenience,
let x;,y; € V(C), and x7, y! € V(P).

AIMS Mathematics Volume 11, Issue 1, 3132-3141.



3136

uo 4 us 5 Us Ug 2 Uus
2 3 1 1 5
1 ! .
1 : 2 2 3 4 3 2 1
/U1 U2 (0 Uy v Vo (2 Vy
3 4 4 B) 1 1 3
uy 5 Usp 3 Uy uy 2 up 5 uz 4 Uy
(a) (b)
U 5 uy 3 ug U0 3 u3 5 Uug U 1 Uug
2 1 1 2 4 4 5 2
1 4 3 2 1 9 1 5 2 1 3 3 . 2 3 4 5 4
3
[ [ V3 U4 Vs U1 vy U3 Uy Vs vy V2 V3 V4 Vs
3 5 1 5 3 3 5 2 1 1 1 1
up 2 uz 4 U3 3 us W1 4 U2 2 Ug 1 U w4 uz 5 uz 2 ug 3 Us
(© (d) (e)

Figure 4. All graphs in G;: (a) and (b) with & = 4, (¢c)—(e) with & = 5.

Note that x; = v or y; = v. Without loss of generality, we may assume y| = v, i.e., vy; € E(T).
In our later inductive steps, let G’ = G — u — uy — up, — y; + vx; + vy,. Note that G’ € G,_,. Then
by the induction hypothesis, there exists a star 5-edge coloring f” for E(G’). For each edge e in
E(G")\{vx1,vy,}, let f(e) = f'(e). Without loss of generality, assume that f(vw) = 1, f(vx;) = 2, and
f(vy>) = 3. Denote by C(v) = {f(e) : e € E(v)}. For convenience, let {t]} = {4,5} \ {#;} if ; € {4, 5} for
i €10, 1,2}; {ag} = {1, 2} \ {ao} if a9 € {1,2}.

In the following, we will consider two cases to extend f” of G’ to the remaining edges of G to get a
star 5-edge coloring f of G.
Case 1. w = y), i.e,, wy, € E(T) (see Figure 5(a)).

For convenience, let f(xw) = 1y, f(yaw) = t1, f(2y3) = ta, f(x1X) = Ay, f(xix2) = A, f(3)5) =
and f(ysys) = pj. We first let f(u;x;) = 2.
Subcase 1.1. t, = 2. Then t; € {4,5}, 1, € {1, 2, [;} Let f(ylyz) = f(uul) =3, f(ulug) =1, f(vyl) =2,
fluun) € {1, 4)\ (f@v)), and

. o
h lftz—ll,

fuv) = fluzyr) = {fl if 1, € {1,2}.

Subcase 1.2. 1o = 3. Then t; € {4,5}, 1, € {2,4,5}.
Suppose that #; € {4,5}. If 1 = 2, or t, = ¢ and {u;, |} # {1,3}, then let f(uv) = f(uoy)) = 1],
fluup) = 11, fvyr) = 2, f(uup) € {1, 3} \ {f(uuy)}, and

1 ifty =1, and 1 & {uy, 1},
3 otherwise.

fluy) = fhya) = {

Otherwise, 1, = £} and {u;, 4|} = {1,3}. Note that C(x) \ {zo} = {2,7]}. Then xx; € E(T), f(xy) = 2,
flxx) = Ay =1}, and 2| € {1,3,1}. Firstlet f(uu,) = 3. If 4] € {1, 3}, then let f(uy;) = 1, f(vy1) = 2,
fOiy2) = 3, fwv) = f(uu) = t1, and f(uuy) = t]. If A7 = 1,, then recolor the edge wy by setting
fwv) = ], and let f(uuo) = f(vyr) = 1, f(uv) = f(y1y2) = 2, f(uzy)) = 11, and f(uuy) = t].
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Subcase 1.3. 1, € {4,5}. Thent; € {2,4,5}and 1, € {1,2,4,5}.
Subcase 1.3.1. 1, = 1. Then #; = £.

If xx; € E(T). Then {41, A1} # {4,5}. Let f(uv) = f(y1y2) = 3, fluayr) = flumy) = 1, f(vyr) =2,
Slurup) € {4, 50\ {41, A1}, and f(uup) € {4, 5}\ {f(uiu2)}.

Now assume that xy; € E(T). First, let f(uv) = f(uay1) = to, fO1y2) = 3, f(uuy) = t, and
fy) =2.1f 5o # 1, then let f(uu,) = 3, and f(u;up) = 1. Suppose that so = 1, then {u, 41} = {2, 1}
In this case, we recolor the edge wv in G by letting f(wv) = 3, and let f(uu,) = 1, and f(uu;) = 3.
Subcase 1.3.2. 1, # 1. Then t, = #, and t; € {2,#)}; or {t;,5,} = {2,1;}. First, let f(uv) = 1,
f(ylyz) = f(uul) =3, f(l/tll/lz) =1 and f(vyl) =2.Ift, =ty,and t; € {2,1‘(’)}, then let f(l/tzyl) =t,, and
fluuy) = to. If {t;, 12} = {2, 1}, then let f(uxy1) = 1o, fluus) = 2.

<
// \\
’ ~ ’ ’
, N
s 1 \\ rlz rls
N
“
N
N
N

U i Z/:z ?/:% Ya

(a) (b)
Figure 5. Two configurations of G: (a) wy, € E(T), (b) wx; € E(T).

Case 2. w = x|, i.e., wx; € E(T) (see Figure 5(b)).

For convenience, let f(xy) = so, f(yz) = s1, f(xw) = 1o, f(x1w) = 11, f(x1X2) = 1o, f(xx)) = Ay,
fxixiv1) = A_y, fiy) = piy and f(iyir1) = p_,, where i € {2,3}.
Subcase 2.1. 7y = 3. Then t; € {4,5}, and 1, € {1,3,4,5}. Let f(uoy)) = 1, f(u1x1) = f(vy)) = 2,
JOny2) = flumwy) =3, f(uuy) = {4,5} \ {f(uv)}, and

1 oifn =1,
fv) = flumuy) = .
n ify, # 1.
Subcase 2.2. ¢, € {4, 5}.
Then t; =1, 1, € {19, 1,3}; or t; = 3, 1, € {1y, 1}
Subcase 2.2.1. 1, =) and 1, = 1.
Let ap € {1,2}. If @y ¢ C(x), then let f(u1x;) = 2, and f(ujuy) = fvu) = to, f(uuy) = t),
fluzy) = flvw) = @, f(vy1) = @, and f(uu,) = f(y1y2) = 3.
Otherwise, C(x) \ {fo} = {1,2}, which implies xy, € E(T). Then u; € {1,2}, and u| € {1,2,4,5}.
If 1) € {4,5), then let f(yiy2) = fOow) = fluuy) = 3, fluur) € (4,50 \ ()}, fn) = ], flvu) =
fluoyr) = 1, and f(u1x1) = f(vy;) = 2. Suppose that {u;,u}} = {1,2}, then {4, 4]} = {3,%}. We
can recolor the edge wx; by setting f(wx;) = 2, and let f(uu,) = f(uxyy) = 2, f(ujuy) = 1, f(uv) =
FOy2) =3, fluuy) = 1, and f(u1x1) = f(vy1) = 1.
Subcase 2.2.2. 1, =1, 1, € {tp,3}; or t; = 3, 1, € {10, 1}.
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Note that t, # 1, then first let f(ujuy) = fvu) = t1, f(uxyy) = 1, f(uyxy) = f(vy;) = 2, and
fOuye) =3. 1ttty =1, 1, € {1, 3}, then let f(uu;) = 3, and f(uuy) = ty. Otherwise, then let f(uu,) = 2,
and f(l/tuz) =1

Subcase 2.3. 1, = 2. Then t; € {4,5}, 1, € {3,4,5}, and C(x) \ {to} = {3,1]}.
Subcase 2.3.1. t; € {4,5}, and 1, = 3.

Note that C(x) \ {2} = {3,7]} and f(x;x2) = f(vy») = 3. Then f(xx;) = A4; = t; and 4] # 2 if
xx; € E(T); f(xy;) = uy = t] and y} # 2 if xy, € E(T). Thus we can recolor the edge vw such
that f(wv) = 1, and let f(ujuy) = 1|, f(uv) = t1, f(uuy) = f(vy)) = 1, f(xjuy) = f(upy;) = 2, and
Sluuy) = f(yy2) = 3.

Subcase 2.3.2. t; € {4,5}, and t, = #]. Then {u;, 7} € {1,2,4,5}, and #] ¢ {4, A7}
Subcase 2.3.2.1. {u;, 1)} # {4, 5}.

Let f(uiuy) = 1, flriw) = fluup) = fvy) = 2, fluw) = fyy2) = 3, f(uv) € {4, 5} \ {pr, i),
fuzyr) € {4, 50\ {f(u)}.

Subcase 2.3.2.2. {u;,11,} = {4, 5}.

Then {u;,u}} = {t;,7;}. For convenience, there are two remarks, one is that if there are some blue
edges and blue numbers in G’ (see Figures 6-9), then it implies that we have recolored those edges
in G (see Figures 7(b),(c) and 9); the other is that blue bold faced numbers in Figures 6-9 means the
colors of the remaining eight edges for E(G) \ E(G’).

First we consider the values of u, and ).

If 3 ¢ {1, 15}, then the coloring is illustrated in Figure 6(a). Suppose that 1 ¢ {u, u3}. If ) = 14,
then let the coloring be shown in Figure 7(a). Otherwise, u| = 1|, then xx, € E(T), which implies that
so =ty and A; = 3. If 4] = 1, then see the coloring in Figure 7(b). If 4] # 1, then see the coloring in
Figure 7(c).

Thus we only need to consider the case when {u, u5} = {1,3}. If 3 ¢ {4;, 4]}, the configuration is
shown in Figure 6(b). Suppose that 1 ¢ {4;,A}}. If 4} = t;, then the remaining coloring is shown in
Figure 8(a). Otherwise, u| = |, then the coloring is given in Figure 8(b).

In the following, we only need to consider the case when {4, A1} = {uo, 15} = {1,3}. Then 2,1, ¢
{A1, A, 1o, 15} Since 5o € {3, 1}, we split into two cases.

First, assume sy = 3. Then xy, € E(T), so f(xy,) = u; = t; and | = 1,. Since t; ¢ {4;,4}}
and 2 ¢ {u}, ur, 5}, we may swap the colors of xy, and wx in G', i.e., f(xy,) = 2 and f(wx) =15 = 1].
Then G’ also has a star 5-edge coloring, and it has already been done in Subcase 2.2.2.

Now suppose so = t;. Then xx, € E(T), thus 4; = 3 and 4] = 1. We now consider the values
of {15, A}}. First, consider that £} ¢ {1, A}}. If 4| = 1,, also see the coloring in Figure 8(a). Otherwise,
u} = t}, then the configuration is also given in Figure 8(b). If {15, 4}} = {2, 7]}, then we may recolor the
two edges wxy, x1x, such that f(wx;) = 3 and f(x;x;) = t;, and extend the coloring in G, which was
shown in Figure 9(a). If 2 ¢ {15, 4}}, then we have s; € {1,2}, whether yx; € E(T) or yy, € E(T); see
the coloring in Figures 9(b),(c).

From the above, it is easy to see that f is a star 5-edge coloring for G in the above two cases, then
the result follows. O
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Figure 6. (a) 3 ¢ {o, 15}, (b) 3 ¢ {4, 47}
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Figure 7. 1 ¢ {1, 1)} ) i, =11, W) | = £, X = 1, () gt} = £, X # 1.
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(a) (b)
Figure 8. 1 ¢ {4;, {1} or 4] = 1,7, € {,, 3} (@ u) =11, (b) u} = 1].
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Z(AQ)I ~ Ir;(mll(a) Ix(z.) /,’ ~N Iujs)
N ",
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(a) (b) (©
Figure 9. 50 = 12 (2) (1, A3} = {27}, (0) 2 ¢ (1o, 3.1 = 1, () 2 ¢ (Lo A3). 51 = 2.

Corollary 4.2. Let N,, be a necklace with h # 2, then x',(N,,) = 5.
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5. Conclusions

In this paper, we have determined star chromatic indices for the two kinds of cubic Halin graphs.
For the other kinds of cubic Halin graphs whose characteristic trees are neither complete trees nor
caterpillars, we believe that most of them obtain star chromatic index 5, some of which can be deduced
from Theorems 2.1, 3.1, and 4.1, such as the three graphs shown in Figure 10. So it is interesting to
characterize which of such graphs have star chromatic index 5.

(@ (b) (0
Figure 10. Examples: Three cubic Halin graphs with star chromatic index 5.
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