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1. Introduction and motivation

Let A be the family of analytic functions in U = {z € C: |z| < 1} of the form

f)=z+ Zanzn, zeU.
n=2

Si = {f €A 2f @/f @) <2— 4/(1+ %), ze U}'

Also, let S be the set of all functions f € A that are univalent in U. For a € [0, 1), the subclasses
S: and C, are defined as the collections of functions in A that are starlike and convex of order «,
respectively. These subclasses are characterized analytically as follows:

. _ o (2 (2)
Sw—{fEA.Re( e )>a},

3 o (2@
C”_{fEA'Re(f'(Z) +1)>a}.

When o = 0, we recover the standards of S* and C, respectively. The relationship between these two
classes is described by the well-known Alexander theorem, which states f(z) € C, if and only if
zf' (z) € 8. For 6 € (0, 1], the class SS*(6) (SC(0)) represents strongly starlike (strongly convex)
functions of order ¢, if it satisfies the inequality |arg (zf’ (2)/f ()l < or/2
(larg ((zf” (2)/f' (2)) + 1) | < 6m/2). Notably, when 6 = 1, S§* (1) = S".

For analytic functions f and A, we say that f is subordinate to 4, denoted f < h, if there exists an
analytic function u : U — U with u (0) = 0 (Schwarz function) that satisfies f (z) = h(u(z)). In this
case, it follows that f(0) = h(0) and f(U) c h(U). Furthermore, if 4(z) is univalent, then f < h if and
only if f(0) = h(0) and f(U) c h(U).

In 1992, Ma and Minda [1] introduced a creative approach to constructing subclasses of starlike
and convex functions by leveraging the concept of subordination. Their generalization is based on an
analytic function ¢ : U — C that satisfies specific conditions, detailed as follows:

We define

(1) Univalence and the real part is positive.

(2) The image ¢(U) is symmetric with respect to the real axis.
(3) The starlikeness of ¢(U) is satisfied about the point 1.

(4) The derivative at the origin satisfies ¢’ (0) > 0.

In our work, whenever the function ¢ is mentioned, it is assumed to satisfy the aforementioned
properties. Based on this foundation, Ma and Minda defined the following function classes:

sw={rea: L&l
C((p):{feA: Z]]:,(g) +1<(p(z)}.
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These definitions establish subclasses of analytic functions that are starlike and convex with respect to
the chosen ¢(z). Table 1 below demonstrates that certain well-known classes of functions are obtained
by selecting specific values of ¢.

Table 1. Special Ma-Minda classes.

Starlike class Convex class ¢(z) References
S C (1+2)/(1-2) [1]
S Ca A+ -20)2)/(1-2),a€[0,1) [1]
SS* (@) SC(a) (1T +2)/(1=2)" a€(0,1] [1]
S*[A, B] C[A, B] (1+Az)/(1+Bz), -1<B<A<1 [2]

The development of various specialized function classes is based on defining specific functions ¢(z)
within U. For instance, the parabolic starlike class S, defined and studied by Rgnning [3], and the
uniformly convex class UCV, proposed by Goodman [4], are constructed using the function

2( 1++zY\
=1+ =|log——=], zeU.
¢ (2) +ﬂ2(0g1_\/5) z€

Additionally, Kanas and Wisniowska [5] defined the classes k —S7 and k— UCYV for k € [0, 00). These
classes are derived by selecting ¢(z) as

2cos'k 1+ 4z k?
cosh log

1

kZ

Moreover, Sokoét [6] established the starlike class S;C, where ¢.(z) = V1+c¢z (0 < ¢ < 1). The
function ¢.(z) maps U onto the interior of the right loop of the Cassinian ovals, represented by the

equation

(u2+v2)2—2(u2 —v)=c -1

In a special case, if ¢ = 1, we have S, = §;, which was introduced by Sokdl and Stankiewicz [7]. To
clearly position our work within the existing literature and highlight its novelty, we provide a critical
review of relevant studies in Table 2. This review covers previous work from earlier years up to the
most recent in 2025. By doing so, we identify the research gaps that motivated the current study and
explicitly illustrate how our approach, focusing on kidney-shaped domains and combining geometric
analysis with Python programming, extends and advances the state-of-the-art methods. Table 2 below
highlights the recent introduction of Ma-Minda-type classes.
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Table 2. Classes of starlike functions based on the Ma-Minda framework.

S*(¢) ©(2) References
Sie o @)= V2= (V2-1) [l I8
Sq ¢ @=z+ VI+2 [9-11]
S, @ (2)=¢° [12]
St pc@=1+%+2% [13]
S or@=1+%() k=1+V2 [14]
Sin Qim (@) =1+ V22 + 5 [15]
BSW®)  ¢@=1+155, 9€[0,1) [16]
S5 ws (2) =1 + sinz [17]
S5, o@D =9+1 -9 VIi+z 9€[0,1) [18]
Sy, o@D =0+ -9, 9e[0,1) [18]
Sie @56 (2) = == [19]
N g (@ =1+ 2z + =" [20]
S, ¢, (2) = coshz [21]
S @, (2) =1+ sinh™'z [22]
Sy on (@) =142+ —52° [23]

Motivated by the foundational studies outlined earlier, this paper introduces two new classes

S = {f€A3 % < (2), ZEU} and C; = {fGA: 1+ Z;é? <@ (2) zeU}. These classes are

defined in terms of the analytic function ¢; : U — C, such that

3 2z 72 147 1174 2147 5727
=2 Ja/(1+ex2)Y =1+24+2 - + + +....
i (2) V41 +ex) 379 81 243 ' 3645 @ 32805

Observe that ¢, (U) maps U onto the region
< 2} .

The function ¢ (z) =2 — \3/4/ (1+ eZZ)2 is analytic and satisfies the following Ma-Minda conditions
(see [1]):

Qk::{weC:

2
log| —=—— 1
Og[\/(z—wf J

(1) ¢ (0) =1, ¢, (0) > 0,
(2) Re (¢; (2)) > 0 (see Figure 1),

(3) ¢« (2) 1s univalent since Re ((p,’( (z)) > 0 (see Figure 2(a)),

(4) ¢ (2) 1s starlike with respect to 1 since Re ((1) (@) :=z¢, (2) / (pr (2) — 1)) > 0 (see Figure 2(b)),

(5) ¢x (z) is symmetric about the real axis (clearly evident, also see Figure 1).
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Figure 1. Plot boundary of ¢ (U).
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Figure 2. Plot boundary of (a) ¢ (U) and (b) @ (U).

In this paper, we focus on a kidney-shaped domain due to its asymmetric and non-convex nature.
Its varying boundary curvature allows us to study subtle behaviors of starlike functions that are not
observable in classical domains such as circles or ellipses. This motivates the investigation of
coefficient bounds, inclusion relations, and radius problems in such a geometrically rich setting. Our
work is divided into three parts. In the first part, we provide several examples and discuss the
geometric properties of the classes S; and C;. The second part presents results related to specific
inclusion relationships and radius problems. Finally, motivated by recent contributions in coefficient
estimation (for example, see [24-27]), the last part offers significant results, including sharp upper
bounds for the initial Maclaurin coefficients, the precise Fekete-Szego inequality, and the sharp bound
for the second Hankel determinant. Moreover, we investigate the sharpness of logarithmic coeflicients
and present related special inequalities (see [28—31]).

2. About S;
The following two results give the representation formulas:

AIMS Mathematics Volume 10, Issue 9, 22445-22470.
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Theorem 2.1. An analytic function f belongs in S; if and only if

f@ =zexp(f q(Ti_l dT), (zel), 2.1
0

for some analytic function q(z) subordinate to .

Proof. Let f € S, q(1) := 7 (1)/f(1), and k(1) := f(7)/r. Then g(t) < ¢; and k(1) # 0. By
logarithmic differentiation of k(7), we have

k') _q@m-1
= , ]). 2.2
) (rel) (2.2)
Thus (2.1) follows from integrating (2.2) from O to z. |

Corollary 2.1. An analytic function g belongs in Cy if and only if

g(z):fexp(qu(T)_ldr) dw (z € U), 2.3)
0 0 T

for some analytic function q(z) subordinate to .

Proof. This result follows immediately from applying Alexander’s relation between S; and Cy. O
Theorem 2.1 and Corollary 2.1 provide some non-trivial examples bellow:

Example 2.1. Consider the following analytic functions:

o= 1r 2
2z€°
¢@p@)=1+ IR
3z-7
g3 () =1+ e
4
=1+-—z——7
q4(2) +9z e
T+ 4z
qS(Z)_7+3z’

It is straightforward to conclude that ¢; (0) = 1 and ¢;(U) C ¢, (U) fori = 1,2,...,5. Since ¢, € S,
then g; < ¢ fori =1,2,...,5 (see Figure 3). Therefore, Theorem 2.1 and Corollary 2.1 imply that the
functions fi(z) (or g;(z)) (i = 1,2,...,5) listed below belong to S; (or Cy).

1 — COSZ - Z3 7Z7 . Z9 . le .
3 T ST 6 T 6480 T 217728 T 194400 "
272 11737 13974 20877  37267%°
— 4+ + + + +...,
81 2187 78732 3542940
574 297  77%° .
144 1152 11520 7

fi1 (@) = zexp

f2(2) = zexp g(expz - 1)) 4+

9z -7
18

2 3
f3(2) = zexp :z+%+%—
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£ = zexp 22— =) = L4 8 322 322 1757392
4@ = e 9t T 55 ) TR o Y 3T Y 2187 T 19683 ~ 9743085

2 3 4 5 6
X 0z 5z 10z 227
= T+32)/T=z+—=—--—=+ - + +....
f@=VT+39/T =245 =15+ 1026 ~ 7203 * 50421

Furthermore,

3 7 9
g](z)=z+z—— L 4= +...,
18 6480 1959552

22 1172 1397 20877

$@=2+5+ 73+ 278 T 393660 T

L2 7 5 292
2 247720 5760
(z) = +2—Z2+ 82 + 8! + 3227 +
§48) =T T T 543 T 2187 T 08415
2z 7 5z* 27
+ - +....
14147 " 4116 7203

8@ =z

05

-0.5

-1.0

Figure 3. Plot boundaries of ¢,(U), ¢2(U), ¢3(U), g4(U), and g5(U), in colors green, blue,
yellow, red, and pink, respectively.

Remark 2.1. If we specifically select ¢ (z) = ¢ (2) =2 — \3/ 4/(1 + eZZ)2 in Theorem 2.1, we obtain that

A=+ 272 N 573 N 774 1617° 15172° N 12334177 N
K =T T T e T 243 T 5832 218700 | 23619600 |

can be classified as a member of class S; (see Figure 4). Subsequently, it will be demonstrated that
the function f; described by (2.4) is used as an extremal function for several extremal problems with
class S;. Additionally, the corresponding function that belong to Cy can be established using (2.3) as
follows:

(2.4)

2 52 774 16172 15172° 12334177
g(@=z+=+—

3 54 Y972 29160 1312200 | 165337200 7 25
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which belongs to C; and fulfills the role of the Koebe function within this class.

Figure 4. Boundary plot of f; (U).

In [1], Ma and Minda established some results, which imply that if /' € S; (g € Cy), then the
following result is easy to obtain.

Theorem 2.2. Let f € S;, g € Cy, and |zl = r < 1. Then
(i)
f' @ zfi (@ f@ fid

and — < ;

@ @ . <2

(ii)

177 Z 17 Z
78" (2) - g (2)

¢ g TR a@:
k

(iii) Growth theorems give
—fi(=r) < 1f@)| < fir) and — g (=r) < g (D) < gk (r).

The equality holds if and only if f (or g) is a rotation of f; (or gi).
(iv) Rotation theorems give

‘ (f@)
as\ T

The equality holds if and only if f (or g) is a rotation of f; (or gi).

Ji (2)

4

< max arg( ) and |arg (g () | < maxarg (gr @).

zl=r

The following result provides the convexity radius of ¢;(z):

Theorem 2.3. ¢;(z) is convex for |z| < ro whenever ry =~ 0.7293401.

Proof. Let z = re®. Thus, after several computations and simplifications, we obtain

2! (z)) 34e5(B-49 46z T(n0)
Re(l * ¢, (2) 3(1 +e%) TR0 C(r0),

AIMS Mathematics Volume 10, Issue 9, 22445-22470.
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where the numerator

4
Y (r,0) =1+ 2rcost + e*<os? (1 — grcose)
2rcosf . . 4 .
+e (ZCos (2rsind ) + r(ZCos (8 —2rsinf) — gcos (6 + 2rsinf ) )) ,

and the denominator
2(r,0) =1+ e cos*(2rsinf ) + e sin*(2rsinb ).

Since ¢y is symmetric about the real axis, it is sufficient to consider 0 < 8 < m. Now, we need to find
the smallest value r, that ensures C (r,0) > 0O for all r < ry. This process is known as determining the
radius of ¢ (z). Clearly, E (r,6) > 0 for all 0 < r < 1. Therefore, we must now find the smallest r that
ensures 1 (r,60) > 0. Specifically, for an arbitrary fixed r, the minimum of Y (r, §) occurs at 8 = r (see
Figure 5). Therefore,

4 2
T(r,m)=1-2r+ e_4r(1 + gr) +e (2 - —r)

2 4
=1+2e 7+ - (2 + ge_zr — ge“") r.

Thus, solving the equation Y (r, ) = 0 gives ry = 0.7293401, completing the proof. O

Figure 5. Plot of the function T (r, 7).

Remark 2.2. To determine the largest disk centered at z = 1 that lies entirely within Q;, we first
need to describe the parametric equations derived from the real and imaginary parts of the expression
or(e?). Next, we formulate the expression for the squared distance from z = 1 to an arbitrary point
on the curve ¢(e). By finding the local maxima and minima, as well as the regions of increase and
decrease, we can identify the minimum value of the distance-squared function, which yields the desired
radius. However, implementing these steps is highly challenging due to the complexity of describing

AIMS Mathematics Volume 10, Issue 9, 22445-22470.
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the parametric equations and the difficulties in handling them. Therefore, we provide an alternative
approach below, using Python software code (version 13.3.2) to compute this radius. Similarly, we
find the smallest disk centered at z = 1 that contains €. The code below will produce the optimal
radiuses along with the corresponding value of 6.

Computational code 1:

import numpy as np

from scipy.optimize import minimize, minimize_scalar
def phi_k(z):

return 2 - (4 / (1 + np.exp(2 * z))**2)**(1/3)

def polar_form(theta):

z = np.exp(lj * theta) # z = e (i theta)

return phi_k(z)

def u(theta):

return np.real(polar_form(theta))

def v(theta):

return np.imag(polar_form(theta))

fixed_point = (1, 0)

def distance(theta):

u_val = u(theta)

v_val = v(theta)

return np.sqrt((u_val - fixed_point[0])**2 + v_val®**2)
min_result = minimize_scalar(distance, bounds=(0, 2 *
)

min_distance = min_result. fun

np.pi), method='bounded

min_theta = min_result.x

max_result = minimize_scalar(lambda t: -distance(t), bounds=(0, 2 * np.pi),
method="bounded’)

max_distance = -max_result. fun

max_theta = max_result.x

print (£"Minimum Distance: {min_distancel}l")

print (f"Theta for Minimum Distance: {min_thetal")

print (f"Maximum Distance: {max_distancel}l")

print (f"Theta for Maximum Distance: {max_thetal}")

Execution:

r=0.458603, 0=3.14159

R=0.961087, 0=4.79737

Therefore, we have the following inequality:
D, ={weC: lw—-1<r=0458603} CQ; CDr={weC: |w-1] <R ~0.961087}. (2.6)

Figure 6 provides an illustrative depiction of the largest disk that can be entirely contained within
the studied domain, as well as the smallest disk that completely encloses the domain, thereby offering
a clear visual representation of the domain’s boundaries, as well as its internal containment and
expansion limits.

AIMS Mathematics Volume 10, Issue 9, 22445-22470.
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Figure 6. Plot of ), D,, and Dy, in colors, black, red, and blue, respectively.

3. Inclusion results and radius problems
Before providing the main results, we will find the bounds of the real part of ¢(z) over |z| =

The following Python software code (version 13.3.2) contains the maximum and minimum values, as
shown in Figure 7.

max-; Re g(z) = 2 — 4/ (1 + 2)* ~ 1.6155,

3.1
1’1’111'1|Z| 1Re (pk(Z) =2- Re( 4/ (1 + e 2¢! e ) J ~ 0.46732

Computational code 2:

\noindent import numpy as np
\noindent def phi\_k(z):

\noindent return 2 - (4 / (1 + np.exp(2 * z))**2)**(1/3)
\noindent def Lambda(theta):

\noindent z = np.exp(lj * theta) \# z = e${\wedge}$(i$\theta$)
\noindent return np.real (phi\_k(z))

\noindent sample\_points = np.linspace(®, np.pi, 101)
\noindent sample\_values = np.array([Lambda(theta) for theta in sample\
_points])
\noindent max\_value = np.max(sample\_values)
\noindent min\_value = np.min(sample\_values)
\noindent max\_index = np.argmax(sample\_values)
\noindent min\_index = np.argmin(sample\_values)
\noindent max\_point = sample\_points[max\_index]
\noindent min\_point = sample\_points[min\_index]
\noindent max\_value\_approx = round(max\_value, 5)
\noindent min\_value\_approx = round(min\_value, 5)

\noindent max\_point\_approx round (max\_point, 3)

\noindent min\_point\_approx round (min\_point, 3)

AIMS Mathematics Volume 10, Issue 9, 22445-22470.



19 \noindent print(f"Maximum Value: ${\{}$max\_value\_approx${\}3}$, at Theta:

{\{}$max\_point\_approx${\}}$")

20 \noindent print(f"Minimum Value: ${\{}$min\_value\_approx${\}}$, at Theta:

{\{}$min\_point\_approx${\}}$").

G5 10 15 20 25 30 6
Figure 7. Graphs showing the maximum and minimum values of Re ¢;(z) as red points.

Recall that the class M (y)(y > 1) is defined by Re (zf’ (z)/f (z)) < v (see [32]). The following
result provides inclusion relations between the class S; and certain classes that were previously

mentioned in Table 2.
Theorem 3.1. The class S; satisfies the following inclusion relations:
(a) S; C 8" (@) C §" whenever 0 < a < 0.46732.
(b) S; C M(y) whenever y > 1.6155.
(c) S; ¢ 88" (v) for 0.5869227 ~ vy < v < 1.
(d) k— ST C S; whenever k > 2.624653.
(e) S;. C S, whenever 0 < c < 0.70689.
(f) S; cS..
(8) Sy, € S wheneverd > 0.53268.
Proof. (a) and (b):
For f € §; and by (3.1), it can be readily concluded that

z2f"(2)
f(@

0.46732 = ’ﬁl}il Re ¢ (z) < Re < llnlalxRecpk(z) = 1.6155.
2= 2=

Hence,
f eS8 (0.46732) N M(1.6155).

{5
f @)

(o) If f € S;, then

< maxarg (¢x (2))
Z =

AIMS Mathematics Volume 10, Issue 9, 22445-22470.
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= max arg (cpk (eig)).

—n<f<m
We will find the maximum value of the right side by writing and implementing the following Python
software code (version 13.3.2):
Computational code 3:

\noindent import numpy as

\noindent from scipy.optimize import minimize\_scalar

\noindent def f(z):

\noindent return 2 - (4 / (1 + np.exp(2 * z))**2)**(1/3)

\noindent def z\_polar(theta):

\noindent return np.exp(lj * theta)

\noindent def argF(theta):

\noindent z = z\_polar(theta)

\noindent return np.angle(£f(z))

\noindent result = minimize\_scalar(lambda theta: -argF(theta), bounds=(-np.
pi, np.pi), method=’bounded’)

\noindent max\_arg = -result.fun

\noindent thetal\_at\_max = result.x

\noindent v = 2 * max\_arg / np.pi

\noindent print(f"Maximum Arg Value: ${\{}$max\_arg${\}}$")

\noindent print(f"Theta at Maximum Arg: ${\{}$thetal\_at\_max${\}3}$")

\noindent print(£f"v Value: ${\{}S$v$S{\}3}$")

\noindent \textit{Execution: }

$${\mathop{{max}}_{-\pi <\theta \le \pi } {{arg} \left({\varphi }_k\left(e {i
\theta }\right)\right) }}=0.921936{, \; }{\theta }{=}1.74425, \; {\upsilon

}_0=0.5869227.%%

(d) Let f € k—S7 . Then zf'(z)/ f(2) < ¢xr(z) (see [5]). It is shown that the function ¢;(z) maps U onto
the region {w € C : Re(w) > k|w — 1|}, which is enclosed by the ellipse

2 Y
(x sz) N (y —Yo) -1,
a b?

where (xo,y0) = (k2/k* = 1,0) ,a = k/(k* = 1),and b = 1/ Vi - 1.
As a > b, so this is a horizontal ellipse. Therefore, for the elliptic region above be included in

¢r(U), we must have

2 2
0.541397 < k2k1 o= M and fz v

-y kel (B-)
So this leads to k > maxtk;, ky} = {1.180535, 2.624653} = 2.624653.
(e) It was established [6] that the Carathéodory function ¢. (z) = V1 + ¢z (c € (0, 1]) maps U onto the
interior of the curve |w2 - 1| = c. Straightforward analysis reveals that g. (z) is contained in ¢ (U) if
and only if V1 —c>1—-r =0.541397, which is equivalent to ¢ < 0.70689.
(f) Use (2.6) and [12, Lemma 2.2].

< 1.615516.

AIMS Mathematics Volume 10, Issue 9, 22445-22470.
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(g) Based on [18, Lemma 2.3], since the function ¢y, (z) = @& + (1 —9) V1 +z maps U onto
{w : (%9)2 — 1) <1, Re(w) > 0}, a straightforward computation reveals that this region is contained
within ¢, (U) given that 1 — 9 < 0.46732 . Subsequent simplification yields ¢ > 0.53268.

Therefore, the proof is complete, with all the inclusions that have been established illustrated
precisely in Figure 8. O

o

05+

-0.5-

Figure 8. A plot showing the inclusions (a)—(g) in Theorem 3.1 as colors (a) blue, (c) red,
(d) yellow, (e) purple, (f) green, and (g) cyan, respectively.

Let us recall that for any arbitrary subclasses M; and M, of A, the M,-radius for the class M,
represents the largest value p, where 0 < § < 1, ensuring that p~!' f (0z) € M, holds true whenever
f € M, and O < p < 6. This radius, which is denoted by R, (M>), highlights the following results that
explore specific radius problems for S;:

Example 3.1. The radius connection between S;, . and S; can be described as follows: Let [ € S, ,.
Then

2f'(2) n 1
1+ + " >2
f@) B n+ 1 a+ll (n=22)
Hence, for |z| = r, we get
2f(2) ‘ n 1 n 1
-1| < + "l < + " 3.2
f(@) ’Tz|c=lfcn+1z n+l- i+l el (3-2)

The disk (3.2) lies entirely inside C if it satisfies (2.6) (n > 3). Individually, we also obtain p, =
0.68500. Therefore, r < p, (n > 2) (see Table 3).

AIMS Mathematics Volume 10, Issue 9, 22445-22470.
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Table 3. The values of RSZ(SZL) atn=2,3,...,31.

n Pn n Pn n Pn
2 0.68500 12 0.49680 22 0.47944
3 0.55460 13 0.49387 23 0.47854
4 0.55032 14 049135 24 0.47771
5 0.54105 15 0.48917 25 0.47694
6 0.53128 16 0.48726 26 0.47624
7 0.52259 17 0.48557 27 0.47558
8 0.51530 18 0.48408 28 0.47498
9 0.50930 19 0.48274 29 0.47441
10 0.50435 20 0.48153 30 0.47389
11 0.50025 21 0.48044 31 0.47339

Theorem 3.2. The subsequent results for the radius are valid:

(1) Rs; (S;.) = po := log (1458603 = #)/(1 = ), 0 < & < 0.733103.

(2) Rs; (S;.,) = po == (0.70639 - 0.9172069)/(1 — #)’, 0 < B < 0.57728,

(3) Rs; (BS* () = pg := (—1 + V1 + 0.84126619)/0.9172060, 0<9<1.

(4) Rs; (St) = pc ~ 0.299193.
(5) Rs; (S5) = ps ~ 0.443882.
(6) Rs; (Sy) = pr = 0.642009.

(7) Rs; (S*@) = p¢ ~ 0.382541.

Proof. (1) If fe 8} ,thenzf'(z)/f(z) <9+ (1 —9) €. Hence, for |z| = r, we get

e ?

zf"(2)
f@)

Thus, r < log ((1.458603 — 3)/(1 — 1)) = ps .

- 1' <max|9+(1-9)e =1 <(1-39)(e" —1)<0.458603.

|zl=r

) If fe S;’;’L ,then zf"(2)/ f(z) < 9+ (1 — &) V1 + z. Hence, for |z| = r, we get

z2f"(2)
f(@)

-1

< max
lz|=r

Thus, r < (0.70639 — 0.9172068)/(1 — )* = pg.

I+ (1-9) Vl+z- 1‘ <(1-91 - V1 -r) <0.458603.

(3) If f € BS*, then 7f(2)/f(z) < 1 + z/(1 — ¥z*). Hence, for |z| = r, we get

zf"(2)
f@)

Thus, 0.4586039% + r — 0.458603 < 0, and this gives r < =

AIMS Mathematics

-1

< max |2/(1 = 92| < r/(1 - 9r%) < 0.458603.
zl=r

+ V08412667 _
09172060 Po-
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4) If f € S, then zf(2)/f(z) < 1 + 4z/3 + 27%2/3. Hence, for |z| = r, we get

z2f'(2)
f@)

Thus, r < 0.299193 = pc.

-1

< max
lzl=r

4z/3 +22%/3| <4r/3 +2r7/3 < 0.458603.

(5) If f € 8¢ , then zf'(2)/f(z) < 1 + sinz . Hence, for |z] = r, we get

2f'(2)
f@)

Thus, r < sinh™'0.458603 ~ 0.443882 = ps.
(6) If f € Sy . then zf'(2)/f(2) < 1 +2(V2+1+2)/(V2+1)(V2+1-z). Hence, for [z| = r, we

get
zf"(2)
f@)

— 1| < max|sinz| < sinhr < 0.458603.

|zl=r

— 1‘ < max
z|=r

z(\/§+ 1 +z)/(\/§+ 1)(\/§+ 1 —z)|
<r(V2+1+7)/(V2+1)(V2+1-7) <0.458603.
Thus, r < 0.642009 = pk.
(7) If f €8S, ,then zf'(z)/ f(z) < z+ V1 + z2. Hence, for |z| = r, we get

z2f'(2)
f@)

Thus, r < 0.382541 = p¢ .

-1

e+ I+ - 1] <1+7r- VI=72 0458603,

< max
lzl=r

4. Coefficient bounds

In this section, we derive estimates for the Maclaurin coefficients and determine the upper bound
for the 2nd Hankel determinant for every function in S;. Furthermore, we present new results on the
sharp bounds for the logarithmic coeflicients associated with all functions in this class. However, we
list below several concepts and lemmas that serve as fundamental tools for the results in this section.
Carefully chosen for their importance and relevance, each lemma plays a distinct role in advancing the
coeflicient problems explored in this study.

(1) The ¢ Hankel determinant of any function f is expressed as

f@=) ad" (),
n=1

and defined as

ap Qg Tt Upyg-1
apt1 (%) e Aptg
Hy(n)=| . : : (gz1).
Apig-1 Apig e Apy2g-2
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Specifically, we have

a a a as

H,(1)= 4 as

and H, (2) =

(2) Denote by P the class of analytic functions p with Re (p (z)) > 0 (z € U) by the following series
expansion

p@ =1 +ZO'nz”, zeU. 4.1

n=1

Lemma 4.1. [13,33] Let p € P, and then

ol <2, n > 1, 4.2)
|0_r+n _ﬁo-ro_nl < 2’ 0 <ﬁ < 1» (43)
|2 = 60}| < 2max{1, 26 — 1]}, 6 € C. (4.4)

Lemma4.2. [34] Let 0 <A <1 with AQA — 1) < B< A, and let p € P be of the form (4.1). Then
|Bo - 24010 + 03] < 2. 4.5)
Lemma 4.3. [35,36] Let p € P be of the form (4.1). Then,
20 =07 + y(4 - 0'2) , (4.6)
4o = 0'? + 20 (4 — 0'%)7 -0 (4 - O'f) Y +2 (4 - 0'%) (1 - |y|2) n, 4.7)
for some y,n € C with max{ly|,|n|} < 1.
Theorem 4.1. Let f € S;. Then,

2 2
las| < 3 las| < 3 and |ay| < 9
These bounds are sharp.

Proof. Let f € 87, and then there exists a Schwarz function u : U — U that satisfies u (0) = 0, such

that
Zf/(Z) _ _ 3 2u(z) 2
Q) =2-—4/4/(1 + @) zeU. 4.8)

Define p € P by

1+
p(@)= 1_38 =l+0z+00+030 +..., z€ UL (4.9)
Therefore,
s 2 oz (1 5 11 45 27
2—4/4/(1 +24@) =1+ 3 + (50'2 - %(T%)Zz + (—3240'? ~ 1630102 + ThE z o)
AT a9, 135 , 135 , 8 . '

— 0 — 0,0y — ——0, — ——0 10 —0. ey
1944717 97271927 97272 7 4867173 T 2437¢4)%
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and

z2f'(2)
f@)

=1+az+ (2a3 - a%) 2+ (3a4 - 3aras + ag) z “4.11)
+ (4as — 4azas — 23 + 4azas — a3) 2t + - . (4.12)

Comparing the first four coefficients in (4.10) and (4.11), we obtain
1

ay = 50’1, (413)
1 1
4= 203 = io%, (4.14)
11 1 1
614:—m0'?—ﬁ0'10'2+60'3. (415)
From (4.2) and (4.13), we have
2
las| < 5
Using (4.3) for g = 1/12, thus (4.14) gives
@] = 1 | < 1
613—6 () 120'1_3.

Put A = 9/54, B = -99/1944, then A(2A—-1) = —-0.1111 < B
applying (4.5) to (4.15), we obtain

~0.0509 < A = 0.1666. By

il 1 ‘ 2% 5 9 . < 2
|l == |—-—=—=0| - =002+ 0 —.
R TV A
For sharpness, Theorem 2.1 gives that
1= +J4/(1 + ey’
k, (z) = zexp f dr (zeU,n=1,2,3) (4.16)
0 T

belongs to S7, and
222 5722 72 1612 15177

k(o) =z 4 25 4 2% _ - 4.17
1@ =2t =+ et 3 T 5832 218700 ¢ @.17)
3 5 7
Z z 13z
L S 41
@=z+ 3+ gyt (4.18)
274 777 29710
_e e 12 4.1
@=2t 5 +15 " 2g7 (4.19)
The proof is complete. O

Theorem 4.2. Let f € S;. Then for 6 € C, we have

1 89 -5
|a3—5a§|§§max{l,| z |}.

The sharpness is given by (4.17) and (4.18).

AIMS Mathematics Volume 10, Issue 9, 22445-22470.



22463

Proof. This follows from (4.13) and (4.14), as well as applying (4.4).

Theorem 4.3. Let f € S;. Then

2
aras — a4| < § .
The sharpness is given by (4.19).
Proof. 1t follows from (4.13), (4.14), and (4.15) that
| | O-? +50’10’2 g3 1 90—? 450’10’2+
By — ) = |—+ —— - —| = = |-— — ——— + 03]
U972 54 9| T 9| 972 54 :

Putting A = 45/108 and B = -9/972 , we have A (2A — 1) = -0.069444 < B = -0.009259 < A =

0.416666. Therefore, Lemma 4.2 leads to

laras — as| < 9
Thus, the desired result is achieved, and the proof is complete.
Theorem 4.4. Let f € S;. Then
1
|a2a4 - a§| < § .

The sharpness is given by (4.18).
Proof. Tt follows from (4.13), (4.14), and (4.15) that

970} 50'%0'24_0-10-3 o’
46656 648 27 36|

|a2a4 - Cl§| =
Taking oy = 0 and 7 = |y| in Lemma 4.3,

169 1 1
|a2a4 - a§| = I—MO"I1 - ﬁoﬁ (4 - 0'%) Y+ ——0 (4 - 0'%)7

+ gz (4= 0) (1= b n = (4 - o)

S42226O-4 * 1(1)8 o (4= 077
g 4= el (1-2) s e
=Y (r,0).

Now, we need to maximize Y (7, o), SO

o (r,o) 1 1 1 1 2
% = 5—40'2(4—0'2)T+ T%O-2(4_0-2)_ ﬁa(4—0'2)7+ 7—27'(4—0'2)
= %96 (4 - 0'2) (727’+ 601 — 4801 + 0'2).
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Clearly, it follows that Mé:"r) > 01in [0, 1]. Thus, the maximum value of Y (7, o) is attained when 7 = 1,
yielding:
. 169 13 ) 1 2
T(o):="(,0) = mo' + ﬁd (4—0’)+ m(4—0’ ) .

Now, we want to find the value of o that maximizes Y (o). Therefore,

T (o) = fma(—72 + 5(72) .

After setting it to 0, we obtain the three roots: o = 0, o = =6 V2/5, and o = 6 ¥2/5. Since the only
root within [0, 2] is oo = 0, and T (0) < 0, therefore, the maximum is attained at o = 0, and this gives

1
jaras - a3 < 71,00 = 5.

Thus, the proof is established, affirming the validity of the result. O

The logarithmic coefficients for any function f € S are defined as follows:
log@ =2) &7, 2. (4.20)
< n=1

The reason for this is Theorem 3.1(a) (S; C S), as the logarithmic coefficients can be defined for
f € S;. In the following results, we will present some bounds on the coeflicients for functions that lie
within S7.

Theorem 4.5. Let f € S;. Then,
1
|§I’l| S ~ (n = 1$25 3)'
3n
These bounds are sharp.

Proof. Let f € 8§, then

f@)

1 1
logT = az+ 3 (—a% + 2a3)z2 + 3 (ag - 3aras + 3a4) 2. “4.21)

The equality of (4.20) and (4.21) gives

ay 1

b=" 6= (a3 +2a3), and & = é(ag — 3aya; + 3as). (4.22)
Substituting (4.13), (4.14), and (4.15) into (4.22), we obtain
&= (4.23)
&= % - %j (4.24)
- 11073 _Sopoy o3 (4.25)

"~ 1944 108 18°
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By (4.2) and (4.23), we have
€1l <

W] —

Using (4.3) for g = 5/12, thus (4.24) gives

50'%

12

1

1
&2l =15 | <z

Put A = 90/216, B = 198/1944, then A (2A — 1) = -0.069444 < B = 0.101851 < A = 0.416666.

By applying (4.5) to (4.25), we obtain

|§ | _ 1 1980’? 900’20-1 N - 1
7181044 T 108 T T 9
Since
11 ki(z) z N 2 77 117 . 107 .
Sog—— == -, - ceey
28, T3 36 243 1944 ' 18225
1 l ka(z) 72 . & 78 . 1678 7719 .\
Zlog—— = — p— - ceey
28 T 6 727186 46656 43740
1 k() 22 2 77
LA U S
28 9 " 108 729 "

Thus (4.17), (4.18), and (4.19) give sharp bounds.
Theorem 4.6. Let f € S;. Then for 6 € C, we have

1 46 - 1
& - 6&7| < gmax{l, | '} .

6
The sharpness is given by (4.17) and (4.18).
Proof. This follows from (4.23), (4.24), and (4.4).
Theorem 4.7. Let f € S;. Then |
6162 — &1 < 9
The sharpness is given by (4.19) and (4.28).
Proof. 1t follows from (4.23), (4.24), and (4.15) that

1817776~ 216 R

8903 .\ 3oy 03
7776 216 18

1616, — &l = |—

(4.26)
(4.27)

(4.28)

Putting A = 234/432 and B = 1602/7776 , we have A (2A — 1) = 0.045138 < B = 0.206018 < A =

0.541666. Thus, Lemma 4.2 gives

Oo| —

1616 — &l <

Thus, the proof is finalized.

O
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Theorem 4.8. Let f € S; . Then
@&—§|
The sharpness is given by (4.18) and (4.27).

_36'

Proof. Tt follows from (4.23), (4.24), and (4.25) that

4907 5070y ooz 05
- + -~ :
186624 2592 108 144

c&-al=|-

Taking oy = 0 and 7 = |y| in Lemma 4.3,

|§1§3_§§|:|_182é24“?‘$‘7%(4 oi)y’ * 351827 ot (4-at)y
+%01(4 01)(1—|7|)77—% (4—a§)2|
21 , 1

<Ts6622” " =)
+ ﬁoﬁ (4 - 0'2)‘!' + %0(4 - 0'2) (1 - 72) + %672(4 - (72)
=Y (1,0).

Now, we need to maximize Y (7, o), SO

or(r,o) 1
or 21

60’2 (4 - 0'2)7' + ﬁaz (4 - 0'2) - ﬁa (4 - 0'2) T+ ﬁr@ - 0'2)2

5184 (4 o )(727' + 60T — 4801 + 0.

Clearly, it follows that % > 01n [0, 1]. Thus, the maximum value of Y (t, o) is attained when
7 = 1, yielding:

21 13 1 )
T(0):="(l,0) = g *(4- —(4-07).
(@):=T(,0) = 75537 T 51847 (4-c)+ 576( )

Now, we want to find the value of ¢ that maximizes Y (o). Therefore,

-1
T (o) = mo‘(lZO +4107).

After setting it to 0, we obtain the three roots: o = 0, o = —=2i v30/41, and o = 2i V30/41. Since
the only root within [0, 2] is o = 0, and T (0) < 0, therefore, the maximum is attained at oo = 0, and
this gives

1
616 - 8] < T(1L0) = 2.

Thus, the proof is established, affirming the validity of the result. O
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5. Conclusions

In this paper, we have provided a new geometric domain characterized by a univalent property
with a kidney-like shape, defined using a subordination notion on starlike and convex functions. We
have addressed the main constraints on the coefficients a,, along with Hankel determinants and
logarithms, and carefully examined the sharpness of the obtained results. The importance of this
study lies in its multiple practical applications. The developed mathematical framework can be used
to characterize heat diffusion problems and model fluid motion, in addition to its role in image
processing and geometric shape analysis in computer vision. These results can also be applied to
problems of electromagnetism and electrical potential distribution, as well as to the study of elastic
deformations in elasticity theory. Furthermore, this work opens up avenues for research in complex
dynamics and the study of systems with fractal behavior, giving the results a dual value that combines
theoretical foundations with practical applications.
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