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1. Introduction

Fractional calculus (FC) has emerged as a powerful mathematical tool in recent decades [1-3],
primarily due to its ability to accurately describe dynamic systems that exhibit memory effects and
hereditary behavior. Unlike classical calculus, which is restricted to derivatives and integrals of integer
order, FC generalizes these operators to arbitrary (noninteger) orders, allowing for a more nuanced
and flexible modeling approach [4-6]. This generalization proves particularly valuable in capturing
the intrinsic properties of complex phenomena that cannot be adequately explained using traditional
integer-order models [7-9]. As a result, fractional-order models have found widespread applications
across numerous scientific and engineering disciplines, including viscoelastic material analysis,
anomalous diffusion processes, biological systems, control theory, and signal processing [10—12]. The
growing interest in this area has led to the development of various definitions of fractional derivatives


https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.2025906

20274

and integrals, each with its own theoretical advantages and practical implications [13—-15].

FC, especially through the Q-Caputo fractional derivative, has become a key tool in modeling and
analyzing nonlinear dynamic systems that exhibit memory effects and complex hereditary behavior.
By generalizing the classical fractional operators with the Q-Caputo derivative, this approach provides
enhanced flexibility and greater descriptive power [16-18]. Such generalizations allow researchers
to capture intricate phenomena more accurately, leading to significant theoretical advancements and
expanding potential applications in diverse disciplines, including physics, engineering, and biology.

In [19], the authors studied the existence of solutions of Caputo fractional differential equations
(CFDEs) with m-point boundary conditions for 1 < g < 2

—Du(t) = f(t,u(®), D u(t)), 0<t<1,
u(0) =0, u(l) = 3772 su(w),

where 0 < &;, 4; < 1 with 372 6; < 1.
In [20], the authors considered the following infinite-point CFDEs for 2 < a < 3

Dgu(t) + f(t,u(), ' (1) =0, 0<r<1,
u0) =u’(0) =0, (1) =32, nu&),

wheren; > 0and 0 < & <& <. <€ <. < 1.

In [21], the authors investigated the existence of positive solutions of the following nonlinear
fractional differential equation (FDE) with the Riemann-Liouville’s fractional derivative forn — 1 <
a<n

Dgu(t) + Af(t,u@) =0, 0 <tr<1,
u(0) = w(0) = ... = u™2(0) = 0, u®(1l) = TP nat' (&),

wheren; >0and 0 < & <& < ... <é,0 < 1.

In [22], the authors prove the positive solutions of the FDE with the nonlinear Riemann-Liouville’s
fractional derivative forn — 1 <a <n

Dg.u(t) + Ah(@) f(t,u(@) =0, 0 <z<1,

1

u(©0) = w(0) = ... = u"2(0) = 0, Dpu(l) =X, | Dhu()dH@),
0

where Bp > 1and 0 < B <Br <..<B,<Bo<a-1.

In [23], the researchers studied the p-Laplacian FDE system with the Riemann-Liouville fractional
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derivative for infinite points

D2, (@, (DL ))(0) + A7 (1, u(t), DELut), ..., DEu(),v(1) = 0, 0 <1< 1,

DE. (o (DE))() + A7 g(t, u(t), DEut), ..., DI u(0)) = 0, 0 <1< 1,

0

u20)=0, j=0,1,2,..,n-2, vW0)=0, j=0,1,2,...m—2,
Dy.u(0) =0, Dplu(l) = X%, v;DEuE), Dyv(0) =0, Div(l) =X, V;DEu)),

Where%<a/,,8§ I, n-1<y<n m—-1<6<m, r,nel2,n-2], r, rne2,m-2],
i-l<p<i, k=1<m<k v,7;20, 0<& <..<&<..<land0<§ <..<§<..<l

Inspired by the above mentioned articles, the following Q-Caputo infinite-point FDE is studied in
this work:

DELu(r) + Ah(0) (2, ue), D Cu(@), ..., D> Pu()) = 0, 1€ (0,1),
u(0) = ' (0) = w’(0) = ... = u2(0) = 0, (1.1)
Dy Pu(l) = T2y D ucé),

wheren—-1<a<nn>24, v, el[lbn=-3l, v, <y, i-1<p;<i, i=12,..,n-2,u; >0,
0<& <& <. <€j<a <L, A= FB(Q) - Q0) " = - T2, 1,(Q(E) - Q0) 7 %0
f € C(0,1] x R R), f(t,u,us, ...,u,_) is a continuous function, CDg;Q, CDﬁi’Q {i=1,2,..,n-
2}, CDgi’Q, CDgi’Q are generalized Q-Caputo derivatives, & € C([0, 1],R), and A is a real number.

Equation (1.1) can be used to model physical and engineering systems with long-term memory
and nonlocal effects. The Q-Caputo fractional derivatives capture hereditary behavior, meaning that
the present state of the system depends on its entire past history. Such characteristics are typical
in viscoelastic materials, where the current stress depends on all previous strains, and in anomalous
diffusion through heterogeneous media, where particle movement is influenced by spatial and temporal
memory. The infinite-point boundary conditions correspond to situations in which the state at a given
instant depends on an infinite number of past moments or spatial points, as occurs in distributed delay
systems in control theory and in certain signal processing problems. Similar fractional modeling
approaches are discussed in detail by Li and Zeng [24].

In the five papers above, where the equation structures were presented, various classes of fractional
boundary value problems (FBVPs) were investigated. The works in [19-21] involve the standard
Caputo or Riemann—Liouville fractional derivatives, while [22,23] also address singular nonlinearities
or positivity constraints. The boundary conditions considered in [19, 21, 22] are m-point or multi-
point conditions, and [20] treats values at an infinite number of points, but none of these studies
deals with the Q-Caputo fractional derivative. Moreover, the analytical techniques used in these
papers, such as Schauder’s theorem, the Banach contraction principle, the mixed monotone operator
method, and fixed-point (fp) index theory, are applied to classical fractional derivatives. In contrast,
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our work introduces an operator framework in Banach spaces tailored to the Q-Caputo fractional
derivative, combined with infinite-point nonlocal boundary conditions, and establishes the existence
and uniqueness criteria using the Banach, the Schaefer, and the Schauder—Tychonoff fp theorems. To
the best of our knowledge, this setting has not been investigated before in the literature.

2. Preliminaries

This section introduces the fundamental tools related to Q-fractional calculus, such as definitions,
notational conventions, and auxiliary results. These will serve as a foundation for the rest of the work.
Specifically, we define m as [a] + 1, where [a] indicates the greatest integer less than or equal to @, and
I'(@) denotes the well-known gamma function.

Definition 2.1. [4] Assume that « > 0, and let  be an integrable real-valued function defined on the
closed interval [a,b). Let Q be a function belonging to C'([a, b],R), which is both differentiable and
strictly increasing, with the additional condition that Q' (t) # 0 holds throughout |a, b]. The left-hand-
side Q-Riemann—Liouville fractional integral of order « of the function s is defined as follows:

1 t
U520 = @ f (Q(1) = Q)7 Q (5)y(5) ds.

Definition 2.2. [4] Assume that « > 0, and let  be an integrable real-valued function defined on the
closed interval [a, b]. Let Q be a function belonging to C"([a, b],R), which is both differentiable and
strictly increasing, with the additional condition that Q'(t) # 0 holds throughout [a, b]. The left-hand-
side Q-Riemann—Liouville fractional derivative of order a of the function  is defined as follows:

d ]m Im—a,Q

@, Q) _ el
(D)) = [Q’(t) 2| Lo Y(o).

Definition 2.3. [14] Assume that @ > 0, and let Q and ¥ be two functions belonging to C"([a, b], R),
with Q increasing and Q' (t) # 0 for every t € [a, b]. The left-hand-side Q-Caputo fractional derivative
of order a of the function  is defined as follows:

d

Q,(l)zt] Y (@)

(DGt = 178 [
Lemma 2.4. [13] Lety € C"'([a,b],R) and a > 0. We then have
T Yy @)

158 D) = v =~ Y =

k=0

Q1) - Q)

where yiy' (1) = | 5= £]" w(o). In particular, if 0 < & < 1, we have I3 DS y(t) = (1) — y(a).
Lemma 2.5. [4] Let a > 0, € C([a, b],R), and Q € C'([a, b],R). Then for all t € [a, b],

(1) I;’;Q(.) maps C([a,b],R) into C([a,b],R) ;
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(2) I52ya) = lim o I529(1) = 0
Theorem 2.6. [13] Let @ > 0 and y,y, € C"([a,b],R). Then

m—1

DIy (1) = DEMNn(1) & Y (1) = Yo (D) + Z Q) - Q@)
k=0

where ¢y, is an arbitrary constant.

Lemma 2.7. [4,13,25] Suppose that a,3 > 0 and let y € L'[a, b] and Q € C'([a, b],R). Then
(1) IZ*Q0) - Q@) = r(i,—(/i)ﬁ)(fl(l) - Q(a)*
(2) DEHQU) - @)™ = 725(Q) - Q@)
(3) UE2PEy)0) = (%))

Lemma 2.8. [25] Let a be a positive number and ¢ € C"~'([a, b], R). Then “DL1%y(t) = y(b).

The existence and uniqueness of the solutions are examined with selected fp theorems. Further
details on fp theory can be found in [26-28].

Theorem 2.9. [29] (Banach fp theorem) Let B be a Banach space and let K be a closed subset of B.
If Y : K — K is a contraction mapping, then a unique fp in K exists such that Yu = u.

Theorem 2.10. [30] (Schaefer fp theorem) Consider a Banach space B and a compact continuous
operator (' : B — B. If the set {u € B : u = uu} for some u € (0, 1) is bounded, then (" has a fp in B.

Theorem 2.11. [31] (Schauder—Tychonoff fp theorem) Let B be a Banach space and K be a nonempty,
closed, convex subset of B. If T : K — K is continuous and compact, then Y has an fp in K.

3. Main results

The purpose of this section is to analyze the existence and uniqueness of solutions for the Caputo
fractional boundary value problems (CFBVPs). For this, we define the space
B = {u:ueC(0,1],R), D% € C(I0,1],R),i = 1,2,...,n -2}, (3.1)

which is equipped with the norm

llull = max{n%axlu(t)l max|CD51 u(®)l, .. max|CDB"29u(z)|}

Lemma 3.1. (B, ||.||) is a Banach space.

Proof. Let {u;()};7, be a Cauchy sequence in the space (B, ||.|[). Clearly, {u;(9)};, and {CDB ;Quk(t) ey
= 1,2,...,n — 2, are Cauchy sequences in C([0, 1], R). Accordingly, {ui(1)};”, and CDB Quk(t) Yooy
converge to some v and w;, i = 1,2,. — 2, on [0, 1] uniformly and v, w; € C([O 1], R). We need to
prove that w; = CDﬁi’Qv. Observe that

152 Dy u() = I wid)] - < % f Q1) — Q)P 'Q () (DL ue(s) — wils)lds
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Q) - Q0D 4a
G P O -l

By the convergence of {CDgi’Quk(t)},‘j’:], we have lim;_,q, Igi’g CDgi’Quk(t) = Igi’gw,-(t) uniformly for ¢ €
[0, 1]. Conversely, by Lemma 2.4, one has

[Bil [j]
1 DY () = () - ) %ﬂ,(o)(ﬂ(r) - Q0)).

J=0

Consider the sequences of the initial values {(uk)g](O)}. Subtracting this identity for indices k and ¢
gives a Vandermonde-type linear system for the differences

AT = () (0) = (ur)g (0).

Since u; — u, — 0 uniformly and likewise, Igi’Q(CDgf;Quk - CDg’;’ng) — 0, it follows that A’]‘.’[ -0
for each j. Thus, every sequence {(uk)g] (0)} is a Cauchy sequence in R and converges; we denote its
limit by L;. Finally, by the uniqueness of polynomial representation, these limiting coeflicients must
coincide with the generalized initial values of the limit function v. More precisely, the representation

for v can be written as

o LI ,-
V) = I w0 + ) == (0 - Q)
=0 7

while passing to the limit in the sequence {u;} yields

Bl 7
W0 = B + Y %(Q(z) - Q).
j=0 7"

By the uniqueness of this representation, we obtain L; = vg](O) for each j. On the other hand, applying

Lemma 2.4 to v yields

[Bil L]
ve (0
DM = vy - =2 o

=T

Q1) — Q0)Y.

Therefore, we get Igi’gw,-(t) = Igi’g CDﬁi’Qv(t) and so w;(t) = CDgi’Qv(t), which proves that (B, ||.||) is a
Banach space. o
We now examine the following BVP:
DElu(t) + k(t) =0, te(0,1),
u(0) = u'(0) = u”(0) = ... = u"2(0) = 0, (3.2)

DI u(l) = 2%, 1, DY uE)).
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Lemma 3.2. Ifk € C([0, 1],R) is a-times integrable function, then u = u(t) is a solution of (3.2) if and
only if

1
u(t) = f Q' (5)G.(t, $)k(s) ds, (3.3)
0

where G, is defined by

—m Q1) — Q)™ + (Q1) — Qo)) DN g <

G.(t,s) = (3.4
(Qr) - Q) AT, s>
such that
F(I’l) n—y1—1 F(I’l) S n—y>—1
=——72 QD -=-QuO)yrn !t ———~ (Q(E) — Q0)) 3.5
r(n_%)( () —Q(0)) T —72) ]Z:;,u,( (&) — €Q(0)) (3.5)
and
D) — a—y>—1

P(s) = ! ! Z QX&) — A7 (Q(1) = Q(s)) 72, 3.6)

M-y Te—y) & @1 -y

Proof. By applying Ig;g on (3.2) and using Theorem 2.6 and Lemma 2.5, we have
u(t) = —I“’Qk(t) + co+ c1(Q>) —Q00) + ... + ¢, 1(Q(t) - Q)"

1
T(e)

Q (5)(QU1) = Q)" 'k(s) ds + Z cm(€2(1) — Q(0))™

where ¢,, andm =0, 1,2, ...,n—1, are constants. By applying the initial boundary conditions, it follows
that Co=C1 =..=Cyp2 = 0 and

u(@) = —IGk() + 1 (Q) - Q0)" 3.7)
= [ (1@ - Q) K(s) s + 0 (1) - QO (3.8)
(@) Jo

On the other hand, since

D) = =17 () + 6 o (1) = 20
and

DPOuE) = 157 ME) + 6o (E) ~ O

0t J 0+ J n-1 F(l’l _ ,}/2) J ’
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from the second boundary condition, we get

T —y1)

=157 %k(1) ~ Zu, I57K(E))

_ n—yi—1 _ F(l’l) N . N n—ys—1
Q1) - Q)" —r(n_yz);u,(sz(a) Q)]

- ) f Q' ()(Q) — Qs)* " k(s) ds

- X Q’ Q . —Q a—yz—lk d
F(a—'yz) ;,u]f: ()(€AE)) () (s)ds

and also
1 ! ’ a—y;—1
1 = = fo Q()(Q) - Q)7 K(s) ds
e i f | Q'()(QUE) — Q)™ 7 k(s) dss (3.9
AL(@ = y2) 4 Hi 0 ! ’ .
so that
1
Cpl = %f Q' (5)(Q1) — Q)" 'P(s)k(s) ds, (3.10)
0

where A and P(s) are defined in (3.5) and (3.6), respectively. By substituting (3.10) into (3.8), the
solution of (3.2) is obtained as follows:

u(t) = = Ig2k(r) + (1) - sz(O))"‘1 157 k(1) — Zu, 157 k()]
= - @ ) Q' (5)(Q) — Q) k(s)ds
1

+ Q) - Q(O))”_I% f Q' ()(Q1) - Q) ' P(9)k(s) ds

0

1
= f Q' (5)G.(t, $)k(s) ds,
0
where G, (¢, s) is given by (3.4). Consequently, the BVP (3.2) is equivalent to (3.3). |

Lemma 3.3. Green’s function G.(t, s) given by (3.4) is continuous function on s,t € [0, 1] and satisfies
the following inequality:
PQ1) - QO)™ 2

- a— 1 —
G.(1, )] < o )(Q(l) Q(0)) A =G,

where P := maXeo,1) [P(5)|.
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Proof. By simple computation, we can prove that
1

P(s) = T@=y,) ;# Al =72 = DQE) = Q) 7 2(Q(1) = Q)1 Q (s)
+y -« +_1;(Q(§j) = Q)" HQ() - Q)" Q ()
= l“(a/;—yz) g;iu JQUED = Q)™ 7 HQ) = Q)" Q ()@ = y2 = D(Q(L) = Qs))
+(y1 — @ + DQE)) — Q(s))]
> F(a;_n) ;;ju JQUED = Q)™ 7 HQUL) = Q) Q ()@ = 72 = D(Q(E) = Qs))
—(@ =1 = D&y — Q(s))]
> 0,

and so P(s) is a nondecreasing continuous function on [0, 1]. We can then easily see that Green’s
function G, (z, s) is continuous and the following inequality is satisfied:

1 a1 B a1 (Q() = Q) IP(s)
G.(2, 9)] < @(Q(t)—Q(S)) + (Q(1) - Q(0)) A

1 o1, P = Q)72
< @D -0+ e :

O
The analysis that follows is based on imposing suitable growth assumptions on the function f, under
which we are able to prove the existence and uniqueness of solutions to the nonlinear BVP (1.1).
(Cy) Constants are such that L;, L,, ..., L,_; € (0, ) and

lf(tur, upy s tty1) = f(,v1, V2, ey VoDl < Lylug = vil + oo + Ly |-y = vl

where u;,,v; € R, i=1,2,...,n—-1.
(Cy) For all u; € R, hy, hy € C([0, 1], R})) exist such that

Lty ug, sty )| < Ay (2) + Bo(0) [y | + Juo] + .+ Jia [T

For convenience, we define the following constants:

H: = max|h(r), (3.11)
1€[0,1]

H,: = trer[lg)li] hy (1), (3.12)

H, : = max hy(1), (3.13)
1€[0,1]

L: = max{L,, L,,...,L,_1} with L;,L,,...,L,_; € (0, ), (3.14)

and
_ n—y1-1 _ n—y—=1 2
Mim s (L QL-GOFT @00 S
1sisn-2\T'(@) Al (@ = 1) Al (@ = y2)

=

(o8]

Q) - QO™ | TmQ) - Q(0)y P! , T - Q(0))Fire-1 Z,u }
' - Bi) Al(n - BN (@ —yy) AC(n - B (@ — y2) i

(3.15)

J=1
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Lemma 3.4. Assume that f is a continuous function on [0, 1] X R"™!. Then u € B is a solution of (1.1)
if and only if u € B is a solution of the following integral equation:

1
u(t) = f Q' (5)G.(t, $)A(s) f (s, u(s), Dy u(s), ..., Di>Cu(s)) ds.
0

Proof. Let u € B be a solution of (1.1). We can prove that u € B is a solution of (3.3) from Lemma 3.2.
In contrast, if u € B is a solution of (3.3), we define z(¢) via Lemma 3.2, from Egs (3.7), (3.9), and
k(t) = (D £(t, u(D), DL ut), ..., D> u(n); that is

2(0) = — ISP ARG f (2, u(t), CDB"Qu(t), o DI ()
+(Q) = QO™ | 17 AR (A, u(), Doy (1), -, D 1)) (3.16)

—Zu,(l“ " Q/Ul(f,)f(éj,u(fj Do ue), ... Dy u& )|

According to Lemmas 2.7 and 2.8, we have

Di:2(t) = =Ah) f (1, u(t), Doy " u(@), ... Dy @),
That is,

DIu(t) = = (D) £t u(t), Deru(t), ..., D> Cu(r)).
Also u(0) = ' (0) = ..u"2(0) = 0 is satisfied. From (3.5), we get

F(n) 1 n—yi—1 F(Vl) 1 N n—y>—1
=————(Q(1) - Q)" ™" ——E (QE) — QO)) 777,
I'(n- 1)31( M 2 I'nh—y) A = #EED )

We then have
Dy u) = ) D u(e)

_ F 1 04 15 a—Y2,
=~ [k + (@) = 20 1K) - Zuj(l 22%&))|

* Zu,m (&)

1 a/ 1» aA—7Y2,
—Z T — (@) -0y 21 Qk(l)—Zu,(l 2|

_{_ () _ n—l—l1 0719
_( L+ oy @ - Q0™ ﬂ) k(1)

I'(n)

- Ty @ - O Zu,(l“ "K€)
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(o)

(-1- Z u/%@@,) — Qo) )Zu,(l“ 2%g))
J=

_°° ﬂ ) — n—z—ll 0719
;u,m_m@(a) QM) I ()

=0,

which implies that # € B is a solution of the BVP (1.1). O
In view of Eq (3.16) in Lemma 3.4, u € B such that

u(t) = — [T () £ (1, u(D), CDB"Qu(t), s DI ()
+(Q() — Q(0))"! [ I () £(1, u(1), DR u(), ..., D> (1)) (3.17)

Zu,(l“ EANE) F &) uE)), D uE), ., D u&))|

is a solution of the BVP (1.1). Let T : B — B be defined by
Yu(t) = — [2ARD (2, u(?), CDB';Qu(t), o DI ()
+(Q() - Q)" = [ 157 A £, u(1), DR u(), ..., D> Pu(1)) (3.18)

—Zu,(l" TR ED fE5 u (€. D u &), ... Dy ().

Then finding the solution u(¢) given by (3.17) becomes the problem of finding the fp of the mapping Y
given in (3.18).

Lemma 3.5. The operator Y defined in (3.18) is well-defined.

Proof. In view of the continuity of f, A, and €, the operator I is continuous such that Yu € C([0, 1], R).
We also have

Do ()
=D = 1522 f(t u(t), D), ..., Do u(h)

+(Q(1) — Q(0))"! [ I () £, u(1), DR u(), ..., D> (1))

—Zu,(l“ LUNEN f(EulE)), Dy uE). ... D Puié))))

= - zo:ﬁl AR £ (2, u(t), DL (), ..., D> u(n)

I'(n)
T AT - B

—Zuj(l“ PEANED FEju(E)), Dt uE), .. D &),

Q) = Q)7 17 A1) (1, u(), Dy u(D), ..., D> Cu(1))
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We get
Do ()
- - r(a;—ﬁ) fo Q' ()(QD) — QNP Ah(s) f (s, u(s), DI uls), ..., D> Pu(s)) ds

+&
AL~ By)

—Zu,(l“ PRAEN (&) uE), Dy u&)), .., D u@ )]

(Q(1) = Q)" P! [157 A1) (1, u(1), D u(D), ... D> u(1)) (3.19)

Therefore, “D:*(Tu) € C(10,11,R), i = 1,2, ..,n - 2. O
Theorem 3.6. Let f € C([0, 1] x R*"!,R) and assume that (C,) and (C) are hold. If
|AH QL) = QO MH,(n—1) < 1, (3.20)

where H, H,, and M are defined in (3.11), (3.13), and (3.15), respectively, then the BVP (1.1) has at
least one solution.

Proof. We utilize the Schaefer fp theorem to demonstrate the existence of an fp for the operator Y
given in (3.18). The argument proceeds through four distinct steps.

Step 1. We aim to show that Y’ is a continuous operator. Let {u,}, n € N be a sequence in the Banach
space B defined by (3.1) such that u, — u as n — oco. By applying (3.18) and (3.19), we derive the
following:

[(Yun)(®) — (Yu)(D)]
=‘—I“"ﬂh<r> LF(t, un(2), ... D>, () — ft,u(D), ..., D> u()]

+ QD) - Q0! y[[" AR (D), -, D (1)) = (1, u(1), oo, D u(1))]

—Zu, I CARENFE un(€))s oo D un(€))) = FE5 u(E)), CDﬁ”"u@j»)]]'

<I Qunh(t)nf(r U (1), -y D>, (1) = f(8 (D), ..., DY ()|
, Q0 - 0Oy
A

+ Zu, 167 MAUBEDNF & un(€))s s D> CutaE)) = F &5 (s o, D> Cu€)|

L1577 AL (1 oo DI 20, (1)) = (LD, ooy D (1)

< IAIW(Q( 1) - Q0)*!

f Q' (L () = ulS)] + oo + Lot D> P (5) — D> u(s)ly d
0

I'(@)
AH Q1) — QO)y+en-2 l
= ;;(af (7)1)) foQ/(s){Lllu”(s)_”(SN+---+Ln—1|CD§TZQun(s) Di>Cu(s)) ds
AH(Q(1) — Q0))+e—r2—2
- ;l;“(a/ —(y)z)) f Q' (N Lilun(s) — u(s)l +.
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+ Lot D> u,(s) — D2 uis)l d

L IH( =~ HLQ() - Q) WH(n ~ 1D)LEQ(1) = Q)1
) Al — 1)
| MIH - DLQD) - Q)™ 1
A=) Z#J”un —u

=|AH(n - 1)LQ(1) — Q0))"
{ 1 N Q1) — 0))" ! N Q1) = QO ¢
['(a) Al(a —y1) Al(a - y2)

5l = .

=1
Thus we have |[(Tu,)(t) — (Tu)(®)] < [AH(n — 1) LEQ(1) — Q(0))* M||u,, — ul|. We also get

P2 (Cu, ) (1) — DI (CCu)(2))
AH (1 — 1) LEQ(1) — Q0)) T AH (n — 1).LQ1) — QO))rFivi-!
< llue — vl + l2t,, — ull
T(a - B:) AC(n — BT (@ — 1)
C(|AIH (n — 1) L) — QO)y e Firl &
i AT — B (@ — 72) Z”J"”” —u
<|AH(n - L) — Q(0))”
_ —Bi _ n—Bi—yi1—1 _ n—Bi-y>—1 *
y {(9(1) QON# L@ - Q) Te)(Q(1) - Q)" Zu,}nun B
T(a - B:) AL(n — BT (@ — y1) AL(n — BT (@ — y2)

<[AH((n - 1HLEQ) — Q0)* Mllu,, — ull.

Thus, we find that [|Yu, — Yu|| < |AH@H — 1)LQ1) — Q0))* M||u, — ull|. Since u,, — u, this implies
that " is a continuous operator.

Step 2. We see that " maps bounded sets into uniform sets in B. For this reason, we show that for all
R, > 0, some R, > 0 exists such that for all

uecBg ={uebB:|ul <R},
ITul| < R, is satisfied. Indeed, let u € Bg, for all ¢ € [0, 1], and thus we have
| Tu(?)]
JAIH Q) - QO (7 2.0
< @) j; Q' ($){H, + 7-{2[52371% lu(s)| + ... + Srél[(e)l}] \DP 22y (5)|]} ds
JAH(Q(1) — Q0)yr* 12
Al(a — 1)
JAH(Q(1) — Q(0)y 7272
Al(@ - y2)

A Q(1) — Q0))! !
 AHED = 0 f () Hy + Foln — Dllull }ds
I'(@) 0

IAH(Q(1) — Q0))r+a—71-2
ﬂl“(a — 'yl)

1
f Q' (H{H, + 7—(2[max lu(s)| + ... + max |Dﬂ’f2’Qu(s)|]}ds
0

f Q' ()i ?{1+7{2[max lu(s)| + .. -+ max |D‘129u(s)|]

1
f Q' (H{H, + Ha(n = Dllull} ds
0
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L AUH@Q) — QO™ BN
Al(a = 72)

< [AHQ) — QO M{H, + Wz(n — DRi},

f Q' (sH{H, + Ho(n — Dllull} ds

and

\DE Y )|
<WH@m—Q@yﬁ
I'(a —-B))
L T@lH Q) - Q(0)y+e-Fin-1
AL(n = I (@ — 1)

TIAHQ(1) — QO)yreFirrn=t &
A pa =7 Z” = D)

<JAHEQD) — QON* M{H; + Hao(n - 1)731}-

{H + Ho(n — Dllull}

{H + Ho(n — Dllull}

Hence, an R, := [AH(Q(1) — QO0)* M{H; + Hr(n — 1)R;} exists such that ||Yu|| < R,. Thus {YTu}is a
uniformly bounded set.

Step 3. We show that Y maps bounded sets into equicontinuous sets of B. Let Bg, be a bounded set of
B as in Step 2 and u € Bg,. Consequently for #,, %, € [0, 1] with #; < f,, we have

1
|(Tu)(r2) = (Cu)(t1)] < f Q'(5)|Gu(t2, 8) = Gultr, DAUNRS)IIf (s, u(s), ... Dy Pus))] ds
0
1
< I/lllﬂlf Q' (5)[Gu(tz, 8) = Gultr, OIF(5 u(s), ... Dy u(s))| ds
0
1
<|AUHNH, + Ha(n — 1)731}f Q'(9)IGu(t2, 5) = Gu(11, 9)l ds,
0

and from the continuity of G.(t, 5), it follows that |(Tu)(t,) — (Tu)(t;)| — 0 as t, — t;. Moreover,

DG u(ty) — DR Cu(ny)|
< |AH{H, + Ho(n — DRy}

[ f Q' (1) — Q)P = ( Q1) - Qs)* P ds

o - ) 0
¢ [ i@ - oy as)
r
Aol — 20— (@) - 20

x|[Z57 AR £ (), DR u(D), ., DG (1)

- Zu,(l" PR (€€, DY U, o Dl uE) |
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Using the continuity of the function €, the right-hand side of the inequality above tends to zero. This
shows that the set Y(Bg,) is an equicontinuous set. Therefore, from Step 1 to Step 3, we can conclude
that T : B — B is a completely continuous operator with the Arzela—Ascoli theorem.

Step 4. We see thatthe S = {u € B : u = uYu, forsome u € (0,1)}, is bounded. Let u € S be a
solution of (1.1) such that u(¢) = u((u)(z) for some u € (0, 1). By Step 2, for all 7 € [0, 1], we have

We obtain

llull < NCull < JAHE(L) = QON*M{H, + Ho(n — Dllull}.

|AH Q) — Q0))* MH,

el < 5 :
— [AHQ) - Q0N MH,(n - 1)

By (3.20), this implies that the set S is bounded. By applying Theorem 2.10, we find that Y’ has at least
one fp, which is a solution of the problem (1.1). The proof is completed. O

Example 3.7. We consider the following BVP fort € (0,1):

1 3
O+D 2 u(t)+D 2 u(r)
CD2 u(t) + e"( o e P e )= 0,

e3+t2(1+|u(;)|+|D§+"u(t)|+|0§+”u(t)|)
u(0) =u'(0) =u"(0) =0, (3.21)

- ]+1)

Dylu(l) = 32, J.]—zCD(l)fu(l

Note (3.21) is a particular case of (1.1) with Q(t) = t, where A = % hit)=e', a= % n=4,

1 uy(t) + up(t) + us(t) ) 3
tuy, Uy, uz) = € C([0,1] xR°,R),
ittt ) = T T+ o) © SO 11X
Yi=y.=1p01= %, B = and,u] Lz &=1- ]+1 Moreover, the Banach space is

with the norm

B={u: uD2 uD2 uEC([O 1],R)}

1 3
llull = max{max |u(?)|, max |D2u(?)|, max |D2 u(?)|}.
te[0,1] te[0,1] te[0,1]

From the given data, we have

AIMS Mathematics

Gty =] BT DT (- 9Ps), s <1,
tﬁ(l - S)ip(s), s Z t,

A=3-333 gl 2 Sa+ [ Ghpdx = 1.008,
max; sefo,1] |G.(t,5) <1 .543,
1(l /+1 S)

Mo PO = |54 = 5 5oy, £ < 1052

M ~ max{1.543,2.742,6.605} = 6.605.
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First, we will show that the conditions (C,) and (C,) in Theorem 3.6 are satisfied. Since

Lty 1, 103) — F(2, 01,02, v3)] < 1 ui (1) + up (1) + uz(1) vi(0) + va(f) + v3(2)
s U1, U2, U3 ) — s V1o V2, V3)l = T3 -
ST+ O+ i@+ us@O] 1+ @]+ )] + vs(0)]
1 1
< e—3|M1 —V1|+;|u2—vz|+2|u3—v3|,

where L = ;—3 C, is satisfied. Since

1
|f(t, ur, up, u3)| < ;(|U1| + |ua| + |usl)

with (1) =0, hy(¥) = ﬁ € C([0, 11,R}), C, is satisfied. We can easily calculate
[AHEQ(1) = QO MH,(n—1) ~ 0.329 < 1.

Thus, the assumptions of Theorem 3.6 hold. This implies that the problem (3.21) has at least one
solution.

Theorem 3.8. Let f € C([0, 1] x R""!, R) and assume that (C») is held. Then the problem (1.1) has at
least one solution, provided that

. |AH (D) — Q0)* MH,
— L= AHQ) = QO0) MHo(n - 1)

(3.22)

for a constant r > 0, where H, H,, H,, and M are defined in (3.11), (3.12), (3.13), and (3.15),
respectively.

Proof. Consider
B, ={ueB:|ul<r}

Clearly, 8B, is a nonempty, compact, and convex subset of B. The operator Y’ is continuous by Step 2
in the proof of Theorem 3.6. Similarly, by Step 2 in the proof of Theorem 3.6 and (3.22), we get

1Cull < JAHE(D) = QON*M{H, + Hao(n — Dllull} < . (3.23)

Thus, by (3.23), we find that Y : 8, — $,. It follows by Theorem 2.11, that a fp exists such that
|lu|| < r. The proof is completed. O

Theorem 3.9. Assume that f € C([0, 1] x R"™', R) and the condition (C,) is satisfied. If
[A/Hn - 1)L — QO M < 1, (3.24)

then the BVP (1.1) has a unique solution on [0, 1], where H, L, and M are defined in (3.11), (3.14),
and (3.15), respectively.
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Proof. In view of Lemma 3.5, the operator Y is well-defined. We first show that the operator T is a
contraction mapping from B to B. Let u,v € B. By applying the identities provided in Lemma 3.5, we
deduce that

[Tu(r) = Yv(D)l

:' — IZPAROLF (2, ult), ..., DI ue)) — £, (), ..., DI Pu(0))]
+(Q(0) - Q)" ;[ I A, (D), ., D Pu(1) = (1, v(D), o, D ()]
Z pile P AREDf o (€)s ooy DY UED) = FEjVED, s CD’gz-z’Qv@j)))]]‘
< IgPunh(r)nf(t, u(t), oy DG u(®) = (1,00, o, D)
Q1) — Q0))!
LY ﬂ( {1 I 1) DR (1) = FCL (1), o D01
+ Zu] 1o HARENS o uE ), s DY CuED)) = FEjvED,s oo, DY EN|
/17-( Q1) — Q0)* ! (7
< OO0 [0 Luts) = v+ b L D) = Dol d
0
_ n+a—y;-2 1
O [ QL) = v + e+ Ly D u(5) = Dl v(s))
Al(a —y1) 0
AUHEQD) - QO™ (9
+ A ) ,Z; 1 f: O ()L [u(s) — v(s)| + ...
+ L Dy us) - Dy v(s)lhd
JAH - L) — Q0))* mm(n - DLQ®) - Q)"
< e = Il + =
I(@) Al(a ~ 1)
A - 1DLEQ(1) — Q) &
| AIH @ =~ DL - Q) Zﬂf”u—V“

Al(a — y2)
=|AH(n - 1)LEQ(1) — Q(0))*

1 Q1) — QO™ (Q(1) — QO)) !
X{F(a/)+ Ala—y) | AT@-7) Z“’}””

Therefore, we have
[Tu) — Yv(e)| < |AHn - 1)LQA) — QO)*M|u—v|| forall te][0,1].
We also get

D5 () = DY v (o))
AIH (1 = 1) L) = Q(0)"F L) AH (- DLEQ(1) — Q(O)y !
< llu — vl + llu — vl
I(a - ) AT(n - B)T(@ = 71)

AIMS Mathematics Volume 10, Issue 9, 20273-20293.



20290

Al(n = Bl (a = 72)
<|AH(n - 1) LEQ((1) — Q(0))*
Q1) - QO)*  Tm)(Q(1) — QO)" A1~ T(n)(Q(1) — QO)Frrt &
x{( () - QO™ Q1) - X0)) L TmQ) - &0) Z“f it = vl
j=1

T AIH (n — 1) LEQ(1) — QO)yrehirl &
L T@IH R - 1LEA) - £(0) Zu{,-llu—VIl
j=1

e - ) AlL(n = Bl (@ = y1) Al(n = Bl (@ = y2)
<[AH((n = 1 LEQ(T) — QO0)*" Mllu — vI|.

Thus, we have
D2 u(t) — D)) < JAIH (n — 1) LQ() — Q0)* Mllu —vll, forall 7€ [0, 1].

It is clear that || Yu — Yv|| < [AH (n — 1) L(Q(1) — Q(0))* M|lu — v|| and the operator Y is a contraction
mapping from B to B with (3.24). If we use Theorem 2.9, then a unique fp u € B exists which is the
solution of the BVP (1.1). O

4. Conclusions

In this study, we investigated a class of nonlinear Q-CFDEs subject to infinite-point boundary
conditions. By employing suitable fp theorems, we established sufficient conditions for the existence
of solutions. The results obtained contribute to the growing theory of FDEs by extending classical
approaches to more general boundary settings. Future work may include numerical methods and
applications to real-world problems modeled by such equations.

Recent advances in FC and nonlocal differential equations include the development of robust
numerical schemes that preserve important properties such as positivity and conservation. For example,
Yang and Zhang [32] proposed a conservative, positivity-preserving, nonlinear F'V scheme for the
multiterm nonlocal Nagumo-type equations on distorted meshes. Incorporating such recent studies
strengthens the theoretical and practical context of our work.

FDEs with infinite-point boundary conditions play a significant role in modeling complex systems
with memory and hereditary properties, which commonly arise in fields such as physics, engineering,
biology, and control theory. In this context, the theoretical results obtained in this study provide a
solid foundation for the analysis of phenomena such as heat conduction, viscoelasticity, anomalous
diffusion, and population dynamics. Our work aims to contribute to the mathematical modeling and
the solutions of problems encountered in these application areas.
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