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Abstract: Solving partial differential equations (PDEs) for various initial and boundary conditions
requires significant computational resources. We propose a neural operator G, : A — U, mapping
functional spaces, which combines dynamic mode decomposition (DMD) and deep learning for
efficient modeling of spatiotemporal processes. The method automatically extracts key modes and
system dynamics and uses them to construct predictions, reducing computational costs compared to
traditional methods (FEM, FDM, FVM). The approach is demonstrated and compared with closest
methods (DeepONet, FNO) on the heat equation and Laplace equation, where high accuracy of solution
recovery is achieved.
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1. Introduction

Modern approaches to solving partial differential equations (PDEs) have developed along two
main directions. Classical numerical methods such as the finite element method (FEM) and finite
difference method (FDM) are based on rigorous mathematical discretization principles and provide
high solution accuracy, see [1-3]. However, these methods require significant computational resources
when dealing with multi-parametric problems and complex geometric domains, substantially limiting
their applicability in real-time tasks and parametric studies.
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In parallel, physics-informed neural networks (PINNs) have emerged as a powerful framework
for solving PDEs by incorporating physical laws directly into the loss function [4]. Subsequent
developments include gradient-enhanced PINNs [5,6], which improve training stability and solution
accuracy for complex physical systems.

In the last decade, a fundamentally new class of methods based on deep learning has emerged-neural
operators. The pioneering DeepONet and MIONet approaches [7,8] proposed architectures capable of
learning nonlinear operators between functional spaces, enabling rapid prediction of solutions for new
parameters without repeated computations. Subsequent Fourier Neural Operator (FNO) [9,10] utilized
spectral transforms to effectively capture multi-scale solution features.

Despite impressive successes, modern neural operators face fundamental limitations. Most
approaches require substantial training data and complex hyperparameter tuning.  Physical
interpretability of solutions often remains low, and generalization capability to new equation types
is limited. These problems are especially acute for strongly nonlinear and multiscale systems, where
traditional methods maintain advantages in accuracy and stability.

In this work, we present a novel hybrid neural operator G, : A — U that integrates dynamic
mode decomposition (DMD) [11-13] into a deep learning architecture. Unlike purely data-driven
approaches, our method explicitly extracts dominant system modes through DMD, enabling the
deep neural network to better interpret data relative to physical laws. The method retains the fast
prediction capability for new parameters characteristic of neural operators while improving physical
interpretability and stability typical of classical methods.

2. Materials and methods

2.1. Problem statement

Consider a general class of nonlinear parametrized partial differential equations arising in
fundamental problems of mathematical physics and engineering applications. Let Q c R“ be a bounded
Lipschitz domain with boundary 02, where d > 1 denotes the spatial dimension of the problem.

The mathematical formulation involves finding a function u(x;#), belonging to an appropriate
functional space, that satisfies the following system:

Lou(x) = f(x) inQ 2.0
Bou(x) = g(x) on 9dQ
where:

e [, is a differential operator parameterized by 6 € O;
e B, is a boundary condition operator;

e u(x) is the unknown solution;

e f(x), g(x) are given functions;

e Q) is the domain with boundary 0Q.

Here, the differential operator £, : W*P(Q) — L(Q) maps from the Sobolev space W*P(Q) to
the Lebesgue space L7((2), where the exponents k, p, g are determined by the specific form of the
operator. The parameter § € ® C R™ characterizes physical properties of the system, such as diffusion
coeflicients, elasticity parameters, or other material properties.
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The boundary operator 8y may represent various condition types:

e Dirichlet: Bou = ulsn;
e Neumann: Bgu = Vu - nlsyo;
e Mixed or nonlinear boundary conditions.

For a wide class of physically significant problems, such as Navier-Stokes equations, elasticity,
or reaction-diffusion systems, the solution u belongs to the Sobolev space H'(Q) = W'%(Q), which
guarantees finite system energy. The right-hand side f is typically assumed to be an element of L>(Q)-
space.

The fundamental challenge in the numerical solution of such problems lies in the need for repeated
computation of solutions for different parameter values 6 and various domain configurations Q.
Traditional grid-based approximation methods require: (1) constructing new discretizations for each 6,
(2) solving large linear systems; (3) fine-tuning discretization parameters. This leads to the following
issues:

(1) Computational complexity: Each new parameter value 6 requires complete recomputation of
the solution, leading to cubic complexity O(N?) for most discretization methods.

(2) Parametric flexibility: Classical approaches are poorly adaptable to changes in domain geometry
Q or boundary condition types By.

(3) Multiscale nature: Solutions often contain features at different spatiotemporal scales, requiring
extremely fine grids in traditional methods.

Neural operators offer an alternative approach by learning a parametrized mapping Gy : A —
U between functional spaces, where A represents the input parameter space (operators, boundary
conditions) and U ¢ H'(Q) is the solution space. However, existing implementations face challenges:
Low efficiency with small datasets; Lack of physical consistency guarantees; Limited generalization
capability.

Our approach overcomes these limitations through the integration of dynamic mode decomposition
methods into the neural operator architecture, enabling: Automatic extraction of dominant solution
modes; Problem dimensionality reduction; Preservation of physical interpretability.

Formally, we construct a DMD-enhanced neural operator G;™P that minimizes the error functional:

E() = Bt gunor-0 |IGE(f. 8) = thellin o | - 2.2)

where the expectation is taken over the data distribution O of input functions f, boundary conditions
g, and corresponding true solutions u,.. The Sobolev space norm H 1(Q) ensures consideration of both
function values and their gradients.

2.2. Algorithm

Theorem 1 (Error bound for DMD-Neural operator). Let u € R™™ and € > 0. Assume:

(1) Au, = (WX, V] € R™" with rank(u,) < r (optimal rank-r SVD approximation) such that |lu —
ullr <

(2) o.(u) > o,.1(u) (non-degenerate singular values),

(3) G : R™" — R? is Lg-Lipschitz: ||G(u) — GW)|l» < Lgllu — Vl|F,
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(4) Neural network H is Ly-Lipschitz in all inputs:
IH@u, @,c) - HW', @', )ll2 < Ly (lu — |l + |© = @'|lp + llc = llr) -
Then for the DMD-neural operator Ggpq(u) = H(u, ®,(u), ®,(u) "u):
IG(W) = GamaWll2 < (Lg + 2Lpy)e. (2.3)
Proof. By triangle inequality:

IG(w) — GompW)> < IG(w) — G(u )l + [|Gomp () — Gomp (W]l . (2.4)
(@) (b)

Term (a): By Lipschitz continuity of G:

IG(w) — Gull2 < Lgllu — u,|lp < Lge. (2.5)

Term (b): By Eckart—Young theorem [14], ®,(u,) = ®,(u). Then:

IGomp () — Gomp W2 = |H (u,, ©(u,), O (1) "1t,) — H(u, D, (), D, () "wr)ll (2.6)
< Ly | lluy — ullp + 1@, (1) = O ()llg +1D () 11, — (1) "l (2.7)

=0
<Ly(e+1-g) =2Lye, (2.8)

where ||®,(u)||; = 1 by orthogonality.
Combining (a) and (b) yields the result. O

The theorem guarantees that the error of the hybrid DMD-Neural Operator model is proportional to
the noise level ¢ in the data. The proportionality constant (Lg + 2L ) consists of the sensitivity of the
physical operator Lg and the double sensitivity of the neural network 2Ly. The key conclusion is that
the model is resistant to noise, and the use of DMD compression is justified.

The DMD Neural Operator model is described by the following equations:

FO(mO’ A ,mn, dO, .. ,dk, ul? AR um)(x)
Zmp(B(1M0)) © - - - © &, (B(m,)) © 4y (P(dp)) O+ O gy, (P(dr))
———e —— e — — e
— S branch modes branch modes,, branch dynamics _ branch dynamics;, (29)
O &y (@) O+ -+ 0 &y, (F(un) © f(x)
~——— ——— N——

branchg branch,, trunk

In Eq (2.9), the following notation is used: S(-) is the aggregation operator (sum of components);
Functions g,,, g4; and g,, are separate model branches, each processing its own subset of input data;
¢(-) is the input transformation function before feeding into corresponding branches; f(x) is the trunk
branch that processes input data x; © denotes the Hadamard product (element-wise multiplication).

The model consists of several specialized branches:
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e Branch modes - branches accounting for system modal characteristics;
e Branch dynamics - branches modeling system dynamics;

e Branches - branches accounting for differential operator discretization;
e Trunk - branch processing grid input data.

The model can also be written in compact form:

N

Folmo, ...y do, ..o diur, o)) = Y 6| [ by | [ opeesnp™™, (2.10)
i=1

n
j=1 k=1

where:
t; - output of trunk network f(x), depending on grid parameters;
b; - output of branch networks depending on differential operator values u;
pirodes, bzynamics - outputs of branches modeling modal and dynamic properties from DMD analysis;

Thus, Eq (2.10) emphasizes the structural and modular nature of the model: the final solution is
formed by a weighted sum of products of outputs from specialized branches, each modeling a specific
aspect of system state.

Dynamic Mode Decomposition (DMD) [11-13] is a data analysis method that extracts
spatiotemporal structures from dynamical systems. Consider a sequence of system state snapshots
{X0, X1, ..., X;,}, where x; € R". The core assumption of DMD is the existence of a linear operator A
such that:

Xi+1 = AXk. (211)

The first key step of the algorithm is the singular value decomposition (SVD) of the data matrix:

X=[X0X| " Xp1] = UrEer (2.12)

where r is the selected truncation rank, U, and V, are unitary matrices, and X, is the diagonal matrix
of singular values.

The DMD Neural Operator [15] algorithm (see, Algorithm 1) approximates a parameterized
function u(v) defined on discrete grid points v; € R? using a neural operator enhanced with prior
information extracted via DMD. The key idea is to decompose the response u(v) into modal and
dynamic components that are then fed as inputs to a neural operator-type architecture.
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Algorithm 1 DMD Neural operator algorithm.

Input: {(v;, u(v,-))}fi | - grid points v; € R¢ and corresponding function values u(v;) € R?
Parameters: N,;, - number of training epochs, 7 - learning rate, A - regularization coefficient
Data preprocessing:

Split data into training Dy, = (V7" (v} Yrein and test Dyeyr = (VI u(v)))N sets
DMD decomposition:

{girodeys |, Zy R I DMD({u(vﬁ’“i”)}f\;"l“"l > Compute modes and dynamics of function u at grid points using DMD (see
Algorithm in [11-13]

7: Neural operator initialization:

8: Initialize parameters 6 of neural operator £, according to chosen architecture

9: Neural operator training:
10: for epoch = 1,..., Ny, do
11: Sample mini-batch 8 C D4,

A

12: Forward pass:

13: for (v;,u(v;)) € Bdo

14: Compute prediction #; = Fy(m, d, v;)
15: end for

16: Loss computation:

170 LO) = & Soumes 1) — lly + 613

18: Backpropagation:

19: Compute gradients Vy.£(6)

20: Update parameters 6 « 6 —n - Vy.L(6)

21: end for

22: Testing:

23: Compute predictions /" = Fyo(m,d, vier) for all (Vi u(vi™)) € Dy
24: Evaluate model using metrics: MSE, relative L?-error, maximum error
25: Output: Trained neural operator £, and its quality metrics

Neural network architecture

The diagram (Figures 1 and 2) illustrates the basic neural operator architecture consisting of two
key components: branch net and trunk net. This structure implements the mapping G : u — G(u)(y),
where u is the input function and G(u)(y) is the output function value at point y.

u (;,,)

. ¥ u(x,) DMD Neural Operator
u(x,) H :
|- | u(x;) : Branch net b H

- ——
- WWWWN\ L s

H DMD : : Q i) Gaw)y)

Dynaml{s Branch net

Figure 1. Conceptual neural network architecture.
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_branch_dmd_modes. &.8.weight _branch_dmd_dynamics.@.@.weight
(100, 100) (100, s@)

v

AccumulateGrad

_branch_1.@.0.weight _branch_dmd_modes.0.8.bias
(100, 10) (10@)

L -
:Accumulatesrad ‘ _br ancn,nma,a{ylneaén)lcs .0.8.bias

7hranchﬁég)o.ma5 | Accumulategrad | | AccumulateGrad | | TBackwardo | | AccumulateGrad ‘ ‘ TBackwar do ‘

_trunk.e.6.weight
(108, 2)

AccumulateGrad

l AccumulateGrad ‘ | TBackwarde I | Addmmﬂa:\kuamn J | AddmmBac kwardo |

AddmmBackwarde

| TanhBackwardo ‘ | TanhBackwar de | ‘ Accumulatecrad | | TBackwarde |

I MulBackwar do | |AddeackwardO ‘ flnal_(lll‘;'wealrd(;;)e1gnt

TanhBackwar de

muBackwarde | [ Tanhsackwarde | [ (accumulatesrad |

final_linear.bias
(10)

| Accumulatecrad | [ MmBackwardo ‘

TBackwar do

AddmmBac kwar de

Figure 2. Example of neural network architecture implementation.

The architecture components are:

(1) Branch net:

e Processes input function u and transforms it into finite-dimensional representation;
e Contains several fully-connected layers with nonlinear activations (tanh);
e Output is a feature vector [by, ..., b,] € RP.

(2) Trunk net:

e Takes coordinate y (or coordinates for higher dimensions) and transforms it into vector of the
same dimension;

e Generates basis functions [#,(y), ..., #,(y)] € R?;

e Enables operator evaluation at arbitrary points.

(3) DMD branches:

e Modes branch net: processes spatial modes M;
e Dynamics branch net: analyzes temporal dynamics D;
e Provide physical interpretability of solutions.

3. Experimental analysis

This section presents a comprehensive evaluation of the proposed hybrid neural operator’s
effectiveness on various mathematical physics problems. The focus is on comparing prediction
accuracy, computational efficiency, and method stability. Experiments were conducted on synthetic
datasets covering different types of partial differential equations. For each test case, we analyzed:

e Solution reconstruction accuracy;
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e Preservation of physical consistency;
e Training and prediction time.

All experiments (see, Table 1) were performed on CPU hardware using the PyTorch framework.
Quantitative comparison used mean squared error (MSE) and maximum absolute error (MAE) metrics.

The results of numerical experiments with model predictions are given next (see, Tables 2 and 3).
Four plots are provided in the tables with measurements in the order listed below: initial conditions,
final conditions, predicted conditions, and MAE between final and predicted conditions.

Table 1. Experiments setup.

Application Equation Parameters
Laplace equation  VZu =Y, gz—xg =0, xeQcR" Number of samples: 1000
Grid size: 10x10
Iterations: 50
Boundary values: U ~ (—10, 10)
Fixed corners: 0 (Dirichlet)

Heat equation % =aVu=a pI zz—xz’i‘, xeQcR,te[0,7] Number of samples: 1000
Spatial grid size: 10x10
Number of time steps: 50
Thermal diffusivity a: 0.5
Random initial condition Corners:

U ~ (=25,25)

Table 2. Result of solving Laplace equation.

Model Results

Initia Condition

DMD neural operator

DeepONet

FNO

AIMS Mathematics Volume 10, Issue 9, 22432-22444.



22440

Table 3. Result of solving Heat equation.
Results

Initial Condition
10

Model

True Solution

DMD neural operator D i Ui K

Initial Condition

Absolute Erfor
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True Solution

Predicted Solution
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DeepONet

Initial Condition
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Predicted Solution
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07 »
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0
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s
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10
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experiment are given in the following plots

FNO

The train loss and test loss for each model on each
(Figure 3).
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(b) Laplace Equation Loss

Figure 3. Loss functions for Heat and Laplace equations
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4. Discussion

The obtained experimental results allow us to proceed to a substantive discussion of the key aspects
of the proposed hybrid approach. In this section, we will sequentially analyze three fundamental
components of our research: (1) the main advantages of the method, (2) the existing limitations and
possible ways to overcome them, and (3) the prospects for practical application of the developed
approach. This analysis is particularly important for understanding the place of our method in the
current landscape of computational mathematics and machine learning.

4.1. Key advantages

The proposed method demonstrates the following advantages:

Physical interpretability: DMD modes provide transparent analysis of system dynamics, enabling
identification of dominant spatiotemporal structures and their evolution over time.

Computational efficiency: Prediction time is significantly lower than classical methods due to
compact data representation and parallelizable neural network architecture.

Flexibility: A single architecture suits different equation classes, including parabolic, hyperbolic,
and elliptic types, without requiring structural modifications.

Robustness: Reliable performance with various initial and boundary conditions, ensured by DMD’s
stability to input data variations.

4.2. Limitations and improvement directions
The analysis revealed the following limitations:

e Accuracy decreases for problems with very small characteristic numbers where diffusive
processes dominate;
e Requires preliminary investigation of DMD approximation rank for optimal data representation.

Promising improvement directions:

e Adaptive DMD rank selection based on singular value analysis;

e Hybrid schemes for non-stationary problems with time adaptation;

e Integration with machine learning methods for incorporating physical laws into network
architecture.

4.3. Practical significance

The developed method has broad application prospects:

Optimization of thermal processes in engineering systems and power plants;
Modeling of hydrodynamic flows in aerodynamics and oceanology;

Stress analysis in continuum mechanics for structural design;

Rapid prototyping of complex physical systems in scientific research.

The experiments confirmed that combining of DMD with neural operators creates a new class of
methods that unites the advantages of physical modeling and machine learning. Subsequent research
may focus on operator research for Sobolev-Morrey spaces.

AIMS Mathematics Volume 10, Issue 9, 2243222444,
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5. Conclusions

This work presents a hybrid approach combining DMD with neural operators for solving partial
differential equations. Extensive experiments on the heat equation and Laplace equation demonstrate
the method’s effectiveness, achieving 0.8%-2.1% average accuracy while providing significant
computational acceleration compared to traditional methods. The key advantage of our approach lies
in combining the physical interpretability of DMD analysis with the flexibility of neural operators,
which proves particularly valuable for problems with parametrically varying boundary conditions.

The method exhibits robustness to noise and effectively extracts dominant dynamic modes
while maintaining computational efficiency. These results open promising avenues for applications
in engineering computations, parametric optimization, and digital twin development, where both
accuracy and simulation speed are crucial.

Future research directions include:

Development of adaptive algorithms for DMD rank selection;
Integration with other neural operator architectures;

Extension to three-dimensional problems;

Combination with physics-informed machine learning methods.

The integration of our approach with physics-informed machine learning techniques is particularly
promising and may result in a new class of hybrid algorithms for scientific computing. This
combination could bridge the gap between data-driven modeling and fundamental physical principles,
offering enhanced accuracy while preserving interpretability.
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