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Abstract: This paper deals with a quasilinear attraction—repulsion chemotaxis system with a source
term of variable logistic type u, = V- (¢(u)Vu) =V - W (u)Vv) + V - (o(u)Vw) + g(u), T1v; = Av —v + u,
—Aw = —w + u in a smooth bounded domain Q c R” (n > 1), and endowed with nonnegative initial
data and homogeneous Neumann boundary conditions. Moreover, the logistic source verifies g(x, s) <

nsk ) — 4™ 5 > 0 with g(x,0) > 0, x € Q, where 7 > 0, u > 0 are constants, k, m are measurable
functions fulfilling 0 < k= := ess (iznfk(x) < k(x) < k' := ess supk(x) < +o0and 1 < m™ :=
*€ XEQ
ess énfm(x) <m(x) <m" := ess supm(x) < +oo, as well as ¢, i, and ¢ are regular functions satisfying
x€ XEQ

c15P < @(s), U(s) < cps?, and g3sl < @(s) < c3s' with p,q,l € R, C1,¢2,65,¢3 > 0and s > 50 > 1.
We show that when ¢ = m~ — 1 and [ < m™ — 1, there exists u* > 0 such that if 4 > y*, then the
corresponding initial-boundary value problem possesses a unique globally bounded classical solution.
Moreover, the same conclusion holds true provided that g < m™ — 1 and [ <m™ — 1 for any u > 0.

Keywords: chemotaxis; attraction—repulsion; nonlinear diffusion; variable logistic source; global
boundedness
Mathematics Subject Classification: 35A01, 35K51, 35K55, 35Q92, 92C17

1. Introduction

In this paper, we study the following quasilinear attraction-repulsion chemotaxis system with a
source term of variable logistic type given by
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u; = V- (p(w)Vu) = V- (m)Vv) + V- (o(w)Vw) + g(u), xeQ, t>0,
TV, =Av—v+u, xeQ, >0,
Tow, = Aw —w + u, xeQ, t>0, (1.1)
ou=0,y=0w=0, x€0Q, t>0,
u(x,0) = up(x), Tv(x,0) = T1vp(x), Tow(x,0) = Towp(x), xeQ

in a bounded and smooth domain Q C R” with n > 1, where 7; > 0, 7o = 0. Herein, u, v, and w denote
the density of cells, the concentrations of the attractive and repulsive chemical signals (chemoattractant
and chemorepellent), respectively. Throughout the paper, we assume that the diffusion function ¢ and
the chemotactic sensitivity functions ¢ and ¢ satisfy

¢y, 0 € C*([0,0)),  ¢(s)>0, fors>0, (1.2)

and

c1s? < P(s), W(s) < crst, g3sl < o(s) < c3s!,  fors > s (1.3)

with p,q,l € R, ¢1,¢2,¢5,¢3 > 0 and so > 1, as well as g is a variable logistic function fulfilling

g€ C'(Qx[0,00), g(x,00>0 and g(x,s) <ns" —pus"™, s>0, Vxe Q (1.4)

withn > 0andu > 0. Letk : Q — [0,00) and m : Q — [2,0) be measurable functions. Define
k~,m™,k*,m"* such that

0<k :=ess (iznfk(x) < k(x) < k' := ess supk(x) < +oo, (1.5
Xe xeQ
and
1 <m :=ess giznfm(x) <m(x) <m" := ess supm(x) < +oo. (1.6)
X€ xeQ

The nonnegative initial data are taken in this way:
up € CA(Q), Be(0,1), t1voeW(Q), r>n. (1.7)

In the absence of the third equation, system (1.1) with ¢(u) = 1, Y(u) = yu, and g = 0 with
X > Oespecially contains the renowned classical Keller—Segel system (see [1]). For parabolic-parabolic
simplification (i.e., 7y = 1) with —co(u + u™) < g(u) < k — pu™ for some co, 0 > 0, k > 0, and m > 1,
it was shown in [2] that model (1.1) possesses a global very weak solution that is uniformly-in-time
bounded in the three-dimensional settings for small enough initial data ||uo||z») and [[Vvo||+q) if the
ratio ﬁ does not exceed a certain value and % <y < m < 2. For the case when g(u) = ku — uu®
with ¢ > 0, the global weak solutions become classical solutions after some time provided that & is
not too large, and there exists an absorbing set if £ > 0 is sufficiently small (see [3]). Otherwise, it
was proved that the classical solution to (1.1) with 7y > 0 is global and bounded if » > 1 and u >
for some constant gy > 0 [4]. On the other hand, when 7, = 0 and —co(u + u™) < g(u) < k — pu™
with some ¢y, > 0, k > 0, and m > 1, the global existence of a very weak solution to model (1.1)
was established for any nonnegative initial data u, € L'(Q) as long as m > 2 — % (cf. [5]). Moreover,
it was asserted in [6] that (1.1) with g(u) < k — uu® for some k,u > 0 admits at least one global
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weak solution for arbitrary ¢ > 0 and spatial dimension, and a globally bounded classical solution was
also studied if u > ’%2)( and n < 2. When cu” < ¢(u), ciu? < Y(u) < cou? and g(u) < ku — uu™
with ¢1,c,u > 0, p,g € R, k > 0 and m > 1, Zhang and Zheng [7] considered a parabolic—parabolic
system (i.e., 7y = 1), where the globally bounded classical solution was derived and the exact way of the
logistic exponent m > 1 affecting the behavior of solutions was presented. Furthermore, concentrating
on the variable logistic sources, the global existence and boundedness of the classical solution to (1.1)
with 7 = 0 [8] or 71 > 0 [9] were obtained. For more relevant results, we refer the reader to [10-12].

A quasilinear attraction—repulsion chemotaxis system seems to make analysis more challenging.
In the absence of logistic sources, an attraction—repulsion system (1.1) with ¢(u) = 1, Y(u) = yu,
@(u) = éu with y,& > 0 and 7, = 7, = 1 was studied, and the global existence of a unique classical
solution in the two-dimensional spaces and the weak solution in the three-dimensional settings was
established in [13] under the assumptions that 0 < (ug, v, wo) € [W°(Q)]? with uy # 0 and & > .
In two dimensions, it was known in [14] that model (1.1) with 7; = 7, = 0 admits globally bounded
solutions whenever y > £ (i.e., attraction prevails over repulsion) and fg up < )%, whereas the finite
time blow-up may occur if fQ Up > )%. Moreover, Tao and Wang [15] proved that (1.1) with 7, =
7, = 1 admits a unique uniformly bounded global solution for arbitrarily large initial data ug if &€ > y
and n = 2, and this global solution converges to the non-trivial stationary solution exponentially.
Furthermore, for higher-dimensional settings (i.e., n > 2), there exists a unique triple (u, v, w) of non-
negative bounded functions that solves (1.1) with 7; = 7, = 0 classically if & > y, while the solution
might blow up in finite time if ¢ < y. For a further extension in the sense that ¢(«) = Dou~? with Dy > 0
and 6 € R, the solution’s behavior is determined by a critical exponent " = % — 1. More precisely,
Lin et al. [16] deduced a globally bounded classical solution to (1.1) with 7y = lTand 7, = 01f 8 < 6"
and n > 2. Additionally, assuming that € is a ball, the radially symmetric weak solution blowing
up at finite time was obtained when 6 = 8" and n = 3. Focusing on a broader version of (1.1) with
d(u) = (u+ 1Y y(u) = yu(u + 1y™!, and @(u) = Eu(u + 1)™~! and replacing the second equation
by v, = Av — f(u)v with 0 < f(u) < Ku® for some K, @ > 0, the constellations of the impacts m,, m,,
and m; of the diffusion and drift terms were identified in [17]. Taking the logistic source into account,
Frassu et al. [18] generalized the results of the previous articles and established other statements, and
the uniformly bounded classical solution to the parabolic—parabolic—elliptic chemotaxis model (i.e.,
71 = 1, 7 = 0) with the nonlinear production and consumption was constructed in [19] when k(x) = 1
and m(x) = m with m > 1. For the parabolic—elliptic—elliptic type with logistic source g(u) < k — pu™
for some k > 0, u > 0, and m > 1, Wang [20] showed that (1.1) with ¢(u) = Dy(u + o)~ with Dy > 0,
o >0, and € > 1 admits a unique global bounded classical solution provided that & > y, or the logistic
dampening is sufficiently strong, or the diffusion is sufficiently strong, and the large-time behavior of
solutions for a specific logistic source was obtained.

Turning our attention to the case of the parabolic—parabolic—elliptic systems (i.e., 7y = 1, 7, = 0)
with logistic source (especially variable type), the relevant literature seems to at a rather fragmentary
stage. Therefore, the objective of the present work is to extend the results in previous papers and to
identify the effect of variable logistic sources on the qualitative behavior of the system. In fact, when
the logistic source and system functions satisfy some sufficient conditions, a unique globally bounded
classical solution to the considered system (1.1) is verified to exist.
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2. Preliminaries

The problem of local solvability to (1.1) for sufficiently smooth initial data can be solved in an
appropriate fixed point framework by means of the methods involving standard parabolic and elliptic
regularity theory. As a matter of fact, one can derive a sufficient condition for extensibility of a given
local-in-time solution. We first give the following lemma (see [21-23] for the proof.)

Lemma 2.1. Let Q Cc R" (n > 1) be a bounded domain with a smooth boundary, ¢,y,¢, and g

comply with the assumptions (1.2)—(1.4) with nonnegative initial data (1.7). Assume thatl < m~ — 1,
k(x) < m(x), Yx € Q, and k™ < m~. Then, there exists Tn.x € (0, 0] such that (1.1) admits a unique
classical solution (u,v,w) fulfilling

u € COQ X [0, Trax)) N CHHQ X [0, Trnax)),
v e CUQ X [0, Tina) N CHH(Q X (0, Trax)) N Ly ([0, Trnax); W (Q)),

loc

w € CUQ X [0, Tinax)) N C*(Q X (0, Trax)) N Ly ([0, Trna); W (Q)).

Moreover, if Thnax < 0, then

lim supl|u(-, 1)l z=q) = oo.
t/'Tmax

On account of the term fQ u?~'Ay is unsigned, we thereby will take advantage of the following
property referred to a variation of Maximal Sobolev Regularity.

Lemma 2.2. Let r € (0, 00). Consider the following evolution equation

=N -C+u, xeQ,t>0,

o¢ =0, x€oQ, t>0, 2.1)
av
{(x,0) = Lo(x), xeQ.

A;) (See [22, Lemma 2.2.]) Let T > 0. For each &, € W*"(Q) (r > n) with %iv" = 0 on 0Q and any
ue L’((0,T); L' (Q)), there exists a unique solution

£ € WH((0,T); L'(Q) N L'((0,T); W (Q)).

Moreover, there exists C, > 0 such that if sy € [0,T), £(-, so) € W>"(Q) (r > n) with % =0, then

T T
f f eI < C, f f e85+ Cyre (I 50l HIALC 50 i)
S0 Q S0 Q

A;j) (See [23, Lemma 3.1.]) Let T = 0. For any nonnegative u € C'(Q), the solution 0 < ¢ € C**(Q)
with 0 < k < 1 of system (2.1) has the following property: For any ¢,oc > 0 and p > 1, there

exists ¢ = ¢(o, p) > 0 satisfying
@fgp“ < (o +70) f utl,
Q Q
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3. Statement and proof of the main result

In this section, we present the statement and proof of our main result, and we begin by stating the
following theorem.

Theorem 3.1. Let Q Cc R" (n > 1) be a bounded domain with a smooth boundary, ¢,y ¢, and g
comply with the assumptions (1.2)—(1.4) with nonnegative initial data (1.7). Assume thatl < m~ — 1,
k(x) < m(x), Vx € Q, and k* < m™. For each of the following cases:

A)) if g = m™ — 1 with u properly large, i.e., u > u* for some u* > 0,

Ay ifg<m — 1 withany u > 0,
then system (1.1) admits a unique global and bounded classical solution (u,v,w) such that

u € CQ x [0, ) N C*(Q x [0, )),
v e CUQ x [0, 00)) N C>'(Q % (0, 0)) N L ([0, 00); WH(Q)),

loc
w € CUQ x [0, 00)) N C(Q2 x (0, 00)) N Ly ([0, 00); W ().
Remark 3.1. From the claim A;) of Theorem 3.1, it is seen that the result is consistent with [7,
Proposition 3.1] when model (1.1) with t; = 1 and g(s) < as — us* reduces to a parabolic—parabolic
chemotaxis system (i.e., w = 0), and also with i) of [8, Theorem 1] when 7, = 0 and w = 0, thus it could
be argued that our work is a generalization of the existing literature. Moreover, our result g < m~ — 1
greatly loosens restrictions g € (k* —1,m™ —1) in [8] and q € (0,m™ — 1) in [9] imposed on chemotactic
sensitivity, and the condition m~ > 1 in (1.6) can be replaced by m~ > 0 when w = 0.

Since the regularity obtained in Lemma 2.2 requires that the initial value satisfy
homogeneous Neumann boundary conditions, we shall perform a small time shift to use any positive
time as the “initial time” to warrant that the boundary condition is achieved naturally. Given
any so € (0, Tmax) N (0,1), by Lemma 2.1, we obtain that (u(-, so), v(-, 50), w(-, 50)) € C>(Q) with

8((9_S()) = w = 0 on 9Q, and there exists an M > 0 such that

sup [lu-, ey < M, sup |[V(-, Hllr=@) < M,

0<35<s9 0<5<s9

sup [[w(, Hllz=) < M, ||AV(-, so)llr=@y < M.

0<5<s0

3.1

First, we consider the critical case of g =m™ — land [ <m™ — 1.

Lemma 3.1. Let the hypotheses of Theorem 3.1 be satisfied. For g = m~ — 1 and any y > 1, if there
exists u* > 0 satisfying u > u*, then

lu(-, Dl < C forallt € (s, Tmax)

with some C = C(m_9 k+9 n,u,cs,C3, l’ Y, Ug, Vo, |Q|) > 0.

Proof. Without loss of generality, we suppose that y > max {1 — g,2 — [} with ¢,/ € R. Testing the first
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equation in (1.1) by #”~! and applying integration by parts and the Young inequality, we obtain

u7<—cl()/—1)fup+7 2|Vu|2+(y—1)f flp(s)s7 st) Vv

-(y- 1)f f QO(S)SY_ZdS) Vw+nf k(-)+y—1 #fum(.)+y_1
Q
(7—1)[ f Y(s)s”~ 2ds Av+(y—1)f f ¢(S)s7—2ds)Aw
+T]fuk(')+7_1 —'ufum(-)ﬂ/—l
Q Q

SM uq+y—1|AV|+(y_l)f(f”‘p(s)sy_zds)(w—u)
q+y-1Ja @ o0

+nfuk(~)+y—1_lufum(-)+y—l
Q Q

La=D Mq+7_1|AV|+C3(y_1)ful+7_1w—£3(7_1)fu’+7
g+y—-1Ja [+y— Q [+vy-

+nfuk(-)+y—1 _quum(-)+y—l

Q Q

<e f m+71+C1f|Av|’"+7]+C ful+7+C3fwl+7
Q Q Q

+ nfuk( )+y-1 _ f m()+y-1 forall ¢t € (SO, Tmax)
Q

with some €, > 0, C; = Ci(m~, 2, €,v,q9) > 0, C, = Cy(c3,y,1) >0, and C3 = Cs(c3,7y,1) > 0. Since
[ < m™ — 1, by employing the Young inequality to the third integral on the right-hand side of (3.2),

one gets
C> f U < e f u" T+ Gy (3.3)
Q Q

for some €, > 0 and C4 = Cy4(m~, c3, €,7%,1) > 0. In order to estimate the fourth integral on the right-
hand side of (3.2), one can deduce from A;) in Lemma 2.2 withp = [+ 7y —-1,{ = w,and ¢ = C;
together with the Young inequality and the condition / < m~ — 1 that for some e > 0 and Cs =

Cs(m™, c3,6,7,0) > 0,
Cs f Wt < (o +©) f Ut < g f Wt 4 Cs. (3.4)
Q Q Q

As for logistic terms, by means of the conditions (1.5) and (1.6), we have

f LOP-T f T f WOl < f |, (3.5)
0 Q

QN{x:u>1} QN{x:u<l1}

1d
ydt

(3.2)

and
Q). (3.6)

5
H
k3

|V~

—

<
N
3
i
Il
S—
S
5\
3
T
—
<
N
3
1
S—
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In view of the hypothesis k* < m™~ and the Young inequality, one infers that for some €, > 0 and C¢ =

Ce(m™,k*",n,&,y) >0,
n f W < g f U™ 4 G (3.7)
Q Q

Substituting (3.3)—(3.7) into (3.2), we attain that for all ¢ € (¢, Tmax)»

1 d m_— — _
“Zlw <o f "ty o f |Av™ 1
vdt Jo 0 0

(3.8)
m_—1 —
~(u-a —|sz|y)fum Ryt
Q
whereél =g t+te6et+teateég >0andC7 :C4+C5+C6+(7]+/.1)|Q| > 0.
On the other hand, by invoking Holder’s and Young’s inequalities, one obtains
B m”_+y-1 - _ —
|Q|mvlfum_+7_1 Z(fuy) [y lfm—m L
Q Q Y Q Y
which in conjunction with (3.8), readily implies that
1 d T+y-1 _
i ) s- - fuy e flAvl’" #y-1
Y Y Q Q 3.9)
m_ -1 —
~(u-a —|Q|w)fu’" 7+ Gy,
Q
where Cg = C7 + %‘] > (. An application of the variation-of-constants formula to (3.9) yields
1 1 o +-Di-sp) _m +y 1)(r 5) vt
— | W(, 1)< —e 7 w(,so) + C ds IAv( s
Y Ja Y Q
- m=—1 ! _(m”+y-D)(=s) 1 _(m”+y=D(1=s)
—(,u—61—|Q| v ) e a1 ds | u" T, s) + Cy 7 ds
0 “ K (3.10)

! _(m~ +y l)(t 5) 4 1
<C ds IAv( HI" T+ Cy
50

m_— ! ("1+ 1)(’ s) _
~(u-a -1 f s W) forall 1€ (50 T
S0 Q

1 ! _ (m”+y=D(t=s)
Co=sup— | W(,H+Cg | e 7 ds
t2s0Y JQ S0

is independent of 7. Next, we employ A;) in Lemma 2.2 to derive that there is a C,,- , > 0 satisfying

t _(m~ +y l)(t s) -4 1
ds IAv( SI™ T

(m”—+y-Dt (m~ +y 1)s (m~ +7—1)A _
SCurpe T f f W sydswTie 1 G sl ).

Wlm +y-1 (Q)

where

(3.11)
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Inserting (3.11) into (3.10), one arrives at

1 ~ ‘ o
;fbly(~,t) < Clcm_,ye—(’" +7—1)(l—30)||v(,’ so)|” +y-1 +Co
Q

W2,m’ +y-1 (Q)
! _
- m_—1 _ m”+y=D(t=s) m+y—1
—(u-a-1Q" —CiCuy) [ € 7 ds | W)
k%) Q

for all 1 € (o, Tmay)- Let 4* = p*(m™, ¢2,7, 4, |Q0) = infz50(& + Q"5 + C,C,5) > 0. It is entailed
that for any p > u”*,

1
—_ f M7(~, l‘) S CIO fOI‘ all te (S()a Tmax)
Y Ja

with C1g = Co+CC,y- e~ Fr=DE=s0)|jy(. S0)||:;_2;Z:yl_l(g)- The proof is complete by recalling Lemma 2.1
and (3.1).
Next, we will establish the similar L estimate for the case of g <m™ —land [ <m™ — 1.

Corollary 3.1. If g < m™ — 1 and | < m™ — 1, then for any vy > 1 and u > 0, there exists a C =
C(m_’ k+, n,u,C2,C3,4, l’ Y, Uo, Vo, |Q|) > 0 such that

[|u(, l)”u(g) <C fOl” all t € (80, Trmax)-

Proof. Without loss of generality, suppose that y > max {l — ¢,2 — [} with g,/ € R. Since g <m™ — 1,
manipulating the terms on the right-hand side of (3.2) involving |Av| leads to

QO =D grepy <A( f

Wy f A" ) + CplQ
g+yv-1Ja Q Q

with some 4 > 0 and C;; > 0. The remaining procedures are similar to the proof of
Lemma 3.1 (i.e., (3.2)—(3.11)), we can assert that

WZ,nF +y-1 (Q)

- m_—1 4 _(m”+y=D)(t=s) - ty—]
- (,u -6 -A-1Q v - /lCmf,y) e g ds | u" 7, 8)
Q

S0

1 _ (T +y=1)(1=s0) i y-1
5 w(,t) < AC,-,e G so)ll +Cnp
Q

for all 1 € (59, Trmax), Where & = € + €5 + ¢ and

! - Dir—s
Cio=supClQ | e 7 ds+Co
=50 50
is independent of 7. Letting &, A be sufficiently small and y be arbitrarily large, one can deduce that
U—&—A- |Q|% — AC,,-, > 0 for any u > 0. The proof of Corollary 3.1 is thereby finished.
Finally, we invoke the standard Alikakos—Moser iteration to obtain the boundedness of (u, v, w).

Proof of Theorem 3.1. In line with Moser’s iteration [24, Lemma A.1], we assert that there is yg > n >0,
determined via (A.8)—(A.10) in Lemma A.1 of [24], such that if

(-, Dllzr ) < o0 (3.12)
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for all y > y and ¢ € (so, Thmax); then there exists Cy > 0 fulfilling
(-, Dllz=@) < Co  forall 7 € (5o, Tinax)-

Actually, (3.12) ensures that Vv and Vw are bounded. It is not difficult to verify that all assumptions
of Lemma A.1 are satisfied. Noticing that (3.12) is warranted by Lemma 3.1 and Corollary 3.1, we
then derive from (3.1) that u is bounded in (0, T,.«). Furthermore, the boundedness of v and w can be
achieved by the standard parabolic and elliptic regularity. Consequently, the statement of Lemma 2.1
entails that (u, v, w) is globally bounded.

4. Conclusions

In this paper, we establish rigorous criteria ensuring the global existence and boundedness of the
classical solution to a complex quasilinear attraction-repulsion chemotaxis system with a variable
logistic source. The critical interplay between the degradation strength u, the chemotactic sensitivities
governed by the exponents g and /, and the lower bound m~ of the degradation exponent m(x) is
precisely characterized. From the perspective of blow-up prevention, the rigorous proof that sufficiently
strong degradation (controlled by u) and sufficiently weak attraction sensitivity (controlled by ¢g) can
enforce the boundedness of the classical solution and avoid cell aggregation provides crucial predictive
power. Our results extend the theory for chemotaxis systems by successfully incorporating spatially
variable exponents in the logistic source and nonlinear diffusion.

From the standpoint of practical applications, system (1.1), including nonlinear diffusion, is
a generalization of the parabolic—parabolic—elliptic version, which might be used to describe the
aggregation of microglia observed in Alzheimer’s disease (cf. [25]) to a certain extent. Moreover,
the variable logistic source realistically captures spatially heterogeneous proliferation and crowding
effects, relevant in contexts like tumor invasion, disease infection, or population dynamics within non-
uniform environments. Our study provides a theoretical basis for regulating biological population
dynamics, and our results mean that the model solutions remain biologically bounded under the
identified parameter regimes, which might offer quantitative guidance for practical issues such as
maintaining ecological balance and disease treatment.

On the other hand, it is important to consider the impact of stochastic noise on the dynamics of
chemotaxis systems, as environmental fluctuations are ubiquitous in biological contexts. Recent works
have developed powerful methodologies for analyzing complex stochastic systems, including mean-
field stochastic differential equations driven by G-Brownian motion [26] and event-triggered control
for stability of stochastic delay systems with Lévy noise [27]. Extending the deterministic model (1.1)
to incorporate stochastic perturbations represents a significant and challenging direction for future
research (e.g., defining stochastic integrals with the nonlinear sensitivities, handling multiplicative
noise, proving existence and uniqueness for stochastic differential equations with chemotactic terms,
and establishing stabilization and noise-induced transition results).
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