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a mathematical model modeling gravity-wave interactions with the two atmospheric chemicals. The
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1. Introduction

In fluid mechanics, internal waves are defined as waves that occur within the fluid. Internal gravity
waves can be formed in the atmosphere due to gravitational and buoyancy forces. Internal gravity
waves are recognized to travel either upward or downward inside the atmosphere, perhaps dissipating
and resulting in turbulent flow.

The meteorological conditions and atmospheric patterns are greatly affected by internal gravity
waves. The exchanges between wave types, as well as the couplings between mean flow and waves,
lead to variations in wind speed [1]. At the time where the phase speed of gravity waves is equivalent to
the mean flow, a critical level occurs. This phenomenon of a critical level aligns mathematically with a
singularity in the linearized version of the gravity wave equations represented by the Taylor-Goldstein
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equation [2, 3].

Photochemical reactions are chemical processes that occur when certain atmospheric substances
receive sunlight. Ozone is well recognized as the main collector of UV rays in the middle atmosphere,
whereas in the lower atmosphere it is water vapor. Consequently, such chemicals are vital elements of
the atmospheric energetic system [4—6].

Transport profoundly influences the geographical spread of chemical compounds in the
intermediate atmosphere. Numerical modeling, data simulations, measurements, and satellite and
aircraft observations of chemical species have improved our understanding of the relationship
between atmospheric chemistry and dynamics [7].

Gravity-wave interactions with atmospheric chemical components mutually influence each other.
Gravity waves are either dampened or amplified by chemical processes, such as photochemical
heating of atmospheric components [8, 9]. In contrast, gravitational waves influence the amounts of
atmospheric substances. One effect is the enhancement in wind speed resulting from gravity -wave
interactions. This influences the advection rate of atmospheric chemical components.

Early investigations of linearized equations of gravity waves, with nonconstant mean flow
configuration, have been carried out by [10], where they found that wave amplitude is reduced when
they propagate through the critical layer. To study the behavior of gravity waves at the critical level,
investigations carried out by [11-13] considered the nonlinear terms in the equations of internal
gravity waves. They observed that waves are absorbed at the critical layer at the beginning, whereas
they get reflected at later times due to the nonlinearity effect.

Lacis and Hansen [14] introduced an approximation of the absorbed solar radiation. Heating rates
resulting from the absorption of solar energy by ozone and oxygen were calculated by [15]. The
heating rates of water vapor, ozone, and other chemicals were investigated by [16—18]. Lindzen and
Will [19] and Luther [20] introduced an analytical approach to the calculation of heating caused by
ozone and other compounds. Subsequently, this approach was parametrized by [21]. Xu [9]
investigated the impact of chemical processes on linear equations of waves considering multiple
cases. In 2003, Xu et al. [22] examined the influence of non-breaking nonlinear gravitational waves
on chemical substances in the middle atmosphere.

The impact of the heating released by chemicals on gravity waves needs to be investigated.
Analytical investigations of the gravity wave equations affected by the chemicals would help to
understand the effect of the chemicals on gravity waves.

The influence of chemical heating induced by a chemical on internal gravity waves as well as the
influence of these waves on the distribution of a single chemical was considered in [23].
Almohaimeed [24] extended the investigation considering a configuration in which multiple
chemicals are present in the model and presented numerical simulations showing the mutual effect.

In this work, we present analytical solutions to investigate the impact of chemical heating caused
by several chemicals on gravity waves. We analyze a modified Taylor—Goldstein equation, modeling
linearized waves influenced by two chemicals. We consider several configurations and ultimately
provide asymptotic approximations for gravity waves influenced by two localized chemicals.

We examine a model which includes equations for gravity waves, in conjunction with equations
that represent the transit of two chemicals. Gravity wave equations are formulated using the
Boussinesq approach, which is often considered in the field, and was adopted to formulate such
equations by [25-27].
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We consider a linearized version of gravity wave equations along with steady-state chemicals. We
derive an equation representing linearized gravity waves affected by the chemicals; and take Fourier
representation of this equation. We carry out analytical investigations and find analytical solutions for
constant, as well as nonconstant mean flow cases.

We find that gravity waves are greatly affected by the chemicals. Our analytical investigations show
that the heating released by the chemicals causes a huge impact on the wave amplitude, which is seen
in both cases of mean flow. In the nonconstant mean flow case, we find that this impact of the chemical
is apparent around the critical level, and wave reduction behavior is observed as waves cross the critical
layer.

2. The model

In this work, we consider a configuration in which equations are represented in terms of time ¢ as
well as two spatial dimensions: x in the horizontal direction and z in the vertical direction. Let U be
the horizontal velocity of the fluid and ‘W be the vertical velocity of the ﬂuid The stream function of
the fluid (air), denoted by W, is defined in terms of fluid velocities as U = -5 and W = ‘9‘){:. The air
density is denoted by p. When the air density is vertically stratified, changes i 1n the fluid occur. As can
be seen, for instance, in [2], it is more appropriate to express the dimensional density p in the form of
background and perturbation quantities as

and, in a similar approach, express dimensional stream function ¥ as
Y(x,z,t) = p* +1*,
where p* and p(z) depend only on z. Such quantities can be expressed in scaled forms as

p(x,z,1) = p(2) + €p(x,z,1) ,

and

Y(x,z,1) = P(z) + eP(x, z, 1),

where € < 1 is the ratio of the perturbations with respect to the background flow. The background flow

is considered to be a horizontal flow with vertical shear, which means that ii(z) = —\’(z) and w = 0.
Following the discussion and derivation steps from the equations of a stratified fluid flow shown

in [23,24,26], the scaled equations of gravity waves affected by the two chemicals are given in the

form
Vzau’ _,,(91.]) Vzall) (N’Vz@ . @ 2‘91|) gap
ot 8x 0x ox 0z 0z Ox ) ox’ 2.0
oo, O, dpdp  dpdp\_ . . '
ar P ox (9x e (6x 0z 02 (9x) = ~hJi - kJ2

Here, i represents the background mean flow, p is the the background mean density, and g is the

gravitational force; ki, k, are the scaled coefficients of the chemicals involved; 77, > represent the heat
2

rate released from the chemicals. The differential operator parameter V2 is defined as V2 = (6 % 0x2 512
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where ¢ is called the aspect ratio. In the physical context, the quantity V> can be defined as V2 = (,
where ( is the vorticity perturbation of the flow.

We next introduce an equation that simulates the distribution of atmospheric chemical species.
Following, for example [28-30], a scaled equation that represents chemical species in the atmosphere
in terms of the mixing ratio C, has the form

oC ocC oC

— +U—+W—=DV’C+5(C), 2.2

ot Ox 0z © (22)
where U and W represent the velocity in horizontal and vertical directions, respectively; D is the
diffusion coefficient; and S(C) is the reaction-processes term. In a combined form, (2.2) can be

represented as
DC

2
Dr - DV-C + S(C). (2.3)
We consider a combined model of Eq (2.1) representing gravity waves impacted by the two
chemicals, and equations of the form (2.2) for the two chemicals involved in our configuration. The
rate of heating released by the chemical is commonly represented, as can be seen, for example,
in [31], in a form that is proportional to (—%tc). As explained previously, the components of the
velocity of the fluid in Eq (2.2), are expressed in terms of background and perturbations, as
U =i+ eu and W = ew, where i is the background mean flow, which could be a constant or i(z); and
u = —p, and w = 1, are the perturbed velocities of the fluid.
In this work, we consider a configuration in which there are two chemicals interacting with gravity
waves in a localized region; yet these two chemicals do not interact with each other. Thus, the full
model has the form

a0 00 L, o g op
VP @ L +avi—= L 2.4
ar o MY ax +6(8x 6z 0z ox)” pox 24)
op _,0b _dp opop Nop DC, DC,
— — +u— —— | =y — —, 2.5
8t+p6x+u0x+6(6x8z 0z 0x) = "' Dr e (25)
DC] (’)Cl _ 8C1 6C1 2
- - — - = Vv .
Dr o + (il + €u) o + ew oz D\V°C; + S(Cy), (2.6)
DC, 9C, _ 9C, 0C, o
Dr - o + (il + eu) o +ew P D,V°Cy + S(Cy), 2.7)

where 1, ¥, is the heating coeflicient of the chemicals C; and C,, respectively.
3. The analytical solutions

In Egs (2.4)-(2.7), the magnitude of the perturbation is considered to be small relative to the
background flow; that is, we are considering a configuration in which € < 1.

Previous studies of gravity waves concluded that the effect of nonlinearity starts at later times. By
considering the nonlinear effects to the gravity wave equations, [11-13] expanded on the work of [10]
to examine the behavior at the critical layer. They discovered that waves are absorbed at early times
and reflected at later times. A thorough numerical study of the evolution of nonlinear gravity waves
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at the critical level for was conducted by [26]. In agreement with the linear critical theory of [10], it
was found that waves are absorbed at early times and the effect of nonlinear terms becomes apparent
at later times where waves can be reflected.

Provided that we are considering the case where € < 1, terms involving this parameter in our
model (2.4)—(2.7) are neglected. Thus, we have

vz% - u”% 4 uvz% - —gg—i, 3.1)
-] (3.2)
DDCZI = a(;l + aaail. (3.3)
DDCtz = ‘9;2 + ”_‘aaiz' (3.4)

We study these linearized equations on —oco < x < co and 0 < z < co. At z = 0, we impose
P(x,0,1) = e (ehor 4 e700%), (3.5)

which leads to a wave-pocket solution with wave numbers k centred at kj, where « is a constant and
a < 1. At the upper boundary, we consider that waves propagate continuously upward, meaning the
presence of positive group velocity waves. We consider p = e™#, and i is considered to be constant in
one case and to be u(z) in the other case. As x — oo, we consider the conditions { — 0 and p — 0.

For the consideration of the chemical initial condition, it can be observed from several studies in
localized cases that the chemical has a peak around a specific level horizontally and vertically and
approaches zero at the boundaries, as can be seen in [18], for example. This means that it can be
represented mathematically in a Gaussian or exponential form. We follow this configuration and
consider the initial profiles of the two chemicals to be in the forms

22 _p2(reri)2 242 _p2(r—rn)2
Ci(x,2,0) = e e Cy(x,2,0) = ™= e (3.6)

where a;, a», by, by, and 7, 7, are constants.

For the analysis in this work, steady-state representation is considered for the chemicals as well as
for 1 and p. We consider a Fourier representation in the horizontal direction for the functions 1, p and
C. Based on the boundary conditions above, these functions are smooth and absolutely integrable and
their Fourier transforms exist [32]. The continuous Fourier transformation and inverse have the form

ko) = 5 / B2 e d,
7T J oo (3.7)

B2 = / Bk, 2) e di,

where ﬁ) is the stream function in the Fourier form. A similar representation of (3.7) is considered to
define the Fourier forms p(k, z) and C(k, z).
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The lower boundary (3.5) in Fourier representation has the form

~ 1 Gkg)? (ko)
w(k,z:O):z\/Ea e 4w +e 4w’ |. (3.8)

. ) (k) (k=kp)?
Since @ < 1, as mentioned above, both e 4«?> and e 4’ approach zero at k = 0 so that they can be
) _(k7k0>2 ) (k+k0)2
set to zero; hence, there is no overlap where e 42 is considered for k > 0 while e 42" is considered

fork < 0.
With the consideration of Fourier representation, our models (3.1)—(3.4) simplify to become

i, — 1" - Sk = _5" (3.9)
p+p P = iy C +7,C)). (3.10)

Solving (3.10) for p and substituting into Eq (3.9) and rearranging we obtain

2 =1/

¥.. + (% _ 5k - %)xp = G(k, 2), G.11)

where N = %‘_” represents the buoyancy frequency and is constant in this work due to the choice of

p; Gk,2) = %{;’WCZ) The homogenous part of the Eq (3.11) is the well-known Taylor—Goldstein
equation for which the solution can be obtained using the Frobenius series.

The investigation of the solution of Eq (3.11) is our main focus in this work. The solution of
Eq (3.11) is of the form

1‘1) = Ibh + 1'1)[)9
where 1 » 18 a particular solution and 1, is a combined solution of the homogenous part.

In the following discussion, we start with the consideration of a constant #. We then extend our
discussion by considering the configuration in which the mean flow ii(z) is not constant.

3.1. Constant mean flow case

When the mean flow i is constant, Eq (3.11) has the form

2

P, + (N—2 - 518)11) = G(k, 2). (3.12)

We start with the homogenous part of (3.12). When 1:—; < &k*, we have exponential solutions;
meanwhile, for the case 22 > 0k?, we have wave-type solutions. The aspect ratio is § = i— and 1is
usually considered to be 6 < 1 in the atmosphere. Takmg into account that § < 1 and @ < 1, itis
clear that (3.5) approaches zero for wave modes when 2 = < 8k? is satisfied. Thus, we consider wave
modes k satisfying I;L; > 8k*. Therefore, we have solutions of wave-type for the homogeneous part
of (3.12) of the form

Vulk, 2) = Fi(k)e™ + Fy(k)e ™, (3.13)

where m(k) = sgn(ix) — 0k?, in accordance with the discussion of group velocity given in [10].
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We apply the parameter variation method to obtain the particular solution. Based on the lower
boundary condition, the limit is chosen such that 1 ,(k, 0) = 0. The particular solution is then given as

VO, (k,z) = -

Z a—imZ > z im? Z
emz( ﬂd»«) + e—imz( L(k’z)d”) (3.14)
0 0

W(eimi,e—imi) < W(eimi’e—imZ) gk

where G(k,z) = up(z) (le 1k, 2) + yzCz(k z)) and the Wronskian is W(e™?, e™™%) = —2im. Substituting

for the Fourier transforms C,(k, z) and C,(k, z) of the initial profiles of the chemicals given in (3.6), we
find that

-8

Gk,2) =
(k,z2) )

k2 7,{2
(71C1(k 2) +72C2(k Z)) 8 (716]’%&“)2 Vr da? -b3z-2)? _ V' \/_ )

[ 1 +
ip(2) a1 2y

We evaluate the integrals in the righthand side of (3.14) using a change of variables and completing
square techniques, eventually expressing in terms of error functions as the following:

z _—imZ = -2 b4 : &2 b4 .
€ f;(k,vZ? d3 = gV (7’1 aa? / e~ Mgt g 1C1) g5 4 Ee“‘% / e Mg e—bg(z—zz)zdz)
0 0

o W(emz, e~imz) Arimin \ aq a,
+—im — l—im 2 - l71'111 2
_ g\/_ 71 ;ﬁz —lmzle;l e h4b%) /’Z “ e_b%(zl_hzb% ) dzl _/ B e—b%(ZI—th% ) dzl
 Aximi | ay 0 0
K2 i (%”"")2 =22 ;2[5 fiim ’ -2 _2fs _%"’" ’
+ 264“% e—imzze%e 42 / e bZ(ZZ 22 ) dz, _/ e [72(Z2 22 ) dz, (3.15)
ay 0 0
g | m B s *4;’;") ) 20%h(z — z1) + imh — 1 imh + 2b%hz; — 1
——e*e ehe er —er
8zmu a1 by 2hb, 2hb,
2 RECEDS 202 h(z7 — imh — 1 imh + 2b2hz, — 1
V2 4;1;2 —imzy & T a2 2 (z—2) +im Imn + 2byhizy
+ = h f —
wh,! ¢ e T\ 2hb ° 2hb,
In a similar approach, we find that
l+im 2 .
¢ lsz(k Z) dz 8 Y1 ., k? etmzle%e(hztb%) er imh — 2b%hzl +1
o W(emz, e-imz) 81mu a1b; 2hb,
2b1h(z) — 2) + imh + 1
—erf T
! ) (3.16)
2 G imh — 2b%hz, + 1
g gy
—orf 2b%h(22 —2)+imh+1
2hb,
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We substitute (3.15) and (3.16) into (3.14) to obtain

» (}-im)’ 2 .
A g i o a > 2b1h(z — z1) + imh — 1
k - — mz 4al mzy 4b1 f
P, (k, 2) Sim® _Cl1b1e e Mo e (er ( b,
¢ imh + Zb%hzl -1 N 0%} Zaij —imzZ %Mjm bzh(z _ Zz) +imh—1
—er e*e
2hb1 a2b2 2hb2
imh + 2b2hz, — 1 . 2 (o)’ —2b%hz + 1
_orf imh + bth2 g _e_,mz Y1 e lezmzleh 4;;% lmh b1h21 +
2hb, 8imit a1 b; 2hb,
N2
" 2bth(z) — 2) + imh + 1)) v Lo () ( (imh — 2b3hz, + 1)
—er + e*2e"2ehe 2 |er
Zhbl a2b2 2th
2b§h(zZ -2 +imh+1
—erf
2hb,
(3.17)
The general solution of (3.12) is
P(k.2) = Fi(k)e™ + Fy(kje™™ + P, (k. ). (3.18)

In the case where k > 0, the upward-group velocity wave correlates with the function ™ in (3.18),
while the downward-group velocity wave results from the function e, Based on the upper boundary
condition, there can be no waves with downward group velocity. Hence, we need to have F,(k) = 0
in (3.18) for k > 0. For the case where k£ < 0 and following the same reasoning, we need to have
F(k) = 0. Based on the condition (3.8), when k£ > 0, we get

(k=kp)?
Fi(k) = %e‘ e

whereas when k < 0, we get
VI _g?

Fz(k) = %e 42

Next, we find the solution {(x, z)
V2 = [ bkt dk

\/7_1' 0 (k+k0)2 zmz ikx ~ _M imz ikx o s ikx
= — e 4w’ e dk + e 42 e"™e™dk|+ P, (k, 2)e™ dk.
—00 0 —00

2na

(3.19)

Given that & < 1, the predominant influence in the first integral is almost at (k +k,). Expanding e~"®)

around (k + ko) and integrating about k = k + ko, we obtain

0  (kkg)* )2 ) ko ' ko
/ T / e ol g lm'(—ko)ze_lm(_k(])z/
- —00

o0 —00

e il dk)
(3.20)

AIMS Mathematics Volume 10, Issue 9, 22678-22698.



22686

_®?
where m’(k) = m(k) As k — ko, the function e 4? approaches zero;hence, the integration limits can

be expanded as

0 <k+k0>2 . & . i
/ S tmz ikx dk ~ —lkox(e—tm(—ko)z/ e 4{1 lkx dk lm’(—ko) z e—zm(—ko)z/
—_ —00

(o) —00

_®2 ikx7. J7.
e e kdk)

_ 22 _22 T
~e ikox (20, \/Ee e im( kO)Z+4C¥3 \/Em'(—ko)xe a”x ze im( ko)z)’

(3.21)
In a similar approach, the second integration in (3.19) can be approximated as
C kg? . 2 s . s
/ e—ﬁezmzelkx dk ~ etkox (20, \/7_1'6_“ X ezm(ko)z _ 40,3 \/7_Tm,(k0) xe @ Zelm(ko)z) , (322)
0
The particular solution 1, (x, z) corresponding to the last integral in (3.19) can be found as
_i2 7—1m) 2 .
g B y 2bih(z — z1) + imh — 1
s = ——-- g f
$pln2) = —g7 |ab lme Teere . b,
\2
g A+ biha =1\ v e (i) . 2b3h(z = 22) + imh - 1
— 2 § 2
20, b, ¢ ° 2hb,
imh + 2b2hz, — 1 o
—erf 2 imz+ikx dk
. ( I
2 (L-H‘m)z . 2
e-% eimzle%e h4b% erf imh — 2bll’lZ1 +1
(llbl rm Zhbl
\2
bzh(zl — ) +imh+1 y, 2, ) imh — 2b%hz, + 1
+ e4a2 elmzze e 4b2 erf
Zhbl Clzbz 2hb2
2b2]’l(Z2 —2)+imh+1 _
f —imz+ikx dk
- ( 2hb, )) ¢
(3.23)
Rearranging, we obtain
_ yige? i Llem jb’f) ] 2b%h(z — z1) + imh — 1 324
Ve = =g b o mC = 20b, (29
1.2
imh + 2b%hzy — 1)\ e-m () imh - 2b%hz; + 1
—e +——e"™le *1 er
2hb, im 2hb,
2bth(z) — 2) + imh + 1 N
_ IKX dk
. ( 2hb, )) ©

B
==

o) 2
| 728¢ 22 gme G 22h(z - 25) + imh — 1
e 2 | —e e 2 erf
8a2b2u im 2hb,
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N2
(imh + 2b2hz, - 1)) g-ime () ( (imh — 2b2hz, + 1)
—€r + er

imz 4p2
2hb, im - C 2hb,
2b2h(zp — 2) + imh + 1 .
—erf [ — * dk
© ( 2hb, )) ©
which can be written as
Pplx,2) = — 182 / o™ My(k,2)e™ dk + 125 / eI My(k, e dk.  (3.25)
8a1b1u _oo 8a2b2u —oo
Here,
1. \2
7 oim 2 . o 2
M (k,z) = i MM g '4,]%) erf 2byh(z —21) + imh — 1 —erf imh + 2bhz, — 1
im 2hb, 2hb,
N2 (3.26)
e e ik = 2Bz, + 1 262h(z) — 2) + imh + 1 ]
+e e e 1 (e —
2hb1 2hbl
and
im (%_"'")2 2 : . 2
eimz . 2b5h(z — 20) + imh — 1 imh + 2b3hz, — 1
M k | mazp 4b f _
g) = e e ™ (er ( 20bs . 2hbs

(3.27)

g-ime () ( (imh — 2b2hz; + 1) (2b§h(z2 —2) + imh + 1))
er —erf .

imzp 41%
T & C b, 2hb,

Starting with the first integral in (3.25), the predominant influence is around k& = 0 given that a; < 1.
Thus, we approximate the integral by considering Taylor expansion of M, (k, z) around k = 0 to get

® & : oM
/ e*d M, (k, 7)e™* dk ~ (2(11 Ve ™ M0, 2) + 4adix Ve a_kl(o, z)) : (3.28)
Similarly, we have
Oo % i 2.2 2 zaMQ
/ e*2 M,(k, z)e™" dk ~ (Zaz Ve 2% My(0, 7) + dazix Vme 2" o (O, z)) . (3.29)
The general solution \(x, z) can then be given as
1.|)(.X, Z) - e—ikox (e—azxze—im(—ko)z + 2&’2 m/(_ko)x e—arzx2 z e—im(—ko)z)
+ eikox (e—azxzeim(ko)z _ 20’2 m/(k()) xe—azxz Zeim(ko)z)
G oM
_ N8 (g, Ve i M, (0, 2) + dddix Ve ¥ 2L (0, 2) (3.30)
86[1[91 u ok
)
n oM.
+ Y28 eh_ 2a, \/;re_“%szz(O, 7) + 4a§ix \/56_“5)“2—2(0, 2)].
86121?2” 8](
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Equation (3.30) represents the stream function of gravity waves influenced by the two chemicals
with constant mean flow. We note that the third and fourth terms in Eq (3.30) correspond to the
influence of the chemical heating induced by the two chemicals. This shows that the heating induced
by the two chemicals has a substantial influence on gravity waves they propagate upward. The greatest
effect occurs around the level of z; and z,, where the chemicals are centered.

The following figures illustrate the analytical solution (3.30) with the parameters it = —1, ky = 2,
a = 0.1, y; = 0.05, and y, = 0.03. The mixing ratio profiles of the two chemicals considered are
shown in Figure 1. Figure 2 shows the stream function 1 (x, z) without a chemical effect (homogeneous
solution), as well as the stream function (x, z) under the effect of the two chemicals given by the
solution (3.30), with small modifications of the third and fourth terms corresponding to the shift in
horizontal localization (x — x1) and (x — x;). We note that gravity waves are greatly affected by the
heating released from the two chemicals. This effect can be clearly seen in the vicinity of the chemicals.

10 09

8
07
7
06
6
5 05
4 04
3
03
2

-20 -15 -10 5 0 5 10 15 20
X

Figure 1. The contour lines of the two chemical concentrations, which show the localization
of Cy(x,7) = e @ e=b*@=21)" jp the left and the localization of Cy(x, z) = e 21 e 3G22)’
in the right, where a; = 0.4, a, = 04,5, =0.5,b, =0.5,and x; = -5, x, = 5,21 =20 = 5.

L TR

=

o
O =4 N w & O @ N © ©

(b)

Figure 2. The contour lines of the stream function P (x, z), where (a) represents the stream
function P (x, z) with no chemical effects (homogeneous solution) and (b) represents P (x, z)
with the chemical effect given by (3.30). These chemical effects on waves can be seen in (b)
in the vicinity where the chemicals are centered.
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The magnitudes of gravity waves at different horizontal points are shown in Figure 3. The figure
compares the amplitude of gravity waves with and without the chemical effect. In agreement with
Figure 2, the effect becomes apparent in the vicinity of the chemicals. We note that the waves at
x = =5, where C| is centered, are affected more than other cases. This behavior occurs due to the effect
of chemical heating, as y; is considered greater than y, associated with the other chemical.

Sl | I
(a) (b)
Figure 3. This figure shows [\ (x, z)| of solution (3.30) at x = —5 (dashed line), x = 0 (solid
line), and x = 5 (the dashed-dotted line), where (a) represents these magnitudes with no
chemical effects (homogeneous solution) and (b) represents \p(x, z)| (of (3.30)) with the two

chemical effect at the same horizontal points given in (a).

3.2. Nonconstant mean flow case

In this subsection, we consider Eq (3.11) with the more general case, a nonconstant mean flow of
the form & = u(z). We consider a configuration where i(z) is zero at z = z.,, leading to a critical level
at this point since Eq (3.11) is singular at this level. In this case, Eq (3.11) takes the form of a modified
Taylor—Goldstein equation as

V.. +( N e ﬁ(Z)") i

e i) v = Gk, 2), (3.31)

with G(k,z) = %‘:—yzcﬂ as before. As in the previous case, we consider that only waves with
upward group velocity are present at the upper boundary. The general solution of the modified Taylor—

Goldstein Eq (3.31) is given as
q)(k7 Z) = wh(k’ Z) + wp(k’ Z)'

As can be seen in [10, 33], the solution of the homogeneous part of (3.11), known as the Taylor—
Goldstein equation, is commonly approximated using the Frobenius series. Following this approach,
the homogeneous solution as z — z.,r is given as

Vulk, 2) ~ ag(k)d(k, 2) + do(k) Pk, 2) (3.32)

where | % |
bk, 2) = (2= 27 + 1K)z = 2) " + a(K)(z = 20r) 3P
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and
bk.2) = (2= 20) P + @G = 207 + Er(k)(@ — 26) TP

where 8 = (Ri. — i)% and Ri. is the Richardson number at z = z.,; and

(1 + Ri)it/
ay(k) = ———,
2uit!,
i, = i (ze), W) = it” (z¢,),where u = 5 + if and
( i LZ;.Z) — @it (W + = 1)

ay(k) =

(U + 3p + 2)i’” + N2

The definitions of @;(k) and @,(k) are similar to a;(k) and a,(k), with u defined as (% —if3). Based on
the boundary conditions at the lower and upper boundary, a((k) and &,(k) can be specified.
The specific solution 1 ,(k, z) of (3.31) has the form

k2 k2

1 i - 1_; " - 1
1]\) (k Z) ~ _g(Z - Zcr)zﬂﬂ 7164 ! < (Z - Zcr)2 lﬁe%—b%(f—m)zdz + )/264 ’ ) (Z _ Zcr)z lﬂe%—b%(z—n)zdz
p\s . — ——
4+mip ar Jo u(2) a Jo u(z)
7k2 —i2
4a Z (= l+' 4a72 7 [~ l+'
g(z - Zcr)z P lye / Sy lBe%—b%(Z—a)de + L / S lBeT_'—b - zz)zd'“ .
4+mip ayJo u(z) a Jo ()

(3.33)

Analogous to the approach used to approximate the homogeneous solution, we adopt a similar
methodology and consider approximations at the critical level z... The mean flow #(z) is approximated
by considering its Taylor approximation as i(Z) ~ (Z — z.,)it; . In addition, we consider a configuration
in which the chemicals are centered at the critical level and approximated by the Taylor expansion
around the critical level. Therefore, the first term in (3.33) is approximated as

~ 1_;
‘ (Z - Zcr)2 #

0 iuz) .
e G RG] (3 B )

_ %(Z Zer)? (1) (2bth* - l)exp( ;;)}di

exp (7 - b - 20 )z

exp(%) (© D N (334)
w, U (i-i)  n(i-ip)
( Zcr)%_iﬂ (_Zcr)%_iﬁ

— Qb - 1=

22 (3-i8)  (3-)
(=2)F o (2P
e + Q2 Dth( lﬁ)}
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as z — Z., and it follows that the second integration in (3.33) can be approximated as

Z(x l_"g ) :% _ l_'ﬁ _ i_ﬂ
(3 —2.,)2" it g 1{(2 )™ (@ ze)™

o ) @, U (3-1ip) h(5 = iB)

3.35
212 (Z - Zcr)%_iﬁ (_Zcr)%_iﬁ (_Zcr)%_lﬂ 212 (_Zcr)%_iﬁ ( )
_Q%h_lbm@—ab_ %—w)_h@—w>+@%h_15wg—wJ’
as 7 — z.,. Similarly, we find that
Tz Z"r)%”ﬁe%—b%(z—za)zdz ~ i{(z ) + (= z)
0 () w, \ (&+ip) h(3 +iB) (3.36)
_ (2b2h2 _ 1)(Z - Zcr)%”/j _ (_Zcr)%ﬂﬂ _ (_Zcr)%ﬂﬂ + (2b2h2 _ 1) (_Zcr)%”ﬁ } .
! G +iB)  (E+iB)  hG+ip) ! 2023 +iB) )
and it follows that
Z Ezze)™ Z"’)%Hﬁe%—b%(z—zm)zdz ~ i{(z ~z)' + =z
u(2) i Ly hZ +
0 Zer (2 ﬁ) (2 ﬁ) (337)

@= )P (2P (2P
G +iB)  (E+iB)  hG+ip)

as 7 — z.,. Substituting (3.37)—(3.34) into (3.33) we obtain

Sy
212 1) (_Zcr)2+ﬁ }’

— Qb2 -1 + (2b%h
@oh =D 20 2023 + iB)

2

1,5 Zer 2 1_- 3 . 5 .
1, g(Z — ZC”)TH‘B en 716401 (Z - Zcr)z_lﬁ (Z - Zcr)i_lﬁ (Z - Zcr)i_LB

l-l)p(k,Z)"’_ . T + hé_ _(2b%h2_1)2h2§_
4\mip, a 1-iB (G -ip) G -iB)

2
(=2) P (—z)i7# (=2,)3 7% '3 ((z— 2ot
S QB - ) [+ 2 Lo
7B hG B 223 -iB)) @ 1 g

—z.):"iB — 7. V3B (=g )8 (=g )38 —z )3-iB
(z 3Zcr)‘ _ o - & icr) L lzcr). ( icr)‘ @2 — 1) zcsr) | )l
h(5 = iB) 23—  ;-iB  h(z3-iB) 21%(3 — 1iB)
L 8G- 2)Pe | ye™ [(z = Zer)™* L @- L QB - 1)(1 — 2r)3 "
ANmiBw, a Liig h +iB) : 212(3 + i)

K2
.\ +iB . \:+iB . \3+iB 4a2 _ lyig _ 31ip
_( 1Zcr)‘2 _ ( icr)z' + (2b%h2 _ 1) ( Zc;)z : )+ Y2€ 2 ((Z : Zcr.)2 + (Z 3Zcr)‘2
5 + lﬁ h(z + lﬁ) 2]12(5 + lﬁ) 3 + lﬁ h(i + lﬁ)
(Z - Zcr)%ﬂﬁ (_Zcr)%”'g (_Zcr)%ﬂ.'g 212 (_Zcr)%HB
25 R - 1 R - 3 . (2b2h - 1) 205 R .
222G +if) L+ hG+iB) 2122 + i)

a

-(2b3h* - 1)

(3.38)

AIMS Mathematics Volume 10, Issue 9, 22678-22698.



22692

To meet the requirement that only waves with upward group velocity are present according to the
upper boundary condition, we should have @,(k) = 0 for kK > 0 and ay(k) = O for k < O in the general
solution. Considering condition (3.8) and given that as

72— 0,0,(k,z) — 0,

we obtain v
T (k=kg)*
k ~ N a? ’
@)~ k0
for k > 0; and
k+kg)?
Gok) ~ — YT
2rna ¢k, 0)

for k < 0. Thus, the solution lT)(k, z) becomes

¢‘<Mw¢wz>

Bk, 2) ~ o0, H k) (3.39)
for k > 0, and
f _wig? §h2) | o
k,7) ~ —e k,2), 3.40
Ok, 2) v B0) +,(k, z) (3.40)
for k < 0.

Next, we apply the inverse Fourier to obtain the solution VP (x, z),

7)) = " k, ikx dk ~ _/ (k+k0>2 d)(k 2) zkx dk

P(x, 2) [mlb( z)e Dk 0)

L VT [0 e k)
2na d(k,0)

(3.41)
e’ dk + / ¥, (k, 2)e™ dk.

In a similar approach to the approximation considered in the previous section, we approximate the first
two integrals as

0 (k+kg)? k ) _k
/ o 400) d)( 2) lkxdeC_lkox((Za’\/_ _azxz)(i)( 0,2)

$(k,0) $(—ko.0) G2
—a?x? 0 d)(k Z) _
+4a’ix\re % (d)(k O))( ko,z)),

and

o 2
/ e Sk 2) ™ dk ~ ’kox((2a Ve ) blko 1)
0

bk, 0) d)(ko, 0)
4
Al \/—e_”2x2 0 ((l)(k Z))(k Z)) (3.43)
Ak \pk,0)) " )
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For the third integral in (3.41), we obtain

ikx yi18e™" e _ 1+ip (_Zcr)%_iﬁ (_Zcr)%_i’g
/ itk e 2ﬁ" “pm, €7 (%—iﬁ TR

(=zer)t ) (=2e)T*  (=2)3*P
2h%(3 - iB) s+IB - hG+iB)
(—2o)3*P )- BipE ~ 2er) |, 8B~ 2)’

2123 + iB) 467 + 1 h(4p* +9)

- (2bin* - 1) + (2= 27 -

+ Qb - 1)

2.0 zor 1_: (344)
by (6B = )@=z yage e F e (-2)i
QO = D= |+ T [ = 202" g
( ZLV)7 202 (_Zcr)%_iﬁ _ %—jlg _ (_Zcr)%ﬂﬁ _ (_Zcr)%ﬂﬁ
MR R e AL G vl Teww
212 (_Zcr)%ﬂp _ Siﬁ(z_zcr) Siﬁ(z_zcr)z 212 (6i:8_5)(z_zcr)3
+(2byh 1)2h2(§+i/3)) w1 T nag oy T T DG o) ]
which can be substituted along with (3.44) and (3.43) into Eq (3.41) to obtain
et —iton| P (Ko, 2) (d)(k z))
,2) ~ N +2
b - e e (o i o)L
—a?x? Likox (b(k(),Z) e (I)(k Z)
R R V_@k(cb(k 0>) )
nge et | [z P (2P W1 (=2er)3 7
T ipa [(z ) [(%—iﬁ) ' h(3 - i) ( )2h2(§—i,8)
. —, \3+iB —, \3+iB —, \3+iB
+(Z_Zcr)2_,ﬁ{_< Wl Gl e, Cal” ]
_8iB(z — zer) N 8iB(z — zer) QB - 1)(61,3 -5z —ze)’
4p>+1) h(45* +9) : h2(43% + 25)
nge_a%xz ez% — %+iﬂ (_Zcr)%_i'g ( Zcr)7 # _ 2b2h2_1 (_Zcr)%_iﬁ
YT l(z ) [(%—iﬁ) ’ h(3-ip) ( )2h2(§—iﬁ)

(_Zcr)%ﬂ;6 _ (_Zcr)%ﬂﬂ
[Ty
_ 81,3(Z - Zcr) 4 SZﬁ(Z - Zcr)2

4> +1)  h(@4p*+9)

as 7 — Zz.. Equation (3.45) represents an asymptotic approximation to the linearized gravity waves
affected by two chemicals. In this nonconstant mean flow case where we have a critical level at z.,, we
need to investigate the behavior of the solution P (x, z) as waves propagate across the critical level.
Studying the expressions (z — Zcr)%i"ﬂ included in the homogeneous and particular parts of the
solution (3.45), we recall that

+(2b3h* - 1)

g o yieis
+(Z - Zcr)z_lﬁ [_ L]

202 (2 + ip)
(6lﬁ - 5)(Z - Zcr)3

2712
bR = D s 1 2s)
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(3.46)

1 _
v @ = ze)relPloe), when z > z,,
(Z - Zcr)2 = . 1 iB(10g |z—Zer|£im)
iz — 70| 2P 0 when z <z, .

Based on the direction of wave propagation and following the discussion given by [33], the branch
(—im) is considered. A similar approach can be applied to (z — Zer)? 7P,

Therefore, taking into account the representation shown in (3.46) and looking at the first two lines
of (3.45) representing the homogeneous solution , we observe that the amplitude of the waves is
reduced by a factor of e > as they propagate across the critical layer. This aligns with the results
obtained by [10], where they studied the homogeneous Taylor—Goldstein equation and concluded that

the magnitude of the waves is diminished by e VRi-F a5 they propagate through the critical layer.

The interaction of the two chemicals clearly has an impact on gravity waves as can be seen
in (3.45). Analyzing the part corresponding to the particular solution in (3.45), we also find that the
wave reduction behavior occurs in the particular case. This indicates that despite the influence of the
two chemicals on gravity waves, gravity waves still preserve this wave reduction around the critical
level as they eventually get absorbed at the critical layer.

The upcoming figures are produced with the same set of parameters as in the previous subsection
except that the background mean flow is considered as # = tanh(z — 5), so we have a critical level at
z = 5. Figure 4 illustrates the stream function P (x, z) given in Eq (3.45), with a minor modification
corresponding to the change in the horizontal localization of chemicals (x — x;) and (x — x,). The
upper part of this figure corresponds to \(x, z) the homogeneous solution without chemical effect. Part
(b) of the figure shows the total solution (3.45) which represents the stream function P (x, z) with the
chemical effect. We note that the heating released by the chemicals has a great impact on gravity
waves, especially around the critical layer. This impact is more clarified in Figure 5, which shows the
magnitudes of P (x, z) at specific horizontal points. Both figures illustrate the wave-reduction behavior
of gravity waves as they cross the critical layer.

S

=

&

(b)

Figure 4. The contour lines of the stream function \(x, z), where, (a) represents the stream
function \(x, z) with no chemical effects (homogeneous solution) and (b) represents \(x, z)
with the chemical effect given by (3.45). These chemical effects on waves can be seen in (b)
in the vicinity where the chemicals are centered. Due to the presence of critical level, wave
reduction behavior is seen around the critical layer as in (a).
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(b)

Figure 5. This figure shows [\ (x, z)| of solution (3.45) at x = —5 (dashed line), x = 0 (solid
line), and x = 5 (the dashed-dotted line), where (a) represents these magnitudes with no
chemical effects (homogeneous solution) and (b) represents [\(x, z)| (of (3.45)) with the two
chemical effect at the same horizontal points given in (a).

4. Conclusions

In this work, we investigated the analytical solutions for the linearized equations of gravity waves
influenced by two localized chemicals. We started our investigations with a constant mean flow; and
then considered the more general case with a nonconstant mean flow.

In both cases, we found that the effect of the chemical heating induced by the two chemicals is
clearly evident. In the case where i is constant, there is no critical layer where gravity waves propagate
upward, and the impact of the two chemicals can be observed mainly in the vicinity of localized
chemicals.

In the nonconstant mean flow case and with the impact of the two chemicals, gravity waves were
found to have a similar behavior of wave reduction through the critical level as found in previous
studies [10]. Asymptotic solutions of linearized equations showed that the amplitude of gravity waves
is reduced by a factor of e 2% as the waves travel throughout the critical level. It was found from the
particular solution of the modified Taylor—Goldstein equation that gravity heating induced by the two
chemicals has a significant impact on the gravity waves, yet the amplitude of gravity waves is reduced
as waves cross the critical level.

In both cases of mean flow, we found that the wave amplitude is effectively modified by the heating
released by the two chemicals. This can be clearly seen in the vicinity of the two chemicals. In the
nonconstant mean flow case, the wave amplitude is greatly influenced around the critical level. In both
cases, there is a higher impact on the wave amplitude when the heating parameter is greater, as can be
seen in the figures, where the effect is greater around the chemical that produces more heating.

The heating released by the chemicals varies from one chemical to another. For example, ozone is a
major absorber of solar radiation in the middle atmosphere, and hence releases more heating compared
to water vapor. The mixing ratio and localization of the chemicals are also important factors that need
to be taken into consideration when comparing the effect of the two chemicals on gravity waves.

The findings of this work can be considered with specified chemicals in the atmosphere. As an

AIMS Mathematics Volume 10, Issue 9, 22678-22698.



22696

example of potential chemicals, ozone and water vapor can be considered to study their effect on
gravity waves. Numerical simulations of the effect of these chemicals on gravity waves, as well as the
effect of gravity waves on the chemicals, are illustrated in [24].

Our analytical approximations for the solutions of linearized gravity waves affected by chemicals
found in this work align with the numerical solutions of the full model of gravity waves affected by
chemicals given in [24]. These analytical approximations confirm the corresponding results in [24],
where we find that gravity waves are greatly affected by the chemicals; and wave-amplitude reduction
behavior occurs at the critical layer as in the early time cases of the full model.
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