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1. Introduction

Efficiency is a fundamental consideration in numerical methods when solving partial differential
equations (PDEs). High–order numerical methods, such as finite difference (FD) [1, 2], finite
volume (FV) [3, 4], flux reconstruction (FR) [5, 6], spectral element (SE) [7, 8], continuous Galerkin
(CG) [9, 10], and discontinuous Galerkin (DG) [11, 12] methods, have been recognized for their
potential to efficiently solve PDEs. In this work, we will compare the efficiency of CG and DG
methods. The key difference between the CG and DG approaches is that CG requires the solution to
remain continuous across element boundaries, whereas DG allows for discontinuities at those
interfaces. The DG method has gained popularity due to its applicability to non-linear hyperbolic
problems that involve sharp discontinuities [13]. On the other hand, the CG method has received
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relatively little attention, despite being both stable and highly efficient when boundary conditions are
correctly implemented [14, 15].

Summation–by–Parts (SBP) operators (first proposed in [16]) are suitable for higher–order spatial
discretizations of PDEs, as these accurately mimic integration by parts [17]. Specifically, the SBP
framework facilitates the development of higher–order boundary treatments in both space and time,
ensuring provable stability [18,19]. When using SBP operators, boundary conditions are often enforced
weakly through penalty terms with the Simultaneous Approximation Term (SAT) method. The SBP–
SAT approach, when combined with well posed boundary conditions for linear initial boundary value
problems (IBVPs), ensures semi–discrete stability via the energy method [20, 21]. Up to now, most
developments have been done in the FD setting and migrated over to the FE, FV, FR and SE methods.

In this work, we revisit the application of SBP in the FE framework and formulate provably stable
SBP–SAT compliant schemes, specifically within the context of the CG and DG methods. In particular,
we aim to compare these methods in terms of accuracy, stiffness, and efficiency. Our objective is to
provide insights into the advantages and limitations of CG and DG, guiding their application in large–
scale real world simulations.

The rest of the paper is structured as follows: Section 2 introduces the continuous analysis of the
problem. This is followed by Section 3, which derives the single–element CG scheme. Multi–element
stability is established for the CG method in Section 4. In Section 5, stability for various DG methods is
discussed. The numerical performance of the schemes in terms of efficiency is presented in Section 6.
Finally, in Section 7, concluding remarks are drawn.

2. The continuous problem

Consider the one–dimensional IBVP for advection–diffusion

ut + aux = ϵuxx, 0 ⩽ x ⩽ 1, 0 ⩽ t ⩽ T,
au − ϵux = g0(t), x = 0, 0 ⩽ t ⩽ T,

ϵux = gn(t), x = 1, 0 ⩽ t ⩽ T,
u = f (x), 0 ⩽ x ⩽ 1, t = 0,

(2.1)

where a, ϵ > 0. The functions g0, gn, and f are the boundary and initial data of the problem.
Multiplying (2.1) with the solution u and integrating over the domain leads us to

d
dt
∥u2∥ + 2ϵ∥ux∥

2 =
1
a

(
g2

0 − ϵ
2(ux

)2
0

)
−

1
a

((
aun − ϵ

(
ux

)
n
)2
− g2

n

)
≤

1
a

(
g2

0 + g2
n

)
. (2.2)

Here we have used the L2 inner product property ∥ϕ2∥ = (ϕ, ϕ) =
∫ 1

0
ϕ2 dx. The energy rate (2.2)

guarantees that the solution is bounded by the data, and it will be the target for our numerical stability
proofs.

3. Single element CG method

We consider the one–dimensional domain Ω ∈ [−1, 1], as a single element. The mesh with n + 1
nodes is numbered from 0 to n. The trial solution is

u
(
x, t

)
= L⊤

(
x
)
u
(
t
)
, (3.1)
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where u
(
t
)
= [u0

(
t
)
, u1

(
t
)
. . . , un

(
t
)
]⊤, and L

(
x
)
=

[
ℓ0

(
x
)
, ℓ1

(
x
)
, . . . , ℓn

(
x
)]⊤ are the Lagrange basis

polynomials, defined as

ℓi(x) =
n∏

k=o
k, j

x − xk

x j − xk
. (3.2)

The approximations ux(x, t) ≈ L⊤x (x)u(t) and uxx(x, t) ≈ L⊤xx(x)u(t) follow naturally from (3.1). The
first derivative of the vector of Lagrange polynomials at (xi) is given as

LT
x (xi) =

[
ℓx0(xi), ℓx1(xi), . . . , ℓxn(xi)

]
, (3.3)

where ℓx j = dℓ j/dx and similarly for the second derivative. Incorporating the approximation of u, ux

and uxx into Eq. (2.1), and imposing weak boundary conditions leads to

L⊤ut + aL⊤x u = ϵL⊤xxu + L. (3.4)

Here L is the lifting operator, which represents the weakly imposed boundary conditions as follows

L = σ0
[(

aL⊤ − ϵL⊤x
)

x=x0
u − g0

]
+ σn

[
ϵ
(
L⊤x

)
x=xn

u − gn
]
, (3.5)

where σ0 and σ1 are penalty coefficients that will be determined to ensure stability.
Next, we integrate (3.4) over the domain Ω with the Galerkin weighting, resulting in∫

Ω

LL⊤ dx ut + a
∫
Ω

LL⊤x dx u = ϵ
∫
Ω

LL⊤xxdx u + SAT, (3.6)

with
SAT =

∫
Ω

LL dx = σ0
[
aL0L

⊤
0 − ϵL0L

⊤
x0

u − L0g0
]
+ σn

[
ϵLnL

⊤
xn

u − Lngn
]
. (3.7)

All integrations are carried out using Gauss–Lobatto quadrature, defined as∫
Ω

f (x) dx =
∫ 1

−1
f (ξ) dξ =

n∑
i=0

wi f (ξi), (3.8)

where ξi and wi represent the Gauss–Lobatto node coordinate and corresponding quadrature weights,
respectively. The integral (3.8) is exact for polynomials f (x) of degree ≤ (2n − 1).

3.1. Discrete operators on SBP–SAT form

Let us start by formulating the mass matrix in Eq. (3.6) in the conventional SBP form

P =

∫
Ω

LL⊤ dx =
n∑

i=0

wiL(xi)L⊤(xi) = diag
(
w0,w1, . . . ,wn

)
. (3.9)

Next, considering the advection term in Eq. (3.6) and integrating by parts gives us

Qx =

∫
Ω

LL⊤x dx = LL⊤
∣∣∣∣x=xn

x=x0
−

∫
Ω

LxL
⊤ dx, (3.10)
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where Q is the weak form of the first derivative. Equation (3.10) leads us to the so–called SBP property

B = LL⊤
∣∣∣∣x=xn

x=x0
= Qx + Q

⊤
x = diag

(
− 1, 0, . . . , 0,+1

)
, (3.11)

where Q is almost skew–symmetric. By identifying terms in (2.1) and (3.6), we define the strong form
first derivative SBP operator as

Dx = P
−1Qx, (3.12)

where the matrices P and Qx are given in (3.9) and (3.10), respectively. Finally, we integrate the
diffusion term over the domain such that

Qxx =

∫
Ω

LL⊤xx dx = −Ax + Bx, (3.13)

where

Ax =

∫
Ω

LxL
⊤
x dx, and Bx = LL

⊤
x

∣∣∣∣x=xn

x=x0
=



−ℓx0(x0) −ℓx1

(
x0

)
· · · −ℓxn

(
x0

)
0 0 · · · 0
...

...
...

...

0 0 · · · 0
ℓx0(xn) ℓx1

(
xn

)
· · · ℓxn

(
xn

)


. (3.14)

Lemma 1. The matrixAx in (3.14) is positive semi–definite.

Proof. Applying Gauss–Lobatto quadrature (3.8) to matrixAx in (3.14) gives us (see Appendix A)

Ax = D⊤xPDx. (3.15)

For an arbitrary vector U, (3.15) gives us U⊤AxU =
(
DxU

)⊤
P
(
DxU

)
= U⊤xPUx = ∥Ux∥

2
P
≥ 0, where

we have used Ux = DxU. □

3.2. Discrete energy estimate

In the SBP–SAT framework, Eq (3.6) can be written as

Put + aQxu = ϵQxxu + σ0E0
(
au − ϵDxu − g

)
+ σ1En

(
ϵDxu − g

)
,

u
(
0
)
= f0,

(3.16)

where g = [g0(t), g1(t), . . . , gn(t)]⊤, E0 = diag
(
1, 0, · · · , 0

)
and En = diag

(
0, · · · , 0, 1

)
. Following [22],

we introduce the proposition below.

Proposition 1. If σ0 = σn = −1, then the scheme (3.16) is energy stable.

Proof. The energy method (multiplying (3.16) with uT from the left) and Lemma 1 gives us

u⊤Put + au⊤Qxu + ϵu⊤xPux = ϵu⊤Bxu + σ0u⊤E0
(
au − ϵDxu − g0

)
+ σnu⊤En

(
ϵDxu − g1

)
, (3.17)
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where we have used the notation ux = Dxu. Transposing (3.17), adding it to itself, and using the
notation ∥u∥2

P
= uTPu and ∥ux∥

2
P
= u⊤xPux yields

d
dt
∥u∥2P + 2ϵ∥ux∥

2
P =

1
a
(
1 + 2σ0

)((a(1 + 2σ0
)
u0 + g0

)2
− g2

0

)
−

1
a

((
aun + σngn

)2

− σ2
ng2

n

)
− 2

(
1 + σ0

)
u0g0 − 2

(
1 + σ0

)
ϵu0

(
ux

)
0 + 2

(
1 + σn

)
ϵun

(
ux

)
n.

(3.18)

With the choice σ0 = σn = −1, Eq. (3.18) is reduced to

d
dt
∥u∥2P + 2ϵ∥ux∥

2
P =

1
a

(
g2

0 − ϵ
2(ux

)2
0

)
−

1
a

((
aun − ϵ

(
ux

)
n
)2
− g2

n

)
≤

1
a

(
g2

0 + g2
n

)
. (3.19)

The bound (3.19) mimics (2.2) and guarantees that the approximation (3.16) is energy stable. □

4. Multi–element CG method

All operators have so far been developed on a single–element; next, we assemble the (n+1)× (n+1)
matrices for the m elements to construct a global matrix of order

(
mn + 1

)
×

(
mn + 1

)
. We illustrate

the procedure by merging two elements. Let Ae be the element matrices such that the global matrix A
combines the two single–element matrices in the following manner.

A =
∑
∀(e)

Ae =



A(1)
00 · · · A(1)

0n · · · 0
...
. . .

...
. . .

...

A(1)
n0 · · · A(1)

nn + A(2)
00 · · · A(2)

0n
...
. . .

...
. . .

...

0 · · · A(2)
n0 · · · A(2)

nn


. (4.1)

Lemma 2. If a single element operator A is positive semi–definite, then the global operator retains
this positive semi–definite property.

Proof. Consider two arbitrary vectors Ū1 = [ū0, · · · , ūn]⊤ and Ū2 = [ūn, · · · , ū2n]⊤ such that

W̄ = [ū0, · · · , ūn, · · · , ū2n]⊤ . (4.2)

The merging property (4.1) for two single element positive semi–definite matrices A1 and A2 gives us

W̄⊤AW̄ =



ū0
...

ūn
...

ū2n



⊤ 

A(1)
00 · · · A(1)

0n · · · 0
...
. . .

...
. . .

...

A(1)
n0 · · · A(1)

nn + A(2)
00 · · · A(2)

0n
...
. . .

...
. . .

...

0 · · · A(2)
n0 · · · A(2)

nn





ū0
...

ūn
...

ū2n


,

=


ū0
...

ūn


⊤ 

A(1)
00 · · · A(1)

0n
...
. . .

...

A(1)
n0 · · · A(1)

nn



ū0
...

ūn

 +


ūn
...

ū2n


⊤ 

A(2)
00 · · · A(2)

0n
...
. . .

...

A(2)
n0 · · · A(2)

nn




ūn
...

ū2n

 ,
= Ū⊤1 A1Ū1 + Ū⊤2 A2Ū2 ≥ 0,

(4.3)
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which concludes the proof. □

Using (4.1), the global mass matrix remains diagonal and retains its positive–definite property since

P = diag
(
w0,w1, · · · ,wn + w0︸   ︷︷   ︸

shared node

,w1, · · · ,wn
)
. (4.4)

Furthermore, using the merging process (4.1), all internal diagonals of the global matrix Q become
zero. The global weak first derivative exhibits a global almost–skew–symmetric property: Qx + Q

⊤
x =

diag
(
−1, 0, · · · , 0,+1

)
= B, which confirms that the global weak first derivative matrix is in SBP form.

An example of a two element mesh for two quadratic elements is illustrated below: Let QL and QR be
the local weak first derivative for the left and right quadratic elements as shown below

QL =
1
6


−3 4 −1
−4 0 4
1 −4 3

 and QR =
1
6


−3 4 −1
−4 0 4
1 −4 3

. (4.5)

Using the merging procedure (4.1) for QL and QR gives us

Q =
∑
∀(e)

Qe =
1
6


−3 4 −1 0 0
−4 0 4 0 0
1 −4 3−3 4 −1
0 0 −4 0 4
0 0 1 −4 3


. (4.6)

The globally merged Q in (4.6) remains almost skew symmetric. Therefore, when merging the single
element formulation into the multi–element formulation, the symmetry properties are automatically
retained.

In the weak second derivative, the solution is influenced by the global boundary term

Bxu =
[
− Dx|x=x0u, 0, · · · , 0,D

L
x |x=xnu − DR

x |x=x0u, 0, · · · , 0,Dx|x=xnu
]
. (4.7)

Following [23], we impose uL
x = uR

x , where L and R denote the left and right elements adjacent to a
shared node by eliminating the difference in the first derivatives at element interfaces. This
transforms (4.7) to

Bx =
[
− Dx|x=x0 , 0, · · · , 0,Dx|x=xn

]
= BDx. (4.8)

The global weak second derivative is assembled as

Qxx = BDx −
∑
∀(e)

Ax. (4.9)

Lemmas 1 and 2 establish that the merged operator Ax in (4.9) is positive semi–definite. This implies
that the energy rate in the multi–element setting is

d
dt

∑
∀(e)

∥u∥2P + 2ϵ
∑
∀(e)

∥ux∥
2
P =

1
a

(
g2

0 − ϵ
2(ux

)2
0

)
−

1
a

((
aun − ϵ

(
ux

)
n
)2
− g2

n

)
≤

1
a

(
g2

0 + g2
n

)
. (4.10)

This completes the proof of the following proposition.

Proposition 2. Stability of the single–element CG method (3.17) is preserved in the multi–element
setting.

AIMS Mathematics Volume 10, Issue 9, 22579–22597.



22585

5. The DG method

The discretization for DG is the same as for CG at the elemental level. However, in the global
operators, the nodes at the interfaces of the elements are not merged. As a result, two distinct nodes
occupy the same spatial position at an interface. The global matrix in DG is thus of order

(
m
(
n + 1

))
×(

m
(
n + 1

))
and is structured as follows

A =
∑
∀(e)

Ae =



A(1)
00 · · · A(1)

0n 0 · · · 0
...
. . .

... 0 . . . 0
A(1)

n0 · · · A(1)
nn 0 · · · 0

0 · · · 0 A(2)
00 · · · A(2)

0n
...
. . . 0

...
. . .

...

0 · · · 0 A(2)
n0 · · · A(2)

nn


. (5.1)

Following (5.1), the global mass matrix is defined as

P = diag
(
w0,w1, · · · ,wn,w0,w1, · · · ,wn

)
. (5.2)

Due to the disjoint block structure of the global matrices, Qx does not exhibit an
almost–skew–symmetric property: Qx + Q

T
x = diag

(
− 1, 0, · · · , 0,+1,−1, 0, · · · , 0,+1

)
, B. To

address this issue, it is necessary to introduce either an interface penalty term or a numerical flux at
the interface [22, 24].

5.1. The Local DG (LDG) method

The LDG method [24] is the most widely adopted DG interface treatment strategy for
advection–diffusion equations. It employs an auxiliary variable that transform the original equation
into a system of first–order equations. To illustrate the procedure, we introduce a new variable p = ux,
and reformulate (2.1) as

ut + aux − ϵpx = 0, −ϵux + ϵp = 0. (5.3)

Let
(
u,p

)
and

(
v,q

)
be the solution vectors associated with the left and right elements, respectively.

The semi–discrete SBP–SAT approximation of (2.1) can then be defined as [22]:

ut + aDxu − εDxp = σ0P
−1e0

(
au0 − ϵ

(
Dxu

)
0 − g0

)
+ σL

1P
−1en

(
un − v0

)
+ σL

2P
−1en

(
pn − q0

)
, (5.4a)

−εDxu + εp = σL
3P
−1en

(
un − v0

)
,

vt + aDxv − εDxq = σnP
−1en

(
ϵ
(
Dxv

)
n − gn

)
+ σR

1P
−1e0

(
v0 − un

)
+ σR

2P
−1e0

(
q0 − pn

)
, (5.4b)

−εDxv + εq = σR
3P
−1e0

(
v0 − un

)
,

where e0 =
[
1, 0, · · · , 0

]⊤
and en =

[
0, · · · , 0, 1

]⊤
are vectors of size (n + 1). The unknown penalty

parameters σL
1 , σ

R
1 , σ

L
2 , σ

R
2 , σ

L
3 , and σR

3 will be determined by stability requirements. Following [22],
we introduce and prove the following proposition.

Proposition 3. The interface treatment in the scheme (5.4) is stable for

σL
1 ≤

a
2
, σR

1 = σ
L
1 − a, σR

2 = ϵ + σ
L
2 , σ

L
3 = −ϵ − σ

L
2 , and σR

3 = −σ
L
2 . (5.5)

AIMS Mathematics Volume 10, Issue 9, 22579–22597.



22586

Proof. We employ the energy method by multiplying (5.4a) and (5.4b) by u⊤P and v⊤P, respectively.
Adding their transposes and summing the results leads to the following expression with the choice
σ0 = σn = −1

d
dt

(
∥u∥2 + ∥v∥2

)
+ 2ϵ

(
∥ux∥

2 + ∥vx∥
2
)
=

1
a

(
g2

0 − ϵ
2(ux

)2
0

)
−

1
a

((
aun − ϵ

(
ux

)
n
)2
− g2

n

)
+ V⊤HV, (5.6)

where V =
[
un, pn, v0, q0

]⊤, pn =
(
Dxu

)
n, q0 =

(
Dxv

)
0 and

H =


−a + 2σL

1 ϵ + σL
2 + σ

L
3 −σL

1 − σ
R
1 −σL

2 − σ
R
3

ϵ + σL
2 + σ

L
3 0 −σR

2 − σ
L
3 0

−σL
1 − σ

R
1 −σR

2 − σ
L
3 a + 2σR

1 −ϵ + σR
2 + σ

R
3

−σL
2 − σ

R
3 0 −ϵ + σR

2 + σ
R
3 0

 . (5.7)

The conditions in (5.5) modifies (5.7) to

H =


−a + 2σL

1 0 a − 2σL
1 0

0 0 0 0
a − 2σL

1 0 −a + 2σL
1 0

0 0 0 0

 . (5.8)

Substituting (5.8) into (5.6), we obtain

d
dt

(
∥u∥2 + ∥v∥2

)
+ 2ϵ

(
∥ux∥

2 + ∥vx∥
2
)
=

1
a

(
g2

0 − ϵ
2(ux

)2
0

)
−

1
a

((
aun − ϵ

(
ux

)
n
)2
− g2

n

)
+

(
a − 2σL

1
)[

un − v0
]2
.

(5.9)

The condition on σL
1 given in (5.5) guarantees that (5.6) is bounded by the data, that is,

d
dt

(
∥u∥2 + ∥v∥2

)
+ 2ϵ

(
∥ux∥

2 + ∥vx∥
2
)
≤

1
a

(
g2

0 + g2
n

)
. (5.10)

The bound (5.10) mimics (2.2) and (3.19) and ensures energy stability of (5.4). □

5.2. The Baumann–Oden DG (BODG) method

One can, of course, also keep the second order formulation. The semi discrete approximation
of (2.1) using the Baumann–Oden (BO) method [22, 25] can be written as

ut + aDxu − εDxxu = σ0P
−1e0

(
au0 − ϵ

(
Dxu

)
0 − g0

)
+ σL

1P
−1en

(
un − v0

)
+ σL

2P
−1en

[(
Dxu

)
n −

(
Dxv

)
0
]
+ σL

3P
−1D⊤x en

(
un − v0

)
, (5.11a)

vt + aDxv − εDxxv = σnP
−1en

(
ϵ
(
Dxv

)
n − gn

)
+ σR

1P
−1e0

(
v0 − un

)
+ σR

2P
−1e0

[(
Dxv

)
0 −

(
Dxu

)
n
]
+ σR

3P
−1D⊤x e0

(
v0 − un

)
. (5.11b)

Again, following [22], we introduce the following proposition.

Proposition 4. The conditions (5.5) in Proposition 3 lead to stability of the BODG method (5.11).
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Proof. Applying the energy method introduced in Proposition 3 to (5.11) leads us to

d
dt

(
∥u∥2 + ∥v∥2

)
+ 2ϵ

(
∥ux∥

2 + ∥vx∥
2
)
=

1
a

(
g2

0 − ϵ
2(ux

)2
0

)
−

1
a

((
aun − ϵ

(
ux

)
n
)2
− g2

n

)
+W⊤HW, (5.12)

where W =
[
un, uxn , v0, vx0

]
and H is given in (5.7). Consequently, the conditions (5.5) also ensure an

energy estimate and stability for (5.11). □

Corollary 1. The stability conditions (5.5) in Proposition 3, which ensure stability of the interface
treatment in scheme (5.4), also ensure stability of the BODG method (5.11).

6. Numerical results

The CG and DG schemes will be assessed using the method of manufactured solution (MMS) by
comparing accuracy, stiffness, and efficiency. In particular, we will investigate the stiffness due to
eigenvalue positions. To facilitate numerical integration over a general physical domain [x0, xn], we
map the physical domain to ξ ∈ [−1, 1] using the transformation given below

x
(
ξ
)
=

(
1 − ξ

)
2

x0 +

(
1 + ξ

)
2

xn, and J =
dx
dξ
=

xn − x0

2
, (6.1)

where J is the Jacobian of this transformation. This transformation ensures that integrals expressed in
the reference space correspond to the physical space, preserving the numerical quadrature accuracy.

6.1. One–dimensional advection-diffusion problem

In this test case, we consider the unsteady advection–diffusion Eq (2.1). The accuracy of the
scheme is validated with the MMS u = sin

(
ωx

)
cos

(
at

)
. The initial and boundary data are modified to

coincide with the MMS solution, and a relevant forcing function is added. Boundary conditions, with
boundary data from the MMS, are enforced weakly through the SAT method. The discretization error
is computed using the P–Norm:

ϵP =

√(
u − uExact

)⊤
P
(
u − uExact

)
. (6.2)

The order of convergence between two consecutive meshes is calculated using the formula:

O(ϵP) =
log ϵP2 − log ϵP1

log M1 − log M2
, (6.3)

where M denotes the number of nodes (grid points), and the subscripts 1 and 2 denote two distinct
meshes. Time integration is performed using the fourth–order Runge–Kutta method, and the maximum
eigenvalue (|λ|max) is used to determine the time step (∆t), i.e., ∆t = 1/|λ|max. The outer SAT penalties
σ0 = −1 and σn = −1 are used consistently. For LDG and BODG methods, the interface penalty
parameters are chosen to be as σL

1 = 0 and σL
2 = −ϵ/2. The results are evaluated at t = 1.

The convergence rates for the CG, LDG, and BODG cases for the polynomial of degree 2 are
presented in Table 1. The highest accuracy is observed with CG, followed by LDG and BODG.
Furthermore, the number of nonzero entries nnz in DG is higher than CG, which increases the
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computational cost. In Tables 2 to 4, the convergence rates are presented for polynomial degree n = 3
for different values of ϵ. As shown in Table 2, the CG method achieves the expected convergence rate
rapidly for larger values of ϵ, whereas smaller diffusion coefficients require significantly finer mesh
resolution to recover the expected order. However, DG methods achieve consistent fourth-order
convergence regardless of the value of ϵ; see Tables 3 and 4. Overall, the CG method converges at
order n + 2, the LDG method at order n + 1, and the BODG method at order n when n is even and at
order n + 1 when n is odd [22, 24–26].

Table 1. Order of convergence for ut + aux = ϵuxx with a = 1, ϵ = 0.01 and n = 2.

m
CG LDG BODG

nnz ϵP O(ϵP) nnz ϵP O(ϵP) nnz ϵP O(ϵP)
240 1921 5.708e−08 – 4311 6.034e−07 – 4311 1.810e−05 –
300 2401 2.338e−08 4.01 5391 3.145e−07 2.92 5391 1.202e−05 1.84
360 2881 1.128e−08 4.01 6471 1.842e−07 2.93 6471 8.559e−06 1.86
420 3361 6.086e−09 4.01 7551 1.170e−07 2.94 7551 6.404e−06 1.88
480 3841 3.568e−09 4.00 8631 7.890e−08 2.95 8631 4.972e−06 1.90

Table 2. Order of convergence of CG for ut + aux = ϵuxx with a = 1 and n = 3.

m nnz
ϵ = 0.01 ϵ = 0.005 ϵ = 0.001 ϵ = 0.0005
ϵP O(ϵP) ϵP O(ϵP) ϵP O(ϵP) ϵP O(ϵP)

240 3601 1.356e−10 – 2.692e−10 – 1.127e−09 – 1.582e−09 –
300 4501 4.446e−11 5.00 8.847e−11 4.99 3.923e−10 4.73 5.983e−10 4.36
360 5401 1.788e−11 5.00 3.561e−11 5.00 1.634e−10 4.81 2.648e−10 4.48
420 6301 8.275e−12 5.00 1.649e−11 5.00 7.732e−11 4.86 1.309e−10 4.57
480 7201 4.262e−12 4.97 8.471e−12 4.99 4.026e−11 4.89 7.040e−11 4.65

Table 3. Order of convergence of LDG for ut + aux = ϵuxx with a = 1 and n = 3.

m nnz
ϵ = 0.01 ϵ = 0.005 ϵ = 0.001 ϵ = 0.0005
ϵP O(ϵP) ϵP O(ϵP) ϵP O(ϵP) ϵP O(ϵP)

240 6947 2.442e−09 – 2.505e−09 – 3.162e−09 – 3.451e−09 –
300 8687 9.946e−10 4.03 1.011e−09 4.07 1.243e−09 4.19 1.389e−09 4.08
360 10786 4.778e−10 4.02 4.825e−10 4.06 5.793e−10 4.19 6.551e−10 4.12
420 12167 2.572e−10 4.02 2.586e−10 4.05 3.042e−10 4.18 3.452e−10 4.16
480 13907 1.505e−10 4.02 1.508e−10 4.04 1.743e−10 4.17 1.977e−10 4.17

Table 4. Order of convergence of BODG for ut + aux = ϵuxx with a = 1 and n = 3.

m nnz
ϵ = 0.01 ϵ = 0.005 ϵ = 0.001 ϵ = 0.0005
ϵP O(ϵP) ϵP O(ϵP) ϵP O(ϵP) ϵP O(ϵP)

240 6947 1.495e−09 – 1.391e−09 – 1.138e−09 – 1.263e−09 –
300 8687 6.161e−10 3.97 5.765e−10 3.95 4.740e−10 3.93 4.817e−10 4.32
360 10427 2.983e−10 3.98 2.802e−10 3.96 2.330e−10 3.89 2.250e−10 4.17
420 12167 1.614e−10 3.98 1.522e−10 3.96 1.280e−10 3.89 1.203e−10 4.06
480 13907 9.483e−11 3.98 8.959e−11 3.97 7.611e−11 3.89 7.067e−11 3.98
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In Figures 1 to 3, the global view of the spectrum is shown for the CG, LDG, and BODG cases,
respectively, when a = 1 and n = 3. In all cases, the eigenvalues spread further along the real axis
when the number of elements is increased. Additionally, as ϵ decreases, the spectrum contracts toward
the origin along the positive real axis, indicating reduced stiffness in both CG and DG methods.
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Figure 1. Global view of the eigenvalue spectrum for the CG method in one–dimension with
a = 1 and n = 3.
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Figure 2. Global view of the eigenvalue spectrum for the LDG method in one–dimension
with a = 1 and n = 3.
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Figure 3. Global view of the eigenvalue spectrum for the BODG method in one–dimension
with a = 1 and n = 3.
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Table 5 shows that increasing the number of elements leads to spectral radius growth. The CG
method consistently exhibits a smaller spectral radius compared to the DG methods. This shows that
the CG formulation is inherently less stiff and more suitable for explicit time integration schemes.

Table 5. The spectral radius for ut + aux = ϵuxx with a = 1 and n = 3.

m
ϵ = 0.01 ϵ = 0.001

CG LDG BODG CG LDG BODG
240 4.288e+04 4.902e+04 4.295e+04 4.730e+03 6.303e+03 5.628e+03
300 6.696e+04 7.616e+04 6.702e+04 7.200e+03 9.378e+03 8.040e+03
360 9.638e+04 1.093e+05 9.645e+04 1.019e+04 1.305e+04 1.086e+04
420 1.312e+05 1.483e+05 1.312e+05 1.371e+04 1.731e+04 1.410e+04
480 1.713e+05 1.934e+05 1.714e+05 1.775e+04 2.216e+04 1.813e+04

Figure 4 illustrates the relationship between computational cost and the error norm when a = 1 and
n = 3. The computational cost C in each simulation is computed as C = nnz × nt, where nt represents
the total number of iterations performed by the temporal solver. The results show that CG is more
cost–effective than the DG variants.
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Figure 4. Efficiency plot in the discrete L2 for the one–dimensional case with a = 1 and
n = 3.

6.2. Two–dimensional advection–diffusion problem

Consider the following two–dimensional steady advection–diffusion problem

aux + buy = ϵ
(
uxx + uyy

)
+ F, 0 ⩽ x ⩽ 1, 0 ⩽ y ⩽ 1,

au − ϵux = g0, x = 0, 0 ⩽ y ⩽ 1,
ϵux = gn, x = 1, 0 ⩽ y ⩽ 1,

bu − ϵuy = h0, y = 0, 0 ⩽ x ⩽ 1,
ϵuy = hn, y = 1, 0 ⩽ x ⩽ 1,

(6.4)

where g0, gn, h0 and hn are the boundary data of the problem, and F is the source term. The accuracy
of the scheme will be verified with the MMS u = sin(ω(x+ y)), which produces the boundary data and
source term. In this test case, we choose a = b = 1 and ω = 4π. The outer SAT penalties σ0 = −1

AIMS Mathematics Volume 10, Issue 9, 22579–22597.



22591

and σn = −1 are applied consistently in both spatial directions. For the LDG and BODG methods, the
interface penalty parameters are set to σL

1 = 0 and σL
2 = −ϵ/2 in both x– and y–directions. We need the

total number of iterations to evaluate computational cost; therefore, we apply pseudo–time stepping to
solve the steady–state problem [27, 28]. The solution is considered to have reached steady state when
the discrete residual satisfies

max
(
uk+1 − uk

∆t

)
⩽ 10−7, (6.5)

where ∆t is the pseudo–time step, selected according to the stability condition, i.e., ∆t = 1/|λ|max.
The convergence rates for the CG and DG methods are presented in Tables 6 and 7. As shown, both
methods exhibit rates that align with the theoretical rates obtained in the one–dimensional case.

Table 6. Order of convergence for aux + buy = ϵ(uxx + uyy) with ϵ = 0.01 and n = 2.

m
CG LDG BODG

nnz ϵP O(ϵP) nnz ϵP O(ϵP) nnz ϵP O(ϵP)
16 × 16 7425 7.024e−03 – 24480 4.849e−03 – 24480 5.504e−03 –
20 × 20 11521 2.953e−03 3.99 38520 2.277e−03 3.39 38520 3.031e−03 2.67
24 × 24 16513 1.443e−03 4.02 59040 1.252e−03 3.28 55728 1.964e−03 2.38
28 × 28 22401 7.848e−04 4.03 76104 7.683e−04 3.17 76104 1.409e−03 2.15
32 × 32 29185 4.622e−04 4.03 99648 5.095e−04 3.08 99648 1.079e−03 2.00

Table 7. Order of convergence for aux + buy = ϵ(uxx + uyy) with ϵ = 0.01 and n = 3.

m
CG LDG BODG

nnz ϵP O(ϵP) nnz ϵP O(ϵP) nnz ϵP O(ϵP)
8 × 8 5425 4.049e−03 – 12992 5.372e−03 – 12992 3.553e−03 –
12 × 12 12025 6.735e−04 4.58 29856 1.106e−03 3.90 29856 5.412e−04 4.64
16 × 16 21217 1.873e−04 4.56 53632 3.588e−04 3.91 53632 1.453e−04 4.57
20 × 20 33001 6.798e−05 4.63 84320 1.480e−04 3.97 84320 5.404e−05 4.43
24 × 24 47377 2.921e−05 4.70 121920 7.122e−05 4.01 121920 2.467e−05 4.30

The global view of the spectrum for the CG, LDG, and BODG in two–dimensions is shown in
Figures 5 to 7, respectively, for n = 3. A similar behavior is observed as in the one–dimensional case.
The spectral radius is presented numerically in Table 8. The CG method has a smaller spectral radius
than the DG methods, which is again similar to the one–dimensional case.

Table 8. The spectral radius for aux + buy = ϵ(uxx + uyy) with n = 3.

m
ϵ = 0.1 ϵ = 0.01

CG LDG BODG CG LDG BODG
8 × 8 9.654e+02 1.145e+03 9.755e+02 1.314e+02 2.109e+02 2.022e+02

12 × 12 2.155e+03 2.514e+03 2.167e+03 2.670e+02 3.921e+02 3.782e+02
16 × 16 3.820e+03 4.410e+03 3.832e+03 4.479e+02 6.266e+02 5.930e+02
20 × 20 5.960e+03 6.835e+03 5.973e+03 6.741e+02 9.156e+02 8.429e+02
24 × 24 8.576e+03 9.790e+03 8.589e+03 9.460e+02 1.259e+03 1.125e+03
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Figure 5. Global view of the eigenvalue spectrum for the 2D–CG method with n = 3.
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Figure 6. Global view of the eigenvalue spectrum for the 2D–LDG method with n = 3.
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Figure 7. Global view of the eigenvalue spectrum for the 2D–BODG method with n = 3.

To compare the efficiency of the methods in two dimensions, the error norms are plotted against
computational cost for ϵ = 0.01; see Figure 8. The computational costC in each simulation is computed
in the same way as in one dimension. The results show that CG remains more cost–effective than the
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DG methods. Overall, the pattern and behavior of the results are invariant with respect to the spatial
dimension. In both one and two dimensions, CG remains more cost effective.
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Figure 8. Efficiency plot in the discrete L2 for the two–dimensional case with ϵ = 0.01.

7. Conclusions

This paper examines the accuracy, stability and efficiency of the CG and DG schemes highlighting
their differences in spectral behavior, accuracy and computational cost. Based on our findings, the CG
method consistently exhibits a lower spectral radius, indicating reduced stiffness and making it more
suitable for explicit time integration schemes. Additionally, CG achieves higher order accuracies while
being less costly as compared to DG, making it the more efficient choice. These results highlight the
advantages of CG in balancing accuracy and efficiency. They provide strong support for its suitability
in large–scale simulations of advection–diffusion like IBVPs that require stable and cost–effective
numerical formulations.
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A. Appendix

Applying Gauss–Lobatto quadrature (3.8) to the weak first derivative Qx defined in (3.10) gives us

Qx =

n∑
i=0

wiL(xi)L⊤x (xi),

= w0L(x0)L⊤x (x0) + w1L(x1)L⊤x (x1) + · · · + wnL(xn)L⊤x (xn),
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The first derivative can thus be calculated as

DxU = P−1QxU = LxU. (A1)

Next, applying Gauss–Lobatto quadrature (3.8) to matrixAx in (3.14) gives us

Ax =

n∑
i=0

wiLx(xi)L⊤x (xi),
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where we have used (A1).
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