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Abstract: This paper deals with a quasilinear attraction–repulsion chemotaxis system with a source
term of variable logistic type ut = ∇ · (φ(u)∇u) − ∇ · (ψ(u)∇v) +∇ · (ϕ(u)∇w) + g(u), τ1vt = ∆v − v + u,
−∆w = −w + u in a smooth bounded domain Ω ⊂ Rn (n ≥ 1), and endowed with nonnegative initial
data and homogeneous Neumann boundary conditions. Moreover, the logistic source verifies g(x, s) ≤
ηsk(x) − µsm(x), s > 0 with g(x, 0) ≥ 0, x ∈ Ω, where η ≥ 0, µ > 0 are constants, k,m are measurable
functions fulfilling 0 ≤ k− := ess inf

x∈Ω
k(x) ≤ k(x) ≤ k+ := ess sup

x∈Ω
k(x) < +∞ and 1 < m− :=

ess inf
x∈Ω

m(x) ≤ m(x) ≤ m+ := ess sup
x∈Ω

m(x) < +∞, as well as φ, ψ, and ϕ are regular functions satisfying

c1sp ≤ φ(s), ψ(s) ≤ c2sq, and c3sl ≤ ϕ(s) ≤ c3sl with p, q, l ∈ R, c1, c2, c3, c3 > 0 and s ≥ s0 > 1.
We show that when q = m− − 1 and l ≤ m− − 1, there exists µ∗ > 0 such that if µ > µ∗, then the
corresponding initial-boundary value problem possesses a unique globally bounded classical solution.
Moreover, the same conclusion holds true provided that q < m− − 1 and l ≤ m− − 1 for any µ > 0.

Keywords: chemotaxis; attraction–repulsion; nonlinear diffusion; variable logistic source; global
boundedness
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1. Introduction

In this paper, we study the following quasilinear attraction–repulsion chemotaxis system with a
source term of variable logistic type given by
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

ut = ∇ · (φ(u)∇u) − ∇ · (ψ(u)∇v) + ∇ · (ϕ(u)∇w) + g(u), x ∈ Ω, t > 0,
τ1vt = ∆v − v + u, x ∈ Ω, t > 0,
τ2wt = ∆w − w + u, x ∈ Ω, t > 0,
∂νu = ∂νv = ∂νw = 0, x ∈ ∂Ω, t > 0,
u(x, 0) = u0(x), τ1v(x, 0) = τ1v0(x), τ2w(x, 0) = τ2w0(x), x ∈ Ω

(1.1)

in a bounded and smooth domain Ω ⊂ Rn with n ≥ 1, where τ1 > 0, τ2 = 0. Herein, u, v, and w denote
the density of cells, the concentrations of the attractive and repulsive chemical signals (chemoattractant
and chemorepellent), respectively. Throughout the paper, we assume that the diffusion function φ and
the chemotactic sensitivity functions ψ and ϕ satisfy

φ, ψ, ϕ ∈ C2([0,∞)), φ(s) > 0, for s ≥ 0, (1.2)

and
c1sp ≤ φ(s), ψ(s) ≤ c2sq, c3sl ≤ ϕ(s) ≤ c3sl, for s ≥ s0 (1.3)

with p, q, l ∈ R, c1, c2, c3, c3 > 0 and s0 ≥ 1, as well as g is a variable logistic function fulfilling

g ∈ C1(Ω̄ × [0,∞)), g(x, 0) ≥ 0 and g(x, s) ≤ ηsk(x) − µsm(x), s > 0, ∀x ∈ Ω (1.4)

with η ≥ 0 and µ > 0. Let k : Ω → [0,∞) and m : Ω → [2,∞) be measurable functions. Define
k−,m−, k+,m+ such that

0 ≤ k− := ess inf
x∈Ω

k(x) ≤ k(x) ≤ k+ := ess sup
x∈Ω

k(x) < +∞, (1.5)

and
1 < m− := ess inf

x∈Ω
m(x) ≤ m(x) ≤ m+ := ess sup

x∈Ω
m(x) < +∞. (1.6)

The nonnegative initial data are taken in this way:

u0 ∈ Cβ(Ω̄), β ∈ (0, 1), τ1v0 ∈ W1,r(Ω), r > n. (1.7)

In the absence of the third equation, system (1.1) with φ(u) ≡ 1, ψ(u) = χu, and g ≡ 0 with
χ > 0 especially contains the renowned classical Keller–Segel system (see [1]). For parabolic-parabolic
simplification (i.e., τ1 = 1) with −c0(u + um) ≤ g(u) ≤ k − µum for some c0, µ > 0, k ≥ 0, and m > 1,
it was shown in [2] that model (1.1) possesses a global very weak solution that is uniformly-in-time
bounded in the three-dimensional settings for small enough initial data ‖u0‖Lγ(Ω) and ‖∇v0‖L4(Ω) if the
ratio k

µ
does not exceed a certain value and 9

5 < γ < m < 2. For the case when g(u) = ku − µu2

with µ > 0, the global weak solutions become classical solutions after some time provided that k is
not too large, and there exists an absorbing set if k > 0 is sufficiently small (see [3]). Otherwise, it
was proved that the classical solution to (1.1) with τ1 > 0 is global and bounded if n ≥ 1 and µ > µ0

for some constant µ0 > 0 [4]. On the other hand, when τ1 = 0 and −c0(u + um) ≤ g(u) ≤ k − µum

with some c0, µ > 0, k ≥ 0, and m > 1, the global existence of a very weak solution to model (1.1)
was established for any nonnegative initial data u0 ∈ L1(Ω) as long as m > 2 − 1

n (cf. [5]). Moreover,
it was asserted in [6] that (1.1) with g(u) ≤ k − µu2 for some k, µ > 0 admits at least one global
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weak solution for arbitrary µ > 0 and spatial dimension, and a globally bounded classical solution was
also studied if µ > n−2

n χ and n ≤ 2. When c1up ≤ φ(u), c1uq ≤ ψ(u) ≤ c2uq and g(u) ≤ ku − µum

with c1, c2, µ > 0, p, q ∈ R, k ≥ 0 and m > 1, Zhang and Zheng [7] considered a parabolic–parabolic
system (i.e., τ1 = 1), where the globally bounded classical solution was derived and the exact way of the
logistic exponent m > 1 affecting the behavior of solutions was presented. Furthermore, concentrating
on the variable logistic sources, the global existence and boundedness of the classical solution to (1.1)
with τ1 = 0 [8] or τ1 > 0 [9] were obtained. For more relevant results, we refer the reader to [10–12].

A quasilinear attraction–repulsion chemotaxis system seems to make analysis more challenging.
In the absence of logistic sources, an attraction–repulsion system (1.1) with φ(u) ≡ 1, ψ(u) = χu,
ϕ(u) = ξu with χ, ξ > 0 and τ1 = τ2 = 1 was studied, and the global existence of a unique classical
solution in the two-dimensional spaces and the weak solution in the three-dimensional settings was
established in [13] under the assumptions that 0 ≤ (u0, v0,w0) ∈ [W1,∞(Ω)]3 with u0 . 0 and ξ > χ.
In two dimensions, it was known in [14] that model (1.1) with τ1 = τ2 = 0 admits globally bounded
solutions whenever χ > ξ (i.e., attraction prevails over repulsion) and

∫
Ω

u0 <
4π
χ−ξ

, whereas the finite
time blow-up may occur if

∫
Ω

u0 >
4π
χ−ξ

. Moreover, Tao and Wang [15] proved that (1.1) with τ1 =

τ2 = 1 admits a unique uniformly bounded global solution for arbitrarily large initial data u0 if ξ > χ

and n = 2, and this global solution converges to the non-trivial stationary solution exponentially.
Furthermore, for higher-dimensional settings (i.e., n ≥ 2), there exists a unique triple (u, v,w) of non-
negative bounded functions that solves (1.1) with τ1 = τ2 = 0 classically if ξ > χ, while the solution
might blow up in finite time if ξ < χ. For a further extension in the sense that φ(u) = D0u−θ with D0 > 0
and θ ∈ R, the solution’s behavior is determined by a critical exponent θ∗ = 2

n − 1. More precisely,
Lin et al. [16] deduced a globally bounded classical solution to (1.1) with τ1 = 1 and τ2 = 0 if θ < θ∗

and n ≥ 2. Additionally, assuming that Ω is a ball, the radially symmetric weak solution blowing
up at finite time was obtained when θ = θ∗ and n = 3. Focusing on a broader version of (1.1) with
φ(u) = (u + 1)m1−1, ψ(u) = χu(u + 1)m2−1, and ϕ(u) = ξu(u + 1)m3−1 and replacing the second equation
by vt = ∆v − f (u)v with 0 ≤ f (u) ≤ Kuα for some K, α > 0, the constellations of the impacts m1, m2,
and m3 of the diffusion and drift terms were identified in [17]. Taking the logistic source into account,
Frassu et al. [18] generalized the results of the previous articles and established other statements, and
the uniformly bounded classical solution to the parabolic–parabolic–elliptic chemotaxis model (i.e.,
τ1 = 1, τ2 = 0) with the nonlinear production and consumption was constructed in [19] when k(x) ≡ 1
and m(x) ≡ m with m > 1. For the parabolic–elliptic–elliptic type with logistic source g(u) ≤ k − µum

for some k ≥ 0, µ > 0, and m > 1, Wang [20] showed that (1.1) with φ(u) = D0(u + σ)θ−1 with D0 > 0,
σ ≥ 0, and θ ≥ 1 admits a unique global bounded classical solution provided that ξ > χ, or the logistic
dampening is sufficiently strong, or the diffusion is sufficiently strong, and the large-time behavior of
solutions for a specific logistic source was obtained.

Turning our attention to the case of the parabolic–parabolic–elliptic systems (i.e., τ1 = 1, τ2 = 0)
with logistic source (especially variable type), the relevant literature seems to at a rather fragmentary
stage. Therefore, the objective of the present work is to extend the results in previous papers and to
identify the effect of variable logistic sources on the qualitative behavior of the system. In fact, when
the logistic source and system functions satisfy some sufficient conditions, a unique globally bounded
classical solution to the considered system (1.1) is verified to exist.
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2. Preliminaries

The problem of local solvability to (1.1) for sufficiently smooth initial data can be solved in an
appropriate fixed point framework by means of the methods involving standard parabolic and elliptic
regularity theory. As a matter of fact, one can derive a sufficient condition for extensibility of a given
local-in-time solution. We first give the following lemma (see [21–23] for the proof.)

Lemma 2.1. Let Ω ⊂ Rn (n ≥ 1) be a bounded domain with a smooth boundary, φ, ψ, ϕ, and g
comply with the assumptions (1.2)–(1.4) with nonnegative initial data (1.7). Assume that l ≤ m− − 1,
k(x) < m(x), ∀x ∈ Ω, and k+ < m−. Then, there exists Tmax ∈ (0,∞] such that (1.1) admits a unique
classical solution (u, v,w) fulfilling

u ∈ C0(Ω̄ × [0,Tmax)) ∩C2,1(Ω̄ × [0,Tmax)),
v ∈ C0(Ω̄ × [0,Tmax)) ∩C2,1(Ω̄ × (0,Tmax)) ∩ L∞loc([0,Tmax); W1,r(Ω)),
w ∈ C0(Ω̄ × [0,Tmax)) ∩C2,0(Ω̄ × (0,Tmax)) ∩ L∞loc([0,Tmax); W1,r(Ω)).

Moreover, if Tmax < ∞, then
lim sup

t↗Tmax

‖u(·, t)‖L∞(Ω) = ∞.

On account of the term
∫

Ω
uq+γ−1∆v is unsigned, we thereby will take advantage of the following

property referred to a variation of Maximal Sobolev Regularity.

Lemma 2.2. Let r ∈ (0,∞). Consider the following evolution equation
τζt = ∆ζ − ζ + u, x ∈ Ω, t > 0,
∂ζ

∂ν
= 0, x ∈ ∂Ω, t > 0,

ζ(x, 0) = ζ0(x), x ∈ Ω.

(2.1)

Ai) (See [22, Lemma 2.2.]) Let τ > 0. For each ζ0 ∈ W2,r(Ω) (r > n) with ∂ζ0
∂ν

= 0 on ∂Ω and any
u ∈ Lr((0,T ); Lr(Ω)), there exists a unique solution

ζ ∈ W1,r((0,T ); Lr(Ω)) ∩ Lr((0,T ); W2,r(Ω)).

Moreover, there exists Cr > 0 such that if s0 ∈ [0,T ), ζ(·, s0) ∈ W2,r(Ω) (r > n) with ∂ζ(·,s0)
∂ν

= 0, then∫ T

s0

∫
Ω

e
r
τ s|∆ζ |r ≤ Cr

∫ T

s0

∫
Ω

e
r
τ sur + Crτe

r
τ s0(‖ζ(·, s0)‖rLr(Ω)+‖∆ζ(·, s0)‖rLr(Ω)).

Aii) (See [23, Lemma 3.1.]) Let τ = 0. For any nonnegative u ∈ C1(Ω̄), the solution 0 ≤ ζ ∈ C2,κ(Ω̄)
with 0 < κ < 1 of system (2.1) has the following property: For any ĉ, σ > 0 and ρ > 1, there
exists c̃ = c̃(σ, ρ) > 0 satisfying

ĉ
∫

Ω

ζρ+1 ≤ (σ + c̃)
∫

Ω

uρ+1.
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3. Statement and proof of the main result

In this section, we present the statement and proof of our main result, and we begin by stating the
following theorem.

Theorem 3.1. Let Ω ⊂ Rn (n ≥ 1) be a bounded domain with a smooth boundary, φ, ψ, ϕ, and g
comply with the assumptions (1.2)–(1.4) with nonnegative initial data (1.7). Assume that l ≤ m− − 1,
k(x) < m(x), ∀x ∈ Ω, and k+ < m−. For each of the following cases:

Ai) if q = m− − 1 with µ properly large, i.e., µ > µ∗ for some µ∗ > 0,
Aii) if q < m− − 1 with any µ > 0,

then system (1.1) admits a unique global and bounded classical solution (u, v,w) such that
u ∈ C0(Ω̄ × [0,∞)) ∩C2,1(Ω̄ × [0,∞)),
v ∈ C0(Ω̄ × [0,∞)) ∩C2,1(Ω̄ × (0,∞)) ∩ L∞loc([0,∞); W1,r(Ω)),
w ∈ C0(Ω̄ × [0,∞)) ∩C2,0(Ω̄ × (0,∞)) ∩ L∞loc([0,∞); W1,r(Ω)).

Remark 3.1. From the claim Ai) of Theorem 3.1, it is seen that the result is consistent with [7,
Proposition 3.1] when model (1.1) with τ1 = 1 and g(s) ≤ as − µsk reduces to a parabolic–parabolic
chemotaxis system (i.e., w ≡ 0), and also with i) of [8, Theorem 1] when τ1 = 0 and w ≡ 0; thus it could
be argued that our work is a generalization of the existing literature. Moreover, our result q < m− − 1
greatly loosens restrictions q ∈ (k+−1,m−−1) in [8] and q ∈ (0,m−−1) in [9] imposed on chemotactic
sensitivity, and the condition m− > 1 in (1.6) can be replaced by m− ≥ 0 when w ≡ 0.

Since the regularity obtained in Lemma 2.2 requires that the initial value satisfy
homogeneous Neumann boundary conditions, we shall perform a small time shift to use any positive
time as the “initial time” to warrant that the boundary condition is achieved naturally. Given
any s0 ∈ (0,Tmax) ∩ (0, 1), by Lemma 2.1, we obtain that (u(·, s0), v(·, s0),w(·, s0)) ∈ C2(Ω̄) with
∂v(·,s0)
∂ν

=
∂w(·,s0)
∂ν

= 0 on ∂Ω, and there exists an M > 0 such that

sup
0≤s̄≤s0

‖u(·, s̄)‖L∞(Ω) ≤ M, sup
0≤s̄≤s0

‖v(·, s̄)‖L∞(Ω) ≤ M,

sup
0≤s̄≤s0

‖w(·, s̄)‖L∞(Ω) ≤ M, ‖∆v(·, s0)‖L∞(Ω) ≤ M.
(3.1)

First, we consider the critical case of q = m− − 1 and l ≤ m− − 1.

Lemma 3.1. Let the hypotheses of Theorem 3.1 be satisfied. For q = m− − 1 and any γ > 1, if there
exists µ∗ > 0 satisfying µ > µ∗, then

‖u(·, t)‖Lγ(Ω) ≤ C for all t ∈ (s0,Tmax)

with some C = C(m−, k+, η, µ, c2, c3, l, γ, u0, v0, |Ω|) > 0.

Proof. Without loss of generality, we suppose that γ > max {1 − q, 2 − l} with q, l ∈ R. Testing the first
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equation in (1.1) by uγ−1 and applying integration by parts and the Young inequality, we obtain

1
γ

d
dt

∫
Ω

uγ ≤ − c1(γ − 1)
∫

Ω

up+γ−2|∇u|2 + (γ − 1)
∫

Ω

∇
( ∫ u

0
ψ(s)sγ−2 ds

)
· ∇v

− (γ − 1)
∫

Ω

∇
( ∫ u

0
ϕ(s)sγ−2 ds

)
· ∇w + η

∫
Ω

uk(·)+γ−1 − µ

∫
Ω

um(·)+γ−1

≤ − (γ − 1)
∫

Ω

( ∫ u

0
ψ(s)sγ−2 ds

)
∆v + (γ − 1)

∫
Ω

( ∫ u

0
ϕ(s)sγ−2 ds

)
∆w

+ η

∫
Ω

uk(·)+γ−1 − µ

∫
Ω

um(·)+γ−1

≤
c2(γ − 1)
q + γ − 1

∫
Ω

uq+γ−1|∆v| + (γ − 1)
∫

Ω

( ∫ u

0
ϕ(s)sγ−2 ds

)
(w − u)

+ η

∫
Ω

uk(·)+γ−1 − µ

∫
Ω

um(·)+γ−1

≤
c2(γ − 1)
q + γ − 1

∫
Ω

uq+γ−1|∆v| +
c3(γ − 1)
l + γ − 1

∫
Ω

ul+γ−1w −
c3(γ − 1)
l + γ − 1

∫
Ω

ul+γ

+ η

∫
Ω

uk(·)+γ−1 − µ

∫
Ω

um(·)+γ−1

≤ ε1

∫
Ω

um−+γ−1 + C1

∫
Ω

|∆v|m
−+γ−1 + C2

∫
Ω

ul+γ + C3

∫
Ω

wl+γ

+ η

∫
Ω

uk(·)+γ−1 − µ

∫
Ω

um(·)+γ−1 for all t ∈ (s0,Tmax)

(3.2)

with some ε1 > 0, C1 = C1(m−, c2, ε1, γ, q) > 0, C2 = C2(c3, γ, l) > 0, and C3 = C3(c3, γ, l) > 0. Since
l ≤ m− − 1, by employing the Young inequality to the third integral on the right-hand side of (3.2),
one gets

C2

∫
Ω

ul+γ ≤ ε2

∫
Ω

um−+γ−1 + C4 (3.3)

for some ε2 > 0 and C4 = C4(m−, c3, ε2, γ, l) > 0. In order to estimate the fourth integral on the right-
hand side of (3.2), one can deduce from Aii) in Lemma 2.2 with ρ = l + γ − 1, ζ = w, and ĉ = C3

together with the Young inequality and the condition l ≤ m− − 1 that for some ε3 > 0 and C5 =

C5(m−, c3, ε3, γ, l) > 0,

C3

∫
Ω

wl+γ ≤ (σ + c̃)
∫

Ω

ul+γ ≤ ε3

∫
Ω

um−+γ−1 + C5. (3.4)

As for logistic terms, by means of the conditions (1.5) and (1.6), we have∫
Ω

uk(·)+γ−1 =

∫
Ω∩{x:u≥1}

uk(·)+γ−1 +

∫
Ω∩{x:u<1}

uk(·)+γ−1 ≤

∫
Ω

uk++γ−1 + |Ω|, (3.5)

and ∫
Ω

um(·)+γ−1 ≥

∫
Ω∩{x:u≥1}

um−+γ−1 =

∫
Ω

um−+γ−1 −

∫
Ω∩{x:u<1}

um−+γ−1 ≥

∫
Ω

um−+γ−1 − |Ω|. (3.6)
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In view of the hypothesis k+ < m− and the Young inequality, one infers that for some ε4 > 0 and C6 =

C6(m−, k+, η, ε4, γ) > 0,

η

∫
Ω

uk++γ−1 ≤ ε4

∫
Ω

um−+γ−1 + C6. (3.7)

Substituting (3.3)–(3.7) into (3.2), we attain that for all t ∈ (s0,Tmax),

1
γ

d
dt

∫
Ω

uγ ≤ − |Ω|
m−−1
γ

∫
Ω

um−+γ−1 + C1

∫
Ω

|∆v|m
−+γ−1

−
(
µ − ε̃1 − |Ω|

m−−1
γ

) ∫
Ω

um−+γ−1 + C7,

(3.8)

where ε̃1 = ε1 + ε2 + ε3 + ε4 > 0 and C7 = C4 + C5 + C6 + (η + µ)|Ω| > 0.
On the other hand, by invoking Hölder’s and Young’s inequalities, one obtains

|Ω|
m−−1
γ

∫
Ω

um−+γ−1 ≥
( ∫

Ω

uγ
)m−+γ−1

γ
≥

m− + γ − 1
γ

∫
Ω

uγ −
m− − 1
γ

,

which in conjunction with (3.8), readily implies that

1
γ

d
dt

∫
Ω

uγ ≤ −
m− + γ − 1

γ

∫
Ω

uγ + C1

∫
Ω

|∆v|m
−+γ−1

−
(
µ − ε̃1 − |Ω|

m−−1
γ

) ∫
Ω

um−+γ−1 + C8,

(3.9)

where C8 = C7 + m−−1
γ

> 0. An application of the variation-of-constants formula to (3.9) yields

1
γ

∫
Ω

uγ(·, t) ≤
1
γ

e−
(m−+γ−1)(t−s0)

τ1

∫
Ω

uγ(·, s0) + C1

∫ t

s0

e−
(m−+γ−1)(t−s)

τ1 ds
∫

Ω

|∆v(·, s)|m
−+γ−1

−
(
µ − ε̃1 − |Ω|

m−−1
γ

) ∫ t

s0

e−
(m−+γ−1)(t−s)

τ1 ds
∫

Ω

um−+γ−1(·, s) + C8

∫ t

s0

e−
(m−+γ−1)(t−s)

τ1 ds

≤ C1

∫ t

s0

e−
(m−+γ−1)(t−s)

τ1 ds
∫

Ω

|∆v(·, s)|m
−+γ−1 + C9

−
(
µ − ε̃1 − |Ω|

m−−1
γ

) ∫ t

s0

e−
(m−+γ−1)(t−s)

τ1 ds
∫

Ω

um−+γ−1(·, s) for all t ∈ (s0,Tmax),

(3.10)

where

C9 = sup
t≥s0

1
γ

∫
Ω

uγ(·, t) + C8

∫ t

s0

e−
(m−+γ−1)(t−s)

τ1 ds

is independent of t. Next, we employ Ai) in Lemma 2.2 to derive that there is a Cm−,γ > 0 satisfying∫ t

s0

e−
(m−+γ−1)(t−s)

τ1 ds
∫

Ω

|∆v(·, s)|m
−+γ−1

≤ Cm−,γe
−

(m−+γ−1)t
τ1

( ∫ t

s0

∫
Ω

e
(m−+γ−1)s

τ1 um−+γ−1(·, s) ds + τ1e
(m−+γ−1)s0

τ1 ‖v(·, s0)‖m
−+γ−1

W2,m−+γ−1(Ω)

)
.

(3.11)
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Inserting (3.11) into (3.10), one arrives at

1
γ

∫
Ω

uγ(·, t) ≤ C1Cm−,γe−(m−+γ−1)(t−s0)‖v(·, s0)‖m
−+γ−1

W2,m−+γ−1(Ω)
+ C9

−
(
µ − ε̃1 − |Ω|

m−−1
γ −C1Cm−,γ

) ∫ t

s0

e−
(m−+γ−1)(t−s)

τ1 ds
∫

Ω

um−+γ−1(·, s)

for all t ∈ (s0,Tmax). Let µ∗ = µ∗(m−, c2, γ, q, |Ω|) = inf ε̃1>0(ε̃1 + |Ω|
m−−1
γ + C1Cm−,γ) > 0. It is entailed

that for any µ > µ∗,
1
γ

∫
Ω

uγ(·, t) ≤ C10 for all t ∈ (s0,Tmax)

with C10 = C9+C1Cm−,γe−(m−+γ−1)(t−s0)‖v(·, s0)‖m
−+γ−1

W2,m−+γ−1(Ω)
. The proof is complete by recalling Lemma 2.1

and (3.1).
Next, we will establish the similar Lγ estimate for the case of q < m− − 1 and l ≤ m− − 1.

Corollary 3.1. If q < m− − 1 and l ≤ m− − 1, then for any γ > 1 and µ > 0, there exists a C =

C(m−, k+, η, µ, c2, c3, q, l, γ, u0, v0, |Ω|) > 0 such that

‖u(·, t)‖Lγ(Ω) ≤ C for all t ∈ (s0,Tmax).

Proof. Without loss of generality, suppose that γ > max {1 − q, 2 − l} with q, l ∈ R. Since q < m− − 1,
manipulating the terms on the right-hand side of (3.2) involving |∆v| leads to

c2(γ − 1)
q + γ − 1

∫
Ω

uq+γ−1|∆v| ≤ λ
( ∫

Ω

um−+γ−1 +

∫
Ω

|∆v|m
−+γ−1

)
+ C11|Ω|

with some λ > 0 and C11 > 0. The remaining procedures are similar to the proof of
Lemma 3.1 (i.e., (3.2)–(3.11)), we can assert that

1
γ

∫
Ω

uγ(·, t) ≤ λCm−,γe
−

(m−+γ−1)(t−s0)
τ1 ‖v(·, s0)‖m

−+γ−1
W2,m−+γ−1(Ω)

+ C12

−
(
µ − ε̃2 − λ − |Ω|

m−−1
γ − λCm−,γ

) ∫ t

s0

e−
(m−+γ−1)(t−s)

τ1 ds
∫

Ω

um−+γ−1(·, s)

for all t ∈ (s0,Tmax), where ε̃2 = ε2 + ε3 + ε4 and

C12 = sup
t≥s0

C11|Ω|

∫ t

s0

e−
(m−+γ−1)(t−s)

τ1 ds + C9

is independent of t. Letting ε̃2, λ be sufficiently small and γ be arbitrarily large, one can deduce that
µ − ε̃2 − λ − |Ω|

m−−1
γ − λCm−,γ > 0 for any µ > 0. The proof of Corollary 3.1 is thereby finished.

Finally, we invoke the standard Alikakos–Moser iteration to obtain the boundedness of (u, v,w).
Proof of Theorem 3.1. In line with Moser’s iteration [24, Lemma A.1], we assert that there is γ0 > n > 0,
determined via (A.8)–(A.10) in Lemma A.1 of [24], such that if

‖u(·, t)‖Lγ(Ω) ≤ ∞ (3.12)
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for all γ > γ0 and t ∈ (s0,Tmax); then there exists C0 > 0 fulfilling

‖u(·, t)‖L∞(Ω) ≤ C0 for all t ∈ (s0,Tmax).

Actually, (3.12) ensures that ∇v and ∇w are bounded. It is not difficult to verify that all assumptions
of Lemma A.1 are satisfied. Noticing that (3.12) is warranted by Lemma 3.1 and Corollary 3.1, we
then derive from (3.1) that u is bounded in (0,Tmax). Furthermore, the boundedness of v and w can be
achieved by the standard parabolic and elliptic regularity. Consequently, the statement of Lemma 2.1
entails that (u, v,w) is globally bounded.

4. Conclusions

In this paper, we establish rigorous criteria ensuring the global existence and boundedness of the
classical solution to a complex quasilinear attraction-repulsion chemotaxis system with a variable
logistic source. The critical interplay between the degradation strength µ, the chemotactic sensitivities
governed by the exponents q and l, and the lower bound m− of the degradation exponent m(x) is
precisely characterized. From the perspective of blow-up prevention, the rigorous proof that sufficiently
strong degradation (controlled by µ) and sufficiently weak attraction sensitivity (controlled by q) can
enforce the boundedness of the classical solution and avoid cell aggregation provides crucial predictive
power. Our results extend the theory for chemotaxis systems by successfully incorporating spatially
variable exponents in the logistic source and nonlinear diffusion.

From the standpoint of practical applications, system (1.1), including nonlinear diffusion, is
a generalization of the parabolic–parabolic–elliptic version, which might be used to describe the
aggregation of microglia observed in Alzheimer’s disease (cf. [25]) to a certain extent. Moreover,
the variable logistic source realistically captures spatially heterogeneous proliferation and crowding
effects, relevant in contexts like tumor invasion, disease infection, or population dynamics within non-
uniform environments. Our study provides a theoretical basis for regulating biological population
dynamics, and our results mean that the model solutions remain biologically bounded under the
identified parameter regimes, which might offer quantitative guidance for practical issues such as
maintaining ecological balance and disease treatment.

On the other hand, it is important to consider the impact of stochastic noise on the dynamics of
chemotaxis systems, as environmental fluctuations are ubiquitous in biological contexts. Recent works
have developed powerful methodologies for analyzing complex stochastic systems, including mean-
field stochastic differential equations driven by G-Brownian motion [26] and event-triggered control
for stability of stochastic delay systems with Lévy noise [27]. Extending the deterministic model (1.1)
to incorporate stochastic perturbations represents a significant and challenging direction for future
research (e.g., defining stochastic integrals with the nonlinear sensitivities, handling multiplicative
noise, proving existence and uniqueness for stochastic differential equations with chemotactic terms,
and establishing stabilization and noise-induced transition results).
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