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Abstract: We study the pricing of double barrier knock-out options under stochastic volatility using a
conditional Monte Carlo method based on the local time-space formula of Peskir. A valuation formula
including an early knock-out discount is provided, where the discount depends on the local time of the
underlying stochastic processes and the deltas of the option at the barriers. The latter solve a system
of coupled Volterra integral equations of the first kind. This characterization leads to an efficient
numerical method for general volatility diffusion models. An algorithm for numerical implementation,
based on a conditional quasi-Monte Carlo simulation method, is presented and shown to converge
numerically to the true value of the claim. A numerical study is performed to illustrate properties of
double barrier knock-out calls in the Heston stochastic volatility model. In our calibration, we find that
short-dated (long-dated) at-the-money (ATM) knock-out call prices increase (decrease) when the speed
of mean reversion increases, long run mean volatility increases, and vol-of-vol decreases. We also find
that the deltas and vegas of short-dated ATM double barrier calls can be very sensitive to volatility in
contrast to long-dated ones.
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1. Introduction

A barrier option is a path-dependent derivative whose payoff depends on the crossing of a barrier.
A knock-out barrier option is a contract that expires at the first time a pre-specified barrier is breached.
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A double barrier knock-out option expires at the crossing of either of two pre-specified barriers. The
barriers can be constants or functions of time. Expiration can entail the payment of a rebate, i.e., a
terminal cash payment. Barrier options are traded in the over-the-counter (OTC) market. They are
especially common in foreign exchange (FX) markets where they are used to manage currency risks;
see [45]. In this paper, we study the valuation of single and double barrier options when the underlying
asset price has a stochastic volatility coefficient which follows a diffusion process.

Our contribution is threefold. First, we derive a new valuation formula for the price of a double
barrier knock-out option, when the underlying asset price has a stochastic volatility modeled as a
diffusion process and the interest rate and dividend yield are time-dependent functions. We show that
the double barrier option price is the value of a European double barrier option reduced by a discount
for early knockout (EKD), i.e., for breach of the barrier prior to the maturity date. In this two-state-
variables setting, both the European component and the EKD depend on the underlying price and the
volatility. The EKD is parameterized by the two deltas of the contract at the knock-out barriers. The
latter, which depend on volatility, satisfy a system of coupled Volterra integral equations (VIEs) of the
first kind.

Second, we present an algorithm for numerical computation. To implement the pricing formula, we
first need to solve the system of VIEs for the deltas at the barriers. The algorithm proceeds recursively.
At each step of the discretized time interval, and at each point of a volatility grid, it numerically
computes the deltas, based on already-known future deltas. For computation of the expectation of
the recursive component of the VIEs, we use a conditional quasi-Monte Carlo simulation method
implemented via low discrepancy sequences (Sobol or Halton) and a Brownian bridge construction
with midpoint refinement ( [6]). For future values of deltas, we interpolate over the future values at
the grid points. Numerical experiments illustrate the convergence of the algorithm to the true values
of the claims considered when the underlying price follows a geometric Brownian motion (GBM) or
a conditional GBM with mean-reverting square root volatility (CGBM-MRSRV). They also illustrate
the improved convergence rate relative to a plain Monte Carlo approach.

The last contribution is on the economic front. We conduct a numerical study to provide new
insights about the value of a double barrier knock-out call option with null rebate. Assuming volatility
follows a mean-reverting square root process, as in [19], we document the behavior over time of the
delta hedges at the barriers. We also examine the impact on the price of the speed of mean reversion,
the long run mean volatility, and the volatility of volatility (vol-of-vol) parameter. Long- and short-
dated at-the-money (ATM) knock-out call prices are found to respond in opposite directions, reflecting
conflicting effects on the likelihood of early knock-out and on the risk incentives associated with the
convexity/concavity of conditional call prices with respect to price and volatility. The responses of
ATM double barrier knock-out call prices are distinct from the responses of ATM single barrier knock-
out call prices which display uniform variations independent of time-to-maturity in our calibration.
Finally, deltas and vegas of short-dated ATM double barrier calls tend to exhibit stronger responses to
volatility changes in comparison to ATM single barrier and long-dated ATM double barrier deltas and
vegas.

The paper relates to several branches of the derivatives’ literature. First, it connects directly with
recent contributions on the valuation and hedging of double barrier options under one-dimensional
diffusion models, notably [16,22,35]. All of these references derive VIEs for the deltas of double
barrier options. The first one studies the valuation of time-dependent double barrier derivatives when
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the underlying price follows a diffusion process with linear drift. It derives a system of VIEs for
the deltas of the contract at the barriers. The second one provides integral representations for barrier
options using the Mellin transforms of auxiliary functions, assuming the underlying price follows
a linear diffusion with time-dependent coeflicients. It shows the auxiliary functions satisfy Volterra
equations of the first kind. The last one proves VIEs for the deltas of a double barrier option with time-
dependent barriers when the underlying follows a general diffusion with time-dependent coeflicients.
Derivations rely on the general integral transform method and the heat potential method. We contribute
to this literature by extending the analysis to stochastic volatility models where volatility follows a
diffusion process. We derive valuation formulas as well as VIEs for the deltas at the barriers in this
context and provide a numerical method based on a conditional quasi-Monte Carlo simulation approach
for implementation. We provide theoretical results on the existence and uniqueness of the solutions to
the VIEs, and on the convergence of the scheme.

Second, it relates to a broad literature on the valuation of barrier options, a topic of long-standing
interest in finance. Valuation formulas for single barrier options already appear in [34]. [27] establishes
a pricing formula for a double barrier knock-out option with curved barriers taking the form of a sum
of an infinite series of weighted normal distributions. [14] develops pricing and hedging formulas
for double barrier options based on the inversion of the Laplace transform of the price with respect
to the maturity date. [37] prices double barrier options using the inverse of the Laplace transform
of the probability density function. [32] uses a Fourier series expansion. [4] develops a numerical
algorithm based on Carr’s randomization method. [36] presents an algorithm based on a continuous
time Markov chain approximation, when the underlying price follows a Markov process. [7] prices
single barrier options when the underlying follows a time-dependent Ornstein-Uhlenbeck process. The
authors obtain valuation formulas by applying the general integral transform and the heat potential
method. The latter method goes back to [30]; see also the generalization to the Bessel equation in [8].
The former is used in [9,21]. A heat potential method combined with Monte Carlo simulation is also
used by [31] to price single barrier options in the Heston model. The core of this approach appears
in [33] which uses a finite difference method to price the option given a trajectory of volatility.

Third, it also connects to the literature on the valuation of claims under stochastic volatility.
Fundamental contributions by [20] and [19] establish valuation formulas for GBM and MRSR
volatility processes, respectively. [3] extends the Heston model to allow for jumps. Applications to
barrier options include [11] which uses a method of lines, [15] which proposes a semi-analytic pricing
approach based on the boundary element method, [23] which uses asymptotic expansion and Mellin
transform methods, [46] which develops an efficient Monte Carlo scheme, [13] which employs a
second-order truncation of the infinite Wiener—Itd chaos series expansion of the underlying price,
and [24] which combines a singular perturbation method with a double Mellin transform and the
method of images to obtain a price approximation. Our contribution to this literature is to derive novel
representation formulas for single and double barrier options when volatility follows an arbitrary
diffusion process and to propose an associated computational method.

Fourth, it relates to recent developments in the area dealing with alternative specifications for
underlying processes or more complex types of barrier contracts. [47] prices barrier options in regime
switching models using matrix Wiener-Hopf factorizations and Fourier transforms to obtain integral
representations—enhancing both accuracy and computational tractability, [28] assumes a two-scale
stochastic volatility process driven by a pair of approximate fractional Brownian motions and uses
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Mellin transforms to derive approximate closed-form expressions for barrier option
prices—facilitating faster approximation and insights into volatility scaling, and [18] prices timer
barrier options in Heston’s model providing analytical formulas via the method of images—a
powerful technique to simplify barrier problems into more tractable forms. [17] derives exact
valuation formulas for single barrier options with stochastic outside and window barriers,
incorporating stochastic interest rates and jumps in the underlying process—providing analytical
expressions that are both tractable and directly implementable. A critical ingredient in this derivation
is the independence of the knockout time from the interest rate. [25] prices return barrier options and
examines their properties in five FX model families, namely Levy, jump-diffusions, stochastic
volatility, stochastic volatility with jumps, and stochastic local volatility models. For computation and
calibration the authors use Fourier transforms, Monte Carlo simulation, or asymptotic expansion
methods. Pricing and calibration are also carried out in [1] focusing on a Heston-Kou model with
MRSR volatility and double exponential jumps. The authors demonstrate the model’s superior
calibration and pricing performance across a range of exotics, including barrier options, employing
Fourier techniques (PROJ method) and provide a publicly available code.

Lastly, the analysis relies on the local time-space calculus, developed by [38], for continuous piece-
wise smooth functions of a semi-martingale. An application of this calculus to the valuation of plain
vanilla American options appears in [39] and to the valuation of corporate debt in [12]. Here, we use
the method to derive a valuation formula for a double barrier call option with null rebate, which has a
discontinuous terminal payoff at the upper barrier. We then employ that formula to deduce a system of
coupled VIEs of the first kind for the deltas of the contract at the barriers. The interest of this approach
is that VIEs naturally capture the boundary behavior of the option price in a diffusion setting with two
state variables, here the underlying stock price and its volatility. The downside of PDEs, in comparison,
is that adapting PDE solvers to stochastic volatility leads to high-dimensional systems. While Mellin
and Fourier transform methods are efficient, they are less adaptable beyond affine volatility models.

Sections 2 and 3 review the valuation of single barrier options when the underlying asset return has
constant and time-dependent parameters, respectively. Section 4 describes the approach for stochastic
volatility. The valuation of double barrier options is carried out in Section 5, first for the time-dependent
parameter case, and then for the stochastic volatility case. Section 6 performs a numerical study to
illustrate properties of double barrier options with stochastic volatility. Conclusions follow and proofs
are in the Appendix.

2. Single barrier options: constant parameters

Let us assume the stock price X is modeled by a geometric Brownian motion (GBM) under the
risk-neutral measure Q:
dXt = (l’ - q)Xtdt + O-X[th (2.1)

where r is the risk-free interest rate, ¢ is the dividend yield, o > 0 is the volatility parameter, and W
is a standard Brownian motion (SBM) process under Q. We consider a down-and-out call option on
X with strike K, barrier H < Xj, and maturity date 7. We also assume that K > H. The price of the
option V(z, x) is then given by

V(t,%) = Vao(t, x) = By [T (Xy = K) I(my > H)lm, > H| (2.2)
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for t € [0,T) and x > H, where the expectation is taken under Q and my represents the minimum of
the stock price:

my = OmglsnT X;. (2.3)

As the joint distribution of (X7, mr) is known in the case of constant parameters, the price V (¢, x) is
given by
V(t’ x) = Ve(ta X) - Vdi(t’ )C) (24)

fort € [0,T) and x > H, where V, is the price of the standard European call option on X with the strike
K and the maturity 7, calculated using the Black-Scholes formula, see (2.10) below, while V,; is the
price of a down-and-in call option:

21-2

H\* H
Vil x) = xe 9T (;) O(y) — Ke T (;) (v - o VT —1) 2.5)
where

y= :i@+/10"\/ /l—z_—+,

and ®(-) is the cumulative distribution function of the standard normal law.

Even though the explicit solution is already given above, we will now derive an alternative
characterization (though it is semi-explicit) based on probabilistic arguments. Its advantage is that we
can extend this method to the case of time-dependent parameters and double barrier options, unlike
formula (2.4). For this, we recall that the pricing problem can be reduced to the fixed boundary PDE
system

gtv +LV=rV, tel0,T), x>H, (2.6)
Vit,x) =0, te[0,T), x<H, (2.7)
V(T,x) = (x— K)", x>0, (2.8)

where Lf = (r — @)xf’ + %a’zx2 f” is the operator of X. The following theorem provides the valuation
formula for V in terms of its delta {V.(¢, H+),t € [0, T)} just above the barrier H. The latter is ex-ante

unknown, but in the propositions below, we characterize it as the solution to a linear Volterra equation
of the first kind.

Theorem 2.1. The barrier option price can be decomposed as

" du (2.9)

u-—1t

T
Vit = Vilt, 0 - 5 f D Fluyp (d(x, Hyu — 1)

where @(x) = ;\E -5 is the standard normal probability density function, V, is the price of the standard

European call:

V,(t,x) = xe T (d*(x, K, T — 1)) = Ke """ (d"(x,K, T — 1)) (2.10)

1 X o?
o-—\/E(lOgE'F(r—Qi?)S) (211)

and f(t) := V,(t, H+) is the barrier option’s delta at x = H+ for t € [0, T).

d*(x, K, s) =
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The proof is given in the Appendix. The integral term in (2.9) corresponds to the local time term in
Peskir’s formula; see [38]. As mentioned above, the formula (2.9) is not self-sufficient as it contains
the unknown option’s delta f(¢). The following result characterizes f(¢) as the solution to a Volterra
equation; the derivation can also be found in the Appendix.

Theorem 2.2. The function f(t) satisfies the linear Volterra integral equation of the first kind with
weak singularity:

V.. H)—f flu )’f/(t_”‘)t 2.12)
fort € [0,T), where the kernel k(t,u) is given by
k(t 1) =~ ’hp((% - %) N r) oH (2.13)

foru > t. The terminal condition is f(T—) := limuyr f(£) =0

Once the delta f(¢) of V at H+ is determined numerically, we can compute the option price
using (2.9). In the following sections, we extend the methodology above to the case of
time-dependent volatility and double barrier options.

Remark 2.3. We note that, by the parity relation (2.4) for barrier options and Eq (2.9), the price of
the down-and-in call option can be written in the integral form

H
du (2.14)
u—1

T
Vil 0 = 3 f ¢ Fluyp (d e, Hy — 1)

forte€[0,T)and x > H.

Now, by reversing time and applying a change of variables, we transform the Eq (2.12) into its

standard forward form:
k(t
(r)_f JWkGw o <i<r, (2.15)
l‘ —u
where g(¢t) = V(T — t,H), f (1) = f(T —1), k(t,s) = k(T —t,T — s) are time-reversed functions. For
equations of the form (2.15), numerous studies such as [2] have been devoted to establishing sufficient

conditions for the existence and uniqueness of solutions. In our case, we shall refer to Theorem 6.1.13
stated in [5], which can be formulated as:

Theorem 2.4. Assume that

(a) g@t) € C'([0,T1) with g(0) =
(b) k(t,s) € CO([0, T] x [0, TY), with |k(t, )| > ko > 0 when t € [0, T].

Then, the Volterra integral equation (2.15) has a unique solution f(t) e C([0,T)).

It can be easily seen that in our case g() and k(z, s) are analytic functions, g(0) = V.(T,H) =

(H-K)" =0, and
oH

V2n

k(t,1) = > 0.
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Solving this equation requires numerical methods. The simplest and most effective ones are those
based on the product integration approach described in [29]. First, we introduce the uniform grid
{t; = iAt,i = 0,1,...,m} with At = T/m for some m. The approximate solution for the value f(t,-)
based on this grid will be denoted by A, i =0,...,m. Also assume g; = g(t,), l}i, i = I}(ti, t;). Next, we
approximate f (Wk(t;, u) by the piecewise linear function

((tis1 —w ki fj + =t ki fs)/At,  t;<u<ty, j=0,...,i—1. (2.16)

As a result, the integral equation (2.15) is approximated by the following lower triangular system for
fi:
Zf]k,]w,J——g,At 20 i1, m, (2.17)

where w;_; are precomputed weights: wy = 1 and w; = (1 + 1) = 2P + (- 1)*%1=1,...,m - 1.
According to [43], it may be shown that, under sufficient smoothness assumptions on f (¢) and the kernel
k(z, 5), the convergence order of this scheme is O(A#?). Since the smoothness of k(z, s) is evident, the
desired smoothness of f(¢) follows directly from Theorem 6.1.14 in [5].

Theorem 2.5. Assume that

(a) g(t) € C1*'([0, T)) for some q € N;
(b) k(t,s) € CT'([0, T x [0, T1), with |k(t, )| > ko > 0 for all t € [0, T];
(c) g7(0)=0forr=0,1,...,pwherep < q.

Then, the unique solution to (2.15) belongs to the space CP([0,T]) N C4((0, T]).

At this point, given the numerical solution f, we can compute the price of the down-and-out call
option V(¢,x) by performing a numerical integration in (2.9). It should be noted that there is no
singularity at u = ¢ for x > H as the function ¢ dominates the vu — t term. Therefore, the integral can
be computed using standard quadrature formulas on a grid conjugate to the discrete solution f;. In
order to preserve the second-order convergence, we employ the composite trapezoidal rule. Note also
that the overall algorithmic complexity to solve the VIE and compute the option price is O(m?). Table
1 illustrates the convergence of the numerical scheme for the single barrier option price as m
increases, in the model with constant volatility. Figure 1 shows the behaviors of the option price and
delta with respect to time.

Table 1. This table shows the convergence of the single barrier option price based on the
representation (2.9) to the exact price (2.4) and (2.5) as a function of the number of time
steps m in the numerical scheme. The parameters are r = 0.05, 6 = 0.02, 0 = 0.3, T = 2,
Xy =100, K = 100, H = 80.

Maturity Exact m=38 m =32 m = 64 m = 128
0.25 6.2993 6.3056 6.2999 6.2994 6.2993
0.5 8.9195 8.9446 8.9206 8.9197 8.9195
1.0 12.0871 12.0992 12.0878 12.0872 12.0871
1.5 14.0008 14.0080 14.0013 14.0008 14.0008
2.0 15.3103 15.3156 15.3107 15.3103 15.3103
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(a) single barrier option delta (b) single barrier option price

Figure 1. This figure displays the option’s delta f(¢) (panel (a)) given as the solution to the
equation (2.12), and the single barrier option price V(z, Xy) (panel (b)) computed using (2.9),
both as functions of ¢ € [0, T]. The parameters are r = 0.05, 6 = 0.02, 0 = 03, T = 2,
Xy =100, K = 100, H = 80.

3. Single barrier options: time-dependent parameters

In this section, the stock price X is given by a geometric Brownian motion with time-dependent
parameters,” under the risk-neutral measure Q:

dX, = (r(t) — q()X,dt + o(t) X, dW, 3.1

where () is the time-dependent risk-free interest rate, g(¢) is the time-dependent dividend yield, and
o(t) > 0 1is the time-dependent volatility function. The goal again is to price a down-and-out call option
on X with strike K, barrier H, and maturity date 7. We note that, as we have a deterministic o (¢), the
distribution of log(X;) is Gaussian, and hence, the results from the preceding section can be shown in
almost the same fashion.

The next two theorems extend the corresponding results from the previous section. The proofs are
quite similar and hence will not be repeated. To avoid additional notation, we still denote by V and
V., the prices of down-and-out and European call options, respectively, under the dynamics (3.1) of the
underlying X. Also, we denote the delta of V at x = H+, by f(¢) := V.(t, H+),t € [0, T).

Theorem 3.1. The option price V under the dynamics (3.1) of X can be decomposed as

T 2
V(t, x) = Vea,x)—% f e 8704 Fuyp (dx, H, 1, u0)) — 2

! ,/ftu o2(s)ds

fort € [0,T)and x > 0, where V,(t, x) is the price of the standard European call on X:

du (3.2)

V,(1, %) = xe b 195 (a0 (x, K, 1,T)) — Ke™h "5 (d-(x, K, 1, T)) (3.3)
with
. 1 X r o?(s)
dxK,t,T) = ———— (log X + f (r(s) —q(s) + > )ds). (3.4)
\/ftT o2(s)ds !

*This process is sometimes called an inhomogeneous GBM in the literature.
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Remark 3.2. The expressions presented in the theorem above, and which will be considered later,
typically contain integrals of the form j; “2s)ds. To compute them, we again use the trapezoidal
quadrature formula with the uniform grid {t;}" , already mentioned:

7 . . !
f 2s)ds ~ h(w v ). (3.5)
li k=i+1

As in the previous section, the pricing formula (3.2) for V involves an unknown delta f(7) of V at
x = H+. The following theorem provides a theoretical characterization of f(¢) and a prescription for
an efficient numerical algorithm to compute it.

Theorem 3.3. The function f(t) satisfies the VIE of the first kind.:

J'(r - g9 - 16%(9))ds | 2wrH

" o2(s)ds Y o2(s)ds
v v

As in the case of constant volatility, we have a Volterra equation with a weak but integrable
singularity. It is straightforward to arrive at an equation of the form (2.15) with a weak singularity by

T
V,(t, H) = % f e F s £y du (3.6)

fort €10,T) with f(T—=) := limyy f(£) = 0.

rewriting / ft ! o2(s)ds = Vu - t,/u%t ft ! 02(s)ds. The second term is continuous and equals o(¢) at
u = t by L’Hopital’s rule. We then assume that the time-dependent parameters r(¢), g(t), o(t) satisfy
certain additional smoothness conditions. Hence, we can refer to the previous section to derive
theoretical results on the Volterra integral Eq (3.6) and the numerical scheme to solve it. Once f(¥) is
recovered numerically, we can employ the formula (3.2) to price the barrier option when X follows a
geometric Brownian motion with time-dependent parameters. Figure 2 shows the behaviors of the

single barrier call price and delta with respect to time for a periodic volatility function.

Barrier Option Delta Barrier Option Price

— delta f(t) 14 price V(t; Xo)

0.7

0.6 12

05 10 \

3 g
$0.4 5 8
5 N\ 5
503 \ g6
0.2 4 \
0.1 2 \
0.0 0
T T T T T T T T T T T T T T T T T T
0.00 0.25 0,50 0.75 1.00 125 150 1.75 2.00 0.00 0.25 0,50 0.75 100 1.25 150 1.75 2.00
time time
(a) single barrier option delta (b) single barrier option price

Figure 2. This figure displays the option’s delta f(¢) (panel (a)) given as the solution to
equation (3.6), and the single barrier option price V(, X;) (panel (b)) computed using (3.2),
both as functions of # € [0, T'], where X satisfies (3.1) with time-dependent volatility. The
parameters are r = 0.05, 6 = 0.02, () = 0.25 + 0.05 sin(2n¢/T), T = 2, X, = 100, K = 100,
H = 80.
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4. Single barrier options: stochastic volatility

In this section, we consider a general one-factor stochastic volatility model for X:

dX, = (r(t) — q)X,dt + o, X,dW, “4.1)
dy, = a(t,Y,) + B(t, Y,)dZ, 4.2)

where r(7) is the time-dependent risk-free rate, g(¢) is the time-dependent convenience yield, o, = y(Y;)
is the stochastic volatility given as a function 7y of the factor process Y, and «a, 8 are coefficients of Y
that satisfy standard regularity conditions. The process Z is a Q-SBM that is correlated with W, i.e.,

dW = p()dZ + \J1 - p2(H)dW* (4.3)

where p(r) € [-1,1] is the time-dependent correlation coefficient and W+ is a Q-SBM that is
independent of W. The SBM Z represents volatility risk. The orthogonal component W+ is pure stock
price risk. Volatility risk has a spillover effect on the stock price when correlation differs from zero.
The case yBp < 0 captures the leverage effect in equities documented in the literature.

We now apply the conditional Monte-Carlo method to price the down-and-out call option on X,
in the spirit of [31, 33,44]. For this, we simulate N trajectories of Z, and hence of o using, e.g., a
Euler scheme with m steps. We denote them by Z,(") and 0'5”), respectively, for n = 1,...,N. Then,
conditional on each n, we can write the dynamics of X as

X" = (r() = g + po " u”) X" dt + o N1 = P2 ()X AW} (4.4)

_ m _ dz” 1 (n) -
forn=1,...,N, where y,” = = sp(H)o;” according to [33].

Now we fix n and define (1) = q(t) — p()o"u!” and 7™ (1) = o™ /1 — p?(r). Hence, we can
apply the pricing method from the previous section to compute the conditional barrier option price
in the model with time-dependent parameters. Figure 3 illustrates the approach for a given trajectory

under the Heston stochastic volatility model. Then, the price of the barrier option can be estimated as

1 N ~(n) ~(n
Vsy ~ Z V(t, x;r, g™, ") (4.5)

n=1

where V(t, x; r, g™, ™) is computed by the formula (3.2) for deterministic time-dependent parameters

(1)
(r,g™, 7™). The definition of ™ (f) may appear to be confusing, since it includes the term ditt , even

though Brownian motion is nowhere differentiable. This should be interpreted as a formal expression.
Fortunately, the dividend yield §"(¢) in all formulas above and below appears under the integral sign.
Thus, substituting ™ (¢) in the integral gives

U U U 1 U
f §"(s)ds = f g(s)ds - f Pz + 2 f P(s)(o)ds (4.6)
t t t t

where the second term is a stochastic integral, which is computed numerically as the sum

,’;; p(tk)o-ﬁf)(ka"fl — Z,(k")) overauniformgridt =1 < ... <t;=u.

AIMS Mathematics Volume 10, Issue 9, 22622-22649.



22632

Heston volatility process Barrier Option Delta Barrier Option Price

0.354 e volatility. path.o¢ 0.7+ —— . delta f{t)

T T T T T T T T T T T T T T T T T T T T T T T T T T T
0.00 025 050 0.75 1.00 125 150 175 2.00 0.00 025 050 075 1.00 125 150 175 2.00 0.00 025 050 0.75 1.00 1.25 150 175 2.00
time

(a) trajectory of volatility (b) barrier option delta (c) single barrier option price

Figure 3. This figure displays the option’s delta f(¢) (panel (b)) given as the solution to
the Eq (3.6), and the single barrier option price V(z, Xy) (panel (c)) computed using (3.2),
both as functions of € [0, T'], where X satisfies (3.1) with time-dependent volatility. The
latter was generated by a single trajectory o; (panel (a)) under the Heston model do? =
k(6 — O',Z)dt + no,dZ,, and the correlation between Z and W is given by a constant parameter
p = 0. The parameters are r = 0.05, 6 = 0.02, 090 =025,k =2,0=0.09,n=04,T = 2,
Xy =100, K = 100, H = 80.

To achieve higher accuracy, we follow [44] and use the quasi-Monte Carlo method.
Low-discrepancy sequences (e.g., Sobol or Halton) are employed to simulate the Brownian driver Z
of the stochastic volatility process. We choose the number of time steps as m = 2! for some integer 1.
The m-dimensional vector x" is drawn from a low-discrepancy sequence uniformly distributed over
[0,1]" for n = 1,...,N, and its component X;f transformed via (D’l(x;f), where ®~! is the inverse
function of the cumulative distribution function of the standard normal law. The Brownian paths Z are
generated using the Brownian bridge construction via binary midpoint refinement as in [6]. We fix the
endpoints as Z(()") =0and Z(T”) = T (I)_I(XZ). Then, recursively, at each level i = 1, ..., I, we halve the
step size h — h/2, and for each midpoint (2 — 1)h, we set

1 h ,
R 0 (g - .
Z(lj—l)h - E(ZZ(j—l)h + ZZjh) + \/;q) (X(zj_l)h) , Jj=1,...,2"7". 4.7)

This method, in combination with quasi-Monte Carlo sampling, produces a path of length m and offers
improved convergence properties.

5. Double barrier options: stochastic volatility

In this section, we turn to the pricing of double barrier options with a knock-out feature and zero
rebate. Let us assume the strike K, two barriers H; < K < H,, and the maturity date 7. The price of
the double barrier option V(z, x) can be defined as

V(t, x) = B, e d 7O, — Ky I(My < Hoymp > HO)IH) < my < M, < Hy (5.1)

fort € [0,T) and H; < x < H,, where the expectation is taken under Q, and the elements of the pair
(Mr, my) represent the maximum and the minimum of the underlying asset price:

Mr = max X;, m7 = min X,. (5.2)
0<t<T 0<t<T
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We first assume that the risk-neutral dynamics of X are given by (3.1) with time-dependent
parameters. The fixed boundary PDE system for V can be formulated as follows:

a%V +LV=r@)V, tel[0,T), H <x<H,, (5.3)
Vit,x) =0, tel0,T), x<H orx>H,, (5.4)
V(T,x) = (x—K)'I(x < Hy), x>0, (5.5)

where the operator of L of X is given by

1
Lf(z, x) = (r() = q))xfx(t, %) + Eo_z(l)xzfxx(t’ x) (5.6)
for f € C'2. Using the local time-space approach, we derive the double barrier option price and obtain

the following result.

Theorem 5.1. The double barrier option price (5.1) can be decomposed as

o*(wH,

T
V(t, x) :Vo(t,x)—% f e b s £ () (d (x, Hy, 1, 1)) du (5.7)

! A/ ft “ o2(s)ds
| 2(u)H.
+3 f o 545 £ 1) (d- e, Hiy 1,10)) — 22 g,
! w/ftu o2(s)ds
fort € [0,T) and x > 0, where fi(t) := V.(t, Hi+) and f,(t) := V.(t, H,—), and V) is the price of the
European-style derivative with payoff (X7 — K)*1(X7 < H»)
Vo(t, x) =E; «[e” I OB Xy — K)'I(X7 < H)] (5.8)
T T
=E,.[e”} "OBX,I(K < Xy < Hy)] - Bule” b "OBKI(K < Xy < H»)]
—xe~ 1D (4 (x, K, 1, T)) — O (d*(x, Ho, 1, T)))
— Ke I 04 (@ (a7 (x, K, 1, T)) - © (d"(x, Ha, 1, T)))
and d* was given in (3.4).

A sketch of the proof is provided in the Appendix. The pricing formula above involves (yet)
unknown functions fi(¢#) and f,(¢) that are the barrier option’s deltas at x = H;+ and x = H,—,
respectively, for 7 € [0, T'). The next result characterizes them.

Theorem 5.2. The functions fi(t), f>(t) are the solution of the following system of coupled linear
Volterra integral equations of the first kind:

Volt, Hy) =+ f Te—ff"<s>de(u) (d(Hy, Hy,t, 1)) _ T, (5.9)
ol7, 1y 2, 1) 1,11y, 1, \/W .
1 fT —f” r(s)ds - O-Z(M)HZ
- = e fwe (d (Hy, Hy, t,u)) ——=du;
2J; ,/ftu o2(s)ds
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o*(w)H,

T
Vo(t, Hy) :% f e IO £ () (d(Ho, H s 1, 1)) du (5.10)

! ,/ftu o2(s)ds

o*(u)H,

1 (7T
-3 f e} OB £y (d™(Hy, Ho, 1, 1)) du

! w/ftu o2(s)ds

fort € [0,T), where V, is the price of the European-style derivative from Theorem 5.1.

As in the one-dimensional case, we provide conditions for the existence and uniqueness of a solution
to this system. To begin with, we introduce a special case of a weighted Sobolev space, as in [26]. Let
T > 0;n,meN;andy < 1. Define C;[O, T] :={F:[0,T] > R™"|¢"F(t) € C"[0, T]}, with intrinsic
norm

n

1Fllyn = > sup

k=0 0si<T

where || - || is some vector norm. The map 7, : C;[O, T] — C"[0,T], J,(F)(t) = t"F(1), is a linear
isometric isomorphism. Hence CY[0,7] is a separable Banach space. After that, we appeal to the
following generalization for systems of equations from [2]:

k

d—(ﬂF(t))

o : (5.11)

Theorem 5.3. Consider the Abel-type equation system:

G(t) = f wdu, 0<t<T, (5.12)
o (E—u"
with « € (0,1), vector functions F,G : [0,T] — R" F(@) = [fl(t)r,n...,fm(t)]T,

G = [gi(D),...,gnO", and the matrix kernel K : [0, T]> — R™™, K(t,s) = [kij(t, s)]ijzl. Assume
that ’

(a) G(t) = t7PGy(t) with Gy € C"1[0, T] for some n € N and a > f3;

(b) K(-,-) is sufficiently smooth on 0 <t < s < T (as in the scalar Atkinson theorem, up to the order
needed for the estimates below);

(c) detK(t,t) # O for everyt € [0,T].

Then:
(1) There exists a unique solution F of the form
F(t)=t"P[B+1tFy1], FyeC"0,T], BeR" (5.13)

Equivalently, F € C'_, +ﬁ[0, T] and lim, t'"=*PF(t) = B.
(2) There is a constant C > 0, independent of G(t), such that the unique solution satisfies

IFlli-a+pn < ClGllgne1- (5.14)

As stated in the original work of [2], the proof from the one-dimensional setting can be carried over
by simply replacing absolute values with suitable vector and matrix norms. Alternatively, one may
extend the result by applying the method in [42] combined with Theorem 5.4 of [29].
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It remains to verify the validity of the theorem for our case. We have a two-dimensional system with
a = 1/2, where the left-hand side is G = [g;, g»] and the kernel is a 2 X 2 matrix K = [7(,-.,-][.2,].:1, defined
in the equations below. We seek a solution of the form F(¢) = [fi{(T — 1), (T — t)]. The smoothness
order of the data K and G depends directly on the coefficients r, g, and o. For constant coefficients,
these functions are analytic. Because g;(0) = V(T, H;) = 0 and g,(0) = V(T, H,) = (H,—K)/2 > 0, it
follows that 8 = 0. Moreover, the matrix K(z, t) is invertible, since I~<12(t, 1) = 7@1(1‘, H=0for0<t<T,
and

ki(t, 1) = > 0,i=1,2.

Thus, the solution F belongs to the weighted Sobolev space C, and the problem is well-posed.

Remark 5.4. It can be seen that, as for the up-and-out call option, the delta f, of the double barrier
option at the upper barrier explodes to —co as t approaches T. Below we describe how to handle this
issue numerically.

To regularize the function f»(¢), we introduce the transformed function f(f) = (T —t)* f»(¢) for some
1/2 < A < 1, ensuring it remains bounded at 7. For the case 1 = 1/2, we have £,(T-) = B > 0;
whereas for A € (1/2, 1), we obtain f,(T—) = 0. The modified system can be treated by the product
integration method. Using a change of variables, the system is easily rewritten in the following general
form:

fwkn@w (" @k
= = “du, 5.15
810 = f Vi—u o ulNt—u ! ( )
fl(u)kzl(l M) " Hr(wkan(t, u)
= — - = d 5.16
82(0) = f Vi—u o ulNt—u “ ( )

where g,(t) = Vo(T —t, Hp), fl(t) = fi(T —1), fz(t) = f(T —t), and l?lp(t s) are the kernels determined
from Theorem 5.2 for [, p = 1,2. As before, we use a uniform time grid {z;}”). The functions with
superscripts Z, j without arguments represent their discrete values at the correspondmg grid points t; or
t;. The approximate solutions on the given grid are denoted by flj and fz’ . For simplicity, set 4 = 1/2
and replace the integrands fp(u)fqp(t, u) by the rightpoint piecewise constant functions

BN f<us<tn, j=0.1.0i- 1 (5.17)

This yields the following block form triangular system for the approximations f{ and fz’ :

Zj fy Kt ol + S fo kl]wu =5 _im (5.18)
Z]lfj wlj+211fjk g2
where w; ; and w7 ; are precomputed weights:
w); =208 (Vi j+ 11— +i—j), (5.19)

wiz’j =2 (arcsin( \/m) — arcsin( /(j — 1)/i)) (5.20)
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for j < i. The result can be expressed in a compact matrix form as
g1\ _ [An An fl)
= A 5.21
(82) (A21 Azz) (fz (21)

T A A \T
8p = (8 s8p) o So = (foe o 1)

are vectors and A;,, [, p = 1,2, are lower triangular matrices. Once the option deltas fi(7), f2(¢) are
computed numerically, the double barrier option price V(¢, x) can be easily obtained, similarly to the
single barrier case, using (5.7) and applying quadrature rules.

With the characterization of the price of the double barrier option under time-dependent GBM (3.1),
we can now price it under the stochastic volatility models (4.1) and (4.2). For this, we adopt the same
argument with outer and inner loops as in Section 4, i.e., Eq (4.5).

where

6. Numerical study

6.1. Models and parameters

We now conduct a numerical study to illustrate the behaviors of barrier option prices and deltas.
Three models for the underlying price evolution are considered: geometric Brownian motion (GBM),
GBM with time-dependent volatility (GBM-TDV), and conditional geometric Brownian motion with
mean reverting square root volatility process (CGBM-MRSRYV), as proposed by [19]. Benchmark
parameter values for the different models examined are listed in Table 2. All options considered are
at-the-money (ATM) call options with T = 2, X, = 100, K = 100. Single barrier options have H = 80.
Double barrier options have H; = 70, H, = 130. Deltas are calculated at the barriers. Option Greeks
mentioned in the discussions below are defined in Table 3. It is understood that the properties of prices,
deltas and other Greeks that are documented in our numerical experiments may be parameter-specific,
1.e., there is no claim of generality.

Table 2. Price models and parameters. Models are geometric Brownian motion (GBM),

geometric Brownian motion with time-dependent volatility (GBM-TDV), and conditional

geometric Brownian motion with mean reverting square root volatility (CGBM-MRSRV)

as in [19]. Parameter o is the initial volatility. Cumulative ex-dividend return R, satisfies

dR, =dS,/S,.

Parameter GBM GBM-TDV CGBM-MRSRV
dR, = (r — q)dt + cdW, dR, = (r —q)dt+o,dW, dR, = (r—q)dt+ o, dW,

o, =0 +wsinnat/T)  do? = k(0 — o?)dt + no.dZ,

r 0.05 0.05 0.05

0 0.02 0.02 0.02
0o 0.30 0.25 0.25

w - 0.05 -

K - - 2

0 - - 0.09

n - - {0.25,0.4}
0 — - 0
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Table 3. Option Greeks. Option Greeks in the one-factor stochastic volatility models (4.1)
and (4.2) with Y = o. The price function is V(¢, x,0; 7) where 7 is the time-to-maturity.
There is no standard letter notation for charm, vanna, and vomma.

Greek Formula
Delta AL, x,07) = 3V(t,);<r;r)
Theta O, x,057) = __‘W(t;;;(f;r)
Vega V(t,x,0;7) = 9V(téz(cr,a;r)
Charm Charm(t, x, 05 7) = __<9A(f;;:c7;f>
Vanna Vanna(t, x, 0, 7) = 0A(t£a;r)
Vomma Vomma(t, x, 0 7) = W(gﬁcr;r)

6.2. Numerical scheme: convergence

We first examine the convergence properties of the numerical algorithm. Table 4 provides results
for the double barrier option price as m increases, in the model with constant volatility. It shows
convergence is fast over the range of maturity dates examined.

Table 4. This table shows the convergence of the double barrier knock-out option price based
on the representation (5.7) to the exact price given in [37], in the case of constant volatility,
as a function of the number of time steps m in the numerical scheme. The parameters are
r=0.05,6=0.02,0 =0.3, Xy = 100, K = 100, H, = 70, H, = 130.

Maturity Exact m=16 m = 64 m =128 m = 256
0.125 4.0174 4.0220 4.0181 4.0177 4.0175
0.25 4.0069 4.0236 4.0095 4.0079 4.0073

0.5 2.8013 2.8311 2.8060 2.8032 2.8021
1.0 1.4004 1.4331 1.4057 1.4025 1.4012
1.5 0.7508 0.7745 0.7544 0.7521 0.7513

To assess the scheme’s performance when volatility is stochastic, we consider the Heston CGBM-
MRSRYV model with parameters given in Table 2. To measure accuracy, we use the well-known relative
root mean square error (RMSE) metric, which is sensitive to outliers and captures large errors. As a
benchmark price, we make use of the program obtained from [41] based of the finite difference method
with a sufficiently large grid (1000, 1000, 1000) in time, stock price, and volatility. For the RMSE
computation for our method, we employ a scrambled Sobol’ sequence; see for instance [10]. We fix
the number of time steps at m = 64 and m = 128 for single and double barrier options, respectively.
Then, for a given number N of sequences, we obtain option prices and compute the corresponding
RMSE by repeating the price calculations for 32 independent realizations (scrambles) of the Sobol’
sequences. The results are reported in Table 5 for the single barrier call option and in Table 6 for the
double barrier one.” For comparison, we also provide RMSE values obtained using plain Monte Carlo
(MC). MC prices are calculated using 2",n = 12, 14, 16 trajectories with a time discretization grid of

TAll numerical experiments were performed in the cloud environment Google Colaboratory (Python 3.12) without using GPU or
TPU accelerators. The computations were carried out on a virtual machine equipped with an Intel(R) Xeon(R) CPU @ 2.20GHz (2
cores, 4 threads) and 12 GB of RAM. The elapsing time for our scheme for a single barrier option with N = 512 was 1.92 seconds, while
for a double barrier option with N = 512 it was 8.53 seconds.
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size 1024. RMSE is calculated by repeating these computations using 64 different seeds (samples) of
the random number generator. As can be seen from the table, the convergence rate for our method is
approximately O(1/N), whereas for Monte Carlo it is only O(1/ VN).

Table S. This table presents the relative RMSE (in %) of the down-and-out barrier option
price based on the representation (4.5) (with N trajectories) and standard Monte Carlo (with
2" trajectories), compared to the benchmark price obtained via the finite difference method
in QuantLib, under the Heston model. The model parameters are provided in the Table 2
(n=0.4) with fixed T =1, X, = 100, and H = 80.

Jo, K  Benchmark Our Approach Plain MC
N=128 N=256 N=512 n=12 n=14 n=16
-0.5 110 7.2238 0.53 0.38 0.17 3.27 1.91 0.84
-0.5 100 11.1267 0.52 0.37 0.15 2.38 1.14 0.97
-0.5 90 15.9777 0.47 0.31 0.15 2.37 1.44 0.90
0.0 110 7.6310 0.16 0.07 0.05 3.34 1.82 1.09
0.0 100 11.2548 0.09 0.06 0.03 3.15 1.55 0.98
0.0 90 15.9616 0.04 0.02 0.01 2.40 1.19 0.81

Table 6. This table presents the relative RMSE (in %) of the double knock-out barrier option
price based on the representation (4.5) (with N trajectories) and standard Monte Carlo (with
2" trajectories), compared to the benchmark price obtained via the finite difference method in
QuantLib, under the Heston model. The model parameters are provided in Table 2 ( = 0.4)
with fixed T = 1, Xo = 100 and barriers H; = 70, H, = 130.

ol K Benchmark Our Approach Plain MC
N=128 N=25 N=512 n=12 n=14 n=16
-0.5 110 0.8457 1.98 1.38 0.78 2.66 1.32 0.80
-0.5 100 2.5663 1.34 0.79 0.54 3.27 2.13 0.92
-0.5 90 5.4190 1.51 0.97 0.52 5.88 2.48 1.48
0.0 110 0.5673 0.42 0.24 0.14 2.92 1.49 0.60
0.0 100 1.9188 0.39 0.18 0.13 3.72 2.13 1.00
0.0 90 4.4298 0.43 0.17 0.10 7.00 3.00 1.54

6.3. Numerical results

Figure 1 illustrates the behavior with respect to time of the delta (panel (a)) and price (panel (b)) of
a (single barrier) down-and-out call option in the Black-Scholes setting. Since the option considered
is ATM (X, = K), the price converges to zero as the maturity date approaches and the option’s theta
(its time decay), which is negative throughout, goes to negative infinity. The pattern displayed reflects
the fact that K > H. Delta is evaluated at the barrier X, = H. It decreases quickly when the time-
to-maturity is sufficiently long, but the negative delta time decay, i.e., the option’s charm, eventually
increases and converges to zero. Figure 2, which considers the case of a sinusoidal time-dependent
volatility, displays the same broad patterns. In this instance, the option’s theta and charm slow down
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or accelerate at times, reflecting the additional effects of variations in volatility. Figure 3 shows the
impact of stochastic volatility in the Heston model. Delta (panel (b)) and price (panel (c)) are displayed
conditional on a realized trajectory of volatility (panel (a)), assuming null correlation. General patterns
are again similar to those recorded in the previous two models. In this case, however, the option delta,
its price, and their respective time decays exhibit more erratic variations reflecting the additional effects
of the variations in realized volatility.

The behavior of double barrier knock-out options is displayed in Figures 4-9. Figure 4 shows
that the ATM call price in the GBM model steadily increases as time progresses before collapsing to
zero close to maturity. This behavior reflects two conflicting forces. On the one hand, the likelihood
of hitting the knock-out barriers prior to maturity decreases as time-to-maturity shrinks. On the other
hand, the likelihood of a significant increase in the underlying price above the strike decreases. The first
effect ensures the price increases since the likelihood of ending up in-the-money increases. The second
effect reduces the price since the upside potential decreases. The first (second) effect dominates far
from (close to) maturity, leading to the behavior displayed. The behavior of the delta at the lower barrier
reflects the price behavior, except close to the maturity date where the associated charm converges
to zero, as in previous models. The delta at the upper barrier is negative because the option price
converges to zero when the underlying price approaches the upper barrier. It decreases over time,
initially slowly, then quickly when the maturity date approaches. Its charm is negative throughout and
converges to negative infinity at maturity. The pattern reflects the behavior of the likelihood of early
knock-out as the maturity date approaches.

Double Barrier Option Deltas Double Barrier Option Price

0.10 \ 4 —— price:V(t, Xo) 7\
0.08 \ \
; \ 3
I
50.06 \ 2
s — delta fi(t) \ =
3 délta. fy(t). 52
50.04 \\ g
0.02 \\ !
0.00 ¥ 0
T T T T T T T T T T T T T T T T T T
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
time time
(a) double barrier option delta (b) double barrier option price

Figure 4. This figure displays the option’s deltas f;(#) and f>(¢) (panel (a)) given as the
solutions to the system of Eqs (5.9) and (5.10), and the double barrier knock-out option price
V(t, Xo) (panel (b)) computed using (5.7), all as functions of ¢ € [0, T'], in the GBM model.
The parameters are r = 0.05, 6 = 0.02, 0 = 03, T = 2, X, = 100, K = 100, H, = 70,
H, = 130. The scale for f; on the left side is positive. The scale for f, on the right side is
negative.

Figures 5-9 compare the behaviors of single and double barrier knock-out call prices in the Heston
model when parameters of the volatility process or the initial volatility level change. All cases reveal
significant differences in behavior across knock-out types (single versus double). To explain the
patterns recorded, it is useful to recall the behavior of option prices conditional on a volatility
trajectory. For a down-and-out call, the conditional option price is convex with respect to the
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underlying price, implying it increases with volatility. In contrast, the conditional price of a double
barrier knock-out call has an asymmetric bell-like structure with respect to the underlying price due to
the knock-outs at the lower and upper barriers. It therefore responds negatively to volatility, except
perhaps in the neighborhoods of the barriers. When the speed of mean reversion increases, volatility
reverts faster to its long run mean, hence it decreases faster on average in the short run given
benchmark parameters, but over the long run increases along trajectory segments below the long run
mean. The first effect puts downward (upward) pressure on the conditional single (double) barrier
knock-out price, while the second one has the opposite impact, for each trajectory of volatility risk Z.
The increased speed of reversion also implies a reduction in the likelihood of hitting the lower
knock-out barrier in the short run, which enhances conditional values. Figure 5 shows that the price of
a single barrier knock-out call increases in response, suggesting the negative short run effect is
dominated, once the conditional price is averaged. In contrast, the price of a double barrier knock-out
call decreases (increases) when time-to-maturity is long (short). In this instance, there is the
additional possibility of a knock-out at the upper barrier. The short run decrease in volatility reduces
the likelihood of hitting the upper barrier, and this has a positive effect on short-dated call prices.
Long-dated call prices also reflect the increase in volatility along trajectory segments below the long
run mean, and this effect puts downward pressure on prices.

Effect of Mean-Reversion Speed Effect of Mean-Reversion Speed
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maturity, T maturity, T
(a) single barrier option price (b) double barrier option price

Figure 5. This figure displays the effect of the mean-reversion speed « on the single barrier
option price with H = 80 (panel (a)) and the double barrier option price with H; = 70 < H; =
130 (panel (b)) both as functions of maturity 7. The inner windows magnify effects over a
selected range. The dynamics of X are given by the Heston model with x = 0.5 (dashed),
k = 1 (solid), k = 2 (dotted). The other parameters are r = 0.05, 6 = 0.02, oy = 0.25,
0=0.09,1n=025p=0,T =2, X, =100, K = 100.

Figure 6 displays similar differences in behavior across barrier option types when the long run
mean increases. In this case, volatility increases, uniformly over time, implying the associated effects
described in the previous paragraph are at play. Accordingly, the single (double) barrier knock-out
call price increases (decreases far from maturity and increases close to it). Figure 7 shows the effects
of the vol-of-vol parameter. Here, it is useful to note that the conditional prices of ATM single barrier
and short-dated double barrier knock-out calls are concave with respect to volatility, whereas the
conditional price of an ATM long-dated double barrier knock-out call is convex. An increase in
vol-of-vol increases the sensitivity of volatility to innovations which raises the likelihood of extreme
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volatility realizations and puts downward (upward) pressure on the price of a volatility-linked claim
with concave (convex) payoff. The increased likelihood of high or low volatility bursts has the
additional effect of raising the prospect of an early knock-out. Extreme volatility reinforces (tames)
the concavity (convexity) effect described above. The figure shows the single barrier and
short-maturity double barrier knock-out call prices decrease as a result of these conflicting effects.
Panel (b) of the figure shows the positive effect dominates for long-maturity double barrier knock-out
calls. Figure 8 displays the impact of the correlation between the underlying price and volatility. An
increase in correlation from negative to positive ensures the two processes tend to move more
consistently in the same direction. On average, a high (low) underlying price is then associated with
high (low) volatility. As the likelihood of hitting a low barrier decreases, the price of the single barrier
knock-out call increases. The reverse is true for the double barrier knock-out call due to the increased
likelihood of hitting the upper knock-out barrier.

Lastly, Figure 9 shows the impact of initial volatility on the deltas and vegas of ATM single and
double barrier knock-out calls for different time slices. Differences across barrier types are quite
striking. The deltas of ATM double barrier calls with long maturities do not vary much with respect to
volatility over the range examined, in contrast to ATM single barrier calls. The reverse is true for very
short-dated contracts, e.g., when time-to-maturity is smaller than or equal to 0.5, where vanna can
reach substantially larger negative values. Vegas, like deltas, are more sensitive to volatility at short
maturities. Across barrier types, vegas of ATM double barrier options tend to vanish faster as
volatility increases. They also display increasing patterns, except at very short maturities (vegas of
ATM single barrier calls are mostly decreasing with respect to volatility). At those short maturities
vommas are negative and can attain large values. These results therefore suggest that the
implementation of effective delta hedging and vega hedging strategies will be more challenging for
short-dated double barrier contracts as compared to short-dated single barrier contracts, but less
challenging in other cases.

Effect of Long-Run Mean Effect of Long-Run Mean
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Figure 6. This figure displays the effect of the long-run mean 6 on the single barrier option
price with H = 80 (panel (a)) and the double barrier option price with H; = 70 < H, = 130
(panel (b)) both as functions of maturity 7. The inner windows magnify the effects over a
selected range. The dynamics of X are given by the Heston model with § = 0.2 (dashed),
6 = 0.3% (solid), 6 = 0.4 (dotted). The other parameters are r = 0.05, § = 0.02, oy = 0.25,

k=1,7=025,p=0,T =2, X, = 100, K = 100.
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Figure 7. This figure displays the effect of the vol-of-vol parameter 1 on the single barrier
option price with H = 80 (panel (a)) and the double barrier option price with H; = 70 < H, =
130 (panel (b)) both as functions of maturity 7. The inner windows magnify the effects over
a selected range. The dynamics of X are given by the Heston model with 7 = 0.25 (dashed),
n = 0.5 (solid), n = 0.75 (dotted). The other parameters are r = 0.05, 6 = 0.02, oy = 0.25,
k=2,0=0.16,p=0,T =2, X, = 100, K = 100.
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Figure 8. This figure displays the effect of the correlation parameter p on the single barrier
option price with H = 80 (panel (a)) and the double barrier option price with H; = 70 < H, =
130 (panel (b)) both as functions of maturity 7. The inner windows magnify the effects over
a selected range. The dynamics of X are given by the Heston model with p = —0.5 (dashed),
p = 0 (solid), p = 0.5 (dotted). The other parameters are r = 0.05, 6 = 0.02, oy = 0.25,
k=1,0=0.09,7=0.25T =2, Xy = 100, K = 100.
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Figure 9. This figure displays at-the-money deltas (panels (a,b)) and vegas (panels (c,d)) of
the single barrier option price with H = 80 (panels (a,c)) and the double barrier option price
with H; = 70 < H, = 130 (panels (b,d)) both as functions of o, for different maturities 7.
The inner window magnifies the effects over a selected range. The dynamics of X are given
by the Heston model. The parameters are r = 0.05,60 = 0.02,k =2,0=0.09,7=04,p =0,
X, =100, K = 100.

7. Conclusions

In this paper we developed a new approach to compute the prices and deltas of double barrier
knock-out options written on assets with stochastic (diffusion) volatility. A characterization of the
option price involving an early knock-out discount was derived based on the local time-space formula
of Peskir. This characterization led to a system of coupled Volterra integral equations of the first kind
for the deltas of the option at the upper and lower barriers. An algorithm for computation, based
on quasi-Monte Carlo simulation and a Brownian bridge construction, was then proposed and shown
to converge numerically to the true value of the claim when the underlying price follows a geometric
Brownian motion. A numerical study illustrated properties of knock-out call option prices in the Heston
volatility model with respect to the coeflicients of the volatility process.

We found that double barrier option prices and deltas behave fundamentally differently from single
barrier option prices and deltas. One of the most significant results is that the double barrier option delta
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at the lower barrier displays a non-monotonic behavior over time, increasing at sufficiently long times-
to-maturity, then decreasing as the maturity date approaches. In comparison the single barrier option
delta at the barrier falls over time before vanishing. These patterns apply when volatility is constant, as
in the Black-Scholes-Merton model. While the general patterns are similar under the MRSRV model,
there are also stochastic variations associated with volatility innovations. In our numerical experiments,
these fluctuations have a limited impact on the deltas of long-dated ATM double barrier contracts, but
the impact can become substantial at shorter maturities. As documented, the responses of single and
double barrier option prices to changes in the coefficients of the volatility process are also significantly
different and they typically depend on time-to-maturity in the case of double barrier options. Taken
together, these results underline the fact that intuitions based on the behavior of single barrier option
prices and deltas cannot be extrapolated to double barrier contracts. Effective risk management of
barrier options therefore requires specialized knowledge of the contract concerned and tailoring to the
prevailing environment.

The methods developed in the paper are of interest to buyers and sellers of single and double barrier
knock-out options. The numerical results shed light on the intrinsic properties of deltas and prices
in markets with stochastic volatility, enhancing our knowledge of these financial instruments. The
valuation formulas derived can be used to design effective investment and risk management strategies
tailored to the relevant contract and market environment.
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Appendix
A. Proofs of Theorems 2.1 and 2.2.

Since the down-and-out option price function V € C'? on [0, T) X (H, c0) and V(¢, x) = O for x < H,
we can apply Peskir’s local time-space formula (see [38,40]) to e "= V(T, X;) in order to obtain

T
e TOV(T, Xy) =V(1, x) + f eIV, + LV = rV)(u, X, )du (A1)
t

1 T
+ Mr + > f eV (u, H+)d " (X)
t
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where M is a zero-mean martingale and ¢7(X) is the local time of X at H:
1 S
H(X) := Q0 - lim — f IH-e<X,<H+¢gd(X),. (A.2)
£l0 2& 0

Now by taking the expected value on both sides, using PDE (2.6), the optional sampling theorem, the
terminal condition for V, the boundary condition at H, and inserting x = H+, we obtain

1 T
E,ule " (Xr — K)'] = Ef eV (u, H+)Et,H[d€uH(X)]
t

fort €0, T] or

ocH
Yu—t1

where ¢ is the standard normal pdf and the function d~ was given in (2.11). For an Itd process, the
expected increment of the local time at H equals one half of the local variance at H times the transition
density at H; the kernel already reflects this proportionality. This gives us a linear Volterra equation of
the first kind for V (¢, H+). Once we recover V, (¢, H+), we can compute the barrier option premium as

1 T
V.(t,H) = 5 f e (d (H,H,u—1)) V.(u, H+)du
t

1 T
V(t,x) = B [e "X — K)'] - 3 f eV (u, HH)K (8, x; u)du (A.3)
t

where K(t, x;u) = ¢ (d (x, H,u — 1)) \7%

B. Proofs of Theorems 5.1 and 5.2.

As for Theorems 2.1 and 2.2, we employ the local time-space formula of [38] for e~ ¥ "4y (T, Xp):

T T U
e sy X)) =V, x) + f e I sy L LY — rV)u, X,)du (B.1)

t
1 T u
+ My + 5 f e b OB (u, Hy+)de! (X)
t

1 T .
) f e F OBy (4, Hy=)d ™ (X)

t
where M is the zero-mean martingale and ¢*/(X) is the local time of X at H;, i = 1,2. Now we take the
expected value on both sides, and use Eq (5.3), the optional sampling theorem, the terminal condition
for V, and the definition (5.8) of the auxiliary contract value V;, and obtain the double barrier option
price as

T
V(t, x) :Vo(t,x)—% f e~ I OBy () Hy+)E, [de" (X)) (B.2)

t

1 (T .
. f o F OOy (4, Hy)E, [de™(X)]

t
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N o
:VO(t’ x) - Ef e_f; r(s)dSVx(u’ H1+)QO (d_(.x, Hl,t, u)) o (l/l) 1 du

! ,/flu o2(s)ds

1 T . 2(u)H.
+3 f I TY (4 Hy—yp (-, o t.10) — 222 g,
! ftuaz(s)ds

Next we insert x = H;+ and x = H,—, respectively, on both sides of (B.2). This will give us the
system of coupled linear Volterra equations of the first kind (5.9) and (5.10) for f,(r) = V.(¢, H+) and
L) = Vi(t,Hy-), 1 € [0,T).
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