
https://www.aimspress.com/journal/Math

AIMS Mathematics, 10(9): 22150–22179.
DOI: 10.3934/math.2025986
Received: 29 June 2025
Revised: 22 August 2025
Accepted: 10 September 2025
Published: 24 September 2025

Research article

Exploring chaotic behavior, conservation laws, Lie symmetry, and soliton
dynamics in the generalized A∓ equation

Beenish1,* and Fehaid Salem Alshammari2

1 Department of Mathematics, Quaid-I-Azam University 45320, Islamabad, Pakistan;
Beenish@math.qau.edu.pk

2 Department of Mathematics and Statistics, College of Science, Imam Mohammad Ibn Saud Islamic
University (IMSIU), Riyadh, Saudi Arabia; falshammari@imamu.edu.sa

* Correspondence: Email: Beenish@math.qau.edu.pk.
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respectively. By employing Lie group methods, the generalized A∓ equation is transformed through
suitable similarity transformations into a system of highly nonlinear ordinary differential equations.
The modified F-expansion approach is then applied to derive soliton solutions. The behavior of
these solutions is visualized in three and two dimensions (3D and 2D), with contour plots, and
the effect of wave speed is studied for specific values of the physical components in the equation.
These results contribute significantly to advancing the field by enhancing the depth and impact
of research. Subsequently, the dynamic behavior of the model was thoroughly investigated, with
particular emphasis on the chaos analysis. The incorporation of an external periodic force led to the
emergence of chaotic and quasi-periodic phenomena. These complex dynamics were illustrated using
time series plots, 2D and 3D phase portraits, return maps, bifurcation diagrams, chaotic attractors,
fractal dimensions, Poincaré maps, and Lyapunov exponent analysis. This comprehensive approach
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1. Introduction

In the upcoming year, nonlinear partial differential equations (NLPDEs) are expected to play
a significant role in modeling various phenomena across disciplines such as physics, chemistry,
biology, engineering, and finance [1, 2]. For instance, in biology, NLPDEs can model tumors’
growth dynamics, while in finance, they provide more accurate frameworks for pricing derivatives
like options and warrants. Their applications in physics are particularly broad, spanning areas like
fluid mechanics, quantum mechanics, and plasma physics [3, 4]. NLPDEs are also widely employed
to simulate nonlinear phenomena across several scientific and technological domains [5–7]. Notable
examples include the Heisenberg ferromagnet-type model [8], the stochastic potential Korteweg-de
Vries equation [9], and the fractional Chen–Lee–Liu equation [10]. Over recent years, researchers
worldwide have introduced numerous methodologies to explore the dynamics of NLPDEs. As a result,
various analytical techniques have been developed, including the generalized Arnous framework [11],
and the Kumar-Malik method [12] among others [14–16].

This article investigates the generalized A∓ equation, which exhibits a wide spectrum of soliton
types and structures. The equation is further extended to a more general form to encompass broader
dynamic features [17]:

(Ψ3)ttt − 2(Ψ3)ςςς + Ψς(ΓΨΨςς +B(Ψς)2 + Υ + κΨ4) = 0. (1.1)

Here, Υ, κ,B ∈ R, Ψ(ς, t) is the dependent variable, while ς represents the spatial variable and t denotes
the temporal variable. We refer to Eq (1.1) as the generalized A± equation. Notably, when Γ = 54,
B = 3,Υ = ∓3Υ2, and κ = ±3, Eq (1.1) reduces to Alexeyev’s A∓ equation, whose integrability and
soliton solutions have been studied in the following form [17]:

(Ψ3)ttt − 2(Ψ3)ςςς + 3Ψς(18ΓΨΨςς + (Ψς)2 ∓ Υ2 ∓ 3Ψ4) = 0. (1.2)

Yan Zhou et al. [17] worked on Eq (1.1), conducting a bifurcation analysis and obtaining exact traveling
wave solutions using the complete discriminant method. Compared with the A± equation Eq (1.2), the
generalized form Eq (1.1) incorporates a broader set of parameters, suggesting a richer spectrum of
solutions and dynamic properties. In this research, we analyze Eq (1.1) from four different perspectives.

• First, we investigate the Lie point symmetries of Eq (1.1), which helps reduce the differential
equations, leading to exact solutions and invariant forms.
• Second, we derive the conservation laws of Eq (1.1).
• Third, we obtain soliton solutions of Eq (1.1) using the modified F-expansion method.
• Last, we perform a chaos analysis of Eq (1.1). We apply a transformation to convert the

ordinary differential equation (ODE) into a dynamic system, then introduce perturbation terms.
Our investigation elucidates the presence of chaotic and quasi-periodic phenomena, which we
substantiate through the use of various analytical instruments:
• Bifurcation diagrams facilitate the monitoring of behavioral alterations within the system as the

parameters fluctuate, thereby elucidating transitions towards chaotic states.
• The fractal dimension serves to quantify the complexity inherent in the system while

differentiating chaotic motion from regular trajectories.
• Lyapunov exponents provide a metric for the system’s sensitivity to the initial conditions, which

is a fundamental hallmark of chaotic behavior.

AIMS Mathematics Volume 10, Issue 9, 22150–22179.



22152

• Chaotic attractors graphically represent the long-term dynamics of the system, unveiling
trajectories that, while irregular, remain bounded.
• Poincaré maps transform continuous dynamics into discrete intersections, thereby underscoring

both periodic and chaotic regimes.
• Return maps scrutinize the recurrence characteristics, enabling use to distinguish stable, periodic,

and chaotic motion.
• Two-dimensional (2D) and three-dimensional (3D) phase portraits illustrate the trajectories of the

system, revealing patterns of divergence or convergence.
• Multistability analysis investigates the simultaneous existence of multiple stable states contingent

upon varying initial conditions.
• Time-series analysis assesses the evolution of signals, effectively identifying irregular oscillations

that typify chaotic behavior. These analytical tools collectively furnish a robust framework for the
identification and comprehension of chaotic dynamics as described in Eq (1.1).

Symmetry analysis can be traced back to the contributions of Sophus Lie (1842–1899), who
pioneered Lie group theory as a systematic approach to the examination of differential equations [14].
His seminal work expanded upon classical concepts of symmetry, thereby laying the groundwork
for the development of Lie point symmetries and their associated transformations within the realm
of modern mathematics. Over the years, methodologies rooted in symmetry have found extensive
application across various domains, including engineering and nonlinear scientific inquiry. The
importance of symmetry analysis is underscored by its capacity to facilitate the simplification of
differential equations, either by diminishing their order or by converting them into forms that are
amenable to analytical resolution [18]. This analytical framework not only fosters the identification
of exact solutions but also contributes to the systematic classification of differential equations while
elucidating the conservation principles as articulated by Noether’s theorem (1918). Additionally,
symmetry methods are integral to the fields of integrability, stability analysis, and perturbation theory,
with particular relevance to the study of nonlinear dynamical systems [19, 20]. The applications of
symmetry analysis are diverse, encompassing areas such as fluid dynamics, plasma physics, relativity,
optics, quantum mechanics, and financial mathematics. It serves as a powerful instrument for modeling
phenomena such as wave propagation, solitons, and chaotic systems, thereby affirming its status as a
vital resource in contemporary theoretical and applied sciences [21–23].

Conservation laws play a crucial role in integrability, numerical method development, and analyzing
the behavior of solutions for differential equations in nonlinear phenomena. A well-established
approach for determining the conservation laws of partial differential equation (PDE) is Noether’s
theorem [24], which is closely associated with the existence of a classical Lagrangian. However, some
differential equations, such as scalar evolution equations, do not possess a Lagrangian formulation [25].
To address this, various alternative methods have been developed, including the multiplier method, the
direct method, partial Lagrangian method, and the non-local conservation method [26].

In 1834, John Scott Russell [27] first identified solitons while observing a solitary wave generated
by a canal boat that stopped abruptly. This wave traveled for miles without dissipating or losing its
shape, leading Russell to name it a “soliton”. A soliton is a unique traveling wave that, even after
colliding with another soliton, retains its original form. Solitons are solutions of PDEs that describe
various physical phenomena, including water waves and wave propagation in weakly anharmonic
mass-spring chains. Their defining characteristic is the presence of exponential tails, which allow their
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solutions to be expressed using exponential functions. Additionally, solitons follow a superposition-
like principle, meaning they pass through one another without alteration. Further developments
include theories on dispersion-managed solitons and quasi-linear pulses. In optical communication
systems, dark solitons are known to be more stable in noisy environments and experience slower
dispersion under loss conditions compared with bright solitons. In this paper, we employ the
modified F-expansion technique and highlight its advantages, including its efficiency in obtaining
exact solutions, its adaptability to various nonlinear equations, and its ability to generate diverse wave
structures. The modified F-expansion technique presents significant benefits owing to its capacity
to produce an extensive array of precise solutions, encompassing solitons and periodic waves, that
are pertinent to nonlinear differential equations. It offers a methodical and unambiguous framework,
thereby diminishing computational intricacies. Furthermore, it effectively incorporates a variety
of nonlinearities and parameter fluctuations, thereby augmenting its relevance to intricate physical
models [28–32].

The article is structured as follows: Section 2 explores Lie point symmetries, the symmetry group
of the generalized A∓ equation, and similarity reductions. Section 3 derives the conservation laws,
while Section 4 examines localized wave structures. Section 5 analyzes the physical behavior of the
solutions, and Section 6 discusses the chaotic characteristics. Section 7 discuss the analytical tools for
detecting chaos analysis. Section 8 presents the conclusions.

2. Insights from symmetry analysis

In this section, we discuss the results of Eq (1.1) to determine the Lie point symmetries, the
symmetry groups, and equation reduction using similarity variables.

Theorem 1. Equation (1.1) possesses a 2D Lie algebra generated by translation symmetries.

Proof. Consider a one-parameter local Lie group of transformations involving the variables ς, t, and Ψ,
defined as follows [14]:

ς∗ =ς + ϑ0σ1(ς, t,Ψ) + O(ϑ2
0),

t
∗ =t + ϑ0σ2(ς, t,Ψ) + O(ϑ2

0),
Ψ∗ =Ψ + ϑ0∆(ς, t,Ψ) + O(ϑ2

0).
(2.1)

Here, ϑ0 ∈ R represents the group parameter. The corresponding vector field Ξ for the equation is
given by

Ξ = σ1(ς, t,Ψ)
∂

∂ς
+ σ2(ς, t,Ψ)

∂

∂t
+ ∆(ς, t,Ψ)

∂

∂Ψ
. (2.2)

Applying the Ξ(3) to Eq (1.1), we have

Ξ(3)((Ψ3)ttt − 2(Ψ3)ςςς + Ψς(ΓΨΨςς +B(Ψς)2 + Υ + κΨ4) = 0.
)
|Eq (1.1)=0 = 0. (2.3)

After simplifying Eq (2.3), we obtain the following equation:

Ξ(3)(κΨ4Ψς−B(Ψ3)ς+ΓΨΨςΨςς+3Ψ2Ψt−6Ψ2Ψςςς−36ΨΨςΨςς−12(Ψ3)ς+ΓΨς

)
|Eq (1.1)=0 = 0. (2.4)

The third-order extension Ξ(3) is defined as follows:

Pr[3]Ξ =Ξ + ∆t
∂

∂Ψ
+ ∆ς ∂

∂Ψς

+ ∆ςς ∂

∂Ψςς

+ ∆ςςς ∂

∂Ψςςς

· (2.5)
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We also have the corresponding coefficients

∆t = Dt(∆) − ΨςDt(σ1) − ΨtDt(σ2),
∆ς = Dς(∆) − ΨςDς(σ1) − ΨtDς(σ2),
∆ςς = Dς(∆ς) − ΨςςDς(σ1) − ΨtςDς(σ2),
∆ςςς = Dς(∆ςς) − ΨςςςDς(σ1) − ΨtςςDς(σ2),
∆ςςςς = Dς(∆ςςς) − ΨςςςDς(σ1) − ΨtςςςDς(σ2).

(2.6)

The operators Dt and Dς represent the total derivatives with respect to time and space, respectively.
Utilizing the third-order extension and substituting the values of ∆t, ∆ς, ∆ςς, and ∆ςςς, we obtain

18Ψ3∂σ2

∂Ψ
= 0, 18Ψ3∂σ2

∂ς
= 0, 18Ψ3∂

2σ2

∂ς2 = 0, 36Ψ3∂
2σ1

∂Ψ2 = 0, 18
∂σ1

∂Ψ
Ψ3 = 0,

18Ψ3∂
2σ2

∂Ψ2 + 72
∂σ2

∂Ψ
Ψ2 − 2

∂σ2

∂Ψ
ΓΨ2 = 0, 18Ψ3 ∂

2σ2

∂ς∂Ψ
+ 36

∂σ2

∂ς
Ψ2 −

∂σ2

∂ς
ΓΨ2 = 0,

36Ψ3 ∂
2σ2

∂ς∂Ψ
+ 72

∂σ2

∂ς
Ψ2 − 2

∂σ2

∂ς
ΓΨ2 = 0, −

∂σ2

∂Ψ
ΓΨ2 + 18Ψ3∂

2σ2

∂Ψ2 + 36
∂σ2

∂Ψ
Ψ2 = 0,

18Ψ3 ∂3σ2

∂ς2∂Ψ
+ 9

∂σ1

∂Ψ
Ψ3 + 36

∂2σ2

∂ς2 Ψ2 −
∂2σ2

∂ς2 ΓΨ2 = 0,

∂∆

∂ς
ΥΨ +

∂∆

∂ς
κΨ5 − 6Ψ3∂

3∆

∂ς3 + 3
∂∆

∂t
Ψ3 = 0.

(2.7)

This system (2.7) can be solved either manually or using software such as Maple using the Gem
package. By solving the system (2.7), we obtain the infinitesimals

∆ = 0, σ2 = C1, σ1 = C2, (2.8)

where C1 and C2 are arbitrary constants. Consequently, the Lie algebra of translational symmetry for
Eq (1.1) is spanned by two vector fields

Ξ1 =
∂

∂t
, Ξ2 =

∂

∂ς
· (2.9)

�

2.1. Applying Lie symmetry reduction to the Eq (1.1)

This section focuses on obtaining exact solutions for the generalized A∓ equation using the Lie
symmetry method. First, PDEs are reduced to ODEs via Lie symmetry, and then an appropriate
technique is applied to solve them. The reduction process involves the subalgebras Ξ1 and Ξ2.
Condition a. Ξ1 = ∂

∂t
.

The characteristic equation derived from Ξ1 is

dt
1

=
dς
0

=
dΨ

0
. (2.10)
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As a result, we arrive at the transformation

Ψ = Φ0(R), R = ς· (2.11)

By inserting the expressions for Ψς,Ψςς,Ψςςς, and Ψt and into Eq (1.1), we get

12(Φ′0)3 − 36Φ0Φ
′
0Φ
′′
0 − 6Φ2

0Φ
′′′
0 + ΓΦ0Φ

′
0Φ
′′
0 + (Φ′0)3

B + ΥΦ′0 + κΦ4
0Φ
′
0 = 0. (2.12)

Condition b. Ξ2 = ∂
∂ς

.
The equation characterizing Ξ2 takes the form

dt
0

=
dς
1

=
dΨ

0
. (2.13)

This leads to the following transformation

Ψ = Φ1(R), R = t· (2.14)

Plugging the computed values of Ψς,Ψςς,Ψςςς, and Ψt into Eq (1.1), we derive

3Φ2
1(Φ′1) = 0. (2.15)

From the solution of Eq (2.15), we obtain the trivial solution

Φ1 = U1· (2.16)

Applying the backward transformation (2.14), we obtain the solution of Eq (1.1)

Ψ(ς, t) = U1. (2.17)

Condition c. Ξ1 + µ1Ξ2 = ∂
∂t

+ µ1
∂
∂ς

.
The equation characterizing Ξ1 + µ1Ξ2 takes the form

dt
1

=
dς
µ1

=
dΨ

0
. (2.18)

This leads to the following transformation

Ψ(ς, t) = V(R), R = ς − µ1t, (2.19)

where µ1 shows the wave speed. By substituting Eq (2.19) into Eq (1.1), with the condition Γ = 2B,
we transform the PDE into an ODE in terms ofV(R)

− 3V2V′µ1 − 12(V′)3 − 36VV′V′′ − 6V2V′′′ + 2V′BVV′′ +B(V′)3 +V′Υ +V′κV4 = 0· (2.20)

Integrating Eq (2.20) once concerning R, and setting the integration constant to zero, we obtain the
final reduced equation forV(R)

1
5
V5κ − µ1V

3 +VΥ + (V′)2
BV − 12VV′2 − 6V2V′′ = 0· (2.21)
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3. Conservation laws of Eq (1.1)

Conservation laws constitute a pivotal element in the examination of dynamic systems and are
thoroughly implemented across a multitude of scientific disciplines. These principles articulate
essential physical characteristics of PDEs that characterize a variety of natural phenomena.
Historically, their origins can be traced to classical mechanics, wherein they regulated the conservation
of energy, momentum, and mass, the subsequently extending their influence to fluid dynamics,
electromagnetism, and quantum mechanics [24]. In contemporary applications, conservation laws
assist in evaluating the integrability and linearization of PDEs, in facilitating the derivation of first
integrals for ODEs, and in the identification of potential functions. They also enable the development
of non-locally connected systems and enhance the precision of numerical simulations. Within the
realm of engineering, they contribute to the refinement of computational models of fluid dynamics ,
thereby ensuring stability and accuracy in simulations. In the field of plasma physics, these laws are
instrumental in the analysis of wave propagation and energy transfer phenomena [33, 34].

3.1. Review of the multiplier approach to identify conserved quantities

Here, we present an in-depth explanation of the multiplier approach [24].
Step 1. Suppose we are dealing with an s-order PDE:

J(ς,Ψ,Ψ1,Ψ2, ....,Ψs) = 0· (3.1)

In this expression, Ψ is the dependent variable, ς = (ς1, ς2, ς3, ..., ςm) indicates the set of independent
variables, and Ψ1 and Ψs correspond to the first- and sth-order derivatives of Ψ with respect to ς .
Step 2. The form of the Euler operator is given by

δ

δΨ
=

∂

∂Ψ
−Dp

∂

∂Ψp
+Dpq

∂

∂Ψpq
−Dpqm

∂

∂Ψpqm
+ .....· (3.2)

Step 3. The total derivative operator can be written as

Dp =
∂

∂ςp + Ψp
∂

∂Ψ
+ Ψpq

∂

∂Ψq
+ ....., 1 ≤ p ≤ n. (3.3)

It acts as a derivative operator concerning space and time.
Step 4. Assuming the s-tuple Ω = (Ω1,Ω2,Ω3,Ω4, ....,Ωp), we have:

DpΩ
p = 0, 1 ≤ p ≤ n. (3.4)

Satisfaction of all conditions in Eq (3.1) implies that Eq (3.4) represents a local conservation law.
Step 5. The multiplier κ(ς, t,Ψ) related to Eq (3.1) is defined such that it satisfies the condition

DpΩ
p = κH, (3.5)

for any function Ψ defined over the variables (ς1, ς2, ς3, ...., ςs).
Step 6. Taking the derivative of Eq (3.5) leads to the determining equations for the multiplier κ(ς, t,Ψ)

δ

δΨ
(κH) = 0· (3.6)
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Eq (3.6) is formulated for any function Ψ(ς1, ς2, ς3, ς4, ....., ςs), not only for those satisfying Eq (3.1).
Step 7. Once the multipliers κ(ς, t,Ψ) are obtained from Eq (3.6), Eq (3.5) is used to determine the
conservation laws.

Theorem 2. Eq (1.1) permits the presence of local conservation laws: Dς(ϕ1
ς) +Dt(ϕ1

t ) = 0,
Dς(ϕ2

ς) +Dt(ϕ2
t ) = 0,

(3.7)

where ϕ1
ς, ϕ

2
ς, ϕ

1
t
, and ϕ2

t
are defined as follows:

ϕ1
t =

36Π1

54 − Γ + Π1
, ϕ2
t =
−36Ψ

−Γ
12 + 9

2−
Π1
12

Γ − 54 + Π1
, Π1 =

√
Γ2 + 48B − 60Γ + 324, Π2 = Ψ

−Γ
12 + 3

2 +
Π1
12 ,

ϕ1
ς =

12(−Π2BΓΨ2
ς + Π2BΨ2

ςΠ − Π2Γ2Ψ2
ςς + Π1Π2ΓΨςς + 78Π2BΨ2

ς + 12Π2BΨ2
ς − 12Π1Π2Ψ2

ς − 24Π2BΨςς

(78 − Γ + Π1)(Π1 − Γ + 30))

+
12(84Π2ΓΨςς − 54Π1Π2Ψςς − υΠ2Γ + ΥΠ2Π1 − 936Π2Ψ2

ς − κΠ2Γ + κΨ
13
2 −

Γ
12−

Π1
12 Π1 − 1332Ψ

7
2−

Γ
12 +

Π1
12 Ψςς)

(78 − Γ + Π1)(Π1 − Γ + 30)

+
12(78ΥΨ

5
2−

Γ
12 +

Π1
12 + 30κΨ

13
2 −

Γ
12 +

Π1
12 )

(78 − Γ + Π1)(Π1 − Γ + 30)
,

ϕ2
ς = −

12(Π2BΓΨ2
ς + Π2BΨ2

ςΠ1 + Π2Γ2Ψ2
ςς + Π1Π2ΓΨςς − 78Π2BΨ2

ς − 12Π2ΓΨ2
ς − 12Π2Π1Ψ2

ς + 24Π2BΨςς)
(Γ − 78 + Π1)(Π1 + Γ − 30)

−
12(−84Π2ΓΨςς − 54Π1Π2 + ΥΠ2Π1 + 936Π2Ψ2

ς + κΨ
13
2 −

Γ
12−

Π1
12 Γ + κΨ

13
2 −

Γ
12−

Π1
12 Π1 + 1332Ψ

−Γ
12 + 7

2−
Π1
12 Ψςς)

(Γ − 78 + Π1)(Π1 + Γ − 30)

−
12(ΥΠ2Γ − 78ΓΨ

13
2 −

Γ
12−

Π1
12 − 30κΨ

13
2 −

Γ
12−

Π1
12 )

(Γ − 78 + Π1)(Π1 + Γ − 30)
.

(3.8)

The full set of local conservation laws for Eq (4.1) with the paramters Π1 and Π2 is given by {κ1, κ2} ={
Ψ
−Γ
12 + 3

2 +
Π1
12 ,Ψ

−Γ
12 + 3

2−
Π1
12

}
, fully capturing all local conservation laws of the equation.

Proof. Using the details from Eq (3.4), we derive the following system of equations:

κΨΨ =
−κΨΓΨ + 2κB + 12κΨΨ − κΓ

6Ψ2 , κt = 0, κς = 0· (3.9)

Consequently, the corresponding solution of Eq (3.9) is obtained as follows:

κ = g1Ψ
−Γ
12 + 3

2 +
Π1
12 + g2Ψ

−Γ
12 + 3

2−
Π1
12 , Π1 =

√
Γ2 + 48B − 60Γ + 324· (3.10)

The constants gi (for i = 1, 2) are arbitrary. The solution Eq (3.10) further confirms the validity of
Theorem 2 when the conservation law multipliers are given by

{κ1, κ2} =

{
Ψ−

Γ
12 + 3

2 +
Π1
12 ,Ψ−

Γ
12 + 3

2−
Π1
12

}
· (3.11)

�

4. Localized wave structures of Eq (1.1)

In this section, we investigate the localized wave structures of Eq (1.1) using the modified F-
expansion method. Additionally, an overview of the modified F-expansion method is provided.
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4.1. Overview of the modified F-expansion approach

This section presents the modified F-expansion method for solving nonlinear PDEs of the form

S(Ψ,Ψς,Ψt,Ψςς,Ψςt,Ψtt,Ψςςς, . . . ) = 0, (4.1)

whereS is a polynomial in Ψ(ς, t) and its derivatives. The key steps of the approach are outlined below.
Step 1. Consider the following wave transformation.

Ψ(ς, t) = V(R), R = ς − µ1t, (4.2)

where µ1 shows the wave speed to be determined. When describing the dynamics of wave
propagation, µ1 is essential.
Step 2. Substituting Eq (4.2) into Eq (4.1) yields a nonlinear ODE forV(R)

K(V,V′,V′′,V′′′,V′′′′, ....) = 0. (4.3)

Step 3. Assume that the solutionV of Eq (4.3) can be represented as a finite series in the form

V(R) = s0 +

F∑
b=1

sbΘ
b(R) + r0Θ

−b(R)· (4.4)

Here, s0, sb, rb are undetermined constants, and the right-hand side of Eq (4.4) is a polynomial in Θ(R),
which satisfies an auxiliary ODE

Θ′(R) = χ + ηΘ(R) + εΘ2(R)· (4.5)

Step 4. The integer F is determined by balancing the highest derivative with the nonlinear term of the
highest-degree in Eq (4.3).
Step 5. Substituting Eq (4.4) into Eq (4.3) and using Eq (4.5), we collect terms with the same degree
of Θ(R), forming a polynomial in Θ(R). Setting each coefficient to zero gives a system of algebraic
equations for s0, sb, rb, and µ1.
Step 6. Solving the algebraic equations gives the constants s0, sb, rb, and µ1.
Step 7. The known solutions of Eq (4.5), as shown in Table 1, are then substituted into Eq (4.4),
yielding more exact solutions of Eq (4.1).
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Table 1. Parameter-solution relations in Eq (4.5).
Conditions on parameters Corresponding solutions of Θ(R)

χ = 0, η = 1, ε = −1 Θ1(R) = 0.5 + 0.5 tanh(0.5R)
χ = 0, η = −1, ε = 1 Θ2(R) = 0.5 − 0.5 coth(0.5R)

χ = 1
2 , η = 0, ε = −1

2

{
Θ3a(R) = coth(R) ∓ csch(R)
Θ3b(R) = tanh(R) ∓ i sech(R)

χ = 1, η = 0, ε = −1
{

Θ4a(R) = tanh(R)
Θ4b(R) = coth(R)

χ = 1
2 , η = 0, ε = 1

2

{
Θ5a(R) = sec(R) + tan(R)
Θ5b(R) = csc(R) − cot(R)

χ = −1
2 , η = 0, ε = −1

2

{
Θ6a(R) = sec(R) − tan(R)
Θ6b(R) = csc(R) + cot(R)

χ = ±1, η = 0, ε = ±1
{

Θ7a(R) = tan(R)
Θ7b(R) = cot(R)

χ 6= 0, η = ε = 0 Θ8(R) = PR

χ 6= 0, η 6= 0, ε = 0 Θ9(R) =
−P + exp(SR)

S

4.2. Application of modified F-expansion method on Eq (2.21)

By applying the homogeneous balancing method between V2V′′ and V5, the assumed solution in
Eq (2.21) is truncated as follows:

V(R) = s0 + s1Θ(R) +
r1

Θ(R)
. (4.6)

Equation (4.6) satisfies an auxiliary ODE:

Θ′(R) = χ + ηΘ(R) + εΘ2(R),
Θ′′(R) = ηΘ′(R) + 2εΘ(R)Θ′(R)·

(4.7)

Substituting Eqs (4.6) and (4.7) into Eq (2.21) and setting the coefficients of Θ(R) to zero results in the
following system of equations:
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V−1(R) : 2κs2
1r3

1 −Bχ
2s2

1r1 − 4Bχηs0s1r1 − 2Bχεs1r2
1 −Bη

2s1r2
1 + 2Bηεs0r2

1 +Bε2r3
1 + κs4

0r1

+ 6κs2
0s1r2

1 − 12χεs2
0r1 − 12χεs1r2

1 − 6η2s2
0r1 − 6η2s1r2

1 − 36ηεs0r2
1 − 12ε2r3

1 − 3µ1s2
0r1 − 3µ1s1r2

1 + Υr1 = 0,

V−2(R) : − 2Bχ2s0s1r1 − 2Bχηs1r2
1 + 2Bχεs0r2

1 +Bη2s0r2
1 + 2Bηεr3

1 + 2κs3
0r2

1 + 4κs0s1r3
1

− 18χηs2
0r1 − 18χηs1r2

1 − 48χεs0r2
1 − 24η2s0r2

1 − 30ηεr3
1 − 3µ1s0r2

1 = 0,

V−3(R) : −Bχ2s1r2
1 + 2Bχηs0r2

1 + 2Bχεr3
1 +Bη2r3

1 + 2κs2
0r3

1 + κs1r4
1

− 12χ2s2
0r1 − 12χ2s1r2

1 − 60χηs0r2
1 − 36χεr3

1 − 18η2r3
1 − µ1r3

1 = 0,

V−4(R) : Bχ2s0r2
1 + 2Bχηr3

1 + κs0r4
1 − 36χ2s0r2

1 − 42χηr3
1 = 0,

V−5(R) : Br3
1χ

2 + 1
5κr

5
1 − 24r3

1χ
2 = 0,

V0(R) : 4κs3
0s1r1 + 6κs0s2

1r2
1 − 6µ1s0s1r1 +Bs2

1s0χ
2 − 12r2

1 s0ε
2 − 6s2

0s1ηχ − 6s2
1r1ηχ + Υs0

− 12s2
1s0χ

2 − 6s1r2
1ηε − 6s2

0r1ηε +Br2
1 s0ε

2 + 1
5κs5

0 − µ1s3
0 − 2Bs2

1r1χη − 2Bs1r2
1ηε

− 2Bs1r1s0η
2 − 4Bs1r1s0χε = 0,

V1(R) : Bχ2s3
1 + 2Bχηs0s2

1 − 2Bχεs2
1r1 −Bη

2s2
1r1 − 4Bηεs0s1r1 −Bε

2s1r2
1 + κs4

0s1

+ 6κs2
0s2

1r1 + 2κs3
1r2

1 − 12χ2s3
1 − 36χηs0s2

1 − 12χεs2
0s1 − 12χεs2

1r1 − 6η2s2
0s1 − 6η2s2

1r1

− 3µ1s2
0s1 − 3µ1s2

1r1 + Υs1 = 0,

V2(R) : 2Bχηs3
1 + 2Bχεs0s2

1 +Bη2s0s2
1 − 2Bηεs2

1r1 − 2Bε2s0s1r1 + 2κs3
0s2

1 + 4κs0s3
1r1

− 30χηs3
1 − 48χεs0s2

1 − 24η2s0s2
1 − 18ηεs2

0s1 − 18ηεs2
1r1 − 3µ1s0s2

1 = 0,

V3(R) : 2Bχεs3
1 +Bη2s3

1 + 2Bηεs0s2
1 −Bε

2s2
1r1 + 2κs2

0s3
1 + κs4

1r1 − 36χεs3
1 − 18η2s3

1

− 60ηεs0s2
1 − 12ε2s2

0s1 − 12ε2s2
1r1 − µ1s3

1 = 0,

V4(R) : 2Bηεs3
1 +Bε2s0s2

1 + κs0s4
1 − 42ηεs3

1 − 36ε2s0s2
1 = 0,

V5(R) : Bs3
1ε

2 − 24s3
1ε

2 + 1
5κs5

1 = 0.

By solving the algebraic system (4.2) using Maple, we obtain the following values

κ =
5(B − 24)(16Bχ2ε2 − 8Bχη2ε +Bη4 − 192χ2ε2 + 96χη2 − 12η4)

16Υ
, B 6= 24, 12 ,

Υ = Υ, µ1 = 2χεB −
Bη2

2
− 36εχ + 9η2, r1 = 0, s0 =

2η
√

Υ

(4χε − η2)
√

12 −B
,

s1 =
2ε
√

Υ

(4χε − η2)
√

12 −B
.

(4.8)

Utilizing Eqs (4.6) and (4.8) about the solution sets under the various conditions specified in Eq (4.7),
the solutions of Eq (1.1) are given as follows.
For χ = 0, η = 1, ε = −1, and B 6= 12 , the solution of Eq (2.21) and Eq (1.1) is obtained as follows:
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V1(R) =

−2
√

Υ
√

12 −B
−

2ε
√

Υ(0.5 + 0.5 tanh (0.5(R)))
√

12 −B
·

Ψ1(ς, t) =
−2
√

Υ
√

12 −B
−

2ε
√

Υ(0.5 + 0.5 tanh
(
0.5(ς − (−B2 + 9)t)

)
)

√
12 −B

·

(4.9)

A solution to Eqs (1.1) and (2.21) is obtained under the conditions χ = 0, η = −1, ε = 1, andB 6= 12
V2(R) =

−2
√

Υ
√

12 −B
+

2
√

Υ(0.5 − 0.5 coth (0.5R))
√

12 −B
·

Ψ2(ς, t) =
−2
√

Υ
√

12 −B
+

2
√

Υ(0.5 − 0.5 coth
(
0.5(ς − (B2 − 9)t)

)
)

√
12 −B

·

(4.10)

Under the specific conditions χ = 0.5, η = 0, ε = −0.5, and B 6= 12, Eqs (1.1) and (2.21) admit
a solution 

V3a(R) =

√
Υ(coth(R) ∓ csch(R))

√
12 −B

·

Ψ3a(ς, t) =

√
Υ(coth(ς − (B2 − 9)t) ∓ csch(ς − (B2 − 9)t))

√
12 −B

·

V3b(R) =

√
Υ(tanh(R) ∓ i sech(R))

√
12 −B

·

Ψ3b(ς, t) =

√
Υ(tanh(ς − (B2 − 9)t) ∓ i sech(ς − (B2 − 9)t))

√
12 −B

·

(4.11)

Setting χ = 1, η = 0, ε = −1, and B 6= 12 , leads to a solution of Eqs (1.1) and (2.21)

V4a(R) =

√
Υ tanh(R)

2
√

12 −B
·

Ψ4a(ς, t) =

√
Υ tanh(ς − (36 − 2B)t)

2
√

12 −B
·

V4b(R) =

√
Υ coth(R)

2
√

12 −B
·

Ψ4b(ς, t) =

√
Υ coth(ς − (36 − 2B)t)

2
√

12 −B
·

(4.12)

Imposing the constraints χ = 0.5, η = 0, ε = 0.5, and B 6= 12 , we derive a solution for Eqs (1.1)
and (2.21)
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V5a(R) =

√
Υ(sec(R) + tan(R))
√

12 −B
·

Ψ5a(ς, t) =

√
Υ(sec(ς − (B2 − 9)t) + tan(ς − (B2 − 9)t))

√
12 −B

·

V5b(R) =

√
Υ(csc(R) − cot(R))
√

12 −B
·

Ψ5b(ς, t) =

√
Υ(csc(ς − (B2 − 9)t) − cot(ς − (B2 − 9)t))

√
12 −B

·

(4.13)

Given χ = −0.5, η = 0, ε = −0.5, and B 6= 12 , it follows that Eqs (1.1) and (2.21) have a solution

V6a(R) =
−
√

Υ(sec(R) − tan(R))
√

12 −B
·

Ψ6a(ς, t) =
−
√

Υ(sec(ς − (B − 36)t) − tan(ς − (B − 36)t))
√

12 −B
·

V6b(R) =
−
√

Υ(csc(R) + cot(R))
√

12 −B
·

Ψ6b(ς, t) =
−
√

Υ(csc(ς − (B − 36)t) + cot(ς − (B − 36)t))
√

12 −B
·

(4.14)

When the parameters satisfy χ = ±1, η = 0, ε = ±1, and B 6= 12, Eqs (1.1) and (2.21) produce
a solution 

V7a(R) =
∓ 2
√

Υ tan(R)
√

12 −B
·

Ψ7a(ς, t) =
∓ 2
√

Υ tan(ς − µ1t)
√

12 −B
·

V7b(R) =
∓ 2
√

Υ cot(R)
√

12 −B
·

Ψ7b(ς, t) =
∓ 2
√

Υ cot(ς − µ1t)
√

12 −B
·

(4.15)

5. Wave behavior visualization

Visualizing the results through multiple graphical techniques enables a deeper understanding
of waves’ characteristics and their behavior under varying conditions. Surface plots effectively
demonstrate the spatial distribution and evolution of wave patterns, while contour plots highlight key
amplitude and intensity variations. A 3D graphical approach, enriched with color-coded elements,
provides a clear representation of how the spatial and temporal dimensions interact. In this section,
specific physical parameters have been chosen to explore the correlation between the newly derived

AIMS Mathematics Volume 10, Issue 9, 22150–22179.



22163

soliton solutions and the governing equation. To further examine the effects of parameters ς and t,
we utilize 3D, 2D, and contour plots. Figures 1–5 offer a detailed depiction of the behavior of dark,
bright-dark, and periodic waves, as well as kink and anti-kink solitons.

In Figure 1(a)–(c), the wave behavior of the solution Ψ1(ς, t) is illustrated by choosing the parameter
values Υ = 0.78 and B = 1.23, with the domain of ς and t set as (−4.4, 4.4). For a positive wave
speed of 8.385, the solution exhibits a kink soliton. In Figure 1(b), we use the same parameter values
but fix ς = 1.45 to obtain a 2D plot. On the other hand, in Figure 2(a)–(c), by keeping the same
parameters but considering a negative wave speed of −8.385, the kink soliton transforms into an anti-
kink soliton. Kink and anti-kink solitons are fundamental entities in the domain of nonlinear wave
dynamics, manifesting in a variety of physical systems, including fluid dynamics, optical fibers, and
condensed matter physics [35, 36]. They serve as representations of topological solitons within the
framework of field theory, facilitating the exploration of domain walls and phase transitions. In the
realm of plasma physics, they are employed to model energy transport phenomena and nonlinear wave
interactions [37, 38]. Optical solitons that are predicated on kink structures are vital for ensuring
stable signal transmission within fiber optic systems. Furthermore, these solitons are also observed
in biological contexts, such as the dynamics of DNA and the propagation of nerve impulses. The
inherent stability and robustness of these solitons render them indispensable for elucidating nonlinear
phenomena across a myriad of scientific and engineering disciplines [39, 40].

In Figure 3(a)–(c), the wave dynamics of the solution Ψ3b(ς, t) are depicted using the parameter
values Υ = 2.3 and B = 0.23, with the domain of ς and t set as (−7.6, 7.6). For a positive wave speed
of 8.850, the solution exhibits a right-dark soliton. In Figure 3(b), the same parameter values are used,
but with ς fixed at 2.45 to generate a 2D plot. Conversely, in Figure 4(a)–(c), by maintaining the same
parameters but considering a negative wave speed of −2, the right-dark soliton transforms into a left-
dark soliton [41, 42]. Right-dark and left-dark solitons are significant in the study of nonlinear wave
dynamics, especially in the contexts of optical fiber communications, Bose-Einstein condensates, and
fluid dynamics. Their stability and robustness contribute to their utility in information transmission
within optical systems, where they play a critical role in minimizing dispersion and enhancing the
integrity of signals [43, 44].

In Figure 5(a)–(c), the wave dynamics of the solution Ψ7b(ς, t) are depicted using the parameter
values Υ = 2.3 and B = 0.20, with the domain of ς and t set as (−5.4, 5.4). For a positive wave
speed of 17.80, the solution exhibits a family of periodic solitons. In Figure 5(b), the same parameter
values are used, but with ς fixed at 3.5 to generate a 2D plot. The class of periodic soliton solutions is
integral to the comprehension of nonlinear wave propagation across diverse physical systems [45, 46].
These solutions depict stable, recurrent wave formations that emerge in integrable and near-integrable
models, rendering them indispensable for the exploration of nonlinear dynamics [47, 48].
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(a) 3D visualization (b) 2D visualization (c) Contour visualization

Figure 1. Visualization of Ψ1(ς, t) with positive wave speed, resulting in the emergence of a
kink soliton.

(a) 3D visualization (b) 2D visualization (c) Contour visualization

Figure 2. Illustration of Ψ1(ς, t) influenced by a negative wave speed, generating an anti-
kink soliton.

(a) 3D visualization (b) 2D visualization (c) contour visualization

Figure 3. Representation of Ψ3b(ς, t) under a positive wave speed, forming a right-
dark soliton.
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(a) 3D visualization (b) 2D visualization (c) Contour visualization

Figure 4. Graphical depiction of Ψ3b(ς, t) under a negative wave speed, showcasing a left-
dark soliton structure.

(a) 3D visualization (b) 2D visualization (c) Contour visualization

Figure 5. Visualization of Ψ7b(ς, t) demonstrating the effect of a positive wave speed,
yielding a family of periodic solitons.

6. Characteristics of the dynamic system

In this section, we study the characteristics of the dynamical system using the Hamiltonian function
and chaos analysis.

6.1. Hamiltonian function

The analysis of chaotic characteristics involves decomposing Eq (2.21) into a planar system as
follows [49]: 

dV
dR

=W,

dW
dR

=
κV3

30
−
µ1V

6
+

Υ

6V
−

2W2B

V
−

2W2

V
, V 6= 0.

(6.1)

The Hamiltonian condition is:
∂H

∂W
=

dV
dR

,
dW
dR

= −
∂H

∂V
. (6.2)
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The Hamiltonian H(V,W) is derived using Eq (6.2) along with the first equation from the
system (6.1), resulting in [50]

∂H

∂W
=W· (6.3)

By integrating Eq (6.3) with respect toW, we get

H(V,W) =
W2

2
+Z(V). (6.4)

Here, Z(V) denotes an arbitrary function of V that needs to be determined. The second equation of
the system (6.1) is given by

dW
dR

=
κV3

30
−
µ1V

6
+

Υ

6V
−

2W2B

V
−

2W2

V
, V 6= 0. (6.5)

Differentiating Eq (6.4) partially with respect toV, we obtain

∂H

∂V
= Z′(V)· (6.6)

Substituting Eqs (6.5) and (6.6) into the second condition of Eq (6.2), we obtain

−Z′(V) =
κV3

30
−
µ1V

6
+

Υ

6V
−

2W2B

V
−

2W2

V
, V 6= 0. (6.7)

By integrating the equation above with respect toV, the potential energy is obtained

Z(V) = −
κV4

120
+
µ1V

2

12
−

Υln(V)
6

+ 2W2(B + 1)ln(V), V 6= 1. (6.8)

Thus, the Hamiltonian function is determined as

H(V,W) =
W2

2
−
κV4

120
+
µ1V

2

12
−

Υln(V)
6

+ 2W2(B + 1)ln(V), V 6= 1. (6.9)

The total derivative ofH(V,W) with respect to R is expressed as

dH
dR

=
∂H

∂V

dV
dR

+
∂H

dW
∂W

dR
· (6.10)

For Hamiltonian conservation, the total derivative must be zero. Since dH
dR 6= 0, for general

parameters, H(V,W) is not conserved. This non-conservation may arise from non-Hamiltonian
behavior or external energy exchange, potentially leading to complex and chaotic dynamics. The
regular form of the system (6.1) is given by

dV
dR

=W,

dW
dR

=
κV3

30
−
µ1V

6
+

Υ

6V
−

2W2(B + 1)
V

, V 6= 0 , ∵
dW
dR

= −
∂H

∂V
.

(6.11)
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6.2. Chaos anaysis

Nonlinear systems often exhibit chaos due to their irregular and unpredictable evolution, yet they
follow deterministic equations. To analyze the chaotic behavior of Eq (6.11), we introduce an external
periodic force, A cos(SR), and proceed as follows [51]:

dV
dR

=W,

dW
dR

=
κV3

30
−
µ1V

6
+

Υ

6V
−

2W2(B + 1)
V

+ A cos(SR), V 6= 0.
(6.12)

Here, S represents its frequency, while A denotes the amplitude of the external force. Figures 6–9
illustrate the impact of perturbations on the solution’s dynamics through 3D and 2D phase portraits,
time series representations, and return maps of the system (6.11), considering different cases of µ,Υ,
and κ with appropriate values of A and S.

• When κ = 0.28, µ1 = 4.2, and Υ = 0.29 with A = 0.01,B = 0.3, and S = 2.6, the system
described by Eq (6.12) exhibits chaotic motion, as depicted in Figure 6(a)–(d).
• When κ = 1.33, µ1 = 0.96, and Υ = 0.84 with A = 0.01,B = 0.3, and S = 1.6, the system

governed by Eq (6.12) displays chaotic behavior, as illustrated in Figure 7(a)–(d).
• When κ = 0.43, µ1 = 0.16, and Υ = −0.24 with A = 0.01,B = 1.3, and S = 0.56, the system

governed by Eq (6.12) exhibits quasi-periodic motion, as shown in Figure 8(a)–(d).
• When κ = 0.13, µ1 = 0.36, and Υ = −2.44 with A = 2.01,B = 1.3, and S = 1.56, the system

described by Eq (6.12) demonstrates chaotic behavior, as illustrated in Figure 9(a)–(d).

(a) 2D Phase portrait plot (b) Time series representation

(c) 3D phase portrait plot (d) Poincaré map

Figure 6. Illustration of chaotic motion in Eq (6.12) using A = 0.01 and S = 2.6.
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(a) 2D phase portrait plot (b) Time series representation

(c) 3D phase portrait plot (d) Poincaré map

Figure 7. Illustration of chaotic motion in Eq (6.12) with A = 0.01 and S = 1.6.

(a) 2D phase portrait plot (b) Time series representation

(c) 3D phase portrait plot (d) Poincaré map

Figure 8. Illustration of quasi-periodic motion in Eq (6.12) using A = 0.01 and S = 0.56.
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(a) 2D phase portrait plot (b) Time series representation

(c) 3D phase portrait plot (d) Poincaré map

Figure 9. Illustration of chaotic motion in Eq (6.12) using A = 2.01 and S = 1.56.

7. Analytical tools for detecting chaos analysis

In this part, we detect chaotic behavior using bifurcation diagrams, Poincaré maps, chaotic
attractors, fractal dimensions, and Lyapunov exponents.

7.1. Return map

The return map, defined as a plot ofV(R) versusV(R+ζ) with small decay ζ, captures the system’s
recurrence behavior. In Figure 10, the system is examined for µ1 = 0.33, κ2 = 0.76, Υ = 0.44,
and B = 0.3, using different values of S and A. Figure 10(a) shows a spiraling structure that indicates
weak chaos with quasi-periodic traces. Figure 10(b) shows closed loops, representing regular periodic
motion. In Figure 10(c), a scattered pattern suggests the emergence of chaos. In Figure 10(d), the
return map becomes highly irregular, confirming strongly chaotic behavior [54, 55].

7.2. Bifurcation diagram

A bifurcation diagram visually represents how the qualitative behavior of a system changes as
a parameter varies. It helps identify transitions from periodic to chaotic regimes [53]. Bifurcation
diagrams are widely used in nonlinear dynamics to trace critical parameter thresholds leading to chaos
in physical, biological, and financial models. Chaotic motion in the system (6.12) is illustrated through
the bifurcation diagram for µ1 = 0.33, κ2 = 0.76, and Υ = 0.44 with A = 0.01, B = 0.3, and S = 1.6,
as shown in Figure 11(a) for two different initial conditions: (0.55, 0.1) in blue color and (0.88, 0.1) in
red color.
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7.3. Chaotic attractor

Chaotic attractors are bounded, non-repeating trajectories in phase space that exhibit sensitive
dependence on the initial conditions. They characterize long-term behavior in chaotic systems [53].
Applications include modeling weather systems, turbulence, and heartbeat rhythms, where
deterministic chaos is observed despite apparent randomness. Chaotic motion in the system (6.12)
is visualized via chaotic attractors for µ1 = 0.33, κ2 = 0.76, and Υ = 0.44, with A = 0.01,B = 0.3,
and S = 1.6, as shown in Figure 11(b).

7.4. Fractal dimensions

Fractal dimensions quantify the complexity of an object by describing how the detail in a pattern
changes with the scale at which it is measured [53]. Chaotic systems often exhibit fractal geometry.
This measure is used in analyzing strange attractors, pattern formation in nature, and signal complexity
in physiological and ecological data. In the system (6.12), the fractal dimensions are used to visualize
the dynamics for µ1 = 0.33, κ2 = 0.76, and Υ = 0.44, with A = 0.01, B = 0.3, and S = 1.6, as shown
in Figure 11(c),(d) for two different initial conditions: (0.55, 0.1) shown in green and (0.88, 0.1) shown
in red. The green trajectory exhibits quasi-periodic behavior with a fractal dimension of 1.2, while the
red trajectory shows chaotic behavior with a fractal dimension of 5.2.

7.5. Lyapunov exponents

Lyapunov exponents measure the average rates of divergence or convergence of nearby
trajectories [53]. A positive Lyapunov exponent indicates chaos. They are crucial in chaos detection,
particularly for quantifying sensitivity to the initial conditions in systems like climate models and
population dynamics. Chaotic motion in the system (6.12) is illustrated using Lyapunov exponents for
the parameters µ1 = 0.33, κ2 = 0.76, and Υ = 0.44, with A = 0.01, B = 0.3, and S = 1.6, as shown in
Figure 11(d). The computed Lyapunov exponents are σ1 = 5.312 and σ2 = −5.312. The presence of a
positive Lyapunov exponent confirms the chaotic nature of the system.

7.6. Multistability analysis

A dynamic system can exhibit multiple coexisting solutions depending on specific initial conditions
and parameter values, a phenomenon known as multistability distribution, which we investigated in our
previous research [56]. To analyze this behavior, we examined phase portraits and time series graphs
for the system described by Eq (6.12). For validation, we set the parameters as follows: µ1 = 0.33,
κ2 = 0.76, and Υ = 0.44, with A = 0.31, B = 1.3, and S = 1.6, with the corresponding phase portraits
illustrated in Figure 12(a),(b). The trajectories for the initial conditions (V,W) = (0.66, 0.01) in
green, (V,W) = (0.44, 0.01) in red, and (V,W) = (0.22, 0.01) in purple initially exhibited chaotic
behavior. Similarly, Figure 12(c),(d) presents the results for the parameter values µ1 = 0.33, κ2 = 0.76,
and Υ = 0.44, with A = 0.01, B = 0.31, and S = 5.6, where two distinct phase portraits were obtained
for the initial conditions (V,W) = (0.66, 0.01) in green and (V,W) = (0.44, 0.01) in red. The system
displayed chaotic trajectory behavior for these conditions.
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(a) A = 1.01, S = 1.6 (b) A = 1.01, S = 1.6

(c) A = 1.5, S = 3.20 (d) A = 1.5, S = 3.20

Figure 10. Quasi-periodic and chaotic motion of the system (6.12) illustrated using the
return map for varying A and S.
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(a) Bifurcation diagram for the parameter A (b) Chaotic attractor

(c) Fractal dimension (d) Lyapunov exponent

Figure 11. Chaotic motion in the system (6.12) visualized via different computational tools
for µ1 = 0.33, κ2 = 0.76, and Υ = 0.44, with A = 0.01, B = 0.3, and S = 1.6.
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(a) A = 0.31, B = 1.3 (b) Time analysis

(c) A = 0.31, B = 5.6 (d) Time analysis

Figure 12. Chaotic trajectory of the system (6.12) visualized through multistability analysis
for µ1 = 0.33, κ2 = 0.76, and Υ = 0.44.

8. Conclusions

This study examines specific mathematical equations using analytical techniques, with a particular
focus on the generalized ∓ equation, which arises in nonlinear wave propagation across various
physical systems, including optics, fluid dynamics, and plasma physics. The symmetry properties of
this equation are explored through Lie analysis, where the associated vector fields and Lie groups
are determined. Utilizing the optimal system, symmetry reductions are applied, transforming the
generalized ∓ equation into a nonlinear ODE. The modified F-expansion method is then employed
to derive solitary wave solutions for the reduced equation. To visualize these solutions, graphical
representations of selected traveling wave solutions are generated using appropriate parameter values.
As a result, various solutions are obtained, including mixed hyperbolic, periodic, mixed periodic,
mixed trigonometric, trigonometric, kink singular, anti-kink singular, right-dark singular, left-dark
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singular, and shock wave solutions, as shown in Figures 1–5. Additionally, the multiplier approach is
applied to compute conserved vectors for the generalized ∓ equation. The study further investigates
the periodic, quasi-periodic, and chaotic responses of traveling waves under an external periodic
disturbance. As the intensity of this disturbance increases, the system transitions from periodic
behavior to chaotic dynamics. These complex dynamics were illustrated using time series plots, 2D
and 3D phase portraits, return maps, bifurcation diagrams, chaotic attractors, fractal dimensions,
poincaré maps, and Lyapunov exponent analysis, as shown in Figures 6–12. All graphs were plotted
using Python, which was also utilized to verify the obtained solutions by substituting them back into
the original equation. These findings have potential applications in the analytical study of NLPDEs
within mathematical physics, plasma physics, applied sciences, nonlinear dynamics, and engineering.

In the future, this study can be extended by exploring lump, breather, and rogue wave solutions, and
by incorporating neural networks such as physics-informed neural networks (PINNs) for data-driven
modeling. Advanced numerical techniques like the Adomian decomposition method , the variational
iteration method, the homotopy perturbation method, and the differential transform method can be
employed, along with analytical techniques, to obtain more accurate and diverse results. Additionally,
the model can be generalized to include fractional-order dynamics, stochastic perturbations, and
symmetry-based reductions, enhancing its applicability to real-world nonlinear systems.
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