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Abstract: This paper investigates a stochastic delayed S 7,1, epidemic model with double epidemic
and saturated incidence rate driven by Lévy noise. First, we used the stopping time theory to
establish sufficient conditions for the existence of a unique positive solution. Furthermore, by the
Lyapunov method and stochastic differential equation theory, we analyze the asymptotic properties of
the stochastic delayed system around each equilibrium point. In addition, we show that both Lévy
noise and time delay can affect the dynamics of the epidemic system. Finally, we use the Euler—
Maruyama method to discretize the equations and perform numerical simulations to illustrate the
theoretical results.
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1. Introduction

The investigation of epidemic originated in the early 20th century. In 1927, Kermack and
McKendrick [1] first proposed the classical Susceptible-Infected-Recovered (SIR) compartment
model. In the classical SIR epidemic model, there is one epidemic disease. However, the simultaneous
transmission of two diseases is a common occurrence in the real world. For instance, HIV/AIDS
patients are frequently co-infected with Mycobacterium tuberculosis, forming an HIV-TB co-infection
system with significant synergistic pathogenic effects; additionally, co-infection of influenza virus and
Streptococcus pneumoniae is also widespread, which can exacerbate disease severity. Such phenomena
not only affect individual clinical outcomes but also alter the disease transmission dynamics at the
population level. To more accurately characterize such complex transmission patterns, scholars
have studied epidemic models with the double epidemic hypothesis [2—4]. In [2], Boukanjime et
al. investigated the epidemic model with double hypothesis, combined two different transmission
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mechanisms, and proved the local asymptotic stability of equilibria points. Zhang et al. (in the
potential scenario of COVID-19 and influenza co-circulation) [4] indirectly confirmed the synergistic
effect between influenza and COVID-19 influenza infection can enhance the receptor expression of
respiratory cells in hosts for coronaviruses, increasing population susceptibility to COVID-19 and
amplifying its transmission efficiency.

However, an individual may not be infectious until some time after becoming infected. Thus,
realistic epidemic models often integrate delay effects to better capture the interpersonal transmission
processes. In [5], Kumar et al. proposed and analyzed a deterministic time delayed SIR epidemic
model incorporating a nonlinear saturated incidence rate and Holling type III treatment rate, and
they studied local and global stability of the equilibria. In [6], Li further extended the framework
by constructing a deterministic delayed double disease S 7,1, model with saturated incidence. The
authors derived the basic reproduction number and classified equilibrium states, including disease-
free equilibrium, single-disease endemic equilibrium, and double-disease coexistence equilibrium. By
introducing saturation parameters @, @, and delay parameters 7, 7,, the model captures saturation
effects and delay characteristics in disease transmission, respectively. The S 111, model is as follows:

fa o« BSOL®  BSOL()

dS(t) Bl _A 'UOS 1+a11(2) 1+ 0’212(1)] ar,
| anBiSE =)L =)

dl (1) = »e K T+t —11) ,Lllll([)] dr, (1.1)
| e BaS(t = )Lt = 12)

d[z(t) = »e H 1 n azlz(t — T2) /,lzlz(t):| dt,

where S (¢), I,(¢) and I,(t) represent the number of susceptibles, infectors of infectious Disease I, and
infectors of infectious Disease II at time ¢, respectively. The specific meanings of the parameters are
provided in the Table 1.

Table 1. Model parameters.

Parameter Description

A The birth rate of the susceptible population.

o The natural death rate of the susceptible population.

Ui The death rate caused by Disease I.

iz The death rate caused by Disease II.

B The contact rate between infectives (Disease I) and susceptibles.

B> The contact rate between infectives (Disease II) and susceptibles.

ay The saturation parameter for Disease .

s The saturation parameter for Disease II.

T The time delay for a susceptible individual infected with Disease I to
become an infective.

T The time delay for a susceptible individual infected with Disease II to
become an infective.

e Hm The survival probability over the delay period 7, for individuals infected

with Disease 1.
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Table 1 (Continued)

Parameter Description
eHm The survival probability over the delay period 7, for individuals infected
with Disease II.

The threshold for the solution was derived, and the equilibrium states of the system were provided

as follows: Aptit Jp
Rlz—le ) R='8—26 .

Mot ? HoM2
(1) Ry < 1,R, < 1, model (1.1) has a disease-free equilibrium point
A
E() = (—, O, 0) .
Ho

(2) Ry > 1,R, < 1, model (1.1) has an equilibrium point

! 4 + + Ae M7 Ae M7l —
E =S, I,,0) = (ﬂl(ﬁl Hoay) + @181 Ae oy Bilke Lot 0).

Bi(B1 + poay)e 1™ T By + o)
(3) R, < 1,R, > 1, model (1.1) has an equilibrium point

’ ’ + + Ae 272 — Ae M2
Ey,=(S5,0,1,) = (,Uz(ﬂz Hoy) + arfBrAe Qs tiopy Bale Uolo 0).

B2(B2 + poar)e 2 T B+ poa)

(4) R, > 1,R, > 1, model (1.1) has an equilibrium point

Aajay + a1 '™ + aupet?™
Moz + Bras + Bray
a2(ﬁ1A _IJO’L[le/JlTI) +ﬁlﬂzeﬂ272 _ﬁzﬂleﬂﬂ'l
et (poa s + Bras + Boay)
0/1(,32/\ — /JO,Uzeszz) +ﬁ2ﬂ1€ﬂ]ﬁ —,31,1126”2”)
et (Lo s + Bras + Bray) '

Ey=(S" 1" 15" :(

b

Deterministic delayed models can explain and simulate some phenomena in real life. They fail to
account for the random fluctuations prevalent in natural environments. Minor changes in environmental
factors and random variations in population contact patterns can exert non-negligible influences on
disease spread [7-9]. To address this limitation, researchers commonly introduce environmental
white noise into deterministic delayed models, constructing stochastic delayed models to characterize
continuous small-scale random perturbations. White noise effectively simulates the impact of
smooth environmental fluctuations on disease transmission, and related studies have yielded fruitful
results [10, 11]. Zhang [10] et al. constructed a stochastic delayed model with a specific functional
response to describe its epidemic dynamics. In [11], Liu et al. investigated a stochastic delayed
Susceptible-Infectious-Susceptible (SIS) epidemic model with vaccination and double diseases and
established sufficient conditions for extinction and persistence in the mean of the two diseases. They
showed that time delay and environmental white noise have important effects on the persistence and
extinction of the two diseases.
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On the basis of the work of Li et al. [6], the delayed model incorporated by white noise can be
described by
_BISOL(D)  BS(L(D)

aS () = | A = ueS
® oo =T~ 1+ aah(d)

]dt + 018 (H)dB; (1),

dI,(t) = L lf (fr;;l)(ltlf;;l) — i L) dt + 028 (DB (1), (1.2)
: St =)Dt -
dby(t) = | e 1 (i a;z)(:f 72)72) — 1@ | dt + 058 (H)dBs(0),

where B;(t) (i = 1,2,3) is the standard Brownian motion defined on the complete probability space
(Q,{F:}=0, P), and they are mutually independent. The filtration {F;},»( satisfies the usual conditions
(i.e., it is right continuous and ¥ contains all P - null sets), and o; > 0 (i = 1,2, 3) represents the
intensity of the Brownian motion B;(f) (i = 1,2, 3).

However, in real-world infectious disease transmission, besides continuous small scale random
fluctuations, discontinuous severe perturbations caused by sudden environmental events such as
earthquakes or floods may also occur. Such jump disturbances cannot be effectively described by
stochastic models containing only white noise. The limitations of related research have driven the
development of more realistic stochastic perturbation characterization methods. Bao et al. [12]
first proposed that the Lévy process should be suitable to describe large occasional fluctuations.
Consequently, researchers have incorporated Lévy noise into epidemic models to more accurately
reflect the impact of such discontinuous, sudden environmental noise [13—15]. Zhang et al. [16]
proposed and analyzed a stochastic Susceptible-Infected-Quarantined-Recovered (SIQR) epidemic
model incorporating Lévy jumps and three distinct time delays. They investigated the existence and
uniqueness of the global positive solution and showed that the solutions oscillate around the equilibria.
In [17], Amine et al. investigated the dynamics of a stochastic SIR model with double epidemics,
vaccination, and multiple time delays and established threshold conditions for disease extinction and
persistence by analyzing the combined effects of white noise and Lévy jumps.

Li et al. [6] systematically analyzed the stability under different equilibrium states for the
deterministic model (1.1). Building on this model, the stochastic epidemic models with white
noise (1.2) have clarified the existence and uniqueness of solutions and the asymptotic behavior
near equilibrium points under continuous random disturbances. However, natural and crucial
scientific questions arise: When introducing Lévy noise to capture such discontinuous shocks into
the models, does a unique global positive solution still exist? Will the solution still oscillate around
various equilibrium points? What is the relationship between its oscillatory characteristics and Lévy
noise parameters? Investigating these questions is of significant urgency and practical importance.
Discontinuous perturbations triggered by sudden environmental events often disrupt conventional
disease transmission patterns. If models cannot accurately characterize such disturbances, prediction
results may significantly deviate from actual transmission situations, thereby affecting the scientific
validity and effectiveness of control strategies.

Based on the above analysis, building on reference [6], which studied the dynamic behavior of the
stochastic S 1,1, model (1.2) driven by white noise, this paper further investigates the dynamic behavior
of the stochastic delayed S I, 1, epidemic model with double diseases driven by Lévy noise. The model
is as follows:
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_BSOL@)  BS(OL(0)
1+ ozlll(t) 1+ Cl’z]z(f)

+ f D\(»)S (NN (dr, dy),
A

pum D15~ L —11)
1+ Q]Il(l— T])

. f D)L (ON(dr, dy),
A

e—;lszlBZS (1 -1)hL(t - 1)
1+ arlh(t—15)

+fD3()’)Iz(f)N(df,dy),
A

dS(t) = | A — uoS

] dr + O']S(l)dB](t)

dli(0) =

— uid(0) [ df + 0201 (1)dBy(2)

(1.3)

dh(r) =

— a2l (1) | df + o315(1)dB5(1)

where D;(y) > -1,y € A (i = 1,2,3) represents the intensity of the jump. N(dt,dy) represents the
Poisson counting measure with the Lévy measure v(dy), N(dt, dy) is the compensated Poisson random
measure given by N(dt,dy) = N(dt,dy) — v(dy)dt, v is defined on measurable subset A of [0, c0)
satisfying v(A) < oo, and A represents the support of the Lévy measure.

Define the initial value of model (1.3)

S(0) = ¢1(0), 11(0) = 2(0), [,(0) = ¢3(0),
0i(6) > 0,6 € [-7,0],i = 1,2,3, (1.4)

(1,92, 93) € C,

where C = C([-7,0],R?) denotes the Banach space of continuous functions mapping the interval
[-7,0] into R? and 7 = max{7, 75}

Our proposed stochastic delayed model, which uniquely integrates double diseases, time delays
and Lévy noise, offers a quantitative framework for analyzing complex co-circulation patterns of
respiratory pathogens. A pertinent application is in simulating the overlapping epidemic waves of
COVID-19 and respiratory syncytial virus (RSV). In such a scenario, the co-infection mechanism
captures the population-level risk during periods of concurrent transmission, while the incorporated
time delays correspond realistically to the distinct incubation periods of each virus. Furthermore,
the Lévy noise component effectively models sudden, large-scale perturbations in transmission rates,
which can be triggered by superspreading events, mass gatherings, or holiday travel surges. This
framework can serve as a tool for predicting the risk of co-infection outbreaks and informing and
optimizing joint public health mitigation strategies, such as the timing of booster vaccinations or non-
pharmaceutical interventions targeted at multiple pathogens.

This paper is organized as follows: In Section 2, we prove the existence and uniqueness of the
positive solution of the stochastic delayed model (1.3). In Section 3, we describe the asymptotic
behavior of the stochastic delayed model (1.3) at the equilibrium point. In Section 4, we present
numerical simulations to validate our theoretical results. In Section 5, we give the future research
directions.
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2. Global positive solution

In order to investigate the dynamical behavior of the epidemic system, the existence and uniqueness
of a global positive solution is necessary. In this section, we will obtain sufficient conditions to ensure
that there exists a unique global solution for system (1.3). We impose the following hypotheses:

For each N > 0, there exists an Ly > 0 such as

HD [, Ki(x,y) = Kz, y)Pv(dy) < Lylx =z, i = 1,2,3, where Ki(x,y) = Di()S(®), Kx(x,y) =
Dy(WL (1), K5(x,y) = D3(y)2(1), and |x| V |z] < N.

(H2) fA (1+1In(1 +D;(y)v(dy) < +cofor 1 + D;(y) >0 (i =1, 2,3).

Theorem 2.1. Suppose that conditions (H1) and (H2) hold. Then for any given initial value (1.4), the
stochastic delayed system (1.3) has a unique positive solution (S (¢), I1(?), I,(1)) € R3 for t > 0, and this
solution lies in R? with probability 1.

Proof. Since the stochastic delayed system (1.3) satisfies the local Lipschitz condition (H1), for the
given initial value (S (), I,(9), 1,(6)) € R3, there exists a unique local solution (S (), I;(1), I,(¢)) for all
t € [-1,7,.), where 7, is the explosion time. To prove that there exists a unique global solution, we
prove that 7, = co a.s.. Let ky be a sufficiently large constant such that the initial values S (6), 1,(6) and
1,(0) all lie in the interval [kl—o, kol.

For any integer k > ky, define the stopping time

1
T = inf {t € [-1,7.) : min{S (?), [1(¥), L(?)} < Z or max{S (), [1(t), L()} > k} ,
which denotes the first exit time that S (), 1,(¢), or I5(¢) escapes from [i, k] fort € [-7,7,). Setinf ) = oo
(where 0 is the empty set). It is easy to know that 7 is monotonically increasing with respect to k. Let
To = lim 7. Obviously, 7., < 7. a.s.. If we can prove that 7, = oo a.s., then 7, = co. Using the

k—oo

method of contradiction, suppose that 7., < co. That is, there exists a constant 7 and 0 < € < 1 such
that P{t., < T} > € holds. Therefore, there exists a certain constant k; > ky satisfying

Pir, <T})>e Vk>k. @2.1)
Define a function V(S,I;, L) : R? - R,

V(S,I],IQ) :(S -1 —111S)+(11 -1 —ln11)+(12— 1 —11’112)

[ BIS WL e [ BS(WHL W)
' - 1+ aili (@) dute” fz:rz 1+ a1 h(p) du

Obviously, the V-function is non-negative. According to It0’s formula, we have

te (2.2)

1 1 1
dV =LVdr + (1 - E) o1SdB (1) + (1 - I_) o 11dB, (1) + (1 - 1—)0'312(133([)
1 2

+ f[(S +D1(0)S) — 1 —=In(S + D1(»)S) + (I; + Do(011) — 1 = In(ly + Do(N1))
A

+ (12 +D3(y)12) -1 —11’1(([2 +D3(y)12)) - (S —1-InS+L-1-Inl

+1, — 1 - In D) |N(dr, dy)
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=LVdt + o (S — 1)dB;(t) + 02(I; — 1)dB,(¢t) + 03(I, — 1)dB;(¢) + f[Dl(y)S
A

—In(1 + Dy(y) + D201 = In(1 + Dx(y)) + D3(y)> — In(1 + D3(y))]N(dt, dy), (2.3)

where

1\ (A _ _BSOLE) LS (L) W e BiSE—T)L(—T1)

LV_(I S)(A ,U()S 1+ a11(b) 1+(Z212(f))+(1 I])(e " 1 +a1li(t—T1)
L[ _eB2SU—1)ht-1) i B1S (DN(1)

—ﬂlll(l))+(1—l—2)(€ H T+ th(—1) llzlz(f))'i'e H T+a0)

e BSC -t —71) L BSOL@) L BS(E—1)L(t - T2)
—e fem I~ " _p

1+ (}’1[1(1 — Tl) 1+ (Zz[z(t) 1+ (Zzlz(l - T2)

+ % (0} + 03 +03) + f Di(»)S - In(1 + Dy(y)) — (1 - l) \MS + D

A

1
—In(l + Dx(y) + D3(y)I> — In(1 + Ds(y)) (1 - I_) D3()’)12] v(dy)

(e — ﬂlS(f)Il(l) (et ﬂzS(t)Iz(l) A+ ALO  BbO)
1 + a1 (1) 1 + ar (1) 1+ a () 1+ a ()

e_mﬁﬁls(l— L —11)
(I+aht =)

1 A
+ 5(0'% +03 +03) — oS — 5 = ui 1y (2) — palo (1) —
B e_,,mﬁzs (t — 1)L (1 — 72)
(I'+ ax b(t — 1)1
+ f[Dz()’) — In(1 + D> (y))Iv(dy) + f[Ds(y) —In(1 + Ds(y))]v(dy)

<A+ o + Cﬁy—ll + ﬁ—z + U+ + (o-1 + o-2 + 0-3) + f[Dl(y) —In(1 + Dy(y))]v(dy)

+¢n+ﬂ2+j1me—4m1+menwmo
A

+IWMPMUHMWMM+fWM%mUHMWMM-
A A

Using the inequality x — In(1 + x) > O for all x > —1 and assumption (H2), we have

B B 1

LV<A+,uO+a—l+a—2+/.zl+,uz+2(o-f+o-§+a§)+3l{l:K, (2.4)
where
K, = max {f[D1(y) —In(1+ D;(y))] V(dY),f[Dz(u) —In(1 + Dy(y))] v(dy),
A A
f [D3(y) — In(1 + Ds(y))] V(dy)} :
A
Therefore,

dV <Kdr + o1(S — 1)dBl(Z) + oI — 1)de(l) + o3(, — 1)dB3(t)

+ f[Dl(y)S —In(1 + Dy(y) + D201 = In(1 + Dx(y))
A
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+ D3y — In(1 + D3(y)|N(dt, dy). (2.5)

Integrate from O to 7, A T, then we have

T AT T AT T AT T AT
f dv < Kdu + f o1(S — 1)dBy(¢) + f o (17 — 1)dBs (1)
0 0 0 0

T AT Tk AT
+ f (I~ 1AB3() + f ( f [D1(3)S — In(1 + Di(y)
0 0 A
+D2()1 ~ In(1 + Da(y) + Da()I; ~ In(1 + Dy(y)|N(dr, dy)). (2.6)

Taking the expectation, we have

T AT
EVS@AT), (i AT),L(tpx ANT)) < EV(S(0),1,(0),,(0)) + E (f Kd,u)
0
< EV(S(0),1,(0), 1,(0)) + KT.

Let Q; = {r, < T}. For any k > k;, we have P(€);) > €. Notice that for each w € €, at least one of
St ANT),Li(ty ANT), and Ir(1, A T) is equal to k or % Ifoneof S(ty AT),I1(tix AT) or L(ti, AT) is
equal to k or 1 then

1 1
VIS AT), i (tx AT), L(tx ANT)) > (k+1—1nk) A (% +1-1In %)

thus
EV(S(0),1;(0), (0)) + KT > E[1o,V(S(tk AT), [i(tx AT), L(t A T))]

> €

1 1
k+1-InkA|l=-+1—-1In-
(k+ nk) (k+ nk)],

where 1, is the indicator function of €. Let k — oo, then we have
oo > V(§5(0), 1(0), 1,(0)) + KT = oo.

This is a contradiction. Hence, 7., = oo a.s. This completes the proof, which shows that the solution of
the system (1.3) will not explode in finite time, so it is global and unique. m|

3. Asymptotic behavior of solutions near the equilibrium point

3.1. Asymptotic behavior of solutions near the equilibrium point E

When the basic reproduction numbers R; < 1 and R, < 1, the deterministic S7;/, model has an
equilibrium point E (qu’ 0, ()), which is globally asymptotically stable. However, for the stochastic
delayed S 1,1, model driven by Lévy noise, Ey is not an equilibrium point. Therefore, the asymptotic
properties of the solution of the stochastic delayed system (1.3) near the point E, will be discussed
below.
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Theorem 3.1. Suppose that conditions (H1) and (H2) hold. When R; < 1 and R, < 1 and the following
conditions are satisfied:

o > o + f Di(y)v(dy),
A
= o > 05 +3 ng(Y)V(dy),
A

M2 = po > 05 +3 f D3(y)v(dy),
A

then for any given initial value (1.4), the solution (S (¢), I,(t), I(¢)) of system (1.3) has the following

properties:
2
R AV (2) (o - [, DXo(dy))
hmsup—Ef S(u)— —| |du < 5 > ;
t—00 t 0 luo NO - 0-1 - L Dl()’)V(dY)
1 oM, (AY
limsup —F P(u) + I d S—(—) ,
msup £ [ [0+ 10) du < =
where

2
o

fA D%(y)v(dw}.

.

Proof. First, define the function

f1 + i + 207 + 6 [[ DI(y)v(dy) 1}
2 (o — 0% — [, DXy)v(dy))

f + 2 + 207 + 6 [ DA(y)v(dy)
2(po ~ o} = [ DY)

+3

1 AV
VI(S):E(S—/J—O) .

According to It6’s formula, we get

A
dV, =LV,dr + (S - —) o1SdB (1) + f
Ho A

2 2
1(S + Di(y)S — A) - l(S - A) ]N(dt, dy),
2 Ho) 2 Ho

where

(o _A\[a_, o« BSOLED) BSOL®)
LV“(S uo)(A ey T AT

2 2
+ f[l (S + Dy(y)S — A) —1(5 - A) ~ DS (S - A)l w(dy)
A 2 Ho 2 Mo Mo

A Ay B(S=2)h@)  Ba(S - 2)h
o )l 2)

g _ 2
Ho 1+ (L’]]l(t) 1+ a’z[z(l)

ﬁlfoh(t) 52;%12(0 | |
L+ail1(1) 1+ axlx(0) " 20-1 + j; 2 1 (DS “v(dy)

1
)+50’%Sz
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AV AV A
» Bili(D) (S - —) Ba1x(1) (S - —) Bi—1i(1) (S - —
0 Ho

)

N AV Ho) Ho) Ho
L 1+ a,0,(0) 1+ asly(0) 1+a.0,()
A A
ﬁzu—lz(f) (S - ,U_) | |
0 0 2¢2 2 2
- —o2S —D*()S v(dy).

Using the inequality (a + b)* < 2a* + 2b*, we obtain

A A A A
AN ﬁllu_ll(t) S T ﬂzﬂ—lz(l) S " A\
0 0 0 0 )
LV, <-m|S -—| - - +top|S - —
! IJO( /,[0) 1+(X1[1(I) 1+a’212(t) O-l( ,U())

2 2 2
+(r%(§) " f D%(y)(s —5) v(dy) + f D%(y)(ﬁ) ¥(dy)
Ho A Ho A Ho

A A
AN 'Bl,u_oll(t)(s _,U_o)
— o2 2 _ ) _
= (,uo o fA Dl(y)V(dy)) (S #0) Tl

52 1) (s A)

»—D S — , .

Ho Ho 5 A ) A

- 1+ arlh(?) o (,LTO) + LDl(Y) (,U_o) v(dy).

Define ) )
S (1)
Vo(ly) = 1) + &' f ——du.
=4 h - 1+ arli () H
Then
dV, = LV,dt + 0,1,dB, (1) + f D>(y)I;N(dt, dy),
A
where

_ cunBiSC—tL(—T1) —r B1S (D11(7)
= 1+C¥1[1(Z—T]) ﬂlll(t)+6# 1+CY]I](I)

B e_ﬂmﬁlS(t -t —1)) 4 f[ll + Dy(WI — I, — D>(y)I;] v(dy)
A

LV,

1+a1li(t—1)

A (S - /%)h(r) A (l%)ll(t)
= e T Tranm O
A
e (S _“_O)Il(t) bty (— B 1)
I +a11(1) Hopy (1 + ay1y)
e T N L] R
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A —HI1T] —lllTlA
&L < 1, we know that'Ble—
Mot MoHi

Due to the basic reproduction number R; = — 1 < 0. Thus,

A
Bi (S - —) 1(r)
Ho

LV S —M1T1
2=¢ 1+ a6
Let
" SWh(w
Va(lb) = I, + e 2™ f —— " du.
3(1>) 2 B> . 1+ b U
Then
dV3 = LV3dt + 031,dBs(1) + fD3(y)12N(dt, dy),
A
where

BaS (t = 12)1r (1 — 12) e, B2S (D (1)
1+ arh(t—15) _'u212(t) tet 1 + arlh (1)

St —1)(t -
_ e—umﬁzl(i a:’{z)(tzgfh)?'z) N fA[IZ + D3s(y)l — I, — D5(y)1,] (dy)

LV, =e+2m

A A
B2 (S - ,U_) L(1) e —
<eHm 0 + ur Ir(t —’uo—l.
=¢ I + axr(2) Hala1) M2
Ae 272 Ae 1272
Here, the basic reproduction number R, = [L < 1, then ’BZL — 1 < 0. We have
HoM2 HoM2

A
B> (S - —) L(1)
Ho

1 + aplr(1)

LV, < eH2™

Let N N
V4(S7117]2) = Vl + _elJlTI V2 + —6#2T2V3
Ho Ho
1 AV A A
"2 (S B _) +—e"T + —eTh
2 Ho/  Ho Mo
A (T SWhew A (T Sh()
+ du + S .
Ho -7y L+ a’lll(ﬂ) Ho -12 1+ Cl’z[z(/,l)

Then

A A A
dv, = LV,dr + (S — —) o1 SdB (1) + —6'1117-10'211(132(]/‘) + —6#2T20'312dB3(t)
Mo Ho Ho
1 AV 1 AV - A
+f = (S +D(y)S - —) - = (S - —) }N(dt, dy) + f—e‘”” 0f
]2 Ho 2 Ho A Mo
- A -
+D>(0)I; — 1) N(dt,dy) + f—eym (I + D3(y)I, — I,) N(dt, dy)
A Mo
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A A A
= LV,dtf + (S - —) o1SdB (1) + —e'ulTl(Tzllde(l‘) + —6#2720'312(1B3(t)
Ho Ho Ho

+ f (%D%(y)sMDl(y)sz 1<y>SA)N<dt dy) + feﬂ%(y)hmdt,dy)
A

A Mo

+ Ae“z’zDg(y)IzN(dt, dy), (3.1)

A Mo
where
A A A A
AN ﬁllu_oll(t) (S _,U_o) B2 o Iz(f)(S _,U_o)
— 2 —_— — — —
= (“ 0= 71" f Doy )) (S ,Uo) 1+ a1 (1) 1+ anly(1)

A A
2 2 Bi (S - —)Il(l) B> (S - —) L(1)
+07 (A) + fD%(y)(A) v(dy) + A Ho Ly Ho
Mo A Ho Ho

1+ oqll(t) Mo 1+ CYzIz([)

2 2 2
(uo—ol f D%y)v(dy)) (S —5) +a%(§) + f D%(y)(ﬁ) v(dy). (3.2)
A Ho Ho A Ho
Integrate from O to #, then
¢ A 2 A 2 A 2
f dv, < (/JO—O'I f Dz(y)v(dy)) (S ——) +a§(—) + f D%(y)(—) v(dy)] du
0 A Ho Ho A Ho

! A A "A
+ f (S — —) o1SdB (1) + f —em o 11dBy(1) + f —e’uZT20'312dB3(t)
0 Ho 0 Ho 0 Mo

+ f f (1D%(y)sz+Dl<y>SZ—D1<y>S£)N<dfadY>
o [Ja\2 Ho

A - A y
+ | =emm Dy LN, dy) + f — ™ Ds(y)LN(dt, dy)]- (3.3)
A Mo A Ho

Take the expectation, and we get

EVi(S @), L)1), I>(1)) SEV4(S(0),11(0),12(0))+EfLV4(S(#),11(M),12(M))d#-
0

! A 2
0<E fo [ (uo—crl fA D2<y>v<dy>) (S _,U_o) ldﬂ

AV AV
af(—) + f Df(y)(—) v(dy)l t.
Ho A Mo
Hence, we have

1. A A A\
lirtnSUP n fo l(uo—(fl f Dz(y)V(dy))(S _I«TO) ldﬂsﬁ (170) + fA Df(y)(u—o) v(dy).
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So,

(S P LT
0

. 1
limsup —F RPN 1
Ho po — o — [, DI)v(dy)

t—o00

Define the function V5 : R? —» R,

2
VS(S’II’IZ) =

A
[(S — —) + €MT111(I + Tl) + eﬂszlz(t + T2)
Ho

| =

We obtain

A
dVs =LVsdr + (S - — + eﬂl‘rlll(l +711)+ €ﬂ2T212(l + Tz)) (1SdB; (1) + €#ITIO'211C1B2(I)
Ho

+€M2T20'312dB3(l)) + f

A

1 A
3 (S +Di(y)S — ™ + " (Li(t+ 1) + Do (t+ T1))
0
1 A ?
+eH2m2 (12([ + T2) + D3(y)12(t + T2)))2 - 5 (S - — + 6/117-1[1(1' + T]) + eﬂz‘rzlz(l‘ + Tz)) ]N(dt, dy),
Ho

where

(oD - o BSOL(D)  BSOL®)
LVs —(S " + MM (t+71)+ et L(t+ Tz))(A IUQS T+ adi() 1+ aalh()

ST e—mnﬁls(l + 7 —T)L({E+ 71— 7)) N 6,12726_,1272,325 (t+ 72— 1)Lt + T2 — 1)
1+C¥111(I+T1 —T1) 1+C¥212(I+T2—T2)

+
1 1 1
— "M L(t + 1) — e L(t + Tz)) + 50‘%52 + Eez’“”aﬁlf(t + 1)+ §e2“2”0'§122(t + 77)

A
—(S + D](y)S — — 4 4T (I](l + T]) + Dz(y)l] (t + T])) + 6’#27—2(12(1‘ + T2)
Ho

f
+
A

2

2 l A M1T1 M2T2 2 A
+ Ds()D(t +12))) - E(S - ote Li(t+711) + "Dt + 1)) - (S - .

+ e“mll(t + Tl) + €“2T212(t + Tz))(Dl(y)S + €MT1D2(y)Il (l + Tl) + €'u2T2D3(y)12([ + T2))

v(dy)

AY A
= — Mo (S - ,u_) — e T+ T1) — e L1+ T2) — (1o + p1)e'T! (S - 'u—)ll(f"‘ﬁ)
0 0

A 1
— (uo + pp)el*™ (S - —) L(t +12) = (U + ) L (t 4+ 1) L(t + T2) + 50'%52
Ho

1 1 1

+ Eez’““(rglf(t +11) + Eez“mdglg(t +7) + fA {EDi(y)S2 + e Dy (y)Da(0S 11 (1 + 71)
1 1

+ 5ezﬂng(y)lf(t + 7)) + 22D (Y)Ds(NS L(t + 1) + Eez“mD%(y)Izz(t +75)

+ TR Dy (WD) (t + 1)) (1 + Tz)}V(d)’)
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3051

Ho + (4 S_Az
2

Ho
+ AN ey +
P+t + 10 2#2 (S _ ) L (ﬁ;o H2)

Ho

2
A
<—uo (S - /70) — eI+ 1)) — e (4 Ty) +

24171 +
P ) B+
2 2
A A 1, 1 ,,..
+ 0'% (S - ,U_o) + 0'% (ATO) + 562“' ]oﬁlf(t +7T1) + Eez“z 20'§I§(t +73)
1

1 1 1
" fA (3D} + 3T DI+ 71) + 3 DAWIEE +72) + 5 DI)S?

1 1 1 1
+ 5ezﬂml)glf(t +7)) + 50{@)52 + Eezﬂmz)g(y)lg(t +T) + EeZﬂI“Dggy)If(t +74)

1
+ 3 DA + T2 v(dy)

R —
2

2M0+M1+,U2( A)2
Ho

2
A
=— (s - M_) — e+ 7)) — e L+ Ty) +
0
et +
+ —(l”;o ﬂl)lf(t +T))+

1 3 3
+ SRR+ ) + f {ED%(y)S2 + MDA+ T)
A

20272 + 1
w@(z + 7)) + Eez“‘“ (T%If(t + 1)

3
+ 2 DA + ) v(dy)

1 AV 1 A\
<= +pp +203)[S — —=| — = (uy —po — oD+ 1)) + 00 | —
2(/11 75 0'1)( ,uo) 7€ (w1 — po — o) (t+711) + 0] i’

2 2
s — o~ DB+ 1) 4 f (3070 (S - A) +3D2(y) (ﬁ)
A Ho Ho

3 3
+SEMTDIO +T) + 5D+ Tz)}V(dY)

2 2 2
:%(,11 w2076 | D?(y)v(dy)) (S —ﬁ) +a%(§) +3 [ D%@)(A) ()
A Ho Ho A Ho

1
- 562’“” (,ul —po— 05 =3 fADi(y)V(dy)) B(t+1)

1
- 562“2” (.Uz —po— 03 -3 j; D%(y)V(dy)) B(t+ 1)

2 2 2
sl(u1+u2+2cr%+6 f D%<y>v<dy>) (S —5) +a§(£) +3 f D%@)(ﬁ) v(dy)
2 A Ho Ho A Ho

1
- Eeﬂm (,U2 —po—03 -3 ng(y)v(dy)) L(t+12)
A

1
e (m o~ 03 -3 f D%(y)v(dw) B+ ).
A
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Construct the Lyapunov function Vs : R? — R,

(;11 + iy + 207 +6 [, Df(y)V(dy))
2 (o — 02 = [, DIy)¥(dy))

1 1+T1
+ Ee‘““ (u —po — 03 - f D%(y)V(dy)) f I (u)dy
A t

Vﬁ(S,Il,Iz) =

5

1 [+T)
+ 5 (ﬂz — o = 03 — f D%(y)V(dy)) f L (u)dy.
t
It is obvious that Vg is positive-definite. By It6’s formula, we can obtain
i + 2 + 207 + 6 [, DY(y)v(dy)
2o — o} = [, DYoIv(dy)
+ 1 + 202 + 6 [ D*(y)v(dy) A
M1+ (o 1 fA 1 W)vidy 1 (S——)+e“mll(t+7'1)
2 (1o — 0% — [, DXy)v(dy)) Ho
fy+ pa + 207 +6 [ DXy)v(dy) A . (
2(po — 0% — [, D2y)v(dy))  Ho

dVe =

dV4 + dV5

=LVedt + {(

+ eﬂﬂzlz(t + Tz)JO'ISdBl(I) + {

+ eﬂlTlll(f +7T1)+ 6”27_2]2(1' + Tz)J [0'26/111-111(1/‘ + 1) 1dBy(F) + 0'36#21.2120 + 72)[,dB;3(1)]

1

. ﬂ[m + iy + 2077 + 6 [, DY(y)v(dy) . 1)
A 2(,uo—0'1 fD2(y)V(d)’))

Ho

Ho

A A
+ e Dy (y) (S - —) Li(t + 11) + €27 Ds(y) (S - —) L(t+ 1)+ """ Di()SLi(t + 1)
Ho

1
+ e DIt + 1) + TR Dyt + T)L(E + T2) + 5ezﬂml)g(y)lg(r +72)
+ 27 Di(0)S L(t + 12) + TR DW (E + T)L(t + T2) + €7D0 L (t + T2)

1
+ D (DS L1 +71) + 2DIGIDMIS Lt +72) + ST DI+ T)

+ eﬂ171+ﬂ2T2D2(y)D3(y)11(t +1)L(t + Tz)JN(dl, dy),

(11 + 2 + 20% + 6 [, DYy)V(dy)) , AY
LVs < [ (,Uo f D (y)V(dy)) (S - —)
2 (o — 02 = [, DIy)(dy)) Ho

AV 1 AV
+ 0 (—) f Dz(y)V(dy)] (/11 + o+ 207 +6 f D%(y)v(dy)) (S - —)
Ho A Ho

1 AY
L (u — o — 0% — f D%@)v(dy>)zf(t+m+3 f D%(y)(—) v(dy)
2 A Ho

A

1 AV 1
-3¢ eHam (u —po — 05 — fA D%(y)v(dy))é(rm)w% (#—O) + =™ (g

2

Ho

A
SDI0)S? + Di()S (S - —)]

(3.4)
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—po — 073 =3 f D%(y)v(dy))ﬂ(tm) L (m —po— 03 =3 f D%(y)v(dy))l%(r)
A

A

1
+ 5ezﬂm (M —uo—03 -3 f Di(y)v(dy) | I;(t + 12)
A

1
_ _eZszz (l‘t2 - Ho — O'% -3 fD%(y)V(dy) I%(t)

2 A
1 A\
- e T g — o — 05 — f D3(yv(dy) | I} (t) + M, (;0)
A
! eHem -2 -3 | DXyywdy) |2 3.5
- 5¢ o — Ho — 05 ) sOv(dy) | (1), (3.5)

where

f + 2 + 2077 + 6 [, DI (y)v(dy)

5 2 +3
2(po — 0 = [, DIGV(dy))

f + 2 + 2077 + 6 [, DI(y)v(dy) } R

M = f Dip)V(dy) .
1 { 2 (o — o = [, DoIn(dy) A
Integrate from O to ¢, then

! ! 1 1
f dv, < f ——e" g — o — 0% =3 f Dy(y)v(dy) | I} — s (-3 f Di(y)v(dy)
0 ol 2 A 2 A

AY ’
+uy — po — 0'5) L+ M, (,U_o) du + f {+e‘””ll(t +71) + 2 L(t + T7)
0

201 +6 [, Di(yv(d
(m + 2 + 207 + 6 [, DX(y)v(dy) { (S _ A)}(;ISdBl(t) + {(S - A)
) (,uo —o? - fA Dz(y)v(dy)) Ho .

M+ + 20746 [ DIOVY) A

2(uo— 2 — [ DXyv(dy)) Ko

[0'26#1‘rl I (l + T])I] de(t) + 0'3€”2T212(t + T2)IZdB3(t)]
202+ 6 [ D? d

+f{ ph * i+ 201 +6 J, DOy )[1D%@)S2+Dl(y)s(s—§)]
Al 2(uo - 03 = [, D2y)v(dy))

2 Ho
A A
+e"M DS = — | Li(t+ 1) + D30 |S — — | L(t + 12)
Ho Ho

+ " DS T (t+ 11) + X T DI + 1) + TR D (E+ T)(t + T2)
+ 27D (0)S L(t + 12) + TR Dy W+ T)L(t + T2) + €D L (t + T2)

+ My (t + Tl) + 6/'127212(1‘ + 7'2)}

1
+ " DIDANS Lt +11) + 27 Di(DsMS (e + 72) + Se¥ T DO+ 1)

1 .
+ T D (WD (E+ ) L(F + ) + EeZ"ng(y)Ig(t + Tz)}N(dt, dy). (3.6)

Take the expectation, and we get

EVs(S (1), [)(1), I(1)) < EVs(S(0), 1,(0), 12(0)) + Ef LVs(S (), 1 (), I (p))dp.
0
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Then we have

I 1
0<E fo [—Eeﬂ'“ (ul — o~ 03 =3 fA D§<y>v<dy>)1%<t>] du

+E fo Hem (uz—uo—a§—3 f D§<y>v<dy>) 1%(0] du
A
+ EVg(S(0), ,(0), L(0)) + M.

Hence,

I oM (AN
lim sup ;Ef (If(,u)+l§(,u)) du < 71(—) ,
0

t—c0 0o \Mo

where

Hy =min {ez‘”“ (m — o =03 =3 f D%(Y)V(dy)) , enom (,Uz — o — 03 =3 f D%(y)V(dy))}. O
A A

Remark 1. Theorem 3.1 shows that when R; < 1 and R, < 1 and certain conditions are satisfied, the
solution to the stochastic delayed system (1.3) will oscillate around the disease-free equilibrium point
E). The intensity of these oscillations is related to the values of o; and D;(y), (i = 1,2, 3) . The smaller
the noise intensity, the weaker the oscillation intensity of the solution. In other words, as the random
perturbations decrease, the solution of the system will approach the disease-free equilibrium point E,
which implies that the disease will die out.

3.2. Asymptotic behavior of solutions near equilibrium point E;

When R; > 1 and R, < 1, the deterministic S /;, model possesses an equilibrium point E1(S |, 1}, 0),
which is globally asymptotically stable. Therefore, the following discussion will focus on the
asymptotic properties of the solutions to the stochastic delayed model (1.3) around the equilibrium
point E;.

Theorem 3.2. Assume that conditions (H1) and (H2) hold. When R; > 1 and R, < 1, if the following
conditions are satisfied:

'8—25 Le o™ < 1,
125)

fo > o) + f Di(y)v(dy),
A
Wi > po + 205 + 6 f D5(y)v(dy),
A

Mo > Ho + 05+ 3 f D3(y)v(dy),
A

then for any given initial values (1.4), the solution (S (), I;(¢), I(¢)) of system (1.3) has the following
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properties:
1 1
lim sup —Ef (S(u) —S)?*|du < M,,
- 1 Jo [ : ] o — o3 — [, DX(y)v(dy)
1 t ’
lim sup —E f [ - 1)? + Bw)| du
t—o00
2 , T ’2
< E{(af +3 f D%(y)v(dy))sl2 + e l(ag +3 f Dg(y)v(dy)) I,
A A
(11 + 2+ 202 +6 |, D%(y)v(dw)M }
+
2 (1o - 03 = [, DYo)v(dy))
where

H, =min {ez’“” (ul — po — 205 — 6 f D%(y)V(dy)) ,eHem (,Uz —po—03—3 f D%(y)V(dy))},
A A
]/ H1T] S']' ,
AL o1+ f DXody)| S + S— | oS+ + Aol o3l
2/,[0(1 + alll A 2/10 1+ alll

elJlTl ﬂlS,I
Mo 1 + O,’II

M2:

" (em‘nSll + f[Dz(y)I - I In[l+ Dz(y)]] v(dy)

A

BiS ,
+ #> [ 1281 =571 + i i)
Ho(1 + 11
Proof. First, define the function V; : R, —» R,

S
Vics) =8 -81-81In—.
A
According to It6’s formula, we have

o
S’ S ! !

S +D;(y)S
+ ,1()’) )—(S—S’l
Sl

dv, = LV]d['F(l —S/

g

= LVidt+ 0, (S —S’l)dBl(t)+f[D1(y)S —S1In(1 + D;(y)] N(dt, dy),

S\ -
(S +Di(y)S —S; - 8/1n —S'lln?)]N(dz,dy)

1

A
where
_ﬂ 3 _BSOL@)  BSOLD) 1 ﬂ 262 4
L= (1 S )(A R e 1+a/212(t))+2 52715 fA[(S+D1(y)S
—S’I—S’lln%)—(S—S’l—S’lln;) (1—5—) 1(y)S]v(dy)
1 1
= A8 _BSOLM  BSOLE  AS] S+ BSILM)  BSiBO)

1+ ali(t) 1 + arlr(1) S 071 1+ a (1) 1 + arlr (1)
1
#5081+ [ 1Di0)S” =] (1 + D))
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When R; > 1 and R; < 1, the equilibrium point E (S, I'l, 0) of the deterministic S I; 1, model satisfies

’

BiS i,
A = oS, - =0, 3.7
Hos 1+a/111 ( )
_ ﬁlSllll ’
wn 22001 = 0. 3.8
1+(Y1]1 M1 1 ( )
Then
BiS 1,
S’ =A- ,
Ho>1 1+a/111
A Bil,
s T Tral,
Thus,
o n_ (AP ) _BSOL® _BSOL® _AST L BSL
S, 1+all l+ai() 1+ab® S 1+ail]
BiSiL(@) BSLE 1, f
oSt + DS —-S7In(1+D d
1+a’1[1(t) + 1+a’2[2(t) + 20-1 1 A[ 1()’) 1 1 n( l(y))]v( y)
_afp S _S1, BSIG  BSOLD _pSOL® _ ST
S, S) 1+l (® 1+l 1+ab@® 1+al
BiSih()  BSih(n) 1, f
—o3S Di(»)S! =S In(1+D d
+1+a’1[1(t)+ 1+a’2[2(t)+20-1 l+ A[ 1(y) 1 1 n( + l(y))]v( y)
(g  BSHL(, S ST\ BSLO  BSOLO pSOL®
R T T, ST S ) T Tr el 1+aih() 1 +ab()
BiSIL@®  BSIL(O)  BS|L@O 1, f
- + + + 0S|+ Di(y)S'-S{In(1+D d
T+l 1+ai () 1+ah@ 207! Do) VIn 1+ Dyy)]v(dy)
2
gl \(S-57) I I
< — o+ ; -6 (S -5
(“0 T+al(n) S Ai(S =51

1+ Q’lll(t) B 1+ Qlli

S L(t 1
B fer Eleit; + oS h(0) + SIS + fA[Dl(y)S’ =81 In (1 + Diy)]v(dy).

Define the function V, : R? - R,

S S’ I
VZ(S,II,IZ) = Vl +ﬁ2 1[2+@f e—ﬂsz[MdM
t

%) M2 -1 1 + arlx(w)

S S ST Sl
t

ST M2 Jier, 1+ ah(u)

AIMS Mathematics Volume 11, Issue 1, 3038-3095.
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According to It6’s formula, we have

’

S BaS 1
dV, = LV,odt + (1 — ? o1SdB (1) + P o3L,dBs(1) +
2

A
S + D(»)S
Jl a

’ ’ S N7
5 —[s -5/ —Sllny)]N(dt,dy)
S
= LVsdt + o (S —S;)dBl(t)+'Bz
M2

S’ -
i : LDy (») L N(dt, dy)

(S +D;(»)S -S1-S1In

1

’ S/
10'3[2dB3(I)+fﬁ2 1
A M2

D3(»)1,N(dt, dy)

+f[Dl(y)S—5'11n(1+D1(V))]N(dt,dy),
A

where

Bl )(S -s)

I I ) BSWLO
1+ a1L(2) S

1 +a111(t) 1 +CZ11/1(I) 1 + arlr(t)
B8y _ﬂmﬁzs (1 —1)DL(t — 12)
M2 I+ axl5(t — 12)

Sl
b : ! 03@)12] v(dy)

LVQS—(;J0+ -Bi(S - Sl)(

f[Dl(wS' — S In(1+ Dy )] v(dy) + 221

’ 1 7 ﬁz
+B2S 15 + 50'%51 + f L(L + Ds()D) -
Al M2

N ,325’1 e_mrzﬁzs OL(@)  BaS] e_ﬂmﬁzs (t — 1) L(t — 72)
1+ ar (1) M2 I+ arr(t — 1)

(s —s7)
(“°+ 1+a11 (t)) S

. (ﬁZS s _ )ﬂzS 0L |
H2 1 + arlr(1)

- ﬂzlz(l‘)}

ﬁZ 112_
2

Il
-Bi(S-S 1)(1+a111(z) 1+a11{)

+ 3071 +f[Dl<y>S1—Saln<1+Dl<y))]v<dy>
A

. (- ;
(“°+1+a111(t)) s A6 1)(1+a111(t) 1+a11;)

1
+§a$53+f[1)1(y)sg—sgln(1+Dl(y))]v(dy).
A

Define

I (t +
Vsl = Lt + 1) =1, — I In h+m)

1

According to 1t6’s formula, we have

.1 Lt

dV; =LV,dt + (1 ~1 - e @) + oy (t + 11)dBo (1) + f [(Li(t + 1) + Dyt + T1)
1 1 A

Li(t+ 7))+ Do) (t + 11)

I

=LVdt + oy (It + 11) — 1) dBa (1) + f |D20)1 (2 + 71) = 1 In (1 + Dy(y))| Nede, dy),

A

~I,-1I,In

) - (11(t +1) -1, -1/ 1In M)} N(dt, dy)
1
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where

LV _(1 I’ 1 I; )[e—ﬂlflﬁls(t‘FTl _TI)II(I+T1 _Tl)
3= T hT

T — w1 (r +
111 I](l+T1) 1+CL’111(I+T1 —Tl) H 1( Tl)

+ f{[ll(t+rl) DL+ 1) -1, — 1 In Il(t”l)”;?(y)ll(”“)
A 1
I I,
(Il(t+‘r])—1 ~I;1In %) [1 —II(H 5 Dz()’)ll(f+7'l)}v(d)’)
_ e BiISOL(D) —un BISOL(@)
=e™ T+ (D) mlit+7)—e™*

’ 1
+ 50'%112 +

I, )
It
l+ail0) La+ry M @

We know that
BiSi,

" T
il =e ;
! 1 +a111’

,315'111

1
1+a11; I;

= e Tl
Substitute into the above formula, and we have

LV3 :e‘ﬂlﬁ[M

g BiSi, L+t S BISOL@) /

1
1+ a1 L+al I L+ah(t) L(r+11)
e ff_;l’;; +%a§1;2+ fA D)1, = 1 In (1 + Da(y)| w(dy)
—e T (S = S)) Lo )+ 10_21 N f[pz(y)I; —I;In(1 +D2(y))] v(dy)
L+aly  1+al 2 A
[ SLI, I
L pmm PSI B1S '1 i_ 1+ a1 B Ii(t+ 1) + I +ai1l
T+ail |S) S L(t+1) I I
1+ oyl 1+ a1

Fromw > 1 + Inw, w > 0, we know that

SLI, Shi, I
S L (t +
L 7T VRN S W I .71 (S WA S L s MR e LT
S+ 1) SILL(+ 1) S L, L
1+a1 1+ a1 1+ a1
Thus,
I ST,
LV; <e™™B (S - S9) L |+ e"““'Bl—”,
1+a’111 l+a111 l+a/111
AIMS Mathematics
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Il 11

S S Li(t+ It +
S l-ln=+n i1 ,Tl)—ln1+fylll— 1( ,T1)+1+(,1/1]1
Sl Sl Il 11 I] 1
1+a11

1 ’ ’ ’
+ 50'%[1 + f[Dz()’)Il - LIn(1+ Dz()’))] v(dy)
A
I I ST
:e—ﬂlTlﬂl(S_S;)(l-i_l I _ 1 ,)+€_'UIT1 ﬁl 1 1,
a1y 1+Q’1[1 l+a/1[1

I I
i—lni—(ll(t-i_?-l)—1nIl(t+T1))+ 1+;¢1]1 n1+€¥111

’ ’ _1
Il Il Il Il
1+ (111; 1+ all;

1 ’ ’ ’
+ 503l fA | D2)I, = 1 In (1 + Da(y))| v(dy).

Define the function V, : R, —» R,

S’I' +T] I I
Vi) = Vs +e-ﬂmﬂl—“,f ‘(,”) ~In ‘(,”) du.
1 +a1, J, I, I,
We obtain that

I I ST
LVy <8, (S = S|+ - —1— 4 emn D20
l+a;y 1+ arl, I +al
I I
S S Ii(t+ Ii(t+
——ln——( 1( ,TI) I 1 ,7'1))_’_ 1+f¥111 “In 1+C,¥111
I I I I
1+CL’11; 1+mI'1

4 o BiS1, (11(1+T1) I Il(l‘[‘ﬁ))_eum BiS1, (11(1) n Il(f))

l+al \ T I lv+al \ I I

1

1 ’ ’ ’
+ 5030+ f | D21, = 1 In (1 + Da(y))| (dy).
A

According to the logarithmic inequality, we can obtain
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_ I] Ii 1 24 f ’ ’
LV, <e™#™ S-S — — |+ =051, + D I, -1, In(1+D d
4 € 181( 1) 1+ a1l 1+C¥111] 20'21 A[ 2()’)1 1 n ( Z(y))]V( y)
[ LI, I
+e—p1‘r| BIS,IIII i} S_/l —1- Il(,t) + 1 +,a/111 1+ 1+(,1111 1
1+a111 Sl S I1 1111 Il
1+C¥111 1+Q’111
l I gty (s-si)
=B (S - ST) - e L
1+al; 1+Q]Il 1+C¥1]1 S
I L
+€—,U17'l ﬁlS,IIl Il _ 11 1+a'111 _ 1+alll
Il 1+a1[1 1+a111 11 I;
1+ al
1 ’ ’ ’
+§a§11 + fA [Dz(y)ll -1 ln(1+D2(y))] y(dy).
Let
h = .
) 1+ax
then
1+ - 1
h/(x) — alx Czl-x — 2 > ,
(1+ax) (1+ aix)
thus
I I
Il _ I] : 1+a111 _ 1+?’111 <0.
1+ a1, 1+a/111 I, Il
Therefore,
I I gl (s-sy)
LV, <e™M7 B, (S - S;) — |+ e .
l+aily  1+ail 1 +al; S

1, .
+ 50‘%11 + fA |D20)1 = I In (1 + Da(y)) | v(dy).

Define the function V5 : R, — R,
1 7\2
Vs(S) = E(S -8
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From It6’s formula, we know that

dVs = LVsdt + (S - S’l)O'lSdBl(t) + f

A

1 1 N
L (s + DS - 57 - £ (8 —s;)z] N(d, dy)

= LVsdr + (S - S’l)O'ISdBl(t) + f

A

1 N
SDI0IS? + Di(S” - Dl<y>SS’1} N(dr, dy),
where

o1S?

LV =5 - 5)(A - s -

+ [ 13
aAl2

BiS 1 B BaS 1T )+1

1+ al 1+l 2

1
(S +Di(y»)S -8 - 5@ — 81 =Di()S (S —S’l)] v(dy)

BlS,lli IBISII :82512 1 202 1 2 2
=(§ =57 S+ — oS — - + =08+ | =D7(y)S“v(d
( 1)[/10 ! 1+a’1[; Ho 1+C¥111 1+a/212 20-] LZ 10}) V( y)
1 1S7T
:_ﬂo(s—sg)2+—a$52+f —D?(y)S? v(dy)+1ﬁ Il (S S%)
a2
ﬂ1S11 2S12 ,
- -S
1+a’111( 1) 1+Q’I( 1)
Bil 2 Bals 2
—~ DXy)v(dy) | (S = S1)* - S-S - S-S5
<~ (o=t~ [ Dhowa@n)s -5 - 2 (s -y 2 (s )
I, I ﬁlez 2 2 fz 2
-B1S1(S - 5] - ST+ 6,87 + + | D dy)|S’.
AiSi( )(1+a/11 1+a11;) Trmn PRSI F o | DIOMA)|S,
Define the function Vi : R2 — R,
S I
Ve(S, L) = Vs + el Iz p: lf wz(r—#)’BzS('u) 2('“) du.
Ha Mo Jir, 1+ arh ()

Then

1 _
dVs = LVsdt + (S = S) o1 SdB, (1) + f(EDf(y)SZ +Dy(y)S? - D](y)SS’l)N(dt, dy)

A
§72 S(t—1)h(t — St St
+,32 | (e_ﬂmﬁz (1 =)Lt -1T) B2 10'3[2ng(t)+fﬁ2 1
o I+ a2 rh(t - 1) 2 A M

- #212) dr + D;(»)LN(dt, dy)

7”2
L o3 LdBs(t)

ﬁ S/Z B
Z L Dy | N(dt, dy),
2

S
= LVedt + (S = §!) o1 SdBy (1) + i
M2

+fA(%D%(y)52+1Dl(y)52—1)1(y)55'l +
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where

(s -587)°

(S =81 =+

1 By
LVe < —{uy— 02 = [ D2wiay)) (s - 572 = L4
6 < (,Uo o fAl(wv( y>)( VT

CY212

I Ill ﬁZSIZ 2 2
-BiS1(S -8 - ST+ BST L + D d
ﬁl ( 1)(1+C¥1[] 1+011;) 1+01212 ! ﬁZ 172 L l(y)V( y)

’ 72
BaS T e_ﬂzfzﬁzS (t—1)h(t-1) L)+ BaS] e_ﬂm,BzS (O L(1)
M2 1+ a/zlz(f - T2) 1 + ay5(7)

+0'f) S+

2
_BaS] -r P25 (DL +f(,32 I (12+D3(y)12)—ﬁ2 112_52 1D3(y)12)v(dy)
M2 l+ab@®)  Ja\ o M2 M2
(. ) BaS| e\ BS(DL(1)
< (,uo ol - fD (y)V(dy))(S S’ + ( s e’ —1 T+ b
_ I I 2 2 ”
1S (S -5 )(1+a111 1_'_0,1]1]"'(0'1+LD1@)V(dy))Sl~
ﬁZSl —H2 T,
Since R, < 1, we know that —— p e ™ < 1. Thus,
2
LV < -~ sz)(d)(S S =S (S —8) Lok
o< =|Ho-ai- | DoV F Tval, 1+aid

+ (af + f D%(y)v(dy)) ST
A

Construct the Lyapunov function V; : R? — R,

ST, T W
Va(S, I, 1) = Auoily V2+e (IJOS,1+ Pros lf]v“"‘Vs-

//10(14-&111) Ho 1+C¥111
Then
BiS 1, , 2] BaS | .
dV7 =—) LVzdt + O'l(S -S l)dBl(l) + O'3Ide3(l) + D3(y)12N(dt, dy)
mo(l + a1, M2 A M2
’ N7 eﬂl‘rl ’ ﬁlS;I;
+ | [Di)S = 8 In(1 + Dy(y)] N(dr, dy) | + LVidr + (oS + _avs
A Mo 1 +al,

o pm ﬁlS;II, 11(1‘,H'1) I ]1(H,_Tl) _ ot ,315;11/ 11(11‘) I [1(/1) dr
T+and \ T I T+ad \ T I
72

25 l 2 2 2 _ ’
o3, dBs(1) + 2D1()’)S +Di(y)S” = Di(y)SS]
2

A

+(S —S)oSdB (1) +

2 Zﬂ ! D3<y>12) N(dr, dy)
= LV,dr + [L) (S =S +01S(S -8 )l dBl(t)+(L,)+ 1)-
Ho(1 + o1 +ayf

AIMS Mathematics Volume 11, Issue 1, 3038-3095.
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ﬁ21

H2

+f{ B1S 11 )
Ho(l +
+(e“mS’l . e‘““ BiSI,

Tl ) |DxO)I @ + 1) = I In(1 + Da(y)| + D1 (S
ﬁZ 1
iz

; MTIIBISiI; ,
O'g]de3(t)+ et lS +—) 0'2(11(1+T1)—11)d32(l)
ﬂO(l + (1][1

Dy(»)S — S In(1 + Di(y) +ﬁ2ﬂ =Ds(h | + Dz(y)S2

—-D\(y)S S| + D3(Y)12} N(dr, dy),

(3.9)
where

BiS I Bil, S -8)7° I I,
LV; <—————)|—|mo + , —Bi(S - S
vl | TR aerm) s AIS =50

1+« I](l’) 1+0411;
r3oiS ]+ fA[Dmy)S' = S{In(1 + Dy()] vdy) | + (e””‘S o SRS >)
{ _ﬂlTlﬁ (S S )[

/10(1+a/11;
g g 7\2
I ]H_M Al (S-5D* 1

1+0111 1+a11;

= f | D)} = 1 In(1 + Da(y))| v(dy) —(uo—a%— f D%<y>v<dy>) (S =577
A A
I Ill 2 2 72
-BiSI(S =S )(1+01111 1+a/111)"‘(0'1+fAD1(V)V(d}’))Sl

(ﬂO_O-l sz(y)V(dy))(S ST+ (2'81—)“)01 fl)f(y)al(dy)}é’i2
Ho(1 + il

A A
ettt ,BIS;I; 5 ﬁ f
+ — oS + I+— S1-S1In(1+D d
(,Uo el ) N e S, PO n(1 + Dy(»))] v(dy)
TSI f S
_— DI, — I, In(1 + D d
MO(HM)) A[ I, = I In(1 + Day(y))| v(dy)

(,uo—ffl sz(y)V(dy))(S ST + My,

2
, ol
1+ail s 2%

+ (e’““S’1 +

A

(3.10)

and

e g f 2 , e ﬁlsili 27

M —_—)+1 D d S+ S+ — 1

27 {(2;40(1 +al 7) O-l N 1Oy S, 210 Hos 1+al 724
#11151511[1

1
m)) f [Dz()’)li — I In(1 + Dz(y))] v(dy)
BiS 1,

+ —)f [D1(»)S] =S| In(1 + D(y))] v(dy).
Ho(l + aql

Integrate from O to ¢, then

t
de7—fLV7d/J+f

AIMS Mathematics
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’

. S’] S/Z
+ff{ﬁl—ll,)[Dl(y)S—S’lln(1+D1(y))+ﬁ2 1D3()’)12]
o Ji o+ anl #o

e 1315'1[; )
+|eS | + ———LL N Dyt + 7)) — I In(1 + D
(e P [Dx)E (¢ +70) = 1 In(1 + Da(y) |
l 2 2 2 _ ’ :325,12 N
+3D1008* + Di0)S? = DIISS| + = —-Ds() f N(dr. )
2

! , eﬂlTlﬁIS’lli ,
+f e/llTlsl + ———) |oa(Li(t + 71) — 1,)dBx(2)
0 /,to(l +CL’1[1

t I' S/Z
+f( Pul, ,)+1)ﬁ2 L 4 1,dBs(2). (3.11)
o \wo(l +ail H2

Taking the expectation, we have

EV(S (), 1,(n), (1)) < EV3(S(0),1,(0), 1(0)) + Efo LV3(S (), I (), L (1) dp.

From (3.10), we have
0<E f [— (,Uo — ot - f D%(y)v(dy)) (S-S
0 A

1 1
limsup—Ef (S —8)*|du <
s L Jo [ l ] fo =1 = [, DY»)V(dy)

du + EV7(S(0), 1,(0), 1,(0)) + Myt

Hence,

Define the function

1 , 2
Va(S. 1. 1) = 5 (S =SD+e" it + 1) = [) + "Lt + 1) .

We get
Vs = LVgdt + [(S = S7) + "™ ((t +71) = I}) + €27 Ly(t + 1) | - [, S dBy (1)
+eM T, 1By (1) + 2T 03 L, dBs(1)] + fA {% [D1(y)S + "' Dy(W (1 + 1)
+e Dy (Lt + )] + [(S = 81 + e (it + 11) = 1) + €7t + 12) |-
[Di()S + " Dy (1 + T1) + €27 D3 (0)L(t + 12)]} N(dr, dy),
where

BiSL BSh
1+ a1 1+ arl,

LVg =|(S = S + eyt + 1) = [}) + e Lt + 1) - {A — 1S —

BiSt+7 —t)L({E+71—711)
1+ 0111(I+T1 —Tl)
e—/lz‘l'zﬁzs (t+1—1)L(t+T1, — Tz)]} 1

1 1
2¢2 2u1t) 272 2urty 272
4+ —05S° + — T =Tt +T71) + — /1220—1 t+T1
1+(2212(l’+ 12—T2) 2 ! 26 2 1( 1) 26 3 2( 2)

+ 272 [—/.lzlz(t + T2)+

4T |:€_‘u”-l —/llll(t + Tl)
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+ f{% [(S +D1(y)S = S)) + (U (t + 1) + Dy (1 + 7)) — 1)) + €7 (I (t + T2)
A

1 :
D5+ )] = (S =87 + ™+ 1) = 1)) + &0t + )] —[(S - 57

+ T (E+ 1) = 1) + €Dt + 1) | [Di3)S + Do + 1) + Dy (t + )] (dy)

= [(S -SD+eM L+ 1) - I;) + e L(t + Tz)] =T Lt + 1) — e o (t + 1)

1 1 1
+A = S|+ 50’%52 + Ee”“”a’%lf(t +71)+ Eez"maglg(t +73)

1
+ fi [D1(y)S + """ Dy(W1(t + 71) + €27 D3(y)L(t + Tz)]2 v(dy).
A

From (3.7) and (3.8), we know that
A =S| + e .

Then
LVs =[(S = S1) + " (it +11) = I) + &Lt + 12) | - oS + "™ I = & i1y (2 + 71)

1 1 1
—oS — e L(t + 13)] + EO'%SZ + Eez’“"“ o'glf(t +71)+ Eez"maglg(t +75)

1
+ fi [D1(y)S + "' Dy(W(t + 1) + 27 D3(y) (¢ + 7'2)]2 v(dy)
A
=—uo(S = S)? = (Lt + 1) = [)(S = S1) — & up(In(t +13) — )(S — S))
— T gL (t+ 1) = 1)(S = S1) — ey (1 (e +10) — 1,)? — e ™22 (1 (2 + 79)
— 1) - Lt + 1) — e pphy(t + T)(S = S) — e (Lt + 1) — T)(t + 72)

1 1 1 1
— L L+ 1)) + 50%52 + 5e2ﬂma§1$(z +71) + Eezﬂmo-glg(t +72) + f 5 DS
A

+T Dy (1 + 1) + D3 () (¢ + )] v(dy)

< —pp(S = 81 = ey + po)ur (11 (1 +71) = IS — S7) — €7 + po)(La(t + 2) — I)-
(S =8} =T (Lt +11) = [)* — " 272 (g + o) (L (2 + 11) = [ L(t + T2)—

L (1 + o) + 03(S — ST + 02 P4 M1+ T) — 1) + M2
1 1 2 1
+5eM R+ ) + f {5 (DY) + " DAt + 7)) + ¥ DL+ 1)
A
+e D3 (1)t +12) (DY) + " Dy (¢ + 1))} v(dy)

1
3 (m + Uy + 207 +6 fD%(y)v(dy)) (S - S9)?
A

1 7
— —e¥m (m — o —205 -6 f D%(y)v(dy)) (I (t + 1)) = I,)*
A

2
1
- Eezﬂm (/12 —fo—03 -3 fA D%(y)v(dy)) B(t +13)

+ (a$ +3 f D%(y)v(dy))sg2 + M (ag +3 f Dg(y)v(dy)) 1;2.

A A
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Define the function Vo : R? — R,
1 2u1T) 2 2 e ’\2
Vo(S, 11, 1) = V8+§€ M1 — Ho — 205 —6 | Dy(y)v(dy) (Ii(w) = 1,)"du
A '

1 1+7o
+ 562"2“ (/12 —po—03 -3 f Di(y)V(dy)) f L (uydpu,
A t

where
1
LVy <3 (,ul + i + 207 + 6fAD%(y)v(dy)) (S -8))7°
1 ,
—f%“@vaﬂﬁ—6fD%wm@aﬂrﬂf
A
1
- 562”2” (.Uz —po—03—3 f D%(y)v(dy)) L@
A
+ (cﬁ +3 f D%(y)v(dy)) §72 4 ((Tg +3 f Dg(y)v(dy)) I
A A
Let
pa + 2 + 207 +6 [ DI)V(dy)
Vio(S, 11, 1) = > . 7+ Vo.
2 (o — % = [, DY)V(dy))
We can get
Ui+ o +20% + 6 [ D*(y)v(dy)
dVip = : ’ ! L ! dV; +dVy

2(po = o} = [, DY)

+ 1y + 202 + 6 [ D*(y)v(dy)
LVt + M+ o 1 fA 1O)v(dy ‘
2 (o — o2 = [, D2y)v(dy))

BiSH,
po(l + a1

Yo (S =S+ 0SS - S’l)]

, , eTBIS T

+[S =SD+ e U+ 1)~ 1) + &Lt + 1) | 1S 1dBi(1) + { [ ———+
lu()(l + Q’]Il

+e" TS oa (It +71) = 1) + (S = S + Tt + 1) = 1) + &Lt + 1) -

g 72
ﬁlll ) " 1]:825

1 ’
S — o3l + e (L(t+1) =1
o+l b [ (i ( ) —1)

O'zeﬂ]ﬂ]](l' + T]) }de(l) + {(

+(S — Sll) + 6#27212(1‘ + Tz)] 0'38“27212(1 + Tz) }ng(l‘) + f
A

f+ o+ 207 +6 [, Dio)v(dy)
2 (1o - 03 = [, DYo)(dy))

BiS'I, , 1 /
{m) (Di)S = S} In(1 + D)) + 3DIMS” + Di)S* = Di()S S|
1
ST ¢ BiSH

+

Dﬂﬁb+[¢”$1+ Jnyth+TO—IHM1+waD}

J75) Ho(l + a1
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1 ,
+3 [DIG)S + "Dy +70) + DDt + ) + [T (L + 1) = 1))

+(S - Sll) + 6#27-212(1‘ + Tz)] . [D](y)S + eﬂlTlDz(y)Il (t + T]) + D3(y)12(l + Tz)]} N(dl, dy),
(3.12)

where

LV, <

Hi+ o + 207+ 6 [ DRGIV(dy) [_ ( B
2 (o - o2 — [ DAyv(dy)) '

1 1
t5 (:Ul + + 207 +6 fo(y)V(dy)) (S -S)*- 3¢ ™ (py = o — 073

A

i - fo(y)V(dy)) (S =8>+ M,
A

=3 D%@)v(dw) B - 2o (m ~0-203-6 [ D§<y>v<dy>) () -1,y

A A
+ (ff% +3 f D?(y)V(dy)) S+ e (05 +3 f D%(y)V(dy)) 1’
A A
f1 + 2 + 207 + 6 [ DI(y)v(dy)
2 (o — 0% — [, DXy)v(dy))

+(fr%+3 f D%(y)v(dy))S?wZ“m (a%+3 f D%(y)v(dy)) 1’
A

A

. ,
=3¢ e (,Ul Uo — 203 + 6fD§(y)v(dy)) (L(t) - 1)* +
A

1
_ EeZszz (”2 _ ,UO — 0—% — 3 LD%@)V(dy)) I%(t).

(3.13)
Integrate from O to ¢, then

' d C o + 207 + 6 [, DI(y)v(dy) S'T
fdvloszVIOdﬂ+f My + o 1 f T ()v(dy l BiS11, o (S = 87)
0 0 0 | 2o -0t~ [ D2ody) Lo +aid]

+01S(S = SP]+[(S = S + e (1t + 71) = [}) + €7Dt +12)| 1S | dBy (1)

e"”‘ﬁlS ] ) )
+f {(—)+e"‘T‘S )02(11(t+71)—11)+[(5 -SD+e" Lt +T) - 1)
po(1 + a1

1 4 72
T T ﬁlll :8251
+e2 L(t + 15)] - 02" L (t+ T1)}dBo(t) + )+ 1 o3l
o (\mo(1+ail H2

+|e U+ ) = 1) + (S = S1) + D + 1) 03 Dt + 12) dB3 (1)

ff{ﬂ1+ﬂz+2m+6fD2(y)V(dy)l BiS i,

(o — 02 = [, DXp)v(dy)) Lro(l +anl

)(Dl(y)S S1In(1 + Di(y)

ﬂZ]

M2

1 M1T1 S/I’
Ds@>12)+ ~DXyS? + Di()S> - Dl<y>ss;+(ems;+—e i 11).

Ho(1 +CllI;

, 1
(D201 +71) = [ In(1+ Da)| + 5 [D13IS + ™ Do) (1 +71)
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+DsL( + )] + [T Uit +71) = 1) + (S = S)) + €7Dt + 1)
[D1(y)S + & " Dy (1 + T1) + D3t + )]} N(dr, dy). (3.14)

Taking the expectation, we have
EVio(S (1), 11(0), Ir(2)) < EV19(S(0), 11(0), 1:(0)) + Ef LVio(S (W), I (), Ir(w))du.
0

Then
t 1 2u17) 2 2 A%
0<E | |- 5 (1 =0 - 203 -6 DR (1)~ 1)

2
+ {(ﬁ +3 f D%(y)v(dy))s;2 + e (ag +3 f Dg(y)v(dy)) 1’
A

A

1
— —e¥em (/12 —po— 0% -3 f Dﬁ(y)V(dy)) 15 (M)]du + EVi0(S(0), 1,(0), 1,(0))
A

f + iy + 2077 + 6 [, DX(y)v(dy) }
2 (o — 02 = [, DIy)(dy))

We get

1 ! , 2
lim sup —E fo () = 1)? + Bw)| du < E{("%” f D%<y>v<dy>)S;2

t—0o0 A

+ 2 (ag +3 f Dg(y)v(dy)) I’
A

MR 202 +6 |, D%(y)V(dy)M
2 (o = 0% = [, DY)

where

Hy = min{e*'™ () — sy = 203 = 6 [, D3GV(A)). % (1~ pio = 03 =3 [[ D30y} ©
Remark 2. Theorem 3.2 shows that when R; > 1 and R, < 1 and certain conditions are satisfied,
the solution to the stochastic delayed system (1.3) will oscillate around the equilibrium point E;. The
intensity of oscillation is related to the values of o; and D;(y)(i = 1,2,3). The smaller the noise
intensity, the closer the solution of the stochastic delayed system (1.3) is to the equilibrium point of
E,. This means that Disease I will prevail in the population, while Disease 1I will tend to die out.

3.3. Asymptotic behavior of solutions near equilibrium E,

When R; < 1 and R, > 1, the deterministic S /1, model possesses an equilibrium point E,(S '2, 0, Ié)
that is globally asymptotically stable. We will investigate the asymptotic behavior of solutions of the
stochastic delayed model (1.3) near the equilibrium point E;.
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Theorem 3.3. Assume that conditions (H1) and (H2) hold. If R; < 1 and R, > 1 and the following
conditions are satisfied: )
ﬁl_svze_lul’rl < 1’
H

o > 07 + f Di(y)v(dy),
A
1 = o > 05 +3 f D3(y)v(dy),
A

[ — po > 205 + 6 f D3(y)v(dy),
A

then for any given initial value (1.4), the solution (S (¢), I,(¢), I,(t)) of system (1.3) has the following
properties:
1

po — 0% — [, DI)¥(dy)

1 !
lim sup —E fo |2 + () - 1)?| du

[—0o0

1 !
limsup —E f (S(u) — S)*du < Ms,
0

t—o00 t

< i{(cr% +3 f D%(y)v(dy))sg + e (ag +3 f D%(y)v(dy)) I
H A A

2

fy + 12 + 207 + 6 [, DI(y)v(dy) }
2y — 0t = [, DX)V(dy))

where

Bals 2 f 2 ,  en BSiL \
My = —22 1)+ | D2y Vs + S) 4+ I
3 {(2y0(1+a11§) gt | DOy + 5 | HoS2 T+any) 73"

ﬁ S/I/ , ,

o1 = 0nl) fA (DL = L Inll + Dy ()
2

e BrS I

+ e, — 22
( 27 o1+ anl))

) f (D31 — I In(1 + D3(y)] (dy).
A

Proof. When Ry < 1 and R, > 1, the equilibrium E>(S7, 0, I)) of the deterministic S 7,1, model satisfies
the following equations:

BS, L
A= oS’ — -0, 3.15
Koo T Tl (3.15)
e B2SLL
o 229272 . 3.16
T+apl, 1202 (3.16)

First, define the following functions:

’ ’ S
Vi(§) =8 =8, -8,In—,
S5
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S I
R
M1 M1 -7 1+ a'lll(/l)
LS BS, BSy [ S 1wl
=S—52—521n—,+ﬁ—2 Ly P25 lf grn B h@) o
S, M Mo Jir 1+ a1 ()
L(t+
Vs(h) = bt +72) = I, - I, In Q
2
S,I, [+T) I I
V4(I2) = V3 + g_/‘ZTZ ﬁ2 2 2, f 2(}/'[) _ ln 2(,/1) d,u
1+ asl, I I
L(t + ST T2 [ ] I
=L(t+1) -1, —1,In L+ 1) + otom BaS, 2 f [ 2({J) i Z(fu)]d,u,
I 1+ al, I, 1,

Vs(S) = = (S S)

’ ’2
S S d S ()l
BiS, I +,31 2 i BiS (W) 1) 4
Hi Hi -n L+ ali(p)
’2 ’r2
1 N2 S S ! Sl
Vg oo o B8y  B1SE e [ BSW@HW
2 Hi Hi -r, 1 +a (@)
S'r H2T2 ) S'I
BaS,1, 2+e (ﬂ0S2+ﬁ2—22,)V4+V6’
,Ll()(l +Cl’2[,2) Ho l+a’2[2

Ve(S, 1)) = Vs +

V7(S$Il912) =

1 ! T T \?
Vs(S. 1. 1) = 5 (5 = 85) + e It + 7)) + ™ (Lt +12) - L)
1 ) 5 ) [+T) N2
Vo(S, 11, 1)) = Vg + ¢ Hor (,Uz —po — 2073 + 6fD3(y)v(dy))f (12(#) - Iz) du
A t

1 1+T]

b e (#1 “m-c3-3 [ D§<y>v<dy>) [ e
A t

f + iy + 2077 + 6 [, DA(y)v(dy)

Vio(S, I, L) =
O S (e - 02 — [ D2O)(ay)

+ V.

From It6’s formula, we know that

dVy = LVidt + o(S — S5)dB; (1) + f Di(y)S — S51n(1 + Dy ()] N(dt, dy),
A
1

S/ -
dV, = LV,dt + o(S — S5)dBy (1) + ﬁ'u o2 11dBy(1) + fﬁl 2 D,(y)I,N(dt, dy)
A

Hi
+ f [D1(»)S — S5 1n(1 + D (y))] N(dz, dy),
A
dVs = LV3dt + o3(L(t + 72) — I5)dBs(1) + f [Ds() (1 + 12) — I, In(1 + D5(y))] N(dt, dy),
A

dVy = LV,dt + o3(I(t + m2) — 15)dBs (1) + f[D3(y)12(t +15) = I, In(1 + D3(y))] N(dt, dy),
A
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dVs = LVsdt + (S — S5)o1SdBy (1) + f

A
: BiS?
dVe = LVgdrt + (S — SZ)O'1SdB1(t) + o 11dB> (1)
Hi
ﬁZS/Z

Di(y)S* + Di(»)S* = Di(y)S S5 + N(dr, dy),

f 1
+ —
A

2
PS5,
Ho (1 + Q’zlé)

2 D,(y)1,
1

dV; =LV;dr + o1 (S - 83)+ oS (S -53)

Ho (1 + CYzIé
/2

S ’
i 2 o11dBy (1) + (6”27252 +

H

+ I{LIZ, (Dl()’)s — Slz In(1+ D(y)) + IBISZD2()’)11)
Mo (1 + CL'QIZ) K

e IBZS'[' ,
22 o (B + 1) = 1) dBs (1)
Ho 1+ (1’2[2

. elem 1325/21; )
+ |28, + — || Ds() (t + - L,In(1+D
(e o T, |DsG)L(t +12) = L In(1 + Ds(y))|
12

ﬁlS2

1 , N
+ 5D%(y)s2 +D,(y)S? = Di(y)S S, + Dz(y)ll}N(dt, dy),

where

LV; = — (ﬂo—(rl f Dz(y)v(dy))(S S5 + M.

A
Integrate formula (3.17) from O to #, then
,825 I

de7—fLV7d/J+ft
/,t0(1+6¥21)

+ f (e"mSz e PoSoby ZS“) 3 (I +12) — 1) dBs (1)
0

o 1+ a’zl

, ’2
, I S
+f icae /+1'3120'211d32(t)
0 ,uo(l + azlz) Hi

t S'r , S’
+f{f{’82—22/[l)1(y)5 _SiIn(1+ Dy + 2 2D2(y)11)
0 \Ja ,uo(l +a212) H

eHam2 325’21; )
D;(y)(t + - LIn(1+D
o T, |Ds()L(t +12) = LIn(1 + Dy(»)))

o1 (S =$5)+ 1S (S - S5)|dBi(1)

+ [e’“‘mS/2 +

ﬁlz

1 ,
+ ED%@)SZ +Di()S* = Di()SS, + Dz(y)ll}N(dt dy)}

Taking the expectation, we have

EV;(S (1), [)(1), I(1)) < EV7(S(0), 1,(0), 12(0)) + Ef LV3(S (), 1 (), I (p)dp.
0

1 -
SDIMS™ + Di)S? - Dl<y>SS;] Ndr, dy),

dB, (1) + (L) + 1)-

(3.17)

(3.18)

(3.19)
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Then
¢ 2
0<E f [_ (ﬂo P f Df(y)v(dy)) (s -53) ]d,u + EV3(S(0), 11(0), 1,(0)) + Mst,
0 A
Hence,
1. 2 1
limsup—Ef [ S-S ]d,us M;
oo T 0 ( 2) Ho — 0—% — L D%(y)V(dy)

where

ﬁZIé 2 2 ) etn BZS /ZIé 2
M;={|————+1 + | D dy) S5+ — (uoS5) + —— L
’ {(2uo<1+a11;> 71 fA R Rl A P AEl

2
S/Ir
% L [Ds()I; — I, In[1 + D3(y)]] v(dy)
2

e B8 1T
po(1 + ax1)

Using Itd’s formula, we obtain

+ (eMS'2 + ) fA (D)L, — I In(1 + D3(y))] v(dy).

Vs =LVsdt + (S = S5) + 7 (It +72) = L) + € [y (¢ + 1) | [ 1 (¢ + 71)d By (1)
+01SdB; (1) + e o3 L(t + 15)dB3(1)] + fA{% [D1(0)S + "' Dy (¢ + T1)
+e " Dyt + 1) + (S = S5) + €7 (It + 1) = L) + €7 [ (¢ + 7))
[D1()S + " Doy (t + 71) + 7 D3 () (2 + Tz)]}N (dz, dy),

Vo =LVodt + [(S = S5) + ™ (Lt + 12) = ) + €7 Ly (¢ + 1) | [ a1 (¢ + 71)dBa(1)
+01SdBy (1) + €703 Ly (1 + 1,)dB3(1)] + fA {% [D1(y)S + "™ Dy(W (1 + 1)
+e D3 (Lt + )] + [(S = 85) + 7 (Lt + 1) = L) + €™ (1 + 1)
[Di()S + " Doy (t + 71) + e D3 (n) (2 + Tz)]}N (dz,dy),

+ 1 + 2072 + 6 [ D*(y)v(dy)
dVip = LVipdt + {'ul - ! fA 1My .

2 (o — % = [, D2(y)v(dy))

+ [(S - S,Z) + 6'#272(120 + T2) - Ié) + €y1T|I1 (l + T])] O']S}dB](t) + {(

B2S 31,
Ho(1 + ax 1)

oS =S5 +0o1S(S —S;)]

B, I
Ho(1 + axl))
18 o3It + 72) — 1) + [(S = §3) + e (It + 79) — I) + &7 [y (¢ +1)] -

ﬂz[ﬁ : + 1)ﬁ15§2
Ho(1 + ax 1)

0—3eﬂ27212(t + TZ)} dB3(t) + {( 0'211 + [eﬂz‘m(lz(t + T2) - Ié)

HMi

+(S - Sé) + eﬂlTlll(I+T1)] 0'2€M1TII](I+ T])}dB3(l) +f

{ f + 2 + 202 + 6 [ D2X(y)v(dy)
A

2 (o — 0% — [, DXy)v(dy))
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BaSI, , BiS; 1 ,
— 7222 (Dy(y)S = S4In(1 + Di(y) + —2Dy(WI, | + =DX()S? + Di(»)S2 = D;(»)S S,
Ho(l + anl)) Hi 2
,31 2 /12TzﬁS ]f

) Do(W)1 + (6”27252 )(D3(Y)12(1 +72) = I;In(1 + Ds(y)))

Ho(l +
1

+§ [D1()S + e " Dy (1 + 1) + D3t + 12)]° + [ (L(t + 72) — 1)

+(S = SH) + "Lt +11)] - [DiD)S + T Dyt + 1) + D3(0)L(t + 1)} N(dt, dy),

(3.20)

where

fi + g2 + 2077 + 6 [, DI()v(dy)
2 (o — 0% — [, DXy)v(dy))

_ %e%m (ﬂ2 — o — 202 -6 f Dg(y)v(dy)) (R - 1;)2
A

1
LVi) < - 562’“71 (,Ul —Ho—203+3 fD%(y)v(dy)) L) +
A

+(a%+3 f D%(y)v(dy))s’z2+e2m (a§+3 f Dg(y)v(dy))lf. (3.21)
A A

Integrate from O to ¢ on both sides of (3.20), then

2 6 [, D>(y)v(d
f Wio _f LViodu + f {M +pa 420746 [, DIGIV(dy)
0 2 -3 - [, DXyv(cy)

+018 (S = 85)| +[(S = 83) + €27 (It + 72) = L) + & ™ It + 1) a'lS}dBl(t)

1 . e B8 T , ,
+ f {(e"mSz et )0'3 (It +72) = 1) + [ (In(t + 72) = 1)
0

Mo 1+ (1’2]2

BaS, I, o
o (1 N azlé)o-l (S Sz)

t
+(S = 85) + eI+ T)| s D + Tz)}dB3(l‘) + f {[e"m (h(t+72) - 1)
0

, I
+(S = 83) + M@+ T e L+ ) + _Ph — 11 A3 Uzll}de(t)
Mo (1 + 0’212) M1
PS 1,

' 202 +6 [, D*(y)v(d
+f{f{u1+uz+ jl+ ff; TO( y)_ (Dl(y)S—S'Zln(HD](y))
o Ual 2(uy - 02 - [, DXy)m(dy))

ﬁl 5 et ﬁZS;]; ,
Ds(y)I(t - LIn(1+D
o Tr o, (DLt + 2) = L In(1 + D3(3)))

BiS?

Mo (1 + Clzlé)

D2<y)11) (e“mS Lk

1 : 1
+§DT()’)SZ +D(y)S* = D1(y)SS, + D20’)11} + 2 "' Dyt + 7))
+Di()S + DsWL(t + 1) + (S = 83) + 27 (Lt +12) = L) + & " L (¢ +71) |-

[Di()S + "™ Dy(Mi(t + 71) + Ds(M (2 + Tz)]}N(dt, dy)}- (3.22)
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Taking the expectation, we have

EVio(S (0, 1,(0), L(1) < EV10(S(0), 1,(0), 1(0)) + Ef LV10(S (), I (), (1) d .
0

Then
o1
0 <EVio(S(0), 1(0), 1(0)) + E f [ - e (m —po =203 =3 f D%(y)v(dy)) I (u)
0 A
L pen (2202~ 6 [ D2yyvidy) (b - 1) |d
2 M2 — Ho — 2075 Agyvy 2(w) — 1) |du
+ {(af +3 fA D%(y)v(dy))s’z2 + eAm (cr§ +3 fA Dg(y)v(dy)) L
Wi+ + 207+ 6 fA D3 (y)v(dy) }
2(po - 73 - [, DA)M(dy)
Hence,
limsup ~E f t [(12(,1) ~L) + 12(/1)](1/1 <i{(a2 +3 f Dz(y)v(dy)) S5’
Py . 2 1 ~H, 1 A 1 2
+ gem2 (0’% +3 fD%(y)v(dy)) Iéz
A
1 + o + 2077 + 6 [, DX(y)v(dy) }
2(uo - 0% = [, DXy)v(dy)
where
H, = min {ezﬂm (,u1 —Ho—03-3 fA D%(y)v(dy)) , eam (,uz — o —203-6 fA D%(y)v(dy))}. o

Remark 3. Theorem 3.3 shows that when R; < 1 and R, > 1 and certain conditions are satisfied,
the solution to the stochastic delayed system (1.3) will oscillate around the equilibrium point E,. The
intensity of these oscillations is related to the values of o; and D;(y)(i = 1, 2, 3). The smaller the noise
intensity, the closer the solution of the stochastic delayed system (1.3) is to the equilibrium point E,.
This indicates that Disease I will prevail in the population, and Disease I will tend to be extinct.

3.4. Asymptotic behavior of solutions near equilibrium point E;

When the basic reproduction numbers R; > 1 and R, > 1, the deterministic S /11, model possesses
an equilibrium point E3(S, I}, I7). However, it should be noted that in the the stochastic delayed
system (1.3), when incorporating stochastic disturbances and time delay, E3 no longer satisfies the
definition of an equilibrium point. Therefore, the subsequent analysis will focus on the stochastic
delayed model (1.3), primarily discussing the asymptotic behavior of the solution near Ej5.

Theorem 3.4. Suppose that conditions (H1) and (H2) hold. If R; > 1 and R, > 1 and the following
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conditions are satisfied:
o > o + f Dio)(dy),
A

W — o > 205 + 6 f D3(y)v(dy),
A

o — Mo > 205 + 6 f D3(y)v(dy),
A

then for any given initial values (1.4), the solution (S (¢), I,(#), I5(¢)) of system (1.3) has the following

properties:
1

o — o2 — [ DI(y)v(dy)

1 f
limsup - £ fo [ G0) — ) + (o) — I3

t—00

2 [mtmt 202 + 6fAD%(y)V(dy)M

CHs | 2(u - o3 - [, D2(y)v(dy))

+((r%+3 f D%(y)v(dy))5*2+e2“”' (a§+3 f D%(y)v(dy)) I
A

A
L eHem (0% +3 ng(y)v(dy)) ];2} .
A

Proof. When R; > 1 and R, > 1, the equilibrium point E3(S*, I, I7) of the deterministic S 1,1, model
satisfies the following system of equations:
~ BiS* Iy BS*L;

A - poS* - =0, 3.23
o " Ty ol " T+l (3:23)

1 !
limsup —E f (S (u) — S*)du <
0

[—o00 t

e BISTLL
HITI _ I = ()’ 3.24
T+ay; M0 (3-24)
—omy B2STL
e —— = — I = 0. 3.25
Tt 1 (3.25)
Define the function V| : R, —» R,
Vies) =S -8"-8§ ln§.

According to It6’s formula, we can obtain

dV, = LVidt + o (S = S7)dB, (1) + f[Dl(y)S — S*In(1 + D(y))] N(dt, dy),

A

where
(5 3 _BSOLE)  BSOLMY 1,
Lvl_(l S)(A oS = e L) 1+01212(t))+20—15
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+f[D1(y)S*—S*ln(1+D1(Y))]V(d)’)
A

AL _BSOL@)  BSOLM  AST ., PiSTh(n)
A THS ST Trmbo S TR T T ano
+ [ [Dise =5 maa+ Doy ran

A
A_(A_ AL BL o BSOLO  SHSOLD AS
ST L+l 1+l l+ail() 1+ab® S

NWA S0 S*(t S*h(t 1
A BiSLy  BSTL L BSTLO) | BSTH(O) LPETS
1+ Q’llik 1+ Q’QI; 1+ ali(t) 1+ arlh(r) 2

+f[D1(y)S*—S*ln(1+D1(y))]v(dy)

A

_A 2—2—2 N BiS (1) N BSLWO  BiSOL(D)  BSOL®)
- S* S) l+ali(t) 1+l 1+a/111(t) 1+ axlh(t)

CBSTO _BSHO | BSLO | BSho) |
1+ CYlIT(l) 1+ a/ZI;‘(t) 1+a10L() 1+ a’zlz(t)

+ [ [Dise = mat+ Doy ran
A
LU BST BS L \(S =8 RS BSL()
—oS™ + - + + +
l+al; l1+al;] S§* L+al{(t) 1+ ax5(1)

CBSOL®)  BSOL@  BSTLG  BSTL) N B1S11(1)
1+a11(2) 1 + ar (1) 1 +a11f(t) 1 +(Z21;(t) 1+ a11(b)

BaS (1) o2 £ an
e 2 728" +fA[Dl(y)S s ln(l+D1(y))]v(dy)

I I, \(S-s° I I
PRI S Rl 59+ 1
I+, 1+al) S ai()  1+ail;()

2S>F

—B(S =87 b __ b +1025*+f[p (y)S*—S*ln(l+D(y))]v(dy)
2 1+ ah(t) 1+al@) 27 ! ! '

Define

I(t+ S*r* T (T I
V2(Il):I](l‘+T1)—IT—ITln1(—T1)+e—,ul‘r1 181 1 f ( 1(/1)_111 1(,“))(:1'u

I I +al} Iy Iy
Then

AV, =LVsdt + o (1 (1 + 71) = I7) dBa(r) + f [Dz(y)ll(t f1) =L ndl + Da(y) ]N(dt, dy),

A

where

LV, =

I’ S
R ][e—”‘“%—mum)h fA (D) — I In (1 + Da(y)] (dy)

11(1‘+T1)
BiS I (Lt + 1) Lt+1)\ . BSTI (L) 1,(1)
. —1n — e Him —In
Tl \~ T I T YAWA I

1
+20'2] +e T
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:e_,lmﬁls(t)ll(f)
1+ Q’lll(t)
BiS'I:

+ e_/vllT]

L BISOL(®) L

L(t+1)—¢
bt +7) L+a L,(t) L(t+ 1))

!
ol

+ w1 + 5
L)

11(t+ T1) B

1+ Q’IIT

|

v f (DO~ I
A

(G V) B BiS Iy
IT 1+(1’11T

L@
Iy

|

5L L

In (1 + Dy(y))] v(dy)

L BSOL® . BSTL LG+t BSOLG) I
=e — - —e
1+ a10(2) 1+a/11;‘ IT 1+a1(t) L(t+71)
g ﬁlS*Ii‘* (Il(t—:ﬁ) T Il(t-i*-‘rl)) _ g ﬁls*lf* (11(:) i Il(*t))
1 +al} I I l+a 7\ I I
e BT 1, .
+e ITQ'I;T + 5‘7311 + L[Dz@)h —I{In(1 + Dy(y))] v(dy)
= MBI (S —-S7) h - fi + l0'21* + f[D DI = I7 In(1 + Dy (y))] v(dy)
! 1+Q’1[1 1-0—(},’1]1k 2 2 A 2 ! ! 2
g BiSTIy (1t + 7)) I Lit+1) _ BiSLy (L) nll(l)
1 +al} Iy Iy l+al} \ I} Iy
SILI; I
+ e HT BiS™I; i_ I +a1, _11(l+7'1) 1 +al
1+C¥1[T S S*IT11(1+T1) IT Iik
1+ alli‘ 1+ CL’]IT
Fromw > 1 + Inw, w > 0, we know that
SLI; SLI; I,
1+ a1 1+ a1 S 11(t+T1) 1+ a1
. > _— = — = .
STha+m - TS TG ”ms’; In I T
I +al} 1 +al} I +al
Thus,
LV, <78 (S —87) h - d + l0'21”‘ + f[D WI; = I} In (1 + Dy(y))] v(dy)
2= ! 1+(1’1[1 1+Q’111k 2 21 A 2 ! ! :
[ I I
pern BSTNS S  aen) | Tl e | T
| 1+ (I’IIT 1+ Q’llf
e BiSI (Lt + 1)) “n L(t+19) _ o BiS Ly (L) “In L)
I+ a1} Iy I IL+al}\ I Iy
A Iy 1
+ —_

=e B (S - S"‘)(1

AIMS Mathematics

+

|

- o0 fD I['=I'In(l1+D
o, 1+ar) 2707 | D2 = I (1 + DaG)] v(dy)
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I, I,
perm PONNS 5T DO drah G 0O g Trah
L+al;|S* S I I : I
1'|‘Cl’1lik 1+011T
<eMTB(S = S7) h )+1a I + f [D2)I; = I In (1 + Dy(y))] v(dy)
- l+aiy, l1+aiIr) 27" ), b

I Il[f
+e‘“1“—’815*lf S .Y, L0 1 +(f111 ! +*a11f 1
IL+aly|S* S I I Il
1+0411f 1+a111
— . 1 IT 3 ﬁllik (S _S*)Z
—eMTIB (S — S* _ it
e By ( ) 1 +al; 1+a11f) I+al} S
I I
L um P1S7h L L T+ad,  l+al;
Il 1+a111 1+a11;‘ Il [T
1+ a1
| .
h Iy Bil; (S-S5

<e MBS =S *)(
1
+ Eaglr + f [D,()I; — I} In (1 + Dy(y))] v(dy).
A

Define the function V5 : R, — R,

L(t+
2 ( T2)+

2

—H2T2

V3(12) = Ig(l + Tz) — I; — I; In

From It6’s formula, we know that

_ —H1T)
1+a41 1+a1]i‘) 1-|-Cl’1[1< S

S*I* 1+T) I I
Ba2S'L, f 2(#)_1n 2(p) du.
1+ CL’ZI; P I; I;

dV; =LVidt + 03 (12(l +T,) — I;) dB;(1) + f[D3(y)12(l +T,) — I; In(1 + D3(y)) ]N(dt, dy),

A

where

_ 1 2
LV; <e 7B, (S - §°* -
3 < Th )(1+a/212 1+a21;)

Boly (S —S*)
T+al; S

—H2T2

1
#5030+ [ 1D - Bin(1+ D)),
A

Define the function

1
Va(§) =58 -5,
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Then
1 -
dV, =LV,dt + oS (S = S*)dB;(r) + f [ED%(y)Sz +D(y)S? - Dl(y)SS*]N(dt, dy),

A
where

LV, =(S —S*)(A—uOS -

+ [ 13
A2

BiSL  BSh )+1

2¢2
T
1+ a1 1+ayl, 20-1

1
(S +Di()S —S*) - 58 - S = Di(»)S (S - S*)] v(dy)

BiS' I, BS'I; BiST BS
=5 -5 S+ + — oS — —
( )(”0 Trarl  1+al; " " Tval, 1+l
1 1
+§a%52+ j; ~D?(y)S*v(dy)
BiS* I} BaS™I; BiS T
= — o (S —S*)? + §—-S* —8*) - S-S
Ho ( )+ T 11*( ) + T 21*( ) 1+a111( )
BoS T . 22 fl )
- S-S +— S2+ | =D*(y)S*w(d
1+a212( ) 01 2 1S “v(dy)
BiS*I; BaS*I; BiS*I, 1
==y (S -85V + —L(s-5" S —8*)— S —S*) + =282
Ho( )+1+a11;<( )+1+a21;( )" Trar )+ 391
Bl w2 BSTh . Bl 2 fl 2 Na2
- S — 82— S—S*— S-S+ | =D*S*v(d
1+Q’111( ) 1+a212( ) 2]2( ) 2 l(y) V( y)
2 Bl 2 ﬁzz 22
<—pp(S =8 - ———— (S -85 - —— (S SV + 02 (S —S*) + 028
1+a111 1+ + anl
I I L I
—BS*(S =8 S*(S -8 -
ﬁl ( )(1+a111 1+CZQI*) 182 ( )( + arl, 1+021;)

+ f DX(y)v(dy) (S — S™)* + f D (y)v(dy)S **
A A

I I
1+ a1 1+a/213‘

S—,uO(S—S*)Z—,BlS*(S—S*)( )+a%(5—s*)2+a%5*2

_ * _ * 12 _ I; 2 _ 72 f 2 %2
BaS*(S - S )(1+C¥212 1+M)+ fA DRV (S =S7+ | Do)
_ 2 B Lo 4
(/lo ol - f D (y)v(dy))(s S =S (S - S )( o3 1”21;)
_ % _Q* 12 _ I; 2 2 %2
B:S* (S - S )(1+a212 1+az[;)+(0'1+ fA Dl(y)v(dy))S .

Construct the Lyapunov function

1 S*I* S*I* S*I* S*I* L1T] T2
Vs(S. 11, 1) =—('81 L, P i)Vl +(uoS*+ Pl P i)(e Vy+ & v3)+v4.
Ho 1+C¥111 1+a212 1+a111 1+a212 Ho Ho
Then
S*I: S*I
dVs =LVsdt + | — il L o (S =S+ 08 (S =S| dB, @)
Mo 1+a111 1-|-C},’2[ik
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BiS*I;  BaS*L; \ et

+ | upS™ + + I (t+ —INdB(t

(IUO 1+ a I} 1+ @l ) Ho o2 (Nt +71) 1) 2(1)
BiS I} BaS L\ et

+ | upS™ + L(t+ —INdBa(t

(MO L+ad;  1+anly) po o3 (h(t + 12) = 1) dBs(0)

S*I* S*IE \ [t
+f{(ﬂos*+ pSTh | BSTh )[e [D()I(t + 11) = I In(1 + D2(y))]
A

1+CZ]I* 1+a21* Mo

H2T2

[D3() (¢t + 12) — I; In(1 + Ds(y))]

+ Dz(y)S >+ D(»)S* - Di(y)SS *}N(dt, dy),
(3.26)

Ho

where

LVs < ﬁl 1 n :82 2 [‘(MO"‘ ﬁ11 4 ﬁ22 *)(S S7)
po(1+anly)  po(1+aal;) L+l 1+as; S
I I L I
“AG =S )(1+01111(t) 1+a11*(t)) P (S - )(1+a/212(t)_ 1+a/21’2"(t))
Di()S*=S*In(1+D * :
+sals” +fA[ ()S* =S In(l + 1(y))]v(dy) +(uos et Tran

T s * %12
{eﬂll[e‘ﬂlﬂﬁl(S—s*)( T )+e‘”m Al G -5

Mo 1+ a1 1+CL’1[T 1'|'CL’1Iik S

H2T2

1 .
+ 5ol + f (D201} = 1 In (1+ Do) + = [ (S = 5):
A

I I; I (S-S5 1
( 2 _ 2 )+ e a2 ﬁ2 2 . ( ) + EO%I; + f[DS(y)I;
A

1+ ayl, 1+ csz; 1+ 02[; S

- In(1 + D;3(y))] V(dy)]} (,uo - 0'1 sz(y)v(dy)) (S — §*)?

—,315*(5—5*)(1 h & )+(cf%+fAD?(y)v(dy))S*2

+(1’1[1 1+Cl’2[§<

_525*(5—5*)(1 L __ b )

+ arl, 1+QQI;
1 Bil; Bl

- D>y | (S = S L 2 1|02

(,Uo o — fA TO( y))( )+{2y0(1+a11;+1+a21;)+ ]al

2 2 i piS I B8 f * _ Qx
+fAD1(Y)V(dy)}S +,U0(1 vl 1 +a21*) A[Dl(y)S S"In(1 +D1(y))]V(dy)

S*I* S*I* H1T1 et
Crait  Temt) | o2 oo
0’1] a22

+ (oS +
(ﬂo 2#0 20

I In (1 + Dy()] (dy) +2 f [D:()L; ~ I In (1 + Ds(v)] v(dy)]
A

(ﬂo—U I f Dz(y)V(dy)) (S = 8*) + M. (3.27)

A
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3081
f dvs _f LVsd,u+f " (lﬁ-ll-SallI lﬁisazljz)m (S =8+ 05 (S - S*)|dBy(r)

s B B e
e B B - s

e [l o+ o) |2

—I7 In(1 + D> (y))] + ::2 [Ds(WL(t + 12) = I; In(1 + D3()’))]]

+ EDf(y)s2 +D,(y)S? - Dl(y)SS*}N(dt, dy)}. (3.28)

Taking the expectation, we have

EVs(S (1), 11(t), (1)) < EVs(S(0), 1,(0), 1,(0)) + E f LVs(S (w), I (), L (w))du
0
From (3.27), we have

EVs(S(0), 11(1), I(1) — EVs(S(0), 11(0), 1(0)) < Efo [— (#o —o7 - fADf(y)V(dy)) S -5 ]dﬂ + Myt
Hence,

1 ! 1
lim sup —Ef [(S —S*)? ]du < M
et Jo po - 0% = [, DYy)v(dy)
where
1 I I 1 S*I;
M= | L (2L, B +1af+f1)}(y)v(dy)s*2+— Aol
2up\1+a I} 1+ asl; A po \1 + a1}
BoS'I; f[ BiS°I;
+ DWS*=S"In(1+D ] dy) + {uoS™ +
1+aali)J, 1) n ( 1(7) (v(dy) + (o [+ail
S*Ix HIT] H2 T2
+B2 2 ).|< o%]ik+—€ o3l
1+ a'zlz 2/,(0 2/.10

I +2f[Dz(y)1T—1T1n(1+Dz(Y))]V(dy)

A

2 f (D)L — I3 In (1 + Dy(y)] v<dy>].
A

Define the function Vg : R - R,

Ve(S, 1, 1) =

| =

[(S =S+ (Li(t+1)=I})+ e (L(t+1) - L.
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Then
BiS 1

+a111

LVe=[(S =S+ """ (Li(t+71) = I}) + ™ (L(t+ 1) - I)] [A - oS — :

_1’&& e [e—#mﬁls(t tn o Thern ) -+ Tl)]
t o [+ ol +1 —1)
1+ arlh(t+ 15— 72)

— ol (t + 172)

1
]+ 20'152

1 1 1
+ NI+ T) + SO+ 7o) + f {5 [(S +Di(»)S -5

A
+eT (It +11) + Dy (1 +10) = I7) + €27 (It + 1) + D30t + 72) = )T
1
~ 108 =87+ e (G + 7~ )+ €7 (e + 1) = )P~ (S )
+e' (L(t+ 1) = IT) + 27 (I(t + 12) — L) [D1()S + Doy(WIi(t + 71)

+D3(y) (1 + Tz)]}V(dy)

=—po(S =S =" (S =S (Lt +1) = I}) + %ezumo'gllz(t +71)
— ey (S =S (L(t+ 1) = L) =" "up (S = S™) (Lt +11) = I)
— T (L + 1) = 1) = ey (Lt + 1) = 1) (L(1 + 1) — 1)
— &7 (S = ST (Lt +12) — ;) — %y (Lt +72) — ;) + %oﬁSz
— ey (Lt + 1) = D) (L(t + 1) = 1) + %eZ/mzo.%[%(t +12)
+ f;% [Di()S + e Dy (1 + T1) + 22Dy (1 + )] v(dy).

From the basic inequalities —2ab < a® + b* and (a + b)* < 2a* + 2b?, we get
LVs < —po(S = S* = "™ (o + 1) (S =S (It +11) = I}) + #2720% (It + 12) = I5)
— €7 (g + 412) (S = S (Lt + 12) = 1) — "y (Lt + 1) = I})* + 2703 15
— T () (1 (4 11) = ) (Bt + 12) = I3) = ey (Lt + 1) = 1)

+07(S - S + U%S*Z +e o) (Li(t+ 1)) — If)2 + 62’““U§I’fz

1
+ fi [Di()S + e Dy (1 + 11) + 2 D3(y) (1 + Tz)]2 v(dy)
A
1 2M1T1
§(y1+,u2+20'1)(5 ) - (/,t ,uo—20'2)(11(t+7'1) I)
1 * T *
- 562"272 (,Ltz — U — 20'3) (Iz(t + 1) — 2) +07S 24 g ‘0'3112

| 1 1
L + f {ED%@)SZ +3DIOST + 2 DO + )
A
1 1 1
+ ST DI O+ 1) + S DI +T2) + 5 DIO)S”
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1 1 1
+ =T DIt + 7)) + —ezﬂZTZDg(y)lg(r +T) + 5e2WZD§(y)1§(t + Tz)}v(dy)

.l
<5 (11 + 12+ 207) (S = S7) - 2/““ (1 = o = 203) (Lt +71) = I})°

1
- 2 2/'[272 (/.12 Mo — 20'3) (12([ + T2) I*) + O'IS*2 + 62;111'10_2[*2

+ 03 + | 13D (S = 87 +3Di()S ™ + 3 M DYy (Lt + 11) = I})’
302 1 1

+ 3T DI + 3¢ DY) (L(t + 12) — 1) + 362#272D2(Y)I*2}V(dy)

1 .
=3 (m + Uy + 207+ 6 fA D%(y)v(dy)) (S — 8%
1
= 5¢ e (,Ul Mo — 2075 — 6fAD§(V)V(dy)) (L(t+1) - L)

1
- L (,1 =202 —6 fA D§<y>v<dy>) (L@t +7) - L)’

+ (af +3 f D%(y)v(dy)) §*2 4 Q2T (ag +3 f Dg(y)v(dy)) I
A A
+ gHem (0'§ +3 f D%(y)v(dy)) 0'%12*2.
A

Construct the Lyapunov function V; : R? — R,

+ 1y + 202 + 6 [ D*(y)v(dy)
VoS, Iy Iy < 27+ 6, DOy
2 (o — 0% — [, DXy)v(dy))

1 1+T
+§(m —po — 203 — 6 fA D%(y)v(dy)) f (I () - I)” du

1 f+72
+3 (/11 —po—2035-6 ng(y)v(dy))f (L(w) - I;)* dy.
A t

According to It6’s formula, we know that

+py +20%+6 [ DX)v(dy) [ 1 S*I: S*I;
dV; =LV,dt + {”1 pa+ 207+ 6 ], DiGIv(dy [—(’81 . i 2*)01 S —5%
2(,“0 f Dz(y)v(dy)) l+al; 1+al;

+01S (S =SH+[S =S+ (Li(t+ 1) = ) + &7 (L(t + 1) — I)] GlS}dBl(t)

6

Ui+ +20%+6 Dz(y)v(dy) S*r ST\ et
+{ 1+ 1 fA ( S 4 B 1*+ B2 2*)6 o (Lt + 1)~ I
2 (IJO _ 0.1 f Dz(y)v(dy)) 1+ CZ]II 1+ CL’212 Mo

[(S - S*) + e (I](l + T]) - Iik) + 22 (Iz(t + T2) - I;)] 0'26#1‘“110 + T])}de(f)
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i+ po + 207 46 [ DIOWdY) (RIS S7h | emn -
{1 2 1 L 1 ( S*.,.’Bl 1+'82 2)6 o3 (L(t+ 1) = 1)

2(#0 _ 0-% _ fAD%(y)v(dy)) I+al;  1+al;

+ [(S R a (Il(t +711)— IT) + et (Iz(t +T,) — I;)] 0'3€ﬂ2T212(t + T2)}dB3(t)

Mo

+f#1+,12+2a§+6fAD{(y)v(dy){( o BiS*I: .\ BaS*L; )
2 2(wo—o? — [, DX)v(dy) Prady - 1ok,

MU1T1 H2T2

[D2()11(t + 71) — In(1 + Da(y))] +
Ho Ho

[D:(MD(t + 72) — In(1 + D3(y))]

1 1
+ ED%()’)SZ +Dy(y»)S* - D1()’)SS*} + 3 [ Dy (W (t + 1) + €27 D3(y)L(t + 12)

+D\ST +[(S = 8% + ™ (Lt + 1)) = I) + ¢ (L(t + 15) = I)] -

[Di)S + Dy(WIi (1 + 71) + D30 (1 + 75)] N(dz, dy), (3.29)
where
202 +6 | D? d
LV, S/JI + [y + 207 + fA T O)v(dy) (_ (#0 _o o fD%(y)v(dy)) (S —S*Y+ M4)
2 (o — 2 = [, DXy)V(dy)) A

1
+5 (m +py + 200 + 6 f D%(y)v(dy)) (S — 8% + m (crg +3 f Dg(y)v(dy)) oI
A

A

1
_ Eezﬂm (,Jl — o — 203 -6 fA Dg(y)v(dy)) (L(t+1)-1)

1
- 5ezﬂm (yz —po =203 -6 j; Dg(y)v(dy)) (L(t+ 1) - L)

+ (o-% +3 fA D%(y)v(dy)) S 4 em (0% +3 fA Di(y)ﬂdy)) U
+ %ez“‘“ fi —Ho =203 = 6 fADi(Y)V(dy) (h+7) = L)’
- %el’“” {1 = Ho =205~ 6 fADi(y)V(dy) (o -1y’
+ %emm [y — o — 202 — 6 fA Doyv(y) | (L@t + 1) - 1)

1
~ etem uz—uo—zo§—6f DY) | (B(0) = )
A

2
1
=— Eez‘““ Wi — fo — 203 — 6 fD%(y)v(dy) (I,(r) - I;‘)2
A
1
- 5ezﬂm o — o — 202 — 6 f DX(y)v(dy) | (I(r) - 1)
A

+(a$+3 f D%(y)v(dy))s*2+e2ﬂm (a§+3 f Dg(y)v(dy))l;"2
A A
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f + o + 207 + 6 [, DI(y)v(dy)
2(po ~ o} = [, DYG)Vdy)

+ Qe (ag +3 f D%(y)v(dy)) o+ M. 30
A

Then

! ! L+ o+ 202 +6 [ D*)v(dy) [ 1 S*I* S**
0 0 o\ 2(wp— 03~ [ DXyv(dy) Lo\l +anl  T+al;

+0 1S (S =SHT+[S =S+ (L1t + 1)) = [}) + 7 (L(t + 1) — )] a-ls}dBl(t)

t(py + iy + 2072 + 6 [ DX(y)v(dy) S*I S\ et
+f{ e [+0J.0i ( S*+ Aol + p25h )e oy (Lt +1)=1)
0

2(/10 _ 0.% _ fA D%(y)v(dy)) L+al; 1+al;

+ [(S - S*) + M1 (I](f + T1) - IT) + 2™ (Iz(t + T2) - I;)] 0'26#17111(1‘ + Tl)}de(t)

Mo

g3 (Iz(f + T2) - I;

. ft{ﬂl + up + 20'% +6fAD%(y)v(dy)( P BiS*I; N BaS*L, )eum
0 2(,110 — o2 - fA Df(y)v(dy)) L+al; 1+al;

+ [(S - S*) + MM (I] (l + T]) - Iik) + 22 (Iz(l + T2) - I;)] 0'38#2T2]2(f + Tz)}dB3(l)

Ho

+f’{fu1+uz+2<f?+6LD?(y)V(dy){( ey BT B8l )
o Ua 2(y— 02 = [, D2X(y)v(dy)) L+ail]  1+al;

H1T] H2T2

(D) (¢ + 11) — In(1 + Dy(3)] + euo

[D3(0)L(t + 12) — In(1 + D3(y))]

Ho

1 2 2 2 * 1 T T
+ EDl(y)S +Di(y)S”—Di(y)SS } +5 ("' Dy (V) (1 + 1) + € Ds(0) L (t + 12)
+ DST +[(S =8 + ™ (Ii(t + 1)) = IY) + 27 (L(t + 1) — IZ)] -
[Di()S + Do (t + 71) + Ds(0) (2 + 72)] N(dt, dy)}- (3.31)

Taking the expectation, we have

EV;(S(0), [)(1), I(1)) < EV7(S(0), 11(0), 1(0)) + Ef LV;(S (w), I (@), L (w))du.
0
Then
o1
0<E f [ - Eezf“” (ul — o — 202 — 6 f Dﬁ(y)v(dy)) (L - 1)
0 A

1
- ¥ (,Uz —p - 203 -6 fA D§<y>v<dy>) (b - I;)? ]du + EV5(S(0), 11(0), 1,(0))

+ {(a% +3 f D%(y)v(cly))s*2 + e (ag +3 f Dg(y)v(dy)) I’
A

A
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p + 2 + 207 + 6 [ DA(y)v(dy) }t

+ eHem (02 +3 f Dz(y)v(dy)) I+
AT * 7 2w -0 - [ DXyvdy)

Hence,

. 1 ' % %

lim sup ;Ef [(11 (W) - L) + (L - L) ]dﬂ

t—00 0
2
< F{(o‘% +3 fD%(y)v(dy))S*2 + e (0'5 +3 fDi(y)v(dy)) I?
3 A A
+ 1y + 202 + 6 [ D*(y)v(dy)
4 p2an (gg +3 f D%(y)v(dy)) L+ o 1 fA oy }
A 2 (o - 03 = [, DIGIV(dy))

where

H = min {1 () — o ~ 203 = 6 [, D36)IV(A)), €™ (2 ~ po = 207 = 6 [{ DIGIV())).
Remark 4. Theorem 3.4 shows that when R; > 1 and R, > 1 and certain conditions are satisfied,
the solution to the stochastic delayed system (1.3) will oscillate around the equilibrium point E5. The
intensity of these oscillations is related to the values of o; and D;(y)(i = 1, 2, 3). The smaller the noise
intensity, the closer the solution of the stochastic delayed system (1.3) is to the equilibrium point Ej.
This means that both Disease I and Disease II will prevail in the population simultaneously.

4. Numerical simulation

Both white noise and Lévy noise induce oscillations of the solutions for the epidemic models around
the corresponding equilibrium points, with oscillation intensity increasing with noise magnitude.
However, Lévy noise causes more significant and abrupt oscillations compared to white noise. Its
disturbance on epidemic transmission trajectories is far more pronounced, highlighting the crucial
value of incorporating Lévy noise into stochastic delayed model research.

In this chapter, we will use the parameters set in the table to perform numerical simulations, so as to
verify the theoretical results we obtained for the stochastic delayed system (1.3). In the following four
examples, we apply the Euler—Maruyama algorithm proposed in references [18, 19] to discretize the
system and use the compound Poisson process proposed in reference [19] to approximate Lévy noise.

In the following simulation of the stochastic delayed system (1.3), we consider that the jump part is
the compound Poisson process X, = Zﬁ’ , Yi, where N, is a Poisson process with mean Az and the jump
size Y; is independent and an identically distributed random variable with distribution function F. The
Lévy measure of X; is given by v(A) = 4 fA dF(x). Here, we take the jump size to follow the standard
normal distribution; the jump intensity A is 1, v(dx) = \/L271 exp (—X—;)dx, and D;(y) =y,i=1,2,3.

The complete discretized equations are now presented as

BiSOL({) — BoS (D7)
1+ a1(?) 1+ arlh(?)

Ni(Ar)
+a 1S (O VAt (D) +S®) ) D),

=

SE+AD)=S@) +|[A—puoS@) -

- LE[D{]S (t)] At
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Il(t+ At) = Il(t) +

L+ Ar) = L(»r) +

—unBIS(C—T)L(E - T)

e

1+ Cllll(f— T1)

Ny(Ar)

ol (1) VAt () + 1i(1) D Da(y)),
j=1

w28 (1 =)Dt —T2)

e

1+ a’zlz(t — T2)

N3(Ar)

+o3h(0) VAtes () + (1) D Da(y)),

J=1

— (1) - /IZE[DZ]Il(t)} At

— ol (1) - /13E[D3]Iz(l‘)} At

where At = 0.01 is the time step, €;(f) ~ N(0, 1) are independent standard normal variables, N;(Af) ~
Poisson(4;Ar) are Poisson counting processes, and y; are jump sizes with —4,E[D;]X(¢)At for proper
drift correction.

First, set the initial value of the system (1.3) as (S (0), 7;(0), 1,(0)) = (3,2, 1). Next, set the relevant
parameters of the system (1.3). See details in Tables 2 and 3.

Table 2. System parameter settings.

Parameter Figure 1 Figure2 Figure3 Figure 4
A 0.80 1.00 1.00 1.20
Ho 0.30 0.25 0.25 0.20
B 0.25 0.28 0.20 0.28
B 0.20 0.20 0.28 0.26
H 0.50 0.42 0.50 0.45
U2 0.55 0.50 0.42 0.42
Q) 1.00 1.00 1.00 1.00
o) 0.80 0.80 0.80 0.80
T 2.00 1.20 2.20 1.80
T 2.50 2.20 1.20 1.50

Table 3. Value of the (o, D;),i = 1,2, 3.

Figure 1

Figure 2

Figure 3

Figure 4

(b)

(c)

(d)
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Example 1:

The parameter settings of the system are as shown in Column 1 of Table 2. Then there
is an equilibrium point Ey = (2.667,0,0), with R; = 0.49 < 1 and R, = 0.25 < 1, indicating that the
diseases will eventually die out.
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To illustrate the influence of stochastic perturbations on system dynamics, we present four
simulation scenarios with different noise intensities, all satisfying the conditions of Theorem 3.1.

In Figure 1(a), we set the noise intensities as (o, D;) = (0,0) for i = 1,2, 3. The solutions converge
smoothly to the disease-free equilibrium E, = (2.667, 0, 0). The susceptible population stabilizes at the
theoretical value, while the two infected populations gradually approach zero without any fluctuations,
fully consistent with the disease extinction prediction of the deterministic model.

In Figure 1(b), the noise intensities are set as listed in Column 1 of Table 3, where low-intensity
white noise and the Lévy jump are introduced simultaneously. The solutions exhibit small-amplitude
oscillations around E,. The susceptible population fluctuates slightly near 2.667, and although the
two infected populations show transient small increases, they generally tend to zero. The combined
disturbance of the two noises is weak, and the long-term trend of eventual disease extinction remains
unchanged.

In Figure 1(c), the noise intensities are set as listed in Column 2 of Table 3, where the white noise
intensity is increased. The oscillation intensity is significantly larger than that in Figure 1(b). The
fluctuation range of the susceptible population expands, and the short-term fluctuations of the infected
populations become more frequent, but the fluctuations are relatively stable without sudden peaks. The
core trend of disease extinction is not affected; only the volatility of transient dynamics increases.

In Figure 1(d), the noise intensities are set as listed in Column 3 of Table 3, where the Lévy jump
intensity is further increased. The oscillation intensity is remarkably higher than that in Figure 1(c),
with obvious sudden fluctuations. The susceptible population may deviate from the equilibrium point
abruptly, and the infected populations also experience transient sudden increases followed by rapid
declines. Despite the long-term tendency toward disease extinction, the jump-like disturbances caused
by the Lévy jump greatly enhance the uncertainty of transmission trajectories, which is far beyond the
stable fluctuation effect of white noise.
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Figure 1. Dynamic behavior of model (1.3) near the equilibrium point E, for S, /; and I,
under different noise intensities (parameters in Table 2, Col. 1).

Example 2: The parameter settings of the system are as shown in Column 2 of Table 2. Then there
is a equilibrium point E; = (3.199,0.2881,0), with R; = 1.61 > 1 and R, = 0.53 < 1, indicating that
only the Disease I strain persists while Disease II dies out.

To illustrate the influence of stochastic perturbations on system dynamics, we present four
simulation scenarios with different noise intensities, all satisfying the conditions of Theorem 3.2.

In Figure 2(a), the noise intensities are set as (o, D;) = (0,0) for i = 1,2,3. The solutions stably
converge to the equilibrium E; = (3.199,0.2881,0). The susceptible population stabilizes at the
corresponding value, the infected population of Disease I maintains around 0.2881, and the infected
population of Disease II approaches zero without fluctuations, reflecting the deterministic result of
Disease I persisting and Disease II becoming extinct.

In Figure 2(b), the noise intensities are set as listed in Column 4 of Table 3, where low-intensity
white noise and the Lévy jump are introduced simultaneously. The solutions show small-amplitude
oscillations around E,. The infected population of Disease I fluctuates slightly near 0.2881, and the
infected population of Disease II tends to zero. The combined effect of the two noises does not change
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the long-term pattern of “Disease I persists and Disease II becomes extinct”.

In Figure 2(c), the noise intensities are set as listed in Column 5 of Table 3. The white noise
intensity is increased, the fluctuation frequency of the infected population of Disease I rises, and the
fluctuation range of the susceptible population expands, but the fluctuation process is stable without
sudden extreme values. In the long run, the trend of Disease I persisting and Disease II becoming
extinct is still maintained.

In Figure 2(d), the noise intensities are set as listed in Column 6 of Table 3. Here, the Lévy jump
intensity is increased, and the oscillations exhibit strong suddenness and large-amplitude fluctuation
characteristics. The infected population of Disease I may deviate from the equilibrium point of 0.2881
abruptly, showing transient peaks, and the susceptible population also undergoes sudden fluctuations.
Compared with increased white noise, the jump effect of Lévy noise significantly improves the
unpredictability of transmission trajectories. Even though the long-term trend remains unchanged,
short-term sudden fluctuations may pose greater challenges to disease prevention and control.

3.5F

Susceptible Population(S)
- — -Infected 1 Population (1,)

Infected 2 Population (1)

w

Susceptible Population(S)
25 — — .Infected 1 Population (I1)

~

Infected 2 Population (1,)

©

5

Population Density

Population Density
~

0571 | H
P S N PN AN AU (N P AN R 3 fen N
- N A T MmN
00 20 40 60 80 100 120 140 16‘0 180 200 00 20 40 60 80 100 120 140 160 180 200
Time (t) Time (t)
(a) No noise effect (b) Low-intensity white noise and Lévy jump
il P { : Susce‘plible Population(S)
7 |- - -Infected 1 Population (I,) 1 ar — — .Infected 1 Population (I,)
Infected 2 Population (1,) | Infected 2 Population (1,)

@ @
o ~

IS
o

~

w
Population Density

Population Density

w

Y " 1

[ R S RS e B U N NP _,A,"i.k“\,‘..‘ ) A
00 2‘0 4‘0 (;0 S‘U 1(;0 12"0 1;0 1;0 180 200 00¥4 20 40 60 80 100 120 140 160 180 200
Time (t) Time (t)

(c) Increased white noise (d) Increased Lévy jump

Figure 2. Dynamic behavior of model (1.3) near the equilibrium point E; for S, /; and I,
under different noise intensities (parameters in Table 2, Col. 2).
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Example 3: System parameters are set according to Column 3 of Table 2. For the deterministic
case, the system possesses a boundary equilibrium £, = (3.115,0,0.3180), with R; = 0.53 < 1 and
R, = 1.61 > 1, indicating that only the Disease Il strain persists while the Disease I dies out.

To investigate the effect of stochastic perturbations, we simulate the system under four noise
configurations, each satisfying Theorem 3.3.

In Figure 3(a), the solutions converge smoothly to the equilibrium E, = (3.115,0,0.3180). The
susceptible population stabilizes at the corresponding value, the infected population of Disease II
maintains around 0.3180, and the infected population of Disease I approaches zero, fully consistent
with the prediction of “Disease II persists and Disease I becomes extinct” in the deterministic model.

In Figure 3(b), the noise intensities are set as listed in Column 7 of Table 3, where low-intensity
white noise and the Lévy jump are introduced simultaneously. The solutions present continuous small-
amplitude oscillations around E,. The infected population of Disease II fluctuates near 0.3180, and
the infected population of Disease I tends to zero. The disturbance of the two noises is weak, and the
transmission pattern remains unchanged.

In Figure 3(c), white noise intensity is increased, and the noise intensities are set as listed in Column
8 of Table 3. The oscillation amplitude is significantly larger than that in Figure 3(b). The fluctuation
range of the infected population of Disease II expands, and the fluctuation frequency increases, but the
overall fluctuations are relatively stable without sudden drastic changes. In the long run, the trend of
Disease II persisting and Disease I becoming extinct is still maintained.

In Figure 3(d), the Lévy jump is further increased, and the noise intensities are set as listed in
Column 9 of Table 3. the oscillations exhibit strong suddenness and large-amplitude fluctuation
characteristics. The infected population of Disease Il may deviate from the equilibrium point of 0.3180
abruptly, showing transient peaks, and the susceptible population also undergoes sudden fluctuations.
Compared with increased white noise, the jump effect of the Lévy jump significantly improves the
unpredictability of transmission trajectories. Even though the long-term trend remains unchanged,
short-term sudden fluctuations may pose greater challenges to disease prevention and control.
Example 4: System parameters are chosen according to Table 2. For the deterministic case, the system
admits an interior equilibrium E3 = (3.9720, 0.0995,0.3867), with R; = 1.66 > 1 and R, = 1.98 > 1.
This indicates the coexistence of both disease strains in the long term.

To examine how stochastic perturbations influence this endemic coexistence state, we simulate the
system under four noise scenarios, all of which satisfy Theorem 3.4.

In Figure 4(a), we set the noise intensities as (o, D;) = (0,0) for i = 1,2, 3. The solutions converge
smoothly to the equilibrium E5 = (3.9720,0.0995,0.3867). The susceptible population stabilizes
at the theoretical value, while the two infected populations remain steady near 0.0995 and 0.3867,
respectively, without fluctuations, fully consistent with the prediction of the deterministic model.

In Figure 4(b), the noise intensities are set as listed in Column 10 of Table 3, where low-intensity
white noise and the Lévy jump are introduced simultaneously. The solutions exhibit small-amplitude
oscillations around E5. The susceptible population fluctuates slightly near 3.9720, and although the two
infected populations show transient small increases or decreases, they generally tend to their respective
equilibrium values. The combined disturbance of the two noises is weak, and the long-term trend of
persistence of the two diseases remains unchanged.

In Figure 4(c), the noise intensities are set as listed in Column 11 of Table 3, and the white noise
intensity is increased. The oscillation intensity is significantly larger than that in Figure 4(b). The
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fluctuation range of the susceptible population expands, and the short-term fluctuations of the two
infected populations become more frequent, but the fluctuations are relatively stable without sudden
peaks. The trend of persistence of the two diseases remains unchanged.

In Figure 4(d), the Lévy jump intensity is increased, and the noise intensities are set as listed
in Column 12 of Table 3. The oscillations show strong suddenness and large-amplitude fluctuation
characteristics. The two infected populations may deviate from their respective equilibrium values
abruptly, showing transient peaks, and the fluctuation amplitude is far greater than that in the increased
white noise scenario. The jump effect of the Lévy jump makes the presistence trajectory of the two
diseases highly uncertain. Its disturbance effect on the system is much greater than that of white noise.
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Figure 3. Dynamic behavior of model (1.3) near the equilibrium point E, for S, I; and I,
under different noise intensities (parameters in Table 2, Col. 3).

AIMS Mathematics

200

Volume 11, Issue 1, 3038-3095.



3093

Susceptible Population(S)
4r — — -Infected 1 Population (I,)
6 Infected 2 Population (1,)
3.5
Susceptible Population(S)
3 — — -Infected 1 Population (I,) | | 5
2 Infected 2 Population (Iz) 2
Z 3
25 847
< <
2 S
= 2f =]
o o
o qs5p a
U 2
'
1h 3
\ '
) 1
0515
g ' i
_____________________________ e P, I i
. . | o f o o i e P T bied
0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200
Time (t) Time (t)
. . . . . , .
(a) No noise effect (b) Low-intensity white noise and Lévy jump
9 T T r
ible P i 14 + Susceptible Population(S)
- — .Infected 1 Population (I,) - — -Infected 1 Population (I,)
8 Infected 2 Population (l,) Infected 2 Population (1)
7
28 >
Z »
< c
o @
as a
< <
2 S
k] k]
N 3
g g
3
2
Sk
B e s P SEPT s et = Ao

0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200

Time (t) Time (t)
(c) Increased white noise (d) Increased Lévy jump

Figure 4. Dynamic behavior of model (1.3) near the equilibrium point E5 for S, /; and I,
under different noise intensities (parameters in Table 2, Col. 4).

With MATLAB software, we plot the solution time series of a stochastic delayed model under
different threshold conditions, verify the theoretical result that the solutions oscillate around the
corresponding equilibrium points, and intuitively demonstrate the influence of noise intensity on the
spread trajectory.

5. Future research directions

We intend to construct a stochastic delayed S 1,7, epidemic model that incorporates both Markov
switching and Lévy noise simultaneously, and then conduct an in-depth analysis of its dynamical
behaviors. Furthermore, we will further carry out in-depth research on the persistence and extinction
of the stochastic delayed double epidemic model. The systematic analysis of the persistence and
extinction conditions of the two infectious diseases will provide more targeted theoretical support for
the prediction and control of double epidemic outbreaks in practical scenarios.
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