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1. Introduction

Lie groups, Lie algebras, and related algebras play an important role in geometry and mathematical
physics, such as [2, 7, 8]. It is known that many algebraic systems can be described as
corresponding canonical structures, such as Lie algebras (see [5]), Lie superalgebras (see [1]), and
n-Lie algebras (see [15]). In [9, 14], generalized representations and the corresponding cohomology
for 3-Lie algebras and 3-Hom-Lie algebras, respectively, were introduced by method of their canonical
structures. The notion of n-Lie superalgebra appeared first in [4] and a more general description was
given in [3]. In [13], a 3-Lie superalgebra of parity O is called a first-class 3-Lie superalgebra. Unless
otherwise indicated, all 3-Lie superalgebras referred to in this paper are the first-class ones. In this
paper, we describe a 3-Lie superalgebra structure as a canonical structure, and characterize generalized
representations as well as the new cohomology by the canonical structure.

Similar to other algebraic systems (see [6, 10, 11]), we can use deformations and extensions to
construct new 3-Lie superalgebras. In [6, 13], the authors gave one-parameter formal deformations,
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Abelian extensions, and 7*-extensions of 3-Lie superalgebras with respect to the usual cohomology
theory. Motivated by the previous work, we give some results for 3-Lie superalgebras with respect to
a new cohomology theory. In this paper, we define generalized one-parameter formal deformations of
3-Lie superalgebras. The usual deformations of 3-Lie superalgebras defined in [6] are special cases
of generalized deformations. The infinitesimals of generalized deformations are controlled by the new
first cohomology groups and the extensibility of finite-order deformations depends on the new second
cohomology groups. Moreover, we characterize split Abelian extensions by the generalized semidirect
product 3-Lie superalgebras, and the characterization cannot be achieved by the usual semidirect
product 3-Lie superalgebras.

The paper is organized as follows. In Section 2, we recall the representation and cohomology of a 3-
Lie superalgebra. In Section 3, we construct a ZxZ,-graded Lie algebra on the chain complex of a 3-Lie
superalgebra, and then describe a 3-Lie superalgebra as a canonical structure. Section 4 is dedicated
to generalized representations and the corresponding cohomology theory of 3-Lie superalgebras. In
Section 5, we study the generalized one-parameter formal deformations of 3-Lie superalgebras and
characterize them by the new cohomology groups. In Section 6, we prove that split Abelian extensions
and non-split Abelian extensions shall be described by generalized semidirect products and Maurer-
Cartan elements, respectively.

2. Preliminaries

In this section, we recall representation and cohomology of a 3-Lie superalgebra.

Let K be an algebraically closed field of characteristic 0 and we work over K throughout the paper.
Let g = g5 @ g7 be a Z,-graded vector space. An element x € gy is called homogenous with degree k
and we denote |x| = k. When the notation of |x| occurs, x is supposed to be homogenous. Moreover, x
is called even (odd) if |x| = 0 (|x| = 1).

Definition 2.1. ([3]) A 3-Lie superalgebra is a Z,-graded vector space g = g5 ® o7 equipped with a
trilinear map [—, —,—] : ¢ X g X § — g such that

lx1, %2, 6311 =l + |xal + |xs], 2.1)
[x1,x2, 03] = —(=D"MI[xy, x1, 53] = =(=DMM[xy, x3, x0], (2.2)

[x1, X2, [x3, x4, 6511 = [0, X2, X3, X4, x5] + (=) x5, x4, x5]
+ (—ybabbebbstled e xy, X, X0, 151, (2.3)

forx;eq,i€{l1,2,3,4,5}.

Let g be a Z,-graded vector space. Then A%g is the set of elements x; A x, such that x; A x, =
_(_1)|161||162|x2 A Xi.

Definition 2.2. ([13]) A representation of a 3-Lie superalgebra g on V = Vi @ Vj is a linear map
p i A*g — gl(V), such that the following equalities hold:

px, x2)Ve S Vigtnlio K € Zo;

p(xi, x)p(x3, x4) = p([x1, x2, x3], x4) + (_1)(\x1|+|xz|)|x3|p(x3’ [x1, X2, X4])
+ (_1)(IX1|+IX2|)(|X3|+|X4|)p(x3’ X4)p(X1, x2), (2.4)
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p(xy, [x2, X3, x4]) = (—1)(|x1|+|x2|)(|x3|+|x4|)f?(x3, x4)p(x1, x2)
_ (_1)IM|(IX2|+|X4|)+|X3IIX4\p(x2’ X4),0(X1, X3)

+ (=DM o, x3)p(xr, x4),
for x1, x5, x3,x4 € g.

Define a linear map ad : A%g — gl(g) by
ad(xy, x2)x3 = [x1, X2, x3], ¥ X1, X2, X3 € g.

Then (g; ad) is a representation of g, called an adjoint representation.

(2.5)

Proposition 2.3. ([13]) Let (g, 7) be a 3-Lie superalgebra and let V = V5 & Vi be a Z,-graded vector
space. Suppose that p : N> — gl(V) is an even linear map. Then (V; p) is a representation of g if and
only if there is a 3-Lie superalgebra (3 ® V,m + p), where p : (g® V)X (g® V)X (g®dV) - g@ Vis

induced by p via

Xy +uy, Xy + ty, x5 +us) = p(xp, x)uz + (= 1) FHDSlne Yy,

+ (_ 1)(IX2|+|X3|)|M| lp(xz, X3)u1 .

(2.6)

The above 3-Lie superalgebra on g @ V is called a semi-direct product 3-Lie superalgebra and

denoted by g, V.

Let g be a 3-Lie superalgebra. The element X = x' A x*> € A%g is called a fundamental object of g.

For z € g, [X,z] = [x!, x%, z]. There is a bilinear operation [—, —]:

[X,9]F = [xl,xz,yl] /\y2 +y1 A [xl,xz,yz], Vi=x'AxY = y1 /\y2 € A%g.

It follows that (A%g, [—, —]F) is a Leibniz superalgebra.
Let (V; p) be a representation of g. The space of p-cochains is given by

C?(g, V) = Hom(®”(A*g) A g, V).

Then C?(g, V) is endowed with a natural Z,-grading as follows: a p-cochain f € C”(g,V) is called
homogenous of degree « if [f(X, -+, X,, 2| = [Xi| +--- +|X,| + |z + k, for X,--- , X, € A%g, z € g.

The coboundary operator d : C?(g, V) — CP*!(g, V) is given by

(af)(%b T %p’ Z)

= Z (= 1) (= DRMErale=+eah e ,gj,"' X1, [X), Xl py X, o

1<j<k<p

P
+ Z(_l)j(_l)l}:jl(l‘{/#l|+-~.+|£p|)f(%1 e %j’ e %p’ [xj’ 4)

=1
p . —_—
n Z(_l)/ﬂ(_1)|3€j|(|f|+|361|+...+|3€,>1|)p(%j)f(%l’ e %j, - %p, 2)
=1

+ (_1)p+1(_1)(|x,2,|+\z|)(|3£1|+...+|3Ep-||+|x}7|)p(x127’Z)f(xl’ R S lev)

+ (_1)P+1(_1)(|x,',|+\z|)(|3€1|+...+|3Ep-||)+|3£p||zlp(z, x;)f(%], L X, xlzj)’
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for X; = x] Ax? € A’gand z € g, |X| = |x]| + |x7].
Denote the set of p-cocycles by Z”(g, V) and the set of p-coboundaries by B”(g, V), where

ZP(g,V)
BP(g,V)

{f e CP(g,V)|Of =0},
ACP (g, V).

The p-th cohomology group is given by
HP(a, V) =Z"(g,V)/B(g, V).

It is natural that H? (g, V) is Z,-graded.
3. Canonical structures

Lie algebras were described as canonical structures for the Nijenhuis-Richardson bracket in [4].
This is a smart way to characterize the structures and coboundary operators of Lie algebras. Moreover,
n-Lie algebras and Lie superalgebras were described as canonical structures for some brackets in [1,
15]. We follow those ideas to describe 3-Lie superalgebras as canonical structures.

Let L = ©, xezxz, Lp . e a ZXZ,-graded vector space. An element x € L, ) is called homogenous
of bidegree (p, ), denoted by ||x|]| = (p,k). Define a linear map ¢ : Z X Z, — Z, by ¢(p,k) =
(p + «) mod 2. In particular, if [|xl| = (p1, «1), IVl = (p2, k2),

o(lIxlllyll) = @(p1p2, kik2) = (p1p2 + Kik2) mod 2.

Definition 3.1. ([1]) A Z X Z,-graded Lie algebra is a 7 X Z,-graded vector space L = @, yezxz, L)
equipped with a bracket [—, —] such that the following identities hold:

eyl = 1lxll + [yll,
[x’y] — _(_1)|IXI|||y||[y,x]’
[x, [y, zll = [[xy],z] + (=DM [, 2],

where (= 1)MIV srands for (—1)#IbD,

Let g be a Z,-graded vector space. Set a Z X Z,-graded vector space

L7(8,9) = & pezxzaLipo(8, 9),

where L, (g,9) = 0 for p < 0and L, = C’(g,9), for p > 0.

Let f € L,x)(8,9) and g € L4,)(8,0), p,g = 0, k1,k2 € Z,. Note that ||f]| = (p,«) denotes
the bidegree of f in Z X Z,-graded vector space L*(g,9), and |f| = « denotes the degree of f in Z,-
graded vector space C(g,g). Suppose J = {ji, *, jg}ji<-<j, €N ={1,2,--- ,p+qtand I = N/J=
{it, -+ ip}ij<ci,- We define two maps [—, =], o3, by

Lf, 81" = o () = (D) jr(g) = f onig g = (=) lg o3y f, (3.1)

and

AIMS Mathematics Volume 10, Issue 9, 22314-22335.



22318

f 0318 g(%la T, %p%—q’ -x)
— Z (_1)(1,1)(_1)7((1,1;3€)k(_1)(|3£i1 [+, Dlglf(%i. e ;{ik’

L jg<ik+15p+q

g(xjw ) %jq’) : %ik+19 %ik+2’ ) %ip, x)
+Z(—l)(J’I)(—l)q(u’k%)"f(%il, L XL 8(X L, XL X)), (3.2)
J

for all homogenous elements X; = x! A x? € A’g, x € g, where

g(%j., s ,qu,) - X,
_ o oo 2 (g e Dl ] o 2
= g(X;, ,%]q,x- YAX: +(=1) X ng(Xj, X X)),

Ue+1 Ut 1 jl[’ 738!

KULE= D D 1%l% 0<k<p,

1<I<p 1<s<k, ji<is

where k is chosen in the unique way i, < j, < x4 and (=1)“D is the sign of the permutation (J,1) =
(jl,'.' ’jqaila"‘ ’ip) of N.

Lemma 3.2. The following equality holds:
j[f,gPlS — jgjf _ (_l)llfllllglljfjg,

forall f € L,x)(8,9), 8§ € Liyx)(8,9), p,q >0, k1, k2 € Zs.

PrOOf: We consider f € -E(p,/q)(g, g), 8 € L(q,Kz)(g, g)’ f € L(V,K_z)(g’ g)’ p.-q,r > 0’ K1, K2, K3 € ZZ-
Take homogenous elements X, -+, X, 4., € A%g and x € g. We set

J={juJo s dpbji<jpec, CN ={1,2,-- ,p+q+r},
I=Ai, o, iq+r}i|<i2<-~-<iq+r = N/J,

L={li,b, - }<tyea, T =it 00,0 S igerhs
H={hy, hy, -, hedny<ny<cn, = 1/ L.

We denote

K, H; %),

Z Z 1% 1%, 0<m <,

1<t<p 1<¢<m, jr<he

KLH:¥), = Y > |%l%|0<n<r

1<e<q 1<¢<n,le<hg

KL, = Y > %%, 0<r<p,

1<e<q 1<t<tle<jr

KULX, = Y > %] 0<s<q.

Then we have:
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where
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]f(]gf)(%l’ 3‘:2, Tt %p+q+r7 X) = (Jg(éj)) O35 f(%l’ x2a ) %p+q+r’ -x)
D DGR K fF e Xy ) - Ky Ky

Jjp<iks1<pq+r

xiqw X)
+ DD @)X+ s Xy oo, X, 00)
J

D EE X X X)) K R,

Ljp<ipr1=p+q+r Llg<hpyi <ig+r,
igr1=hn,n<m

Xy, o X)Xy Xy s Xy, X)

Y D @, Xy 8Ky X)) (FE e X)
L jp<igs1=p+q+r Llg<hyi1 <igsr,
ikt 1=l 1

i) Xy Xy )
+ D) D R X 8K ) K X,

Jjp<iks1Sp+q+r Lilg<hyi| <igir,
i+ 1=hp,n>m+1

’%hn—l’f(le’”. ’x.jp’).xik+]’£’7n+]’... 7xhr’x)
Y D QX X8Ry X R, X))

Jjp<ik+1Sp+q+r Lilg<hy| <igir,
ig+1=ls.5<p

it Xy 5 X1 ) Xy s Xys o0 5 Xy X)
D O X f R X)) X B

JoJp<ik41<p+q+7 Liige1=hn
X, 8(X, -, Xy, X))
D QR K g X f(R LX) X

Jjp<ik+1Sp+q+r Liigs1 =l

3€1H,,"' ,xlq,x))
D EQ e X g ) K X Xy

J o Llg<hpi)<iger
&, %, 0)

Y QR K 8Ky Xy [y Xy, ),
J L

X

(_1)(-/,1:f),\. - (_1)(-/,1)(_1)‘K(JJ:?€)1<(_1)(\351'1 I+'~+\3€ikl)\f\’0 <k<qg+r,
K, I; X D0 DL XL O<k<q+r,

1<7<p 1<¢<k, jr<ig

Q = (-1 )(J,I)(_l)(L,H)(_ 1 )\gl(l-’E/.] e Xy, [+ 41X [+ D)

x (-1 )\f\(l»{hl [+t X, |>(_ 1 )’K(J,H;f)n-l +HK(LH;:X)m+K (LT X)p ,
Q = (_1)(1,1)(_1)(L,H)(_1)\f\(l~¥/,l by 11 [ )

x (-1 )\gl(lxh | e X, D (-1 )'K(J,H;}'),,ﬁ'?((L,H;%)m +K(J,L;X)g ,
Q = (_1)(1,1)(_1)(L,H)(_1)\f\(l~¥hl et X, 1 413 D)

x (=1 )\gl(lfh, [+ Xy, D(_ 1 )W(J,H:.*')n_l +K(LHX)m+K (LX) ,
Q = (_1)(1,1)(_1)(L,H)(_1)\f\(l3€hl e X [ 41y D)

x (=1 )\gl(lih, [+ Xy, D(_ 1 )’K(J,H;?é)m KL HX)m+K (L X)s- ,
Qs = (_1)(1,1)(_1)(L,H)(_1)\gl(l~’€hl e [ 14X, [+ D)

x (=1 )\f\(l?c'/xl [+--+Xp,, ) (-1 )'K(J,H;f)n,] +K(LH:%),+K (LT %) ,
Q(, — (_1)(1,/)(_1)(L,H)(_1)\f\(|«¥hl [ X [+ 413 D)

x (-1 )‘g|(|~¥lx] [+ Xy, I)(_ 1 )'K(/,H;3€)r+’K(L,H;3€)r+'K(!.L;3€)r1
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97 — (_1)(1,/)(_ 1)(L,H)(_1)\f\(l-’€hl oot 13 1% D)
5 () i D YKH: ) KL H O+ K L0
Qg = (_1)(/,1)(_ 1)(L,H)(_1)\f\(|3€hl oot [ 1% D)
x (-1 )‘g|(|~¥lx] [+ Xy, |)(_ 1)7((1,1'1;35)#'7((LJ'1;3€)r+'7((f»L;35)q .
The action of j, j; is similar.
Set
0 = {OlaOZ’ e 70p+q}0|<02<~~-<()p+q g N = {1,2’ e 7p + C[ + r}v
H = {hl’ h2’ ) hr}h1<hz<---<h, = N/09
J = {jlajZ’ T jp}j1<j2<~~-<jp c 0’
L={l,b, - l}n<<-a, = O/J.
We have:
j[f,g]3ls(§)(£l 5T xp+q+r7 X)
. 3ls
— (_1)(0,H,[f,g] }mé:(%hl e, %hm’ [f, g]SIS(xo1 e, %Up+q’)
0,0p+g<hyp1 Sp+q+r
Fiors X5 Xy, X)
+ Z(_l)((),H;[f,ng)ré:({ X, Msex ... x
Lhys s Ky 7g] ( 01> 5 o,,+qvx))
0
= D T X [ X g, X))
0,0p+g<hyyy1 Sp+q+r Llg<jiy150p+q
.xjnl ? sz+2’ o xjp’ ) : thﬂ ’ %hm+2’ o xhr’ )C)
- D DR, X, (R X
0.0p+q<hms1<p+q+r J.jp<ls+1<0p+q
f(%j,,"' ,xjp,) : xzm,xlm,“' ,xlq,) : th“,"' s Xy X)
D DI X FR e X) - (@, Xy
0.0p+g<hpys1<p+q+r L
X ) Xias 7 5 Xpyr X)
=D DI TRE R, X 8K, X -
0,0p+q<hpi1<p+q+r J
(X, X,,) X )s Xiyns o > Xiyr X)
+ Us&Xpy, oo, Xy, [0, X, (X oo, Xy, ) - XL X
0 Lig<jis1<0p+q
* x_/,,, X))
— (_1)pq+x1k21"6§(xhls cee xh’,g(x]“ cee, %ls’f(:{jl’ cee xjp’)
O Jjp<lgs1=0p+q
X Xy Xy X))
DTy Ey f e g X, X))
0 L
_ Z Z(—l)pq+K‘K2F8§(3€h1 v X gy X f( XL D),
[
where

(= 1)\OHL 8 m

K(O,H; X),,

Iy
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(= 1) OHD (YKOH:Xm 1y 1o, DUHIED () <y <

= > D RELo<msr,

1<t<p+q 1<g<m,0r<hg

- (_ 1 )(O,H)(_ 1 )(L-!)(_ 1 )‘g|(|~¥lx] [, X ) 41X, )
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% (_ l)lfl(\xhl [+ X, D(_ 1 )W(LH;x)m‘*"K(L-H;:{)m +K(L,J;X); ,
I, = (-1 )(O,H)(_ 1 )(J,L)(_ 1 )U'I(Il'/x, [t Xy 11 [t | )

X (- l)lgl(\xhl [+, I)(_ I)W(IH;x)m+’K(L~H:3')n1 +K(J,L;X) ,
r; = (_1)(0,1'1)(_1)(L.J)(_1)\g|(|3€hl [ Xy, X ) 14X 1)

X (- l)lfl(\xh] [+ X, D(_ 1 )’K(J,H:x)nﬁ-’K(L,H;X)m +K(LJ3%)p ,
r, = (-1 )(OJ'I)(_ 1)(J,L)(_ 1 )\fl(li'/x] [ 11 1413 1)

x (-1 )|g|(‘35h| [+, I)(_ 1 )7<(J,H;-¥)m+'K(L,H;.¥)m +K(JL;X)g ,
Is = (- 1)(0,11)(_ 1)(L.J)(_ 1 )\gl(lfl,1 [ Xy [+ ) et D)

x (-1 )Ifl(\-%h, \+---+I~’<’1x,l>(_ 1)7((./,H;.‘C),+7((L,H;.’€),+7((L,./;3€), ,
1'*6 — (_1)(0,H)(_1)(1L)(_1)\f|(|3€/1] oo X [+ X )

x (=1 )IKI(\*;,] [+, D(_ 1 )’K(J,H:X)r+7((L,H;x)r+'K(!,L;X)s ,
r7 - (_1)(0,H)(_1)(L,])(_1)\g|(|.¥,,1 [ X [HX ) 41X )

x (-1 )|f|(‘-¥h1 \+---+I3€/1,I)(_ 1 )']((j«,H;x)r+7((L¢H§3€)r+7((L¢j;x)p ,
Iy = (_1)(0}1)(_1)(‘LL)(_1)‘f|(|~{h] [ X 11X 413 1)

x (-1 )Igl(\i'hl [, D(_ 1)’I((J,H;X)A‘K(L,H;X)r+‘K(J,L;3€)q )

We can check that

j[f,g]3ls — jgjf _ (_l)pq+K1szfjg — jgjf _ (_1)|If||||g||jfjg_
The proof is finished. O

Theorem 3.3. The vector space L*(a,q) equipped with the bracket [—,—1*" is a Z X Z,-graded Lie
algebra.

Proof. Take f € L(8,9), & € Lyi(8,98), and h € L,,,)(g,9). It is easy to see that [f, g’ e
Lipigiwin(8,9) and [f, g1*" = =(=D)Vl[g, 13 1f p, g, r > 0, by Lemma 3.2, we have

[f, [, i1 = [1f, g1, 11" — (=DM, [ £, RPN
= Jigps(f) — (= Dparaters) j o gt
— jn(Lf gI™) + (=1 Proretate) jo i (h)
— (=D (@) + (= DI o (Lf, hT)
= Jnje(f) = (=17 i iy (f) = (1P Ot i o, p])
— Jja(Lf> 1) + (=1 POt () — (= 1y ProtskR) (_yparae ()
— (=PI iy (g) 4 (= 1P L (0) (= DTS (L )
= Juje() = ja(Lf> g1") = (=D)PT™1% iy jr(g)
+ (=D (= i jn(f) + (=D fojo(h) + jo(Lf, h™)
+ (=Pt (g, b)Y = (=D jo(h) + jjn(g))
= 0.

Hence (£*(g, 8), [-, —]*") is a Z x Z,-graded Lie algebra. o

Remark 3.4. The subspace £7(8,8)5 = ®pezL(,.0)(8, 8) of L7(g, 9) is a Z-graded Lie algebra.

Proposition 3.5. Let 1 : g X g X g — g be an even skew-supersymmetric trilinear map on a Z,-graded
vector space §. Then i defines a 3-Lie superalgebra structure on g if and only if [, n]*" = 0.
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Moreover, we have

[r 1" = (=1Y8uf, ¥ f € C(3,0), p 2 0.
Proof. 'The pair (g, ) is a 3-Lie superalgebra if and only if the following equation holds:
(X1, X2, (X3, X4, X5)) = 7(7(x1, X2, X3), X4, Xs5)

(=D (. (e, 2, x4), 05)

+ (_1)(IX1|+IX2|)(IX3|+|X4\)7T(X3’ x4,7r(x1, X, xs)),

that is, [, 7]*® = 0. The rest also holds by a direct calculation. O

Proposition 3.5 gives a more concise description of the structures and coboundary operators of 3-
Lie superalgebras by the bracket [—, —]*". In this case, we say that 3-Lie superalgebras are canonical
structures for the bracket [—, —]°".

By Proposition 2.3 and Proposition 3.5, we immediately obtain:

Proposition 3.6. Let (g, ) be a 3-Lie superalgebra. Suppose that V = V5 @ Vy is a Z,-graded vector
space and p : N*°g — gl(V) is an even linear map. Then (V; p) is a representation of g if and only if

7+ p,7+p" =0,
where p is defined by Eq (2.6).
4. Generalized representations and the corresponding cohomologies of 3-Lie superalgebras
In the section, we introduce generalized representations and the corresponding cohomologies of

3-Lie superalgebras.

Definition 4.1. Let g be a 3-Lie superalgebra and V- = V5 & Vi be a Z,-graded vector space. A
generalized representation of g on V consists of two even linear maps p : A*q — gl(V) and v : g —
Hom(A?V, V), such that

[T+p+v,7n+p+7" =0,

where
p,v:(@®dV)X@dV)x(geV)—-gaV

are induced by p, v:

(X1 + uy, Xo + U, X3 + us) = p(xy, x)uz + (= 1) FHEDBloGe x yuy

+ (_1)(|X2|+IX3I)IM1 'p(xQ, x3)uy,

V(o + Uy, Xg + U, X3 + u3) = V() (g, uz) + (= 1)y (0 ) g, ay)

+ (=)l ) 1),
for all homogenous elements x; + u; € g®V, |x; + ;| = |x;| = luyl, i = 1,2, 3.

We will denote the generalized representation by a triple (V; p, v).
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Remark 4.2. If v = O, then the generalized representation (V;p,v) reduces to a usual representation
(V;p) of a. If a1 = O, then g is a 3-Lie algebra and (V;p, V) is a generalized representation of 3-Lie
algebra g. See more details about generalized representations of 3-Lie algebras in [9, 14].

We denote [—, —, =], =7+ p + V.

Theorem 4.3. Let (g, ) be a 3-Lie superalgebra and (V; p,v) be a generalized representation of g.
Then (g ® V,[—, —, —p.) is a 3-Lie superalgebra and we call it a generalized semidirect product of
gandV.

Proof. 1Tt is a direct conclusion of Proposition 3.5 and Definition 4.1. O

In the following, we give an equivalent characterization of generalized representations.

Proposition 4.4. Let g be a 3-Lie superalgebra and V = Vi & Vi be a Z,-graded vector space. Let
p: N’g = gl(V)and v : ¢ = Hom(A?V, V) be two even linear maps. Then (V;p,v) is a generalized
representation of g if and only if the following equalities hold:

1 [+ |x2)lxs)

p([x1, x2, 3], X4) + (= 1) o(x3, [x1, X2, X4])

+ (_1)(lxl|+\x2|)(|X3|+|x4|)p(x3, x)p(x1, X2), 4.1)
(= DFRbesdo e, x)p(xi, x2)

_ (_l)lmI(IX2|+IX4I)+IX3IIX4|p(x2’ x4)p(x1, x3)

p(x1, x2)p(x3, X4)

p(x1, [x2, X3, X4])

+ (=DM, x3)p(xn, xa), (4.2)
p(xr, X)) (U, u2)) = v([x1, Xa, X3, o) + (=Dl (o, x0) (), un)
+ (= DInbrebsiaby ey, p(xg, x2)(u2)), (4.3)

(_1)(IX1|+|ul|+IX2|)IX3I+\M1IIX2\V(X3)(p(xl, x2)(u1)’ I/tz)
+ (_1)(IX1|+\M1I)(IX2|+IX3|)V(x2)(p(x3’ xl)(ul), Mz)

v(x)(uy, p(x2, X3)(12))

+ (=)D D o ey o) (v ), 1)), 4.4)
v, V), uz)) = (= DRy oy ) (uy, u), u3)

+ (= Db beDy (oo )y, v ), u3)), 4.5)
v ) uz) = (=DM OR) (o), up), u3), (4.6)

for all homogenous elements x; € g, u; €V, i,j=1,2,3.

Proof. The triple (V;p, v) is a generalized representation if and only if [7+p + v, 71+ 5 +v]*" = 0.
By straight computations,

[r+p+v,m+p+ PP5(xy, X2, X3, X4,1) = 0
is equivalent to Eq (4.1) and
[T+p+v,7m+p+ 5 (x1,v, 0, X3, %4,v) = 0
is equivalent to Eq (4.2). Other identities can be proved similarly. O
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Example 4.5. Let g = g3 ® g7 be a 3-dimensional 3-Lie superalgebra over a field K equipped with
a nonzero bracket [—, —, —]. Suppose that {e;, e} and {e;} are the basis of g5 and gj, respectively,
satisfying [ey, e;,e3] = e3. Let V = V5 @ Vi be a Z,-graded vector space with a basis {v, v,}, where
|V1| = (_) and |V2| = I

Define an even linear map v : ¢ — Hom(A2V, V) by

v(e1)(vi,v2) = liva, v(e2)(vi,v2) = Lva, v(e3)(vi,v2) =0, [y, € K.
By direct calculations, (V;0, v) is a generalized representation of g.

Definition 4.6. Let (Vi;p1,v1) and (Va;0.,v2) be two generalized representations of a 3-Lie
superalgebra . Then they are called equivalent if there is an even linear map ¢ : Vi, — V,, satisfying

d(o1(x1, X2)u) = Po(x1, X)), (V1 (X) (U, uz)) = v2(x)(P(u1), Pp(u2)),
for all homogenous elements x, xy, x; € 6, u,uy,up € V.

In the following, we give a new cohomology of a 3-Lie superalgebra, corresponding to a generalized
representation.

Let (V;p, v) be a generalized representation of a 3-Lie superalgebra (g, 7). The space of p-cochains
Cl(g® V, V) is defined as a subset of

C’(g®V,V) = Hom(@®@" (A*(g® V) A (g V), V),
such that
Cl(gdV,V)=CL(ga®V,V)a& C’(V,V).

Then CL(g ® V, V) is endowed with a natural Z,-grading.
Define amap d: C2(g® V,V) - C” (g V, V) by

d(f) = D[ +p+ v, 1", feClg®V,V), p=0. (4.7)

Theorem 4.7. Let (V;p,v) be a generalized representation of a 3-Lie superalgebra . Then dod =0
and (CE(a® V,V),d) is a cochain complex of g.

Proof. Consider that

dod(f) = (D" YIn+p+7,[n+p+7v, 57"
= %(—1)170’“)[[” +p+v,m+p+ VP, 1
= 0,
forall f € Cl(g® V, V). o

It is easy to see that d(f) = d(f), for all £ € CP(g,V). A p-cochain f € CL(g® V,V) is called a
p-cocycle if d(f) = 0. We denote by Z”(g, V) the set of p-cocycles. Set B°(g,V) = dCf_](g eV,V)
and call it the set of p-coboundaries. It is easy to see that B7(g, V) C Z”(g, V). The p-th cohomology
group is defined by

H (@, V) =2, V)/B"(g, V).

It is obvious that Z?(g, V), B7(g, V), and H?(g, V) are Z,-graded.
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Proposition 4.8. There is a forgetful map from H?(g, V) to HP(g, V).

Proof. 1Tt is easy to see that CP(g,V) € CL(g® V,V) and d(f) = I(f), for all f € CP(g,V).
Hence a forgetful map from H?(g; V) to H”(g; V) can be induced by the projection from CZ(g @ V, V)
to CP(g, V). |

Remark 4.9. It is clear that (L:(3® V, V)5 = @,20C2(a ® V, V), [—, =", d) is a differential graded
Lie algebra.

Proposition 4.10. A homogenous element f € Hom(g, V) is a 0-cocycle if and only if the following
equalities hold:

0
0

(=D e)(f (), ) = (=D VHRPR ey ) (£ (e ), w)
F(x1, x2, x3]) — (_l)lfl(\xllﬂle)p(xl’ x)f(x3) — (_1)(|f|+|x1I)(\XzI+IX3I)p(x2’ x3)f(x1)
_ (_1)\f|(\xl|+\X3|)+IX2HX3Ip(xl’ X3)f(x2),

for all homogenous elements x;,x,,x3 € g, u € V.

Proof. For f : g — V,itis a 1-cocycle if and only if

0 = df)xy,x2,u)
= (=D"Mh)(f(), u) = (DY (o)), w),
0 = (df)(xla X2, X3)
= f([x1, x2, x3]) = (=DVHED oy x0) Fog) = (=1 UHDRRSD 5 x3) £(x0)
_ (_1)IfI(IX1|+IX3|)+|X2IIX3Ip(x1’ X3)f(X2).

The proof is finished. O

Proposition 4.11. Let f, + f>+ f5 € CL(g® V, V), be a homogenous 1-cochain, where f, € Hom(A?V A
3, V) fr € Hom(A%g A V, V)., and f; € Hom(A3q, V),, k € Z,. Then fi + f> + f; is a 1-cocycle if and
only if the following equalities hold:

0 = (=D Dol %) f(xs, x4, X5) = f3(x1, X2, [X3, X4, X5])

+ (= Dbt sh oo xs) fi(x1, 60, x3) + f3([x1, X2, X3, X4, X5)

_ (_1)(K+|X1\+|X2\)(|x3|+\x5|)+|x4|\x5|p(x3’ xs5) f3(X1, X2, X4)

+ (= DDl £ e Ty, x, x41, X5)

+ (= DabHeDlsRed g oo xy, L, xo, x5])

+ (= DRt b o xy) f3(x1, 2, x5), 4.8)
0 = (=Dirhabbelbadly oy (f(x, x2, x3), 1)

— (=)Dl e (f (x, x2, x4), 1)

+ (= 1y Do x0) f(xs, x4, 1)

_ (_1)(K+|X1\+|X2\)(|x3|+\x4|)p(x3’ x4) fo(x1, X2, 1)
= f(lx1, x2, x3], x4, 0) + (D) f([x1, x0, x4, x5, 1), 4.9)

0 = (_1)(K+Ix2|+|x3I+Ix4\)|u\+K|x|Iv(xl)(u’f3(x2’x3’x4))
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+ (=1 bbb o (s x) fo(x1, %2, 1)

_ (_1)(K+Ix1\)(Isz+IX4I)+IX3IIX4Ip(x2’ x4)f2(x1, X3, 1)

+ (=Dt oy x3) fo(x1, x4, 1)

+ (_1)(\x1I+\le)(|x3|+l)c4l)f2(x3’ x4, (X1, X2)t)

— (—yfalberbbrialal g (o xy, p(er, x3)u) = fo(xr, [x2, X3, x4, 1)

+ (= DRIEERED £ (e s, p(ay, xa)u), (4.10)
0 = —(=DWrhaledlyCey(f (xy, x2,u1), 1)

+ (= rbatrebhataliely ey f (e, 2, u2), 1)

+ (1, X2, v(o3)(uy, up)) + (= 1yPatbed sttt o) £ @y, ua, x3)

_ (_1)(\xlI+\le)\u1I+(Iu1|+|uz|)|x3|f1 (ur, p(x1, X2)Ut2, X3)

— (=)Dl £ (o(xy, xo)uy, 12, x3)

_ (_1)(\X1I+\XzI+IX3I)(Iu1I+qul)f1(ul, w, [x1, %2, x3]), 4.11)
0 = (-Dirhabboltabsbiolal, o) f (), xo, ur), 1)

+ (= Db abhabCalahy (o) (f (s, x1, u), 1)

— (=1 Dy (e )y, fo(xa, x5, 12))

+ (= 1)PabaDGeR b £ (o) s, v ), 1))

+ (_1)(K+|X1‘+|V1|)(|x2‘+|x3|)+|xl|(‘ul|+‘u2|)p(x2’ X3)f1 (uy, 2, X1)

+ (=DyPelattisliel £ (o0, xo)uy, ua, x3)

— (= DPilabbeletbsh f gy p(xa, x3)up, x1)

— (= heltabrbebrielel £ (o(xy, x3)ur, ua, x0), (4.12)
0 = (=DM, xs, )y, u2) = (=DM £ oy s, v ) (g, 1))

= foCxr, %2, v(x3)(uy, up)) — (= 1yPabbebralseadbol e o) £ (uy, ua, x3)

+ (_l)K(mI+IX3I)+IXz\(Iu1I+quI+IX3I)p(xl, X3)f1(u1, U, X2)

_ (_])(K+|X1\)(|X2|+|X3|)+(|Il1|+|142|)|x1|p(x2’ x3)f1(u1, U, x1)

+ (= abkeDtalelbsd g G, [x1, 2, x30), (4.13)
0 = —(=DWrhabrhslly o) (i (ur, 2, x1), u3)

+ (—1yebhalerelsly oo ) Of uy, us, 1), u2)

+ (_1)K(\xll+lull)+(lxl\+IXzI)(\u1I+\uz\+lu3\)v(xl)(ul, fi(uz, u3, x2))

— (= Rabbebalelhad £ () (u, ua), us, x2))

+ (=Pl £ Gy v (o), u3), x1))

+ (_])quHu3I+(le |+|X2|)(|141|+|142|+|u3|)f1 V() (uy, u3), Uz, X2)), (4']4)
0 = (=Drbabelbabloly o) (ur, w2, x1), u3)

+ (= DOrhareDly e O (uy, ua, X2), u3)

_ (_1)(\ull+\uzl>lxz\+lx1I(Ixz\+|u3\)f1 v(x2)(uy, ua), u3, X1)

+ (= DlabslaDrloll £ (e Y uy, un), us, x2), (4.15)

for all homogenous elements x1, X2, X3, X4, X5 € 6, U, U, Uy € V.
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Proof. A homogenous 1-cochain f; + f, + f3 is a 1-cocycle if and only if d(f; + f> + f3) = 0. By
straight computations,

d(fi + fo + 3)(x1, X2, X3, X4, X5) = 0,
d(fi + f2 + f3)(x1, X2, X3, X4, u) = 0,
d(fi + f2 + f3)(x1, 4, X2, X3, X4) = 0,

d(fi + fo + [3)(x1, X2, w1, Uz, x3) = 0,

d(fi + fo + [3)(x1, w1, X2, 2, x3) = 0,

d(fi + f2 + f3) (w1, uz, X1, X2, x3) = 0,

d(fi + f2 + f3)(x1, w1, Uz, u3, x2) = 0,
d(fi + fo + ), uz, x1, X2, u3) = 0,

imply Eqgs (4.8)—(4.15) hold. O
5. Generalized one-parameter formal deformations of 3-Lie superalgebras

In this section, we study generalized one-parameter formal deformations of 3-Lie superalgebras
with respect to the new cohomology. We will see that the infinitesimals of two generalized
deformations depend on the first cohomology groups, and the extendability of finite-order generalized
deformations are controlled by the second cohomology groups.

Let K[[#]] be the power series ring in a variable ¢ over K and g[[#]] be the set of formal power series
on a vector space g. It is natural to extend a K-trilinear map ¢ : g X g X g — g to a K[[¢]]-trilinear map
¢ oll7]] x allz]] X gllz]] — oll7]] via

e, Y R Y ey = Y Y el xd),

j120 220 j3=0 520 ji+ja+j3=s

forall x/ € g,i=1,2,3.

Definition 5.1. Let (g,7) be a 3-Lie superalgebra over a field K and (V;p,v) be a generalized
representation of §. A generalized one-parameter formal deformation of the pair (g,V) is an even
K[[¢]]-trilinear map

[= ==l : (@@ W] x (g V)[[7]] x (g ® V)[[7]] = (s & V)[[r]]

with the form [—,—, =1, = Y50 F'[-, —, —1;, where [—,—,—]; € Hom(A3(g® V), V) can be extended to a
K[[#]]-trilinear map and [—, —, =10 = [—, —, —l(v), such that the following equality holds:

[31’ 32, [33’ 34, 35]t]t
= [[31,32, 331 34, 351 + (=1) (33, [31> 325 3411, 3511
(131 1+132 D133 1+1134)
+ (=D s, 3, 31, 32, 351 s (5.1)

(31 1+132D1331

for all homogenous elements 3; e g®V,i=1,2,3,4,5.
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Recall that a formal deformation of a 3-Lie superalgebra (g, [—, —, —]) is a power series [—, —, —]Y =
Z;:E)J[_’ ) _]iUti with [_, ) _]lU € Hom(/\3g’ g)(_) and [_’ ) _]0 = [_5 ) _]’ such that (g’ [_’ ) _]tU) isa
3-Lie superalgebra (see [16]). Then we obtain:

Proposition 5.2. If V = g, there is a forgetful map from a generalized one-parameter formal
deformation ((g ® 9)[[1]], [, —, =) to a usual one (g[[7]], [, =, =17).

Proof. 1t is obviously that g[[#]] € (g ® g)[[#]]. Put
[X], X2, x3]tU = [(xl’ 0)7 (.XZ, 0)9 (.X3, 0)]t X; €4, I = 19 2’ 3.

It follows that [—,—, —]Y defines a 3-Lie superalgebra structure on g[[#]] and it is a one-parameter
formal deformation of g. |

Reviewing the operator “ o3 ” given by Eq (3.2), then Eq (5.1) can be written as

k
D= —lion == =i =0, k=0,1,2,-- (5.2)

i=0

and we call it a deformation equation.

Theorem 5.3. Let [—,—, —), = Yis0 '[—, =, —1i be a generalized one-parameter formal deformation of
(8, V). Then the first term [—,—, -1 is a 1-cocycle, that is, [—,—, —]; € Z'(g, V).
Proof. Take [—,—,—]; € Hom(A%g, g)5. For k = 1, Eq (5.2) can be written as
[_’ ) _](p,v) O3ls [_’ ) _]l + [_’ ) _]1 O31s [_9 ) _](p,v) = Oa
that is, d([—, —, —];) = 0. Hence [—, —, —]; is a 1-cocycle. O
Definition 5.4. The 1-cocycle [—,—,—11 € Z'(a,V); is called the infinitesimal of the generalized
one-parameter formal deformation [—, —, =], = X.is9 t[-,—, 1 of (g, V).

Definition 5.5. Let g be a 3-Lie superalgebra and (V;p,v) be a generalized representation of g.
Suppose that [—,—, =), = Yo t[= — —1i and [, —, =], = Yo t'[-, -, —];. are two generalized one-
parameter formal deformations of (g, V) with

[_’ ) _]0 = [_’ ) _];) = [_a ) _](p,v)~

Then we call the two generalized deformations equivalent if there exists a formal isomorphism ¢, =
S gt :g®V — a®V, where each ¢; is an even linear map, such that

>0
do = 1dgev,  &([31,32, 331) = [3:G1)s di(32), D:(33)], (5.3)

for all homogenous elements 3, e g®V, i =1,2,3.
A generalized one-parameter formal deformation of (g,V) is called trivial if it is equivalent to

[ = =lpw
Theorem 5.6. The infinitesimals of two generalized one-parameter formal deformations correspond
to the same cohomology class of H'(g, V).
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Proof. Suppose that ¢, = Id,ey + Y. ¢;¢' is the formal isomorphism such that

i>1
¢«([31, 32, 3310 = [9:G1)s di(32), $:(33)]. (5.4)

for all homogenous elements 3; € g® V, i = 1,2,3. Consider the coefficients of ¢ in the two sides of
Eq (5.4). Then we obtain that

31,32, 3311 — [31, 32, 331,
= [¢1(1)5 32, 33) (o) + [31, @1(32)5 33] (o) + [315 325 B1(33) 0.y — P1([315 325 33](o))-

That is,
(31,32, 3311 — [31, 32, 33]; = A1 (31, 32, 33)-

Hence there is ¢ = d¢; € B'(g,g) such that y = [-,—, -], — [-,—, —]|. O
Theorem 5.7. If H'(g, V) = 0, all generalized one-parameter formal deformations of (g, V) are trivial.

Proof. Suppose that [—,—, =], = [=, =, —lpn + 2isr f[-,—,=1i(r > 1) is a generalized one-
parameter formal deformation of (g, V). It follows from Eq (5.2) that

[_a ) _](p,v) O35 [_’ ) _]r + [_5 ) _]r O3 [_’ ) _](p,v) =0.
That is, d([—, —, —],) = 0.
If H'(g, V) = 0, there exist a 0-cochain ¢ such that [—, —, —], = d(y). Define ¢, = Idgey — . Then

60 sy + ) 0") = ey + Y 05 0 ¢, = gy

k>1 k>1
and ¢t_l = IdgGBV + Zkzl tkrlﬁk. Set
(31532, 330, = & (1G> di(32), D:(33)]0)-

It follows that [—, —, —]; = Yo l[-,—, —];. is a generalized deformation equivalent to [—, —, —],.
Note that ¢,([31, 32, 331,) = [#:(31), $:(32), ¢:(33)1, which can be written as

(Idggy — ') Z 1131532, 33); = Z 1131 — YB3 — 1Y), 33 — P Y(33)]is (5.5)

i>0 i>0

where [—, —, -], =0, 1 < k < r— 1. Comparing the constant terms for two sides of Eq (5.5), we get
(31, 32 33J0 = [31, 32 33 -
Next we consider the coefficients of #* (1 < k < r— 1) in Eq (5.5). They yield that
.- -1, =0, 1 <k<r—1.
For the coefficients of ", we obtain from Eq (5.5) that

31, 32, 331, — W31, 320 331 (o)
= [31,32,33) = [¥(B1)s 32, 33) (o) — 31, ¥ (32), 3310y — [315 32, W (33) o)

By the fact that [—-,—, -], = d(¥), we have [—, —, —]', = 0. Repeating the procedure, we remove an
increasing number of terms of the generalized deformation and obtain that [—, —, —], is trivial. O
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A generalized one-parameter formal deformation [—, —, —]; is said to be of order n if [—,—, -], =
Yo f[-,—,—];. We say that a generalized deformation of order n is extensible, if it is able to be

extended to a generalized deformation of order n + 1.

Suppose that Y, #[—,—, —]; is a generalized deformation of order n, satisfying the deformation
Eq (5.2). Then it can be extended to a generalized deformation of order n + 1 if and only if there is a

trilinear map [—, —, —],+1 such that

n+1

===l osi [= = =lw1-i = 0.
i=0
Equation (5.6) is equivalent to

d[_’ ) _]n+l = [_, > _]i O3]s [_a ) _]n+1—i~
i=1

Set i
Ob = Z[_’ ) _]i O3]s [_’ ) _]n+1—i~
i=1

So Ob is the obstruction to find [—, —, —],1+1-
Proposition 5.8. The 2-cochain Ob is a 2-cocycle, i.e., d(Ob) = 0.
Proof. We denote by [—, —, —]; = ¢;. For 1 < k < n, Eq (5.2) implies that

k—1
2dWn) = ) I e l™
i=1

So

4d(Ob)

42[1/’071//,' o3t Ynr1-i1™"
i=1

= 2 W [ Yt PP
i=1

= 23 Mo, Wil™ Yer 1 = 2 ) [, [, Y 11
i=1 i=1

n -1 n

= - Z Z[[(//j’ ‘//i—j]3ls’ Y1 + Z i[d/i, [, d/n+1—i—j]3lg]3ls

=l j=1 i=1 j=1
= - Zn: nz_l:[[‘/’j’ Yoot 0 T + Zn: nz_i[lﬂh [ Yneric PO
=1 Jj=1 i=1 j=1
= 22 nZ;[I//i’ [, lPn+1—i—j]3ls]3ls
o1 =
= % znl i (lyi, [y, l/’n+l—i—j]318]3ls + [y, [¢n+l—i—j9wi]315]3ls
i1 1
+ [‘/’n+;—f—j’ [0, P5T)
0.

Hence Ob is a 2-cocycle.

(5.6)

O
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Theorem 5.9. If H?(g, V) = 0, every generalized one-parameter formal deformation of finite order is
extensible.

Proof. Suppose that Y/, #'[—, —, —]; is a generalized deformation of order n. If Ob is trivial, there
is a 1-cochain ¢ such that Ob = d(y). This yields that

n

d(lﬁ) = Z[_’ > _]i © [_’ > _]n+l—i'

i=1

Hence [—, —, -], + "'y is a generalized deformation of order n + 1 and [—, —, —], 1s extensible.
Conversely, if [-,—, —]; is extensible, then there is ¢ such that )}/, fl—— -1 + t"Yisa
generalized deformation of order n + 1. We immediately obtain

dw) = D 1= ==l o [= = ~Jwis
i=1

It follows that the obstruction class Ob = d(y) is trivial. O

Corollary 5.10. If H?*(a,V) = 0, every l-cocycle is the infinitesimal of some generalized one-
parameter formal deformation of (g, V).

6. Abelian extensions of 3-Lie superalgebras

In this section, we associate split Abelian extensions to generalized semidirect product 3-Lie
superalgebras, and describe non-split Abelian extensions by Maurer-Cartan elements.

Let (a,[-, = —1s), (V,[-,—, —1v), and (g, [, —, —];) be 3-Lie superalgebras. We say that g is an
extension of g by V, if there exists a short exact sequence

O—>V—i>§i>g—>0,

where i : V — gand p : @ — g are two morphisms of 3-Lie superalgebras. If V is an Abelian ideal of
T, i.e., [V, V,’g]@ = 0, then we say that the extension is an Abelian extension. If there is a homogenous
even linear map o : g — g such that p o o = Id,, then the map o is called a splitting of §. Moreover,
if o is also a homomorphism between 3-Lie superalgebras, we call the corresponding extension a split
Abelian extension.

Proposition 6.1. Every split Abelian extension of a 3-Lie superalgebra is isomorphic to a generalized
semidirect product 3-Lie superalgebra.

Proof. Suppose that g is a split Abelian extension of g by V and o is the corresponding splitting.
Define two linear maps p : A2g — V and v : g — Hom(A2V, V) by

p(x1, x2)(m) = [o(x1), o(x2), ulg, (6.1)
v(xX)(ur, up) = [o(x), uy, ur I, (6.2)

for all x, x;, X, € g, u, uy, uy € V. Then there is 3-Lie superalgebra structure on g @ V defined by g
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[x1 +wuy, X2 + up, X3 + Uzl
= [x1, x2, X314 + p(x1, X2)uz + (—1)(|x2|+|x3|)|ullp(x2, xX3)uy + (—1)(|x1|+|M2|)|x3|P(x3, X1)up

+ v () (g, ) + (= 1)y ) g, ) + (= LD () (g, ).

So (V; p,v) is a generalized representation of g and (g®V, [, —, —](,,,)) 18 the corresponding generalized
semidirect product 3-Lie superalgebra. O

For a non-split Abelian extension of g, suppose that p and v are given by Eqgs (6.1) and (6.2),
respectively. Define a linear map 9 : A’g — V by

F(x1, %2, x3) = [07(x1), 0 (x2), 0 (x3)[5 — o7 [x1, X2, X3,
Then we transfer the 3-Lie superalgebra structure on'g to g @ V by p, v, and -

[x1 + up, X2 + U, X3 + Uzl p0.0)
=[xy, X2, X3]g + p(x1, x2)uz + (= 1) PHalo e iy + (= 1)l x yu,
+ V(o) (g, us) + (= D)PDRly ey s, uy) + (=Dl (e (1)

+ F(x1, X2, X3),

for all homogenous elements x; + u; e g@ V,i=1,2,3.

Theorem 6.2. Under the above notations, the pair (3® V, [—, —, =1 (,.,,9) is a 3-Lie superalgebra if and
only if Eqs (4.3)—(4.6) and the following equalities hold:

0 = —p(x1, x2)P(x3, x4, x5) + (=D FHHRDEHRHED 50, ) 9(xy, x, x3)

_ (_1)(|X3|+|X5|)(|x1|+|X2|)+|x4||x5|p(x3’ x5)9(X1, X2, X4)

— (= 1)balhbbareb oo x )0y, x2, x5) — Hxy, X2, [x3, X4, X5])

+ 9([x1, X2, x3], x4, X5) + (= DPFEDY e [y, x0, 4], x5)

+ (= 1ybetbabbaibedg e, xy, [x1, X2, x5]), (6.3)
0 = (=DPeruhadly (e ), 9(x, x3, x4)) = p(x1, [, X3, x4

+ (_1)(|X3|+|x4|)(|xl|+|X2|)p(x3, X4)p(x1 , XU

+ (= D)FElp (e, x3)p(xn, xau

= (=Derbiallo (o, x)p(xn, x)u, (6:4)
0 = p(xi, x)p(xs, xghu — (=)D o0 )y, x0)u

— p([x1, X2, 531, x)u + (=D, xo, x4], x3)u

+ (= DRarbelbaDialy (e (@, %, X3), 1)

— (=)Dl (o) (S, X2, X4), 1), (6.5)

for all homogenous elements x; € gandu e V,i=1,2,3,4,5.
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Proof. The Z,-graded vector space g @ V equipped with [—, —, =], 1s a 3-Lie superalgebra if
and only if the following equations hold:

[[-,—, _](p,v,ﬂ)’ [-,—, _](p,v,19)]3ls(x1a X2, X3, X4, X5) =0
= = =T [= = =l (X1, 1, X2, X3, %4) = 0
(=, = =l [= = =], vﬂ)]3ls(xl, X2, U,y X3, X4) =
(L=, = =Jiowas [=> = =Jowa 51, X2, 1y, 1, X3) =
[[-, -, _](p,v,l?)’ [—, - _](p vﬁ)] (U, X1, U, X2, X3) =
(L=, = =ty [= = =T (i, X1, 12, 3, X2) =
[[=, = =iowas [=> = = Lo S (t1, Un, U3, X1, X3) =
which implies Eqs (4.3)—-(4.6) and Eqgs (6.3)—(6.5) hold. O

We will describe non-split Abelian extensions by Maurer-Cartan elements. Let (L =
®,>0L, [, —],d) be a differential graded Lie algebra. We say that P € L; is a Maurer-Cartan
element ([12]) of L if the following Maurer-Cartan equation holds:

1
dP + S[P.P] =

Let (g, [—, —, —],) be a 3-Lie superalgebra and V be a Z,-graded vector space. Set a bracket
[x1 + u, X2 + up, x3 + u3]" = [x1, X2, X314

on g ® V and then (g ® V,[—, —,—]) is a 3-Lie superalgebra. It follows that (L (g ® V,g® V)5 =
®,-0C(g® V,V)y, [, —1%%,9) is a differential graded Lie algebra, where 9 is the usual coboundary
operator of 3-Lie superalgebra g @ V. Moreover, (L;(g eV,V), = EszoCﬁ(g &V, [, 1’,0) is a
differential graded Lie subalgebra.

Proposition 6.3. The pair (§, [—, —, —13) is a non-split Abelian extension of ¢ by V if and only if p+v+1
is a Maurer-Cartan element of a differential graded Lie algebra (L;(g oV, V), [-,—1",0).

Proof. The pair (§,[—,—,—];) is a non-split Abelian extension of g by V if and only if (g ®
V,[=,—, =) 1s a 3-Lie superalgebra. By Lemma 3.5, (3 ® V, [—, —, —](,..9)) 15 a 3-Lie superalgebra
by showing that

0= [[= = =it [=> = =Jowa I
=[n+p+v+n+p+7v+09P"
=7 + 2, p+ v+ O+ [+ V+ 0,5+ v+ I
=200 +V+N+[p+V+0,p+7v+ 0"

This yields that p + ¥ + ¢} is a Maurer-Cartan element. O

AIMS Mathematics Volume 10, Issue 9, 22314-22335.



22334

7. Conclusions

In this paper, we introduce generalized representations and the corresponding new cohomology
theory of 3-Lie superalgebras, as well as use the new cohomology groups to characterize generalized
one-parameter formal deformations and Abelian extensions. First, we describe 3-Lie superalgebras
as canonical structures for the bracket [—, —]*"*. Second, we define generalized representations and
the corresponding cohomology theory by [—,—]**. Third, we develop generalized one-parameter
formal deformations of 3-Lie superalgebras, and prove that the infinitesimals and the extensibility
of finite-order deformations of generalized one-parameter formal deformations are controlled by the
new first and second cohomology groups, respectively. Finally, we describe split and non-split Abelian
extensions of 3-Lie superalgebras by generalized semidirect products and Maurer-Cartan elements,
respectively.
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