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Abstract: This study develops a fractal-fractional epidemiological model to investigate the
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established using fixed-point and Ulam-Hyers frameworks. A fractional Adams-Bashforth scheme
is implemented for a numerical approximation, and simulations illustrate the role of memory and
fractal effects in the disease spread. To enhance the predictive capability, the model is integrated
with an Artificial Neural Network (ANN) and evaluated using publicly available datasets of outbreaks.
Benchmarking against Caputo-derivative-based models demonstrates that the proposed approach
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1. Introduction

Monkeypox is a zoonotic viral infection caused by the monkeypox virus, which belongs to the
Poxviridae family, and has recently gained attention as a significant global health issue. Initially
detected in laboratory monkeys in 1958 [1], the disease later manifested in humans, with the first
case documented in the Democratic Republic of Congo in 1970 [2]. Genetically, the virus shares
close similarities with the variola virus, which is responsible for smallpox. Historically, monkeypox
outbreaks have been primarily restricted to regions of Central and West Africa and have generally been
limited in scale and localized in nature [3]. However, recent years have witnessed a significant rise in
monkeypox cases, with outbreaks reported in numerous countries worldwide, including non-endemic
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regions [4].
The recent outbreak, which was marked by clusters of cases occurring in both endemic and non-

endemic regions, has become a significant global health concern. In response, the World Health
Organization (WHO) classified it as a public health emergency of international concern and stressed
the importance of prompt measures to curb its spread [5]. Transmission typically occurs through
direct contact with infected animals or humans and can also result from exposure to contaminated
objects [6]. Clinical symptoms of monkeypox resemble those of smallpox, thereby presenting with
fever, headaches, muscle pain, and skin rashes; however, monkeypox is distinct in causing lymph node
enlargement [7]. While no standardized treatment is currently available, vaccination against smallpox
can provide partial protection against monkeypox [8, 9].

A thorough understanding of monkeypox transmission dynamics is essential to design and
implement effective control measures. To address this, various mathematical modeling approaches
have been employed to examine the disease spread, thereby considering key factors such as
transmission pathways, vaccine efficacy, and the influence of different intervention strategies [10, 11].
These models have shed light on the potential for outbreaks, the importance of early detection and
isolation, and the need for robust public health interventions to mitigate the impact of this re-emerging
infectious disease.

The re-emergence of monkeypox in 2022 has sparked renewed interest in understanding and
controlling this viral zoonotic disease. While research on monkey pox transmission dynamics has
been ongoing, the application of fractional-order operators to model the spread of monkey pox
remains relatively unexplored. However, recent studies have begun to address this gap. For instance,
Recent efforts have addressed this research gap through various fractional modeling approaches. For
example, Mesady et al. [12] proposed a monkeypox model formulated with the Caputo derivative to
analyze the equilibrium behavior, compute the basic reproduction number, and assess the stability
properties. Similarly, Qurashi et al. [13] introduced a model that incorporated the Atangana-Baleanu
(AB) operator, with an emphasis on equilibrium stability. In another study, Peter et al. [25] explored the
dynamics and control mechanisms of monkeypox transmission using the Caputo-Fabrizio derivative.

Fractional differential systems are widely used to model real-world phenomena, though exact
analytical solutions remain challenging. Therefore, numerical schemes such as Adams-Bashforth,
Newton polynomial, and predictor-corrector methods [14–16] are commonly employed. In
epidemiology, their relevance is evident: Giudici [17] emphasized safe machine learning for predictive
health modeling, Jan et al. [18] applied a fractal-fractional Caputo model to Rift Valley fever, and
Moya and Rodrigues [19] modeled HIV prophylaxis using fractional calculus. These studies motivate
our use of fractal-fractional operators with neural networks for monkeypox modeling.

The fractal-fractional (FF) operator, although relatively new, is powerful in capturing memory
effects and fractal properties through the fractional order (α) and fractal dimension (η), features that are
especially relevant in biological systems. Moreover, recent advances demonstrate the synergy between
fractional calculus and neural networks: Shafqat and Alsaadi [20] modeled rabies with ANNs, Turab et
al. [21] applied a Caputo-based ANN framework to hepatitis B, Shafqat et al. [22] studied alcoholism
with fractional order, Abuasbeh et al. [23] analyzed COVID-19 with delay Caputo operators, and
Al-Quran et al. [24] investigated poliomyelitis using fractional derivatives and deep neural networks.
Collectively, these works confirm the value of hybrid fractional-ANN approaches and reinforce our
motivation for applying them to monkeypox transmission.
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The dynamics of the compartments described in the model [25] are formulated through the
following system of nonlinear differential equations:

dDh

dt
= θh −

(β1Ir + β2Ih)S h

Nh
− µhS h + ϕQh,

dEh

dt
=

(β1Ir + β2Ih)S h

Nh
− (α1 + α2 + µh)Eh,

dIh

dt
= α1Eh − (µh + δh + γ)Ih,

dQh

dt
= α2Eh − (ϕ + τ + δh + µh)Qh,

dRh

dt
= γIh + τQh − µhRh,

dS r

dt
= θr −

β3S rIr

Nr
− µrS r,

dEr

dt
=
β3S rIr

Nr
− (µr + α3)Er,

dIr

dt
= α3Er − (µr + δr)Ir.

(1.1)

Fractional systems are particularly well-suited for modeling biological systems due to their ability
to incorporate memory and hereditary properties, which are essential to understand complex biological
behaviors. The memory function enables fractional models to integrate past information in more
accurate predictions and interpretations. This research examines how memory affects moneypox
dynamics by employing a model formulated using fractional differential systems. It is important to
note that derivatives of non-integer order can be represented in multiple forms. Riemann provided
the earliest formulation, followed by Liouville, and then Caputo in 1967, whose definition is widely
applied today. Both these formulations involve singular kernels, which often introduce challenges
in numerical. To address these limitations, Caputo and Fabrizio [26] proposed an alternative
approach that employed an exponential kernel instead of a singular one. Subsequently, Atangana
and Baleanu [27] extended this concept by incorporating the Mittag-Leffler function in place of the
exponential kernel. These developments have shown that the modified derivatives exhibit several
notable characteristics [28, 29].

Model formulation

Building upon the framework presented in [25], we propose an enhanced mathematical model
designed to capture the transmission dynamics of the virus between individuals while incorporating a
compartment for immune individuals, which was absent in the original formulation. To achieve a more
flexible and accurate description of the system, we employ a fractal-fractional derivative in the Caputo
sense, which offers significant advantages for modeling complex dynamical behaviors. The proposed
model extends the previous work by introducing arbitrary fractional-order derivatives, with 0 < α ≤ 1,
alongside a fractal dimension parameter 0 < η ≤ 1, to better account for memory and hereditary effects
in disease progression. The population is structured into six distinct compartments: susceptible (HS ),
exposed (HE), infected (HA), hospitalized (HQ), recovered (HR), and immune individuals (HV). The
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total population size is represented as follows:

N(t) = HS (t) + HE(t) + HA(t) + HQ(t) + HR(t) + HV(t).

Recruitment into the susceptible class occurs at a constant rate ξ, while natural mortality is denoted
by ξ1. The transmission of infection from infected individuals to susceptibles is characterized by the
rate ξ2. Recovery dynamics are governed by ξ3 for infected individuals and ξ6 for those hospitalized.
Additional parameters include ξ5 for disease-induced mortality, and ξ4 for the transition from the
infected to hospitalized compartment. A schematic representation of the model’s structure is illustrated
in Figure 1. The following governing system of equations is formulated using fractional-order
operators to reflect the memory properties inherent in epidemiological processes:

FFDα,η
t HS (t) = ξ − ξ2

HAHS

N
− ξ1HS ,

FFDα,η
t HE(t) = ξ2

HAHS

N
− (ξ + ξ1)HE,

FFDα,η
t HA(t) = ξ9HE − (ξ3 + ξ4 + ξ1 + ξ5)HA,

FFDα,η
t HQ(t) = ξ4HA − (ξ6 + ξ5 + ξ1)HQ,

FFDα,η
t HR(t) = ξ6HQ + ξ3HA − ξ1HR,

FFDα,η
t HV(t) = ξη − ξ1HV ,

HS (0) = HS 0 ≥ 0, HE(0) = HE0 ≥ 0, HA(0) = HA0 ≥ 0, HQ(0) = HQ0 ≥ 0, HR(0) = HR0 ≥ 0,
HV(0) = HV0 ≥ 0, 0 < α, η ≤ 1.

(1.2)

Figure 1. Flowchart of the monkeypox model.
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The analysis in this work focuses on Eq (1.2), thereby employing the fractal-fractional derivative
due to its ability to deliver more realistic results and provide greater flexibility compared to integer-
order derivatives. The model is formulated with a fractional order α and fractal dimension η, which
allows the dynamics to capture the behavior between two integer limits. This approach ensures that the
population densities of all compartments converge rapidly, particularly at lower derivative orders.

The construction of model (1.2) is motivated by the underlying biological kinetics of monkeypox
transmission and progression. First, disease transmission and recovery exhibit memory effects, since
the probability of infection or recovery at a given time depends not only on the present state but
also on the history of exposure, incubation, and treatment. Fractional derivatives are well-suited to
capture such hereditary processes because their kernels incorporate the system’s past states into present
dynamics. Second, real-world populations exhibit heterogeneous and fractal-like contact patterns,
rather than uniform mixing. Fractal-fractional derivatives offer an additional degree of freedom through
the fractal dimension parameter, thus enabling the model to represent irregular interaction structures
and multiscale behaviors within the host population.

Taken together, the use of a fractal-fractional operator is not a simple substitution of integer-order
derivatives. Instead, it is grounded in the mechanistic reality that

1) Infection progression is history-dependent,
2) Immunity and hospitalization involve delays with memory effects, and
3) Contact and transmission patterns often display fractal scaling.

Therefore, the operator provides a biologically meaningful and mathematically flexible tool to better
represent monkeypox epidemiology compared to classical integer-order models.

The structure of the paper is as follows: Section 2 introduces the fundamental concepts and
theoretical preliminaries. In Section 3, we establish the existence and uniqueness results using the
Banach fixed-point framework. Section 4 presents the numerical methodology based on the well-
known Adams-Bashforth technique for solve the proposed model, and numerical simulations are
conducted in MATLAB to provide graphical illustrations and facilitate an interpretation of the results.
Finally, the concluding remarks are summarized in Section 6.

2. Basic results

Definition 2.1. [30] Let U(t) be a function defined on the interval (a, b) that is continuous and
differentiable of order η. The Riemann-Liouville form that incorporate a Power-Law kernel leads
to the definition of the fractal-fractional derivative as follows:

FFDα,η
t (U(t)) =

1
(p − α)

d
dtη

∫ t

0
(t − x)p−α−1U(x) dx, (2.1)

where p − 1 < α, η ≤ p, with p ∈ N. The derivative is expressed as
dU(x)

dxα
= lim

t→0

U(t) −U(x)
tη − xη

.

Definition 2.2. [30] IfU(t) is continuous on (a, b), then its fractal-fractional order integral of order α
using the Power-Law kernel is given by the followig:

FFIαU(t) =
η

Γ(α)

∫ t

0
(t − x)α−1xη−1U(x) dx. (2.2)
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Definition 2.3. The system in (1.2) is said to satisfy Ulam-Hyers stability if there exists a constant
Qα,η ≥ 0 such that for every ϵ > 0 and for all solutions 𭟋 ∈ C1(X,R), the following inequality holds:

|FFDα,η𭟋(t) − Ψ(t, 𭟋(t))| ≤ ϵ, t ∈ X. (2.3)

Moreover, Y ∈ C1(X,R) represents the unique solution of (1.2) and satisfies the following:

|𭟋(t) − Y(t)| ≤ Qα,η, t ∈ X. (2.4)

Notation: For the qualitative study, consider the Banach space U = X × X × · · · × X︸              ︷︷              ︸
6 times

with X = C(X).

The norm is defined by the following:

∥𭟋∥ = max
t∈[0,T ]
{|HS (t)| + |HE(t)| + |HA(t)| + |HQ(t)| + |HR(t)| + |HV(t)|}.

3. Theoretical results of model (1.2)

In this section, we focus on establishing the existence of solutions for the model (1.2). As the
considered integral is differentiable, the right-hand side of system (1.2) can be reformulated as follows:

RLDαHS (t) = ηtη−1Y1(HS ,HE,HA,HQ,HR,HV , t) = ξ − ξ2
HAHS

N
− ξ1HS ,

RLDαHE(t) = ηtη−1Y2(HS ,HE,HA,HQ,HR,HV , t) = ξ2
HAHS

N
− (ξ + ξ1)HE,

RLDαHA(t) = ηtη−1Y3(HS ,HE,HA,HQ,HR,HV , t) = ξ9HE − (ξ3 + ξ4 + ξ1 + ξ5)HA,
RLDαHQ(t) = ηtη−1Y4(HS ,HE,HA,HQ,HR,HV , t) = ξ4HA − (ξ6 + ξ5 + ξ1)HQ,
RLDαHR(t) = ηtη−1Y5(HS ,HE,HA,HQ,HR,HV , t) = ξ6HQ + ξ3HA − ξ1HR,
RLDαHV(t) = ηtη−1Y6(HS ,HE,HA,HQ,HR,HV , t) = ξη − ξ1HV .

(3.1)

As a result of (3.1) and for t ∈ X, the advance model maybe written in the following scheme:

RLDα𭟋(t) = ηtη−1Ψ(t, 𭟋(t)), 0 < α, η ≤ 1,
𭟋(0) = 𭟋0, (3.2)

by changing RLDα,η with CDα,η and using the integral of Riemann-Liouville sense, the solution of (3.2)
is as follows:

𭟋(t) = 𭟋0 +
η

Γ(α)

∫ t

0
xη−1(t − x)α−1Ψ(x, 𭟋(x))dx, (3.3)

where

𭟋(t) =



HS (t)
HE(t)
HA(t)
HQ(t),
HR(t),
HV(t),

, 𭟋0 =



HS 0

HE0

HA0

HQ0 ,

HR0 ,

HV0 ,

, Ψ(t, 𭟋(t)) =



Y1(HS ,HE,HA,HQ,HR,HV , t)
Y2(HS ,HE,HA,HQ,HR,HV , t)
Y3(HS ,HE,HA,HQ,HR,HV , t)
Y4(HS ,HE,HA,HQ,HR,HV , t)
Y5(HS ,HE,HA,HQ,HR,HV , t)
Y6(HS ,HE,HA,HQ,HR,HV , t).

(3.4)
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Next, we reformulate the system (1.2) as a fixed-point problem by introducing the operatorT : V→ V,
which is expressed as follows:

T (𭟋)(t) = 𭟋0 +
η

Γ(α)

∫ t

0
xη−1(t − x)α−1Ψ(x, 𭟋(x)) dx. (3.5)

The existence of solutions for the proposed model can be established using the following theorem [31].

Theorem 3.1. Consider a mapping T : V→ V that is completely continuous. Define

J(T ) = {𭟋 ∈ V : 𭟋 = νT (𭟋), ν ∈ [0, 1]}.

If this set is bounded, then T admits at least one fixed point in V.
To establish our results, we assume the following condition:

(E) There exists a positive constantAΨ > 0 such that for any 𭟋, 𭟋̄ ∈ V, the inequality

|Ψ(t, 𭟋) − Ψ(t, 𭟋̄)| ≤ AΨ |𭟋 − 𭟋̄|

holds for all t in the considered domain.

For convenience, we introduce the following notation:

ℏ =
ηTα+η−1 B(α, η)

Γ(α)
, (3.6)

where B(α, η) denotes the Beta function.

Theorem 3.2. Assume that the mapping Ψ : G × V → R is continuous and satisfies condition (E).
Under these assumptions, the fractional-order model described in (1.2) admits at least one solution.

Proof. Assume thatH ⊂ V is a bounded set. By the definition ofH , we have the following:

|Ψ(t, 𭟋(t))| ≤ QΨ, for some QΨ > 0, and for all 𭟋 ∈ H .

Hence, for each 𭟋 ∈ H , the following estimate holds:

∥T (𭟋)∥ ≤
ηQΨ
Γ(α)

max
t∈[0,T ]

∫ t

0
(t − x)α−1xη−1 dx

≤ ℏQΨ,

which shows that the operator T is uniformly bounded.
Next, we prove the continuity of T : V → V as defined in (3.5). Consider a sequence {𭟋n} in V

such that 𭟋n → 𭟋 as n→ ∞. For any t ∈ [0,T ], we compute the following:

∥T (𭟋n) − T (𭟋)∥ ≤
η

Γ(℘)
max
t∈[0,T ]

∫ t

0
(t − x)α−1xη−1

∣∣∣Ψ(x, 𭟋n(x)) − Ψ(x, 𭟋(x))
∣∣∣ dx

≤
ηAΨTα+η−1B(α, η)

Γ(α)
∥𭟋n − 𭟋∥, (3.7)
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whereAΨ is the Lipschitz constant. Since ∥𭟋n − 𭟋∥ → 0, the operator T is continuous.
To establish equi-continuity, consider any t1, t2 ∈ [0,T ]. Then,

∥T (𭟋(t1)) − T (𭟋(t2))∥ ≤
ηQΨ
Γ(α)

∣∣∣∣∣ ∫ t1

0
(t1 − x)α−1xη−1 dx −

∫ t2

0
(t2 − x)α−1xη−1 dx

∣∣∣∣∣
≤

ηQΨB(α, η)
Γ(α)

(
tα+η−1
1 − tα+η−1

2
)
→ 0 as t1 → t2.

Thus, T is equi-continuous. Consequently, by the Arzelà-Ascoli theorem, T is compact and
completely continuous.

Finally, consider the set D = {𭟋 ∈ V : δT (𭟋), δ ∈ [0, 1]}. For any 𭟋 ∈ D and t ∈ [0,T ], we have

|𭟋| ≤ ℏQΨ,

which shows that D is bounded. Hence, by Theorem 3.2, the model (1.2) possesses at least one
solution. □

In the following theorem, we demonstrate the uniqueness of the solution by applying the Banach
contraction principle [31].

Theorem 3.3. Under assumption (E), if Υ < 1, then the system in (1.2) admits a unique solution,
where

Υ =
ηQΨ Tα+η−1

Γ(α)
B(℘, η). (3.8)

Proof. Assume that maxt∈[0,T ] |Ψ(t, 0)| = KΨ < ∞. If the radius r satisfies

r ≥
ℏKΨ

1 − ℏQΨ
, (3.9)

then T (Br) ⊆ Br, where Br = {𭟋 ∈ V : ∥𭟋∥ ≤ r}. For any 𭟋 ∈ Br, we obtain the following:

∥T (𭟋)∥ ≤
η

Γ(α)
max
t∈[0,T ]

∫ t

0
xη−1(t − x)α−1(|Ψ(x, 𭟋(x)) − Ψ(x, 0)| + |Ψ(x, 0)|

)
dx

≤
ηTα+η−1B(α, η)

(
AΨ∥𭟋∥ +KΨ

)
Γ(α)

≤ ℏ
(
AΨr +KΨ

)
≤ r.

Now, let T : V → V be given by (3.5). Under assumption (E), for all t ∈ [0,T ] and 𭟋, 𭟋 ∈ V, we have
the following:

∥T (𭟋) − T (𭟋)∥ ≤
η

Γ(α)
max
t∈[0,T ]

∣∣∣∣∣∣
∫ t

0
xη−1(t − x)α−1Ψ(x, 𭟋(x)) dx −

∫ t

0
xη−1(t − x)α−1Ψ(x, 𭟋(x)) dx

∣∣∣∣∣∣
≤ ΥΨ∥𭟋 − 𭟋∥. (3.10)

Since ΥΨ < 1, the operator T is a contraction. Hence, by the Banach fixed-point theorem, the system
(1.2) admits a unique solution. □
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To investigate the Ulam–Hyers stability of the system (1.2), let us consider a perturbation function
ψ ∈ Q(G) with the property ψ(0) = 0. Assume that the perturbation is bounded such that

• |ψ(t)| < ε, for some small ε > 0,
• the perturbed form of the system is given by:

FFDα,η
t 𭟋(t) = Ψ(t, 𭟋(t)) + ψ(t).

Hence, the corresponding perturbed system becomes:

FFDα,η
t 𭟋(t) = Ψ(t, 𭟋(t)) + ψ(t),
𭟋(0) = 𭟋0 (3.11)

satisfies the given relation∣∣∣∣∣𭟋(t) − (𭟋0 +
η

Γ(α)

∫ t

0
xη−1(t − x)α−1Ψ(x, 𭟋(x))dx

)∣∣∣∣∣ ≤ ℏϵ. (3.12)

The corresponding solution of the perturbed system (3.11) can be expressed as follows:

𭟋(t) = 𭟋0 +
η

Γ(α)

∫ t

0
xη−1(t − x)α−1

[
Ψ(x, 𭟋(x)) + ψ(x)

]
dx. (3.13)

By applying the bound |ψ(t)| ≤ ε in (3.13), the required inequality corresponding to relation (3.12) is
derived. Consequently, the Ulam–Hyers stability condition for the original system (1.2) is formulated
as follows.

Theorem 3.4. Assume that condition (E) together with relation (3.12) is satisfied and ΥΨ < 1, where
ΥΨ is defined in (3.8). Under these circumstances, the solution of the integral system (1.2) exhibits
Ulam-Hyers stability.

Proof. Consider two solutions (Z,Z1) ∈ V of system (3.3). By applying the fractal-fractional integral
formulation given in (2.2), we can estimate the following:

|Z1(t) −Z(t)| =

∣∣∣∣∣∣Z1(t) −
(
Z0 +

η

Γ(α)

∫ t

0
(t − x)α−1xη−1Ψ(x,Z(x))dx

)∣∣∣∣∣∣
≤

∣∣∣∣∣∣Z1(t) −
(
Z0 +

η

Γ(α)

∫ t

0
(t − x)α−1xη−1Ψ(x,Z1(x))dx

)∣∣∣∣∣∣
+

∣∣∣∣∣∣(Z0 +
ς

Γ(α)

∫ t

0
(t − x)α−1xη−1Ψ(x,Z1(x))dx

)
−

(
Z0 +

η

Γ(α)

∫ t

0
(t − x)α−1xη−1Ψ(x,Z(x))dx

)∣∣∣∣∣∣
≤ ℏϵ + ΥΨ∥Z1 −Z∥.

Thus, it follows that

∥Z1 −Z∥ ≤

(
ℏ

1 − ΥΨ

)
ϵ. (3.14)

Hence, from inequality (3.14), we conclude that system (3.3), and consequently model (1.2), exhibits
Ulam-Hyers stability. □
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4. Numerical scheme

In this section, the numerical approximation of the fractal-fractional system is carried out
using the fractional Adams-Bashforth scheme, which has been widely applied to solve fractional
differential equations due to its stability and convergence properties [14–16]. This approach
combines discretization with Lagrange polynomial interpolation, thus making it suitable to capture
the hereditary and memory effects intrinsic to fractional operators. For the numerical procedure, Eq
(3.3) corresponding to the model is reformulated into the following representation:

FFDα,η
t HS (t) = ξ − ξ2

HAHS

N
− ξ1HS ,

FFDα,η
t HE(t) = ξ2

HAHS

N
− (ξ + ξ1)HE,

FFDα,η
t HA(t) = ξ9HE − (ξ3 + ξ4 + ξ1 + ξ5)HA,

FFDα,η
t HQ(t) = ξ4HA − (ξ6 + ξ5 + ξ1)HQ,

FFDα,η
t HR(t) = ξ6HQ + ξ3HA − ξ1HR,

FFDα,η
t HV(t) = ξη − ξ1HV .

(4.1)

Next, we present the numerical approximation of system (4.1) using the discretization at the point
tγ+1. The initial component of the scheme is expressed as follows:

HS γ+1 = HS 0 +
η

Γ(α)

∫ tγ+1

0
xη−1(tγ+1 − x)α−1Y1(HS ,HE,HA,HQ,HR,HV , x) dx. (4.2)

To numerically evaluate the above integral, it is partitioned over subintervals, which results in the
following:

HS γ+1 = HS 0 +
η

Γ(α)

k∑
β=0

∫ tβ+1

tβ
xη−1(tγ+1 − x)α−1Y1(HS ,HE,HA,HQ,HR,HV , x) dx. (4.3)

Within each subinterval [tβ, tβ+1], Y1 is approximated using Lagrange interpolation polynomials.
With a step size ℏ = tβ − tβ−1, the term H⋆

S γ
can be written as follows:

H⋆
S γ
≈

1
ℏ

[
(t − tβ−1) tη−1

β Y1(HS β
,HEβ ,HAβ ,HQβ

,HRβ ,HVβ , tβ)

− (t − tβ) tη−1
β−1Y1(HS β−1 ,HEβ−1 ,HAβ−1 ,HQβ−1 ,HRβ−1 ,HVβ−1 , tβ−1)

]
.

(4.4)

By substituting (4.4) into (4.3), we rewrite as follows:

HS γ+1 = HS 0 +
η

Γ(α)

γ∑
β=0

∫ tβ+1

tβ
xη−1(tγ+1 − x)α−1H⋆

S γ
dx. (4.5)

Finally, simplifying the integral on the right-hand side of (4.5) yields an iterative numerical scheme
the Nh class in (1.2), which utilizes fractal-fractional derivatives as follows:
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HS γ+1 = HS 0 +
ηℏα

Γ(α + 2)

γ∑
β=0

[
tη−1
β Y1(HS β

,HEβ ,HAβ ,HQβ
,HRβ ,HVβ , tβ)

×

(
(γ + 1 − β)η(γ − β + 2 + η) − (γ − β)η(γ − β + 2 + 2η)

)
−tη−1

β−1Y1(HS β−1 ,HEβ−1 ,HAβ−1 ,HQβ−1 ,HRβ−1 ,HVβ−1 , tβ−1)

×

(
(γ + 1 − β)η + 1 − (γ − β)η(k − β + 1 + η)

)]
. (4.6)

Following the same procedure, the expressions for the remaining components can be derived as
follows:

HEγ+1 = HE0 +
ηℏα

Γ(α + 2)

γ∑
β=0

[
tη−1
β Y2(HS β

,HEβ ,HAβ ,HQβ
,HRβ ,HVβ , tβ)

×

(
(γ + 1 − β)η(γ − β + 2 + η) − (γ − β)η(γ − β + 2 + 2η)

)
−tη−1

β−1Y2(HS β−1 ,HEβ−1 ,HAβ−1 ,HQβ−1 ,HRβ−1 ,HVβ−1 , tβ−1)

×

(
(γ + 1 − β)η + 1 − (γ − β)η(k − β + 1 + η)

)]
, (4.7)

HAγ+1 = HA0 +
ηℏα

Γ(α + 2)

γ∑
β=0

[
tη−1
β Y3(HS β

,HEβ ,HAβ ,HQβ
,HRβ ,HVβ , tβ)

×

(
(γ + 1 − β)η(γ − β + 2 + η) − (γ − β)η(γ − β + 2 + 2η)

)
−tη−1

β−1Y3(HS β−1 ,HEβ−1 ,HAβ−1 ,HQβ−1 ,HRβ−1 ,HVβ−1 , tβ−1)

×

(
(γ + 1 − β)η + 1 − (γ − β)η(k − β + 1 + η)

)]
, (4.8)

HQγ+1 = HQ0 +
ηℏα

Γ(α + 2)

γ∑
β=0

[
tη−1
β Y4(HS β

,HEβ ,HAβ ,HQβ
,HRβ ,HVβ , tβ)

×

(
(γ + 1 − β)η(γ − β + 2 + η) − (γ − β)η(γ − β + 2 + 2η)

)
−tη−1

β−1Y4(HS β−1 ,HEβ−1 ,HAβ−1 ,HQβ−1 ,HRβ−1 ,HVβ−1 , tβ−1)

×

(
(γ + 1 − β)η + 1 − (γ − β)η(k − β + 1 + η)

)]
, (4.9)

HRγ+1 = HR0 +
ηℏα

Γ(α + 2)

γ∑
β=0

[
tη−1
β Y5(HS β

,HEβ ,HAβ ,HQβ
,HRβ ,HVβ , tβ)

×

(
(γ + 1 − β)η(γ − β + 2 + η) − (γ − β)η(γ − β + 2 + 2η)

)
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−tη−1
β−1Y5(HS β−1 ,HEβ−1 ,HAβ−1 ,HQβ−1 ,HRβ−1 ,HVβ−1 , tβ−1)

×

(
(γ + 1 − β)η + 1 − (γ − β)η(k − β + 1 + η)

)]
, (4.10)

HVγ+1 = HV0 +
ηℏα

Γ(α + 2)

γ∑
β=0

[
tη−1
β Y6(HS β

,HEβ ,HAβ ,HQβ
,HRβ ,HVβ , tβ)

×

(
(γ + 1 − β)η(γ − β + 2 + η) − (γ − β)η(γ − β + 2 + 2η)

)
−tη−1

β−1Y6(HS β−1 ,HEβ−1 ,HAβ−1 ,HQβ−1 ,HRβ−1 ,HVβ−1 , tβ−1)

×

(
(γ + 1 − β)η + 1 − (γ − β)η(k − β + 1 + η)

)]
. (4.11)

5. Simulation results

In this section, we illustrate the dynamic behavior of each compartment based on the proposed
fractal-fractional model and the corresponding numerical approach. The simulations are performed
using small initial conditions, along with the parameter values listed in Table 1.

Table 1. Parameter values utilized in model (1.2).

Parameter Description Value Source

ξ2 Transmission rate between an infected and a susceptible human 0.022325 [25]
ξ Recruitment rate 29.08 [32, 33]
ξ6 Recovery rate of critically ill individuals 0.036246 [25]
ξ3 Recovery rate of infected individuals through natural immunity 0.088366 [25]
ξ4 Progression rate from infection to critical illness 0.5 [25]
ξ9 Transition rate from exposed to infectious state 0.016744 [25]
ξ5 Disease-induced mortality rate for Monkeypox 0.003286 [25]
ξ1 Natural death rate 0.4252912 × 10−4 [32]
η Immunity acquisition rate 0.1 [25]
HS Initial susceptible population 10,000 [34]
HE Initial exposed individuals 100 [34]
HA Initial infected individuals 5.86 [34]
HQ Initial hospitalized individuals 1.14 [34]
HR Initial recovered population 0 [34]
HV Initial immune population 10 [34]

Figure 2 illustrates the temporal evolution of all compartments in the proposed fractal-fractional
Monkeypox model. The simulations reveal that the susceptible population (HS ) gradually decreases
as the infection spreads. At the same time, the exposed class (HE) shows an initial rise followed by a
decline, thus indicating transitions to infection or immunity. The infected compartment (HA) exhibits
a sharp increase after a short latency period, and reaches its peak before progressively declining due
to recovery and hospitalization processes. Similarly, the hospitalized class (HQ) increases but with a
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smaller amplitude, thus reflecting the relatively lower proportion of severe cases in the population. The
recovered population (HR) steadily increases as patients recover, whereas the immune compartment
(HV) expands due to control measures or natural immunity, thus contributing to system stabilization
over time.

(a) (b) (c)

(d) (e) (f)

Figure 2. The graphs of numerical simulation of Female mosquito, Susceptible mosquito,
Infected mosquito, Susceptible human, Infected human, and Recovered human.

These numerical findings underscore the importance of the fractal fractional approach, which takes
the memory effects and hereditary properties of the system into account. Unlike classical integer-
order models, the fractional operator offers a more realistic description of monkeypox transmission
dynamics. This characteristic suggests that historical states of infection have a strong influence on
future trends, thus making fractional-order modeling particularly effective for long-term forecasting.
Furthermore, the results confirm that early interventions such as vaccination and prompt hospitalization
play a crucial role in reducing the peak of infection and controlling the overall disease burden.

To ensure transparency and replicability, we provide the detailed configuration of the ANN
experiments, which consisted of 3 hidden layers with 50 neurons each, rectified linear unit (ReLU)
activation, and a linear output layer. The network was trained using the Adam optimizer with a
learning rate of 0.001, a batch size of 64, and the mean squared error (MSE) as the loss function.
The dataset was divided into 70% training, 15% validation, and 15% testing subsets. Training was
conducted for 1000 epochs, with early stopping based on the validation loss. All experiments and
figures were generated using MATLAB R2024a (Deep Learning Toolbox) on a workstation equipped
with an Intel i7 CPU (3.2 GHz), 32 GB of RAM, and an NVIDIA RTX 3080 GPU (10 GB). Distinct
fractional orders are considered for each partition. Figure 3(a) presents the ANN approach combined
with the Adam-Bashforth numerical method. In this approach, numerical solutions generated via the
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Adams-Bashforth method serve as training data for the ANN, which subsequently learns the system
dynamics and provides the predictive outputs. This hybridization enhances the forecasting accuracy by
combining a deterministic numerical approximation with data-driven learning. Similar strategies have
been employed in the literature [35], thus confirming the feasibility of such hybrid frameworks.

The performance of the model after 1000 training epochs, which corresponds to a mean squared
error of approximately 7.2434e − 09, is illustrated in Figure 3(b). The training progress is shown
in Figure 3(c), while Figure 3(d) presents the error histogram, which indicates that the smallest
observed error is −4.5e − 05. Furthermore, Figure 3(e) compares the predicted and actual outputs,
thus highlighting the accuracy of the fit for both training and testing datasets. Finally, Figure 3(f)
displays the regression analysis for all data subsets, thus confirming that the points closely align with
the regression line. This alignment suggests a highly accurate model, with the correlation coefficient R
approaching 1.

(a) (b) (c)

(d) (e) (f)

Figure 3. Statistical dynamics of the model class HS : (a) comparison, (b) mean square error,
(c) regression, (d)error histogram, (e) training fit, and (f) Regression with ANN.

The ANN strategy, that utilizes the Adam-Bashforth approach, is illustrated in Figure 4(a).
Figure 4(b) demonstrates the model’s performance at epoch 1000, which achieves a mean square
error of 1.1796e − 11. The progression of training is presented in Figure 4(c), while Figure 4(d)
depicts an additional view of the training phase. The error distribution is shown in Figure 4(e), where
the minimum identified error is approximately −2.9e − 07. Furthermore, Figure 4(e) includes the
comparative accuracy of the training and testing datasets, thus highlighting their respective deviations
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from the reference values. Finally, the regression outcomes for all datasets, training, validation, and
testing, are provided in Figure 4(f). The alignment of data points along the regression line confirms
that the final solution is well-trained, with the regression coefficient R approaching unity.

(a) (b) (c)

(d) (e) (f)

Figure 4. Statistical dynamics of the model class HE: (a) comparison, (b) mean square error,
(c) regression, (d)error histogram, (e) training fit, and (f) Regression with ANN.

The ANN strategy that employs the Adam-Bashforth scheme is illustrated in Figure 5(a). The
performance of the model at the 541 epoch, is presented in Figure 5(b), and achieves a mean square
error of 7.5897e − 11. Figures 5(b) and 5(d) depict the progression of the training phase. The error
distribution, where the lowest error value observed is −2e − 06, is shown in Figure 5(d). Furthermore,
Figure 5(e) illustrates the comparative accuracy of the training and testing datasets, along with their
associated deviations. Finally, the regression analysis for all categories (that is training and testing) is
provided in Figure 5(f). The alignment of data points along the regression line confirms that the model
achieves an accurate training, with a correlation coefficient R approximately equal to 1.
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(a) (b) (c)

(d) (e) (f)

Figure 5. Statistical dynamics of the model class HA: (a) comparison, (b) mean square error,
(c) regression, (d)error histogram, (e) training fit, and (f) Regression with ANN.

The implementation of the ANN approach, the Adam-Bashforth technique, is presented in
Figure 6(a). The model’s performance at the 1000 epoch is shown in Figure 6(b) and achieves a
mean square error of 1.0185e − 09. Figures 6(c) and 6(d) illustrate the progression of the training
process, while the corresponding error distribution, where the minimum value obtained is −2.8e − 06,
is displayed in Figure 6(d). Furthermore, Figure 6(e) demonstrates the comparative fit between the
training and testing datasets, including the error dynamics. The regression analysis for both the training
and testing sets is depicted in Figure 6(f), confirming that the predicted outcomes closely align with
the actual data. The strong alignment of data points along the regression line suggests that the model
was accurately trained, with the correlation coefficient R approximately equal to 1.
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(a) (b) (c)

(d) (e) (f)

Figure 6. Statistical dynamics of the model class HQ: (a) comparison, (b) mean square error,
(c) regression, (d)error histogram, (e) training fit, and (f) Regression with ANN.

The ANN strategy combined with the Adam–Bashforth numerical method is presented in
Figure 7(a). The model’s performance at the 1000 epoch is illustrated in Figure 7(b), and achieves a
mean square error of 5.4227e− 10. The progression of the training process is described in Figure 7(c).
Figure 7(d) provides the error histogram, where the minimum recorded error is approximately
−1.1e − 06. Additionally, Figure 7(e) illustrates the comparison between the predicted and actual
data, thus demonstrating the best alignment for both the training and testing phases. The regression
analysis for the entire dataset, including the training and testing subsets, is displayed in Figure 7(f). The
near-perfect alignment of data points along the regression line validates the robustness of the trained
model, with the correlation coefficient R close to 1.
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(a) (b) (c)

(d) (e) (f)

Figure 7. Statistical dynamics of the model class HR: (a) comparison, (b) mean square error,
(c) regression, (d)error histogram, (e) training fit, and (f) Regression with ANN.

The integration of the Adam-ashforth numerical scheme with an ANN is illustrated in Figure 8(a).
The model’s accuracy after 1000 epochs is presented in Figure 8(b), and achieves a mean square error
of 7.058e − 10. The progression of the training process is depicted in Figure 8(c), while Figure 8(d)
provides the error histogram, thus highlighting a minimum error value of approximately −1.3e − 06.
Figure 8(e) illustrates the comparison between the predicted and actual outcomes, thus highlighting the
alignment across both the training and testing sets. Furthermore, the regression analysis for all subsets
of the data is shown in Figure 8(f), where the close clustering of data points around the regression line
confirms the robustness of the model. The correlation coefficient, R, is observed to be approximately
1, thus indicating a high predictive performance.
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(a) (b) (c)

(d) (e) (f)

Figure 8. Statistical dynamics of the model class HV : (a) comparison, (b) mean square error,
(c) regression, (d)error histogram, (e) training fit, and (f) Regression with ANN.

Beyond the qualitative simulation results, it is essential to benchmark Model (2) against other
established fractional-order formulations to assess its empirical performance. This benchmarking is
presented in the following section.

5.1. Rationale of the fractal-fractional operator

The selection of the fractal-fractional operator when constructing Model (1.2) is motivated by
both theoretical considerations and the empirical performance. While the classical Caputo derivative
successfully incorporates memory effects into dynamical systems, it assumes a homogeneous
state space and therefore cannot capture heterogeneous or fractal-like interaction patterns within
populations. In epidemiological contexts, disease transmission is influenced not only by memory
(e.g., incubation, immunity development, and treatment delays), but also by population heterogeneity,
irregular contact networks, and multiscale structures.

The fractal-fractional operator addresses this limitation by introducing a fractal dimension
parameter, which adds flexibility to model heterogeneous environments and irregular diffusion
pathways. This feature makes it particularly well-suited to model infectious diseases, where
transmission does not occur uniformly, but rather through clustered and scale-dependent interactions.

Empirically, we compared the performance of the fractal-fractional operator with both integer-order
and classical Caputo derivatives. The benchmarking study demonstrates that Model (1.2) with a fractal-
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fractional derivative achieves the following:

1) Higher goodness-of-fit metrics (R2 ≈ 0.97–0.99);
2) Lower root mean square error (RMSE) and Akaike information criterion (AIC);
3) Improved forecasting accuracy relative to its classical counterparts.

These results confirm that the inclusion of fractal scaling is not merely a formal substitution but a
necessary refinement to capture the memory-dependent and heterogeneous dynamics of monkeypox
transmission.

5.2. Benchmarking against established fractional-order models

To validate the performance of Model (1.2), we conducted a benchmarking study using publicly
available monkeypox outbreak datasets (sourced from WHO and published case reports). Model (1.2)
was compared against standard Caputo-derivative-based formulations under identical parameter
estimation frameworks. The evaluation involved three key aspects:

1) Goodness-of-fit metrics: We computed the coefficient of determination (R2), RMSE, and AIC.
Model (1.2) consistently achieved higher R2 values (≈ 0.97–0.99) and lower RMSE compared to
the Caputo models, thus indicating improved fit to the observed data.

2) Parameter identifiability: Using sensitivity and correlation analysis, we found that the
parameters of Model (1.2) were more robustly identifiable due to the flexibility provided by the
fractal-dimension parameter, which reduces the collinearity among the transmission and recovery
rates.

3) Forecasting accuracy: Out-of-sample prediction tests revealed that Model (1.2) provided more
accurate short-term forecasts (1–3 weeks ahead) relative to the Caputo-based models. The
inclusion of memory and fractal scaling effects enabled an improved capture of the epidemic
peaks and decline phases.

These results demonstrate that while both fractional frameworks capture memory effects, the fractal-
fractional operator in Model (1.2) provides additional flexibility in representing heterogeneous contact
structures. This leads to a more accurate reproduction of the observed epidemic curves and a stronger
forecasting ability, as shown in Figure 9 and Table 2.

Table 2. Comparative performance of Model (2) versus Caputo-derivative-based models
using monkeypox outbreak datasets.

Model type R2 (Fit) RMSE AIC Forecast error (MAE)
Caputo fractional model 0.93 15.8 412.4 12.6
Model (1.2), fractal-fractional 0.98 9.7 398.1 7.3
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Figure 9. Benchmarking of Model (1.2) against a Caputo-derivative-based model using
monkeypox outbreak data. The black dots represent observed case counts, the blue curve
denotes the Caputo fractional model, and the red curve represents Model (1.2) with fractal-
fractional operators. Model (1.2) demonstrates a closer alignment with the observed
epidemic trajectory, particularly in capturing the peak infection dynamics and decline phases.

6. Conclusions

In this work, we examined the fractal-fractional dynamics of Monkeypox transmission. The model
was analyzed under varying fractional orders and fractal dimensions to understand their influence on
disease progression. The existence and uniqueness of the solution were established using Banach’s
fixed-point theorem and Schauder’s theorem, while Ulam-Hyers stability also demonstrated for the
proposed system. Numerical simulations were performed using a fractional Adams-Bashforth scheme,
ensuring stability and convergence for each compartment. Additionally, ANNs were employed to
validate and approximate the model outcomes, thereby offering a robust predictive capability. The
graphical illustrations highlighted the significant role of fractional dynamics in capturing the memory
effect of the disease, thereby providing deeper insights into its transmission mechanism. The results
suggest that integrating fractional modeling with an ANN can serve as a powerful approach to predict
Monkeypox outbreaks and design effective control strategies. This framework can help public health
authorities mitigate the risk of future epidemics by enabling data-driven decision-making.
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35. İ. Avcı, H. Lort, B. E. Tatlıcıoğlu, Numerical investigation and deep learning approach for fractal-
fractional order dynamics of Hopfield neural network model, Chaos Soliton. Fract., 177 (2023),
114302. https://doi.org/10.1016/j.chaos.2023.114302

© 2025 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 10, Issue 9, 22598–22621.

http://dx.doi.org/https://doi.org/10.1038/s41598-025-15195-2
http://dx.doi.org/https://doi.org/10.1038/s41598-025-15195-2
http://dx.doi.org/https://doi.org/10.1007/s40808-021-01313-2
http://dx.doi.org/https://doi.org/10.48550/arXiv.1602.03408
http://dx.doi.org/https://doi.org/10.1140/epjp/i2017-11717-0
http://dx.doi.org/https://doi.org/10.1016/j.chaos.2018.07.033
http://dx.doi.org/https://doi.org/10.1016/j.chaos.2017.04.027
http://dx.doi.org/https://doi.org/10.1007/978-0-387-21593-8
http://dx.doi.org/https://doi.org/10.1155/2022/7984818
http://dx.doi.org/https://doi.org/10.71609/iheid-yy03-8d94
http://dx.doi.org/https://doi.org/10.3390/fractalfract8040185
http://dx.doi.org/https://doi.org/10.1016/j.chaos.2023.114302
http://creativecommons.org/licenses/by/4.0

	Introduction
	Basic results
	Theoretical results of model (??)
	Numerical scheme
	Simulation results
	Rationale of the fractal-fractional operator
	Benchmarking against established fractional-order models

	Conclusions

