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1. Introduction

Let 7 bearing and 6 : 7 — 7 be an additive mapping. The mapping ¢ is called a derivation if
d(ab) = 8(a)b + ad(b) for all a, b € T . If § satisfies 6(a®) = 5(a)a + ad(a) for all a € T, then it is called
a Jordan derivation. Obviously, every derivation is a Jordan derivation, but not any Jordan derivation
is a derivation. Herstein [1] proved the fundamental result that every Jordan derivation on a prime ring
whose characteristic is not 2 is a derivation. Later, BreSar [2] extended this conclusion to semiprime
rings of characteristic not 2. On the basis of previous theoretical studies, Zhang and Yu [3] analyzed
the structure of Jordan derivations of triangular algebras, demonstrating all Jordan derivations here are
derivations.

It is natural to introduce the definition of a Jordan n-derivation. Qi et al. [4] established that under
specific conditions, for a unital ring with a nontrivial idempotent, a mapping on that is a multiplicative
Jordan n-derivation if and only if it is an additive Jordan derivation. Building on the work of Qi et
al. [4], Liang [5] explored the structure of generalized Jordan n-derivations on a unital algebra 7~
containing a nontrivial idempotent. He established the structural property of these derivations.
Specifically, under mild assumptions, each generalized Jordan n-derivation ¥(x) admits a
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decomposition into #(x) = Ax + J(x), where A € Z(7") and J is a Jordan n-derivation. Subsequently,
Benkovic [6] refined this result using new methods, arriving at a stronger conclusion.

In 1956, Utumi’s work [7] gave rise to the notion of maximal left ring of quotients, which is
commonly designated as Utumi (left) ring of quotients. Since then, a number of scholars have
conducted research by employing the maximal left ring of quotients. For example, Eremita [8]
investigated functional identities of degree 2 by using the maximal left ring of quotients. Wang [9]
extended Eremita’s method, generalizing his conclusions to derive solutions for the functional
identities of degree 2 on arbitrary triangular rings. In the same vein, by applying the maximal left ring
of quotients, Eremita [10] and Wang [11] respectively investigated the structural characteristics of
biderivations on triangular rings, based on which Benkovic’s results [12] were improved. In another
work, Wang [13] used the maximal left (right) rings of quotients to build a triangular algebra from a
preexisting one. As an application, he characterized Lie (Jordan) derivations of arbitrary triangular
algebras by means of the constructed triangular algebra. Liu [14] gave a detailed analysis of the
structure of Jordan biderivations on triangular rings by using the maximal left ring of quotients,
showing that every Jordan biderivation on a triangular ring can be expressed as the sum of an inner
biderivation and an extremal biderivation. More recently, Liang and Zhao [15] once again used the
maximal left ring of quotients to prove that every bi-Lie n-derivation on specific triangular rings can
be decomposed into the sum of an inner biderivation, an extremal biderivation, and an additive central
mapping, where the additive central mapping vanishes at the (n — 1)-th commutators in both
components.

Inspired by these results, this paper studies m-Jordan n-derivations on triangular rings of
characteristics different from 2 and n — 1. Section 2 collects preliminary definitions and lemmas.
Section 3 is devoted to characterizing 3-Jordan n-derivations by using the maximal left ring of
quotients. Finally, Section 4 proves that all m-Jordan n-derivations are extremal m-derivations under
certain conditions. This conclusion is applied to upper triangular matrix rings, leading to a corollary.

2. Preliminaries

The necessary definitions are presented first. Let 7~ be a ring. Define a sequence of polynomials g,
on 7 as follows:

q1(x1) = xq,
(X1, X2) = X1X2 + X2X1,

Gn(X15 X025« oo 3 X0) = @1 (X1, X2, o ooy X 1) Xy + X0 Gt (X1, X2,y 000y X))

We call g, the Jordan n-product of xi,...,x,. An additive mapping 6 : 7 — 7 is called a Jordan
n-derivation if it satisfies

5(ql’l(xl’ x2’ L] xn)) = Z Qn(xl’ x2’ ceey 6(xi)’ ] xn)
i=1

forall x;,x5,...,x, €T
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Letting m > 2 be an integer, a mapping 6 : 7" — 7 is called an m-derivation if it is a derivation
with respect to each component. Furthermore, if a mapping ¢ : 7™ — 7 is a Jordan n-derivation with
respect to each component, then ¢ is called an m-Jordan n-derivation.

For aring 7 with a nontrivial idempotent p; and identity element /, 7 can be called a triangular ring
if it satisfies both p7 p, is a faithful (p;7 pi, poT p»)-bimodule, and p,7 p; = 0, where p, = I — p;.
In particular, we have the following identities:

Gu(X, p1, .-, p1) = 2" prxpy + prxpa,
4u(X, D2y .., p2) = 2" paxpy + prxps

forall x e 7.

Let 7 be a triangular ring. Suppose there exists a € p;7 p, satisfying [a,[7,7]] = 0. Then,
by [16, Remark 1], the mapping ¢, : 7™ — 7 defined by ¥,,,(x1, X2, ..., Xp) = [x1, [X2, .. ., [Xmsa] - 1]
is a permuting m-derivation on 7, referred to as an extremal m-derivation.

Let Q,;,(7) be the maximal left ring of quotients of 7°, and denote the center of Q,,,(7) as C(7),
also referred to as the extended center of 7. For subsets A, B C Q,,,(7), define C(A, B) = {a € Alab =
ba,V¥b € B}. According to [8], we get

C(T) =1{z € p1Qu(T)p1 ® p2Qm(T)p2lzp1Xp2 = p1xp22,¥x € T} = C(Quu(T), T).

Furthermore, there exists a unique ring isomorphism 7 : C(7)p; — C(7 )p, such that Ap;xp, =
p1xp,t(Apy) for all x € 7 and A € C(7). We summarize here several well-established properties,
which can be easily derived through the review of a reputable reference [8].

Proposition 2.1. Let 7 be a unital algebra. Then the following holds:
(i) T is a subring of Q,,(T") with the same identity element I.

(ii) For any dense left ideal I of T and any left T -module homomorphism h : I — T, there exists
q € Q,u(T") such that h is the right multiplication mapping induced by q.

(iii) p1T is a dense left ideal of T, and for any r € Q,,T), if p1T por = 0O, then po,r = 0. If
rp17 p2 =0, then rp, = 0.

To study 3-Jordan n-derivations, we first present two results on Jordan n-derivations and conclude
this section with them.

Lemma 2.1. Let T be a triangular ring with an identity element 1. Suppose that the characteristic of
T is not 2 or n — 1. Then every Jordan n-derivation 6 : T~ — T satisfies 6(I) = 0.

Proof. On the one hand, by the definition of §, we have
og,I,....D)=q,6(D),I,....D)+...+q,,....,1,6(])) =n- 25D,

On the other hand, we get
8(gu(l, ..., D) =621 =2"15(1).

Therefore, 2"~'(n—1)6(I) = 0. Since the characteristic of 7~ is not 2 or n—1, it follows that §(/) = 0. O
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Lemma 2.2. Let T be a triangular ring with an identity element 1. Assume that the characteristic of
T isnot2orn—1.1If6: T — T is aJordan n-derivation, then

(i) 6(xy + yx) = 6(x)y + x6(y) + 6(¥)x + yo(x),
(ii) 0(xyx) = d(x)yx + x0(y)x + xyo(x), and
(iii) 6(xyz + zyx) = 8(x)yz+x6(y)z + xyd(2) + 6(2)yx + z0(y)x + Z7yd(x)
forall x,y,z€T.
Proof. (i) By the definition of ¢, we get

6(qu(xy +yx, 1,.... 1)) =6(qnr1(x, y, 1, ..., 1))
:qn+1(5(~x)’y’ I’ .. ’I) + Qn+1(x, 6(y)’ 17 oo 71)

n+1

+ C[n+1(X,y,I,---, 6(1) "--’I)'
= —

i—th component

According to Lemma 2.1, we have
52" (xy + yx)) = 2" H(S(x)y + yS(x) + X8(y) + 6()).
Since the characteristic of 7 is not 2, it follows that
o(xy + yx) = 6(x)y + x6(y) + 6(y)x + yo(x) 2.1)
for all x,y € 7. In particular, setting y = x in (2.1), we obtain
5(x*) = 6(x)x + x5(x) (2.2)

forall x € 7.
(i1) On the one hand, it follows from (2.1) that

0(x(xy + yx) + (xy + yx)x) =6(x)(xy + yx) + x(6(x)y + x6(y) + 6(y)x + yo(x))
+ (0(x)y + x6(y) + 0(¥)x + yo(x))x + (xy + yx)o(x)

=6(x)xy + 26(x)yx + x5(x)y + x°6(y) + 2x6(y)x @3)
+ 2xy6(x) + 6(y)x2 + yo(x)x + yxo(x).
On the other hand, it follows from (2.1) and (2.2) that
o(x(xy + yx) + (xy + yx)x) :5((x2y + yxz) + 2XxyX)
:§(x2)y + xzé(y) + 6(y)x2 + y5(x2) + 20(xyx) 2.4)
=0(x)xy + x0(x)y + xzé(y) + (S(y)x2 + yxo(x) ’
+ yo(x)x + 20(xyx).
Comparing (2.3) and (2.4), we obtain
o(xyx) = 0(x)yx + x6(y)x + xyo(x) (2.5
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forall x,y € 7.
(ii1) Applying (2.5) yields that
O((x + 2)y(x +2)) =6(x + 2)y(x + 2) + (x + 2)6(Y)(x + 2) + (X + 2)yd(x + 2)
=0(x)yx + 0(x)yz + 0(2)yx + 6(2)yz + x0(y)x + x6(y)z (2.6)
+ 20(y)z + 20(¥)x + xy0(x) + xy0(z) + 7y0(x) + 2y0(2)

and
0(xyx + zyz) =6(xyx) + 6(zyz) o
=0(x)yx + x0(y)x + xyd(x) + 0(2)yz + 20(y)z + zy6(2).
Combining 6((x + 2)y(x + z)) = é(xyx + xyz + zyx + zyz) with (2.6) and (2.7), we arrive at
O(xyz + zyx) = 0(x)yz + 0(2)yx + x0(¥)z + z20(y)x + xyd(z) + zyo(x)
forall x,y,z€ 7. O

3. 3-Jordan n-derivations

This section is devoted to the study of 3-Jordan n-derivations on a triangular ring 7. Throughout,
we assume that 7 has an identity element /, a nontrivial idempotent p;, and a characteristic that is
not 2 or n — 1. We begin with some pertinent lemmas and, on the basis of Lemma 2.1 and Lemma 2.2,
the following results can be established.

Lemma 3.1. Let T be a triangular ring. If 6 : T X T X T — T is a 3-Jordan n-derivation, then
o1, x,y) =0, o(x,1,y) =0, o(x,y,1)=0

forall x,y € T.

Lemma 3.2. Let T be a triangular ring. If 6 : T X T X T — T is a 3-Jordan n-derivation, then

(DO(x1x2 + X2x1, X3, X4) = 6(X1, X3, X4)X2 + X10(X2, X3, X4) + (X2, X3, X4)X1 + X20(x1, X3, X4),
(I)6(x3, X1X2 + X2X1, X4) = 6(X3, X1, X4) X2 + X10(X3, X2, X4) + 0(X3, X2, X4)X1 + X20(X3, X1, Xg),
(Fi0)0(x3, Xg, X122 + X2X1) = 6(x3, Xg, X1)X2 + X10(X3, X4, X2) + 6(x3, Xg, X2)X1 + X20(X3, X4, X1),
(v)6(x1x2X1, X3, X4) = 6(x1, X3, Xa)X2X1 + X16(X2, X3, X4)X1 + X1 X20(X1, X3, Xa),
(V)6(x3, X1x2x1, X4) = 6(x3, X1, X4)X2X1 + X10(X3, X2, X4)X1 + X1 X20(X3, X1, X4),
(Vi)O(x3, X4, X1X2X1) = 6(X3, X4, X1)X2 X1 + X10(X3, X4, X2)X1 + X1 X20(X3, X4, X1),
(Vi)O(x1x2X3 + X3X2X1, X, X5) = O(X1, Xq, X5)X2X3 + X10(X2, X4, X5)X3 + X1X20(X3, Xg, X5) + 0(X3, X4, X5)X2X]
+ x30(x2, X4, X5)X1 + X3%20(X1, X4, X5),
Vil (x4, X1 X2X3 + X3X2X1, X5) = O(X4, X1, X5)X2X3 + X10(X4, X2, X5)X3 + X1X20(X4, X3, X5) + O(X4, X3, X5)X2X]
+ x30(X4, X2, X5)X1 + X3X20(X4, X1, X5), and
(1x)0(xg, X5, X1 X2X3 + X3X2X1) = (X4, X5, X1)X2X3 + X10(X4, X5, X2)X3 + X1 X20(Xg, X5, X3) + O(X4, X5, X3)X2X1

+ Xx30(X4, X5, X2)X1 + X3X20(X4, X5, X1)

for all xy, x5, X3, X4, X5 € T .
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Lemma 3.3. Let T be a triangular ring. If 6 : T X T X T — T is a 3-Jordan n-derivation, then
[6(x1, X2, X3), [X4, X511 + [6(x1, X4, X3), [X2, X511 = [6(xs, X4, x3), [x1, X2]] + [6(Xs5, X2, X3), [x1, X4]]
for all xy, x5, x3, X4, X5 € T
Proof. According to Lemma 3.2, on the one hand, we have
O0(X1 X5 + X5X1,X2X4 + X4X2, X3) = O0(X1, X2X4 + X4X2, X3)X5 + X10(X5, XoX4 + X4X2, X3)

+ 0(X5, X2X4 + X4X2, X3)X1 + X50(X1, X2X4 + X4X2, X3)
=(0(x1, X2, X3)X4 + X20(X1, X4, X3) + (X1, X4, X3)X2 + X40(X1, X2, X3))X5 3.1)
+ x1(0(xs, X2, X3)X4 + X20(Xs5, X4, X3) + O(X5, X4, X3)X2 + X40(Xs, X2, X3))
+ (0(xs, X2, X3)X4 + X20(X5, X4, X3) + 0(Xs5, X4, X3)X2 + X40(X5, X2, X3)) X1
+ x5(0(x1, X2, X3)X4 + X20(X1, X4, X3) + O(X1, Xa, X3)X2 + X40(X1, X2, X3)),
and on the other hand, we have
O(X1 X5 + X5X1,X0X4 + X4X2, X3) = O(X1 X5 + X5X1, X2, X3)X4 + X20(X1 X5 + X5X1, X4, X3)
+ 0(x1 X5 + X5X1, X4, X3)X2 + X40(X1 X5 + X5X1, X2, X3)
=(0(x1, x2, X3)x5 + X10(X5, X2, X3) + X50(X1, X2, X3) + O(Xs5, X2, X3)X1)X4 (32)
+ X2(0(x1, X4, X3)X5 + X10(X5, X4, X3) + X50(X1, X4, X3) + O(Xs5, X4, X3)X1)
+ (0(x1, X4, X3)X5 + X10(X5, X4, X3) + X50(X1, X4, X3) + O(X5, X4, X3)X1) X2
+ x4(6(x1, X2, X3)X5 + X10(Xs, X2, X3) + X50(X1, X2, X3) + (X5, X2, X3)X1).
Combining (3.1) with (3.2), we get

[6(x1, X2, X3), [X4, X5]] + [0(x1, X4, X3), [X2, X5]] = [0(Xs5, X4, X3), [X1, X2]] + [0(x5, X2, X3), [ X1, X4]]
for all X1, X2, X3, X4, X5 € T . O

Lemma 3.4. Let T be a triangular ring. If 6 : T X T X T — T is a 3-Jordan n-derivation, then

o(p1,y,2) € p1T p2, 6, p1,2) € ;1T P2, 0,2, p1) € piT pa,
5(P2, Y, Z) € plTPZ’ 5(}’, P2, Z) € Plsz, 5(}’, 2, p2) S plsz,
o(p1xp2,y,2) € p1T p2,  O(x, p1yp2,2) € p1T pa,  0(x,y, p1zp2) € piT p2

forall x,y,z€T.
Proof. According to the definition of ¢,,, we know
8(qu(p1, p1s .- p1),¥,2) = 6Q2" ' p1,y.2) = 2"716(p1, v, 2).

Since ¢ is a 3-Jordan n-derivation, it follows that

6(gn(p1, P15 ---»P1):Y,2) =an(p1,.--,p1, o(p1,¥.2) s P1s---5P1)
R

i=1 i—th component
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=n- 2" p16(p1,y, D1 + np18(p1,Y, )pa-
Comparing the above two relations, we get
2"716(p1,y,2) = - 2" pi6(pi, y, D)1 + npi8(pr, Y, D)pa-
Multiplying the relation on the left and right by p;, we obtain
2" pi6(p1,y, p1 = n- 2" pi6(p, y, 2)pi.-

The characteristic of 7 isnot 2 or n — 1, so p;d(p1,y,2)p1 =0 forall y,z € 7.
On the one hand, according to the definition of 9, we have

0(0,y,2) = 0(¢,(0,...,0),y,2) = an(o,...,o, 0(0,y,2) ,0,...,0)=0.
‘=1 S——

i—th component

On the other hand, using ¢,(p1, p2, ..., p2) = 0, we derive

6(09))’ Z) :6(%1(171, pZ’ .. ’pZ)aya Z)

:(]n(é(pl,y,z),[?z,n-,lh) + an(plapz’--~5 6(p27y’z) 9-'-9p2)
~—_———

i=2 i~th component

=2""' p26(p1,y, 22 + P16(P1, Y, P2 + PrS(pa, ¥, )P
Comparing the above two relations, we arrive at

2" pa6(p1,y, P2 + Prd(p1, ys P2 + pr6(pa, y, 2)pa = 0.
Multiplying both sides of (3.3) by p,, we get

2" pa6(p1,y, 2)p2 = 0.
Since the characteristic of 7 is not 2, we have p,d(p1,y,z)p> = 0. Thus,
o(p1,y.2) € ;17 p2

for all y,z € 7. Similarly, it can be proved that

0(y, p1,2) € p1iT p2, 6(y,2, p1) € p17T pa,
0(p2,y,.2) € p1T P2, 60y, p2,2) € ;1T P2, 6(y,2,p2) € P17 pa

forall y,z € 7.
According to (3.5) and p1xps = q.(p1xp2, P2, - - -, P2), Wwe have

0(p1xp2,y,2) =6(qn(p1XP2s P2y - - - s P2), Y5 2)

:CIn(é(plez,y,Z)apz, cee ap2) + ZQn(pleZapz,- ) 6(]92,)7,1) LR 7p2)
—_—

i=2 i—th component

=2"" pa6(p1xp2, ¥, 2)P2 + P16(P1XP2, ¥, D)o

(3.3)

(3.4)

(3.5)

(3.6)
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Multiplying (3.6) on the left and on the right by p;, we get p16(p1xp2,y,z)p1 = 0. Similarly, using (3.5)
and P1Xp2 = Qn(pIXPZa DPis--- ’pl)v we Obtain

o(p1xp2,y,2) =0(qn(p1XP2, P1s- -5 P1), Y5 2)

:n6 b b b EARER R + n b ""’5 b b 9t
4n(0(P1XP2,¥,2)5 P15 -5 P1) Zq (p1xp2, P (P1,y,2) p1) (3.7)

=2 i—th component

=2""'p16(p1xp2. ¥, )1 + PrS(p1XP2, Y, P2

for all x,y,z € 7. It follows from (3.7) that p,6(pi1xp2,y,z)p> = 0. Thus,

6(p1xp2,y,2) € p1T pa.

Similarly, we have
o(x, p1yp2,2) € p17 pa, 6(x,y, p1zp2) € P17 p2
for all x,y,z€ 7. O

Theorem 3.1. Let 7 be a triangular ring, and let 6 : T X T X T — T be a 3-Jordan n-derivation.
Suppose the following conditions hold:

(1) C(p2Qmi(T ) P2, P2T p2) = C(T)pa.

(2) Neither p\T C(T )p1 nor p,T C(T )p, contains nonzero central ideals.

Then ¢ is an extremal 3-derivation satisfying d(x,y,z) = [x, [y, [z, 0(p1, p1, p1)]]] for all x,y,z € T.

Without loss of generality, we assume that p;7 C(7)p; has no nonzero central ideals. In
Lemma 3.3, let x; = x, = x3 = pj, then

[0(p1, P15 1), [X4, X511+ [6(p1, X4, 1), [P1, X511 = [6(xs, X4, 1), [P1, i1l + [6(xs, p1, p1), [p1, x4]] (3.8)

for all x4, x5 € 7.

According to Lemma 3.4, we know that 6(py, x4, p1) € p17 p2 and 8(xs, p1, p1) € p17 p, for all
X4, X5 € 7. Thus, we can get [0(p1, p1, P1), [X1, x5]] = O from (3.8). When 6(py, p1, p1) # 0, we have
0 # o(p1, p1, p1) = p19(p1, p1, P1)P2 € p17T p2. Then there exists an extremal 3-derivation ¢ such that

Y(x1, X2, x3) = [x1, [x2, [x3,6(p1, p1, pOIII

for all xy, x5, x3 € 7. Obviously,

Y(p1, p1, p) = [p1s [p1s [P, 0(p1s prs pOI = 6(p1s pis po)-

Let ¢ = 6 — ¢, then ¢ is a 3-Jordan n-derivation satisfying ¢(py, p1, p1) = 0. In the following, we
prove ¢ = 0 using the following lemmas. At this point, if d(py, p1, p1) # 0, then 6 = ¥, which is an
extremal 3-derivation.

Lemma 3.5. Forany x,y,z € T, we have

(i) p(p1xp1, p2yp2, P12P1) = $(P1XP1, P2yP2, P22p2) = 0,

(ii) p(p2xp2, P1yP1> P12P1) = G(P2Xp2, P1yp1, P22p2) = 0, and
(iii) ¢(p1xp1, P1yp1, P2zP2) = ¢(p2xpa, p2ypa2, p1zp1) = 0.
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Proof. According to Lemma 3.2, we get

d(p1xXp1, P2yP2, P12P1) =P(P1, P2yDP2, P12P1)P1Xp1 + pid(pixXpi, P2yP2s P12P1)P1
+ p1xp1¢(p1, p2yp2, P12p1)

for all x,y,z € 7. Multiplying (3.9) on the left and on the right by p,, we obtain

D29(p1XP1, P2YP2, P12P1)P2 = 0.

In a similar way, we have

d(p1xp1, p2ypa, P12P1) =P(P1XP1, P2, P12P1)P2YP2 + Pad(Pi1Xp1, P2yP2, P1ZP1)D2
+ Poyp2d(p1XP1, P2, P12P1)

for all x,y,z € 7. Multiplying (3.11) on the left and on the right by p;, we arrive at

P1d(p1Xp1, P2ypP2, P1zp1)p1 =0

(3.9

(3.10)

(3.11)

(3.12)

for all x,y,z € 7. From (3.9), (3.10), and (3.12), and using the fact that ¢(p, p2, p1) = ¢(p1,1, p1) —

&(p1, p1, p1) = 0, it follows that

¢(p1xp1, P2yp2, Przp1) =p1d(p1Xp1, P2ypa, P12P1)p2
=p1xp1¢(p1, P2yPa2, P12P1)P2
=p1xpI(@(p1, p2yP2, P1IP12P1 + P1P(P1, P2YP2, P1ZP1) P
+ p1zp1d(pr, payp2, p1))pa
=p1Xp1P1z2P19(p1, P2yp2, P1)P2
=p1xp1p12p1(@(p1, P2, P1)P2YP2 + P2d(P1, P2YD2, P1D2

+ P2yp29d(pis P2, P1))P2
=0

for all x,y,z € 7. Similarly, we get

G(P1XP1,P2YP2, P22P2) = G(P2XP2, P1YP1, P12P1) = G(P2XP2, P1YP1, P22P2)
= ¢(p1xp1, P1YP1> P22P2) = $(P2xp2, p2yp2, p1zp1) =0

forall x,y,z€ 7.

Lemma 3.6. For any x,y,z € T, we have

(i) ¢(p1xp1, P2YP2, P12P2) = G(P2XP2, P1YP1> P12P2) = 0,

(ii) ¢(p1xp1, P1YDP2, P22P2) = G(P2xp2, p1yp2, p12p1) = 0,

(iii) ¢(p1xXp2, P1yP1, P22P2) = P(P1XP2, P2yP2s P1zp1) = 0,

(iv) ¢(p1xp1, p1yp1, P12P2) = $(P2XPp2, p2ypas p1zp2) = 0,

(v) (p1xXp1, P1yP2, P12P1) = P(P2XP2, P1YP2, P22p2) = 0,

(vi) ¢(p1xp2, p1ypi1, P12P1) = G(P1XP2, P2yP2, P22p2) = 0, and
(vii) ¢(p1xp1, pryp1, P12P1) = $(P2XP2, P2yP2s p22p2) = 0.
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Proof. Define a mapping 7 : p17 — p17 p> by n(x) = ¢(p1, p1xp2, p2). Lemma 3.4 ensures that 7 is
well-defined and also implies that

n(rx) =¢(p1, pirxpa, p2)
=¢(p1,gn(P17P1, P1XD2, P2y - - -, P2), P2)
=q.(¢(p1, P17P1, P2)s P1XD2, P2, - - > P2) + qu(p17P1, §(P1, P1XP2, DP2), P2y - - -5 P2)

+ Z q4n(P17P1, P1XP2, D2y - - O(P1, P2, P2)s - - -5 P2)
—_———

i=3 i—th component

=qn(p1rp1, 4(P1, P1XP2, P2),s P25 -+ 5 P2)
=p1r)1¢(p1, PrXP2, P2)P2
=p1ré(p1, p1xp2, p2)
=r1(x)
forall r € 7 and x € p;7. Thus, 1 is a left 7-module homomorphism. According to Property 2.1,

there exists ¢ € Q,,;(7) such that n(x) = xq for all x € p;7 . In particular, n(p;) = p1q = 0. It follows
that n7(x) = xp,gp, for all x € p; 7. That s,

é(p1, p1Xp2, p2) = n(p1X) = p1Xp2gp>

for all x € 7. According to Lemma 3.4, we get

n(xr) =¢(p1, p1xrpa, p2)
=¢(P1, (In(Plxpz, DP2rp2, P2y - Pz), Pz)
=q,(d(p1, P1XP25 P2)s P2V P2, P2y - - - P2) + Gu(P1XP2, @(P1, P2F D2, P2)s P2y - -+ 5 P2)

+ an(plxp29p2rp2’p29~ .. 9¢(p1’p27p2)’~ .. ’pZ)
~——————

i=3 i—th component

=qn(¢(P1, P1XD2, P2), P2V D2, P25 - - - 5 P2)

=¢(p1, P1XP2, P2)P2T P2

=n(x)r
forall r € p,7 p, and x € p;7T. Thatis, xp,rp>qp, = xpagp2rp, forall x € p7. Then p1T (p2rp2gp2—
P2qp2rps) = 0 for all r € 7. According to Property 2.1, we get parp.paqp, = paqp2parp» for all

r € 7. Itfollows that prgp> € C(p2Q,u(T)p2, p2T p2). By the assumption, we obtain p.gp, € C(7)p».
Let A = 7' (pagp»), then Ap xp, = pi1xpapaqp- for all x € p; 7. Therefore,

&(p1, P1XP2, P2) = Ap1XP2

for all x € 7. According to Lemma 3.3, we have

[¢(P1, P1XP2, P2), [P1YP1, P1zpi]] + [6(p1, prypis P2), [P1xP2, pizpi]]
= [¢(p1zp1, P1YP1s P2), [P1s P1xp2]] + [@(p1zp1, p1xpa, p2), [p1, piypill
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for all x,y,z € 7. The above relation can be organized as

[p1yp1, P1zpilé(p1, p1xp2, p2) = 0.

Thus, A[p1yp1, p1zp1lpi1xp, = 0. According to Property 2.1, we obtain A[p,ypi, p1zp1] = 0 for all
v,z € 7. It follows that [Ap, T C(T)p1, p1T C(T)p1] = 0. That is, Ap;7 C(7 )p, is a central ideal of
p17 C(T)p,. By assumption, p;7 C(7)p; has no nonzero central ideals. This implies that
Ap1T C(T)p; = 0. Therefore,

¢(p1, p1xp2, p2) = 0
for all x € 7. Similarly, we conclude

d(p2, P1XP2, P1) = P(P1XP2, P1, P2) = d(P1XP2, P2, P1) = P(P1, P2, P1XP2) = d(P2, P1, P1xP2) =0
(3.13)

forallx € 7.
Applying Lemma 3.2, Lemma 3.4, and (3.13) yields

¢(p1xp1, P2yp2, P12P2) =P(p1, P2YP2, P12P2)P1Xp1 + p1éd(pixpi, Payp2, P12p2)Pi
+ p1xp1d(p1, p2yp2, P12P2)
=p1Xp1d(p1, P2yp2, P12P2)
=p1xp1(@(p1, P2, P12P2)P2yP2 + P2(P1, P2YDP2, P12P2) D2
+ p2yp2d(p1, P2, P12P2))
=0,
$(p2xpa, pryp1, P1zp2) =P(p2xp2, p1, P12P2)P1YP1 + P1d(p2xp2, P1yp1, P12P2) P
+ p1yp19(p2xp2, p1, P12P2)
=p1yp19(p2Xp2, P1, P12P2)
=p1yP1(@(p2, P1, P12P2)P2XP2 + P2(P2XP2, P1> P12P2) P2
+ p2xp2¢(p2, P1,> P12P2))
=0

for all x,y,z € 7. In a similar manner, it can be proved that

d(p1xp1, Pr1yD2, P22D2) =P(p2Xxpa, p1yp2, pizp1) = 0,
d(p1xp2, P1YP1> P22P2) =P(P1XP2, p2yp2, p12p1) = 0

forall x,y,z€ 7.
Since ¢(p1, p1, P12P2) = d(p1, 1, p12p2) — ¢(P1, P2, P1zp2) = 0, Lemma 3.2 and Lemma 3.4 yield

that
¢(p1xp1, p1yp1, P1zp2) =¢(p1, Prypi, P12P2)p1xpr + pi(pixpi, P1ypi, P12P2)pi
+ p1xp1d(p1, p1yp1, P1zp2)
=p1xXxp1d(p1, P1yP1, P12P2)
=p1xp1(@(p1, p1> P12p2)p1yp1 + P1d(p1, P1yP1> P12P2)P1

+ p1yp19(p1, p1, P12p2))
=0

(3.14)
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for all x,y,z € 7. Likewise, we have

¢(p2xp2, P2yP2, P12P2) =0,
d(p1Xp1, Prypa, p1zp1) =¢(p2xXp2, pryp2, p2zp2) = 0,
&(p1xXp2, p1yp1, pP1z2p1) =P(p1xXp2, p2ypa2, p2zp2) = 0

for all x,y,z € 7. Since

&(p1xp1, pryp1, p1zp1) = (p1xpi, prypi, 1) — ¢(p1xpi1, p1ypi, p1zp2) — ¢(p1Xp1, P1ypPi, P22P2),

it follows from Lemma 3.5 and (3.14) that ¢(p,xp1, p1yp1, p1zp1) = 0. Using the same method, we get
P(P2Xp2, p2yp2, p2zp2)= 0 forall x,y,z € 7. O

Lemma 3.7. For any x,y,z € T, we have

(i) ¢(p1xp2, P1YP2, P12P1) = G(P1XP2, P1YP2, P22P2) = 0,

(ii) p(p1Xp1, P1yP2, P12P2) = G(P2XP2, P1YP2, P12P2) = 0,

(iii) (p1Xp2, P1yp1, P12P2) = P(P1XP2, P2yp2, p1zp2) = 0, and
(iv) ¢(p1xp2, pryp2, p1zp2) = 0.

Proof. Fix y € 7, and define the mapping n, by n,(x) = ¢(pixp2, piyp2, p2) for all x € p;7. By
Lemma 3.4, n, is a mapping from p,7 to p;7 p,. It follows that

m(rx) =¢(pi1rxpz, p1yp2, p2)
=¢(q,(p17P1, P1XP2, P25 - - - s P2)s P1YDP25 P2)
:(In(¢(plrpl,p1yp2’pz)aplprpz, ... ’p2) + ql’l(plrpla¢(p1xp2’p1yp27p2)’p2’ ... ’pZ)

+ Z Gn(P1TP1s PIXP2; P25 - - > $(P2, P1YP2, P2)s - -5 P2)
S
i=3 i—th component

=p1rp1d(p1XP2, P1YP2, P2)P2
=r¢(x)

for all x € p;7 and r € 7. Therefore, 7, is a left 7-module homomorphism. This implies that there
exists g, such that n,(x) = xg, for all x € p;7. According to n,(p1) = pi1g, = 0, we get g, = prq,p>.
Consequently,

d(p1Xp2, P1YD2, P2) = P1XP2GyP2

for all x,y € 7. Using Lemma 3.4, we obtain

ny(xr) =¢(p1x7rp2, P1yD2, P2)
=¢(q,(P1XP2, P2 P2, P25 - - - » P2)s P1YD25 P2)
=q,(¢(p1XP2, P1YP2, P2)s P2V P2, P25 - - -5 P2) + @u(P1XP2, §(P21 P2, P1YD2, P2)s P25 -+ -5 P2)

+ Z qn(P1XD2, P2r P2, P2, - - o, (D2, PIYD25 P2)s -+ -5 P2)
—_—

i=3 i—th component

=p19(p1XP2, P1YP2, P2) P2 P2
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:ny(x)r

for all x € p;7 and r € p,7T p,. This implies that xp,rp>g,p> = xp2q,p.rp, for all x € p;7". That is,

P17 (P2rp2gyp2> — p2gyparp2) = 0 for all r € 7. This means p,rprq,p> = pagyparps forall r € 7. It
follows that p,q,p,» € C(7 )p». Hence,

G(P1XP2, PLYP2s P2) = T (p2gyP2)P1XP2

forall x,y e 7.
On the one hand, we have

&(Gu(p1XP1, P1X P2y D2y -« s P2)s @u(P1YDY, P1Y P25 D25 - -+ 5 P2)s P2)
=qu(d(qn(P1XP1, P1X P2, P25 -« s P2)s P1YP1s P2)s P1Y P25 P2y - -5 P2)
+ gu(P1yP1, 9(@u(P1XP1s P1X P2y D2y - -« s P2)s P1Y D25 P2)s P25 -+ -5 D2)

+ Z an(P1yP1, P1Y P2 P2s - - §(@u(P1XP1 P1X P2y P2y -2 P2)s P2: P2)s -+ P2)
i=3

i—th component
=p1yP19(Gn(P1XP1, P1X P2s P25 - - -5 P2)s P1Y P2> P2)D2
=p1yp19(p1xp1X’ pa, p1y’ P2, P2)P2

=p1yp1d(p1xp1 - p1x’'pa+ p1xX'pa - pixpu, pry' pa, p2)pa
=p1yp1xp19(p1X' p2, p1y’ P2, p2)Pa-

On the other hand, we obtain
&(Gqu(P1xP1, P1X P2y P25 - -5 P2)s @u(P1YP1s P1Y P25 P25 - - -5 P2), P2)

=@ (¢(P1XP1, @(P1YDP1, P1Y P25 D25 - - s P2)s P2)s P1X P2, D2y - - -5 P2)
+ gu(p1Xp1, d(P1X P2, @u(P1YP1, P1Y P25 P2y - - -5 P2)s P2)s D25 -+ -5 D2)

+ Z 4u(P1XP1, P1X P2y P2y - §(P2, 4u(P1YPL PLY P25 P25 - -5 P2)s P2)s - - -5 P2)
i=3

i—th component
=p1xp1d(P1X P2, gu(P1YP1 P1Y P25 P25 - - -5 D2)s P2)D2
=p1Xp19(p1X’ P2, P1YP1Y P2, P2)P2

=p1xp1yP19(p1X P2, p1y' P2, P2)P2

for all x,y, x’,y" € 7. Comparing the above two relations, we arrive at
0 = [p1xp1, Prypild(p1X pa, p1y P2, p2) = T (P2gy P21 xP1, P1yPiIP1X o

for all x,y,x’,y" € 7. In view of Property 2.1, we obtain T‘l(pzqy,pz)[plTpl, p17 p1] = 0. It follows
that
[~ (P2gy D)1 T C(T)p1, p1T C(T)pi] = 0.

Since p; 7 C(T)p; does not contain nonzero central ideals, we have 7~!'(p2gy p2) = 0. Therefore,
¢(p1xp2, pryp2, p2) = 0
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for all x,y € 7. This implies that

d(p1xp2, p1yp2, P1) = ¢(p1xp2, prypa, 1) — ¢(p1xpa, pryp2, p2) =0

for all x,y € 7. Using Lemma 3.2 and Lemma 3.4, we arrive at

#(p1Xp2, PryP2, P12P1) =P(P1XP2, P1YP2, PVP1ZP1 + P1P(P1XP2, P1YDP2, P12P1)P1
+ p1zp1d(p1xpa, p1ypa, p1) = 0,

¢(p1Xpa, PrYP2, P22P2) =P(P1XP2, P1YP2, P2)P22P2 + P2P(P1XP2, P1YP2, P22P2) P2
+ pazp2d(p1Xpa, p1yp2, p2) =0

for all x,y,z € 7. Analogously, we have

&(p1Xp1, P1yp2, P1z2p2) = (p2xpa2, pryp2, p1zp2) = 0,
&(p1Xp2, p1yp1, P12p2) = G(p1xXp2, p2yp2, p1zp2) = 0

for all x,y,z € 7. Therefore, it can be proved that

d(P1XP2, P1YP2, P12P2) =(P1xP2, prypas D) — d(p1XPa, P1YPa, P22P2)
— ¢(p1xp2, p1yp2, p1zp1) = 0

forall x,y,z€ 7. O

Proof of Theorem 3.1. For any x,y,z € 7, we can expand ¢(x, y, z) as follows:

A(x,y,2) =p(p1xXp1 + p1xp2 + paxpa, p1yp1 + P1ypa2 + paypa, P12P1 + P12pP2 + P2zp2)
=¢(p1xp1, P1yp1, P12P1) + $(P1Xp1, p1yp1s p1zp2) + $(p1xp1, P1ypi, Pazpa)

+ ¢(p1xp1, P1yp2, P1zp1) + $(P1Xp1, p1yPa. p12p2) + $(p1xXp1, P1yp2, Pazpa)

+ ¢(p1Xp1, P2yp2, przp1) + @(P1Xp1, P2yp2, p1zp2) + ¢(piXpy, P2yp2, p2zp2)

+ ¢(p1xpa, pryp1, p12p1) + $(p1xpa, p1ypi, p12p2) + ¢(P1xpa, p1ypi, P22p2)

+ ¢(p1xp2, P1yp2, P12p1) + $(P1XP2, P1YP2, P12P2) + $(P1XP2, P1yP2, P22P2)

+ @¢(p1Xp2, P2yp2, Przp1) + P(P1XP2, P2yp2, P1zp2) + ¢(p1Xp2, P2yp2, P2zp2)

+ ¢(p2xp2, P1YP1, P12P1) + G(P2XP2, P1YP1> P12DP2) + $(P2XP2, P1YP1, P22P2)

+ ¢(p2xp2, P1yP2, P12P1) + $(P2XP2, P1YP2, P12P2) + $(P2XP2, P1YP2, P22P2)

+ ¢(p2xp2, P2yp2, P12P1) + G(P2XP2, P2YP2, P12P2) + G(P2XP2, P2y P2, P22D2)-

According to Lemmas 3.5-3.7, we have ¢(x,y,z) = 0 for all x,y,z € 7. Since ¢ = 6 — ¢, it follows
that 6 = . This implies that ¢ is an extremal 3-derivation whenever 6(p1, p1, p1) # 0. Moreover, the
same lemmas also yield 6 = 0 when 6(py, p1, p1) = 0. Therefore, in all cases, we have 6(x,y,z) =
[x, [y, [z, 6(p1, p1, p)]]] for all x,y,z € T
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4. m-Jordan n-derivations

Theorem 4.1. Let T be a triangular ring whose characteristic isnot2 orn—1, andlet{ : T" — T
be an m-Jordan n-derivation, where m > 3. Suppose that C(p>Q,(T )p2, p2T p2) = C(T)pa, and that
neither p1T C(T )p1 nor p,;T C(T )p, contains a nonzero central ideal. Then { is an extremal m-

derivation Satisfying g(al,GZ’-~-’ar1l) = [al’[a2’~~"[am’g(pl’pl’~~-’pl)] o ']]for all ai, az,...,40y, €
T.

Proof. We will prove the theorem by using mathematical induction. According to Theorem 3.1, this
conclusion is tenable in the case of m = 3. Now assume m > 4, fix a4, ...,a,, € 7, and let

{(ar,az,a3) = {(a1,a2,a3,a4, ..., ay).
Then {’(ay, as, a3) is an extremal 3-derivation. Hence,
(a1, a2, a3) = [ay, [az, [as, L' (p1, pr, pDII.
Since {(p1, p1, p1,da, - .., an) = '(p1, p1, p1), we have
{(ar, a, . .. am) = lay, laz, [as, {(p1, p1, 1, a4, - . ., aw)]l]

forallay,ay,...,a, € 7. Obviously, {(py,a,,as, .. .,a,)is an (m—1)-Jordan n-derivation on triangular
ring 7. Let

{(p1,az,as, ..., an) = laz[as, ..., [an.B']- -1
for all ay,...,a, € T, where 8’ = {(p1,p1,...,p1) € p17 prand [B,[T,7]1] =0. Seta, = as = p,
then
{(p1> 1> P15 Gas - - ) = lag, Las, . .. [am, B+ 1]
forall a4, ...,a, € 7. It follows that

g(alsaz""’am) = [al’[a29 [a3’€(pl5pl’p1’a47~' 7am)]]] = [ala [aZa"~a [am’ﬁ,] : ]]

for all ay, as,...,a, € 7. Thus, { is an extremal m-derivation. O

Since upper triangular matrix rings are a classic example of triangular rings, we apply Theorem 4.1
to obtain the following corollary.

Corollary 4.1. Let T (R) be an upper triangular matrix ring with k > 3, and let ¢ : (Tx(R))" — T (R)
be an m-Jordan n-derivation. Then ¢ is an extremal m-derivation.

5. Conclusions

In this paper, we introduced the concept of m-Jordan n-derivations by integrating the notions of
m-derivations and Jordan n-derivations. Then we investigated these mappings on triangular rings by
utilizing the properties of the maximal left ring of quotients. Our analysis began with a detailed
examination of 3-Jordan n-derivations on triangular rings. Subsequently, through an inductive
argument, we proved that under specific hypotheses, an m-Jordan n-derivation on a triangular ring is
necessarily an extremal m-derivation. Finally, we applied the results we had obtained to the specific
context of upper triangular matrix rings.
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