AIMS Mathematics, 10(8): 19845-19866.
DOI: 10.3934/math.2025885
ATMS Mathematics Received: 08 March 2025

Revised: 30 June 2025

Accepted: 29 July 2025
https://www.aimspress.com/journal/Math Published: 28 August 2025

Research article

A new investigation of impulsive fractional stochastic delayed systems in the
framework of (6, y)-Hilfer derivative and Lévy processes

A. M. Sayed Ahmed', Hamdy M. Ahmed**, Taher A. Nofal’, Soliman Alkhatib* and Hisham H.
Hussein’

! Department of Mathematics and Computer Science, Faculty of Science, Alexandria University,

Alexandria, Egypt

Department of Physics and Engineering Mathematics, Higher Institute of Engineering, El-Shorouk
Academy, El-Shorouk City, Cairo, Egypt

3 Department of Mathematics, College of Science, Taif University, P.O. Box 11099, Taif, 21944,
Saudi Arabia

College of Engineering and Technology, American University in the Emirates (AUE), Dubai
International Academic City, P.O. Box 503000, Dubai, UAE

School of Mathematical and Computational Sciences, University of Prince Edward Island (UPEI),
Cairo Campus, New Administrative Capital, Egypt

* Correspondence: Email: h.ahmed @sha.edu.eg.

Abstract: In this paper, the averaging result for impulsive (9, ¥)-Hilfer fractional stochastic delayed
differential equations (FSDDESs) caused by the Lévy process was derived. In the sense of mean square,
the relationship between the equivalent solutions of the original equations and the averaged equation
solutions was demonstrated. Our findings allowed us to shift our attention from the original, more
complicated system to the averaged system. Additionally, to demonstrate the relevance and practicality
of our findings, an example was given.

Keywords: stochastic system; generalized Hilfer fractional derivative; averaging principle; mild
solutions
Mathematics Subject Classification: 34A08, 60G22, 34A12, 60H15, 34A37

1. Introduction

In recent years, the mathematical modeling of dynamical systems has been significantly enhanced
by the incorporation of fractional-order derivatives. These operators allow for more accurate modeling
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of systems with memory and hereditary properties, offering advantages over classical integer-order
models in a wide variety of scientific and engineering applications [1-3]. Fractional differential
operators (FDOs), often defined via their associated fractional integral operators (FIOs), have become
fundamental tools in the development of fractional calculus (FC). Common types of FDOs include
the Riemann-Liouville, Caputo, Hadamard, Katugampola, and Hilfer derivatives, each exhibiting
distinctive nonlocal behaviors governed by their respective kernel structures [4—6]. The flexibility and
effectiveness of fractional models have stimulated ongoing research into generalized operators and their
applications in emerging areas such as control theory, viscoelasticity, and anomalous diffusion [7-9].
Continued exploration of these operators is crucial for advancing theoretical understanding and
enhancing real-world modeling capabilities [10].

Among recent advancements, Sousa and Oliveira [11] introduced a generalized derivative—the -
Hilfer ¥ DO—defined with respect to another function i, thus unifying several well-known operators.
This idea was further extended by Kucche and Mali [12], who investigated properties of the (k, y)-
Hilfer operator. These developments underpin the growing interest in generalized fractional dynamics,
where system behavior is modulated not just by order but by structure-defining kernel functions.

The intersection of stochastic analysis and fractional calculus has given rise to an advanced
analytical framework known as fractional stochastic differential equations (FSDEs). This emerging
theory synthesizes the memory-preserving nature of fractional-order derivatives with the probabilistic
modeling of random dynamical systems [13, 14]. Within this hybrid setting, fractional derivatives are
employed to effectively model hereditary effects and nonlocal temporal structures, which are especially
relevant in contexts such as anomalous diffusion and viscoelastic materials [15]. On the stochastic
side, random fluctuations are typically represented through Gaussian noise processes, most notably
standard Brownian motion and its generalization—the fractional Brownian motion (fBm)—which
captures long-range dependence through its Hurst parameter [16—18].

The interplay between fractional derivatives and stochastic perturbations has catalyzed substantial
progress in the study of nonlinear FSDEs. Notably, this includes models featuring delay effects,
impulsive behavior, non-instantaneous dynamics, and stochastic forcing driven by both Wiener
processes and Poisson jump noise [19-21]. This growing body of work has further expanded to
encompass systems governed by multivalued dynamics and hemivariational inclusions, particularly
within hybrid stochastic environments [22-24]. Moreover, attention has been directed toward Sobolev-
type systems and their associated controllability properties, highlighting the versatility of this analytical
framework [25-27]. Moreover, the increasing analytical intractability of such stochastic-fractional
systems has motivated the invocation of stochastic averaging principles—an asymptotic reduction
technique designed to preserve the essential statistical and dynamical signatures of the original system
while simplifying its structural complexity [28, 29]. These averaging methodologies, when applied
judiciously, offer profound insights into the effective behavior of FSDEs under small stochastic
perturbations.

However, real-world systems often manifest abrupt jumps and heavy-tailed behaviors that are poorly
captured by Gaussian noise. In such cases, non-Gaussian Lévy noise (LN) offers a more comprehensive
framework. LN accounts for both continuous fluctuations and discontinuous jumps, due to its infinite
activity and heavy-tail properties, thereby providing a richer class of stochastic perturbations. This
has motivated significant efforts in analyzing stochastic differential equations (SDEs) driven by LN,
especially in the context of stability, controllability, and averaging [30,31].
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For example, Balasubramaniam [30] investigated existence results for Hilfer-type FSDEs under LN,
while Pei et al. [31] utilized successive approximations to validate the solvability of LN-driven models.
Recently, the Ulam—Hyers—Rassias stability of Hilfer-type impulsive stochastic systems under time-
changed Brownian motion was examined in [32], with applications to currency option pricing models.
Ahmed and Zhu [33] explored delayed Hilfer FSDEs perturbed by LN in finite-dimensional spaces,
yet their formulation excluded impulsive dynamics or evolution systems. Similarly, Luo et al. [34]
analyzed averaging for non-Lipschitz Hilfer FSDEs but without incorporating Lévy noise, whereas
Shen et al. [35] considered averaging under LN but did not adopt the Hilfer fractional derivative
framework.

Notwithstanding recent advancements, substantial lacunae persist in the rigorous analytical
treatment of impulsive fractional stochastic delay differential equations (IFSDDEs) governed by
generalized fractional calculus and perturbed by Lévy-type stochasticities. Related work on dynamical
behavior in impulsive fractional neutral stochastic delay systems was reported in [27], which
investigated solution behavior and stability in a boundary value setting. In particular, the intricate
interplay between impulsive effects and nonlocal memory kernels under the influence of Lévy noise LIN
remains inadequately charted in the literature. A pivotal aspect that continues to elude comprehensive
investigation is the role of structural modulating functions—such as the generalized time-scaling
map y—especially in stochastic hybrid frameworks where impulsive dynamics and discontinuous
jump perturbations coalesce. Furthermore, emergent methodologies, including event-triggered control
paradigms and sampling mechanisms tailored for Lévy-driven nonlinear stochastic delay systems,
underscore the intensifying relevance and analytical intricacy of such models [36]. Motivated by
the conversations recounted above, this paper aspires to investigate the averaging result for impulsive
(0, ¥)-HFSDDEs with LN in the following manner:

5,WD?f;%;w(w(t) -4, w,)) = &t w(t), @) + ot (1), m)EL, te€I:=(ul, t#t,
AT 5 | ey = Cu@(t), t=t, k=1,2,---,T,

o(t) =x(), -0<t<y,

WAV =B, As =AU+ B[S —A),

(1.1)

where *7D%(.) is the (8, )-Hilfer fractional derivative (F D) of order 0 < A < §/2, § > 0, and type
0 <®B<1;and ‘51[?;“;‘”(-) is the (0, ¥)-Riemann-Liouville fractional integral (¥ I') of order § — As.
The function @(-) takes values in (A, the separable Hilbert space (sHs) with inner product (-, -) and
norm || - |l. Let the Lévy process £ be defined on another sHs B. The impulsive effect is given by
Aéﬂi—Aa:wwL:lk = w(t]) — w(t,), where @(#]) and @(z,) denote the right and left limits of @ at t = £.
The notation @, = @w(t + €) for -6 < € < ¢ is used to indicate history dependence. The underlying
probability space is (€2, D, P), where P is a probability measure on the measurable space (€2, D), and
{D,}>0 1s a filtration satisfying the usual conditions. Assume that there exists an e-finite measurable
space (\/, V,»(dX)), and define N(t,d¥X) = G(t,d¥) — tv(d¥). Let y = {x(t), =0 < t < 1} satisfy
E {sup_y.c, (DI} < co.
This paper seeks to address the following key challenges:

e The derivation of an averaging principle for impulsive (9, ¥)-Hilfer fractional stochastic delay
differential equations (HFSDDEs) perturbed by Lévy noise, a class that combines jump
discontinuities, nonlocal memory, generalized fractional structure, and stochastic irregularities.
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e Establishing the existence of mild solutions within an appropriate evolution triple under
assumptions of mean-square continuity and non-Lipschitz drift.

e Formulating and proving a stochastic averaging theorem that captures the asymptotic behavior of
solutions in the presence of LN and impulsive perturbations.

These contributions are novel in several respects: (i) They extend previous work on Hilfer FSDEs
by explicitly incorporating impulsive effects and delay terms; (ii) they refine the analytical framework
by using (6, ¥)-Hilfer derivatives, which generalize earlier operators; and (ii1) they broaden the scope
of existing stochastic averaging results to accommodate non-Gaussian dynamics.

The paper is organized as follows. Section 2 presents the necessary preliminaries, function spaces,
and properties of the (9, y)-Hilfer operator. Section 3 formulates the problem and enumerates the
hypotheses, constructs the mild solution and establishes existence results, and presents the main
stochastic averaging result and its proof. Section 4 illustrates the applicability of the theoretical findings
via a concrete example. Finally, Section 5 concludes the paper with future directions.

2. Preliminaries

The investigation of the proposed problem demands the following definitions and lemmas.

(1) Let S = [¢, u] constitute a certain period and ¢ € C'(S, A) be a growing function with v/ (¢) # 0,
Vt € G Let0 <A <6 WU6 eR),,B e [0,1], and 0 < —% < 1. Consider the space

A d’(@ A) of scaled functions j specified on S supplied by

H := (& L@QA) = () ] » LA : i)

A() W
exists and (W(-) - p(©)' "7 () € C(S, L3, ﬂ))}

(2) Consider the weighted space

€, (& L@ ) =y e H: DY e HY.

(3) We take into account the indexed space for n € N,

(i’ll_%&;w(@,ﬂ(g, A)) = {J : (i

d yn § dy
w'(t)dt) (0 € CE, L2Q, Jﬂ))and(w() )J() H.

(4) The Banach space S = PC 3, LX(Q, A)) is defined by

1=
~ 1A,
S = {.] NN N ~£2(Q’ *7() : .] € G]_A%;w((tla tk+l]a ﬂ)ak = 19 29 tte 9T9 6]1[; 0 l//.](t]-:)
and L () = °1,7 Y 0 exists fork = 1,2, T,
k

with the norm

||J||s—(supE\<w<r> 0 w(z)\)

€3
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Definition 2.1. ( [12]) Let j be an integrable function defined on [, u] and 6 > 0. Then, the (6, ¥)-RL
F 10 of order A > 0(A € R) of j is supplied by

STy _ 1 ft ! _ $-1
L@ = T . Y (O)Y(0) = ¢(6))o )(6)d6, (2.1)

I's(z) = f tz‘le‘%dt, z€C,Rez> 0,5 > 0.
0

For more details and properties on I's(-), see [12].
Definition 2.2. ( [12]) Let j € C(S, LX(Q, A)), y € C'(S, LXQ, A), ¢ (1) # 0, Vt € [0, ], A, 6 € R*
and B € [0, 1]. The (6, ¥)-Hilfer F DO of j of order N and type B is provided by

O, H A B, _ 67B(0n—-); S7(1=B)(6n—-AN);
Dy () = L3O o1 YO (), (2.2)

where Py = (ﬁ%)n andn = [%].

{W(1)},»0 represents a B-valued O-Brownian motion (Bm) process mentioned on (2, D, 7). Let
B =08, .[%(Z?, A) be a sHs comprising all Hilbert-Schmidt operators from $ to A. Nevertheless,
the initial function y(r) is a Dy-measurable PC-valued random variable (r.v.) fulfilling E |[y|]* < oo.

12
Additionally, £2(Q, A) is a Banach space furnished with ||@(1)|| 0.5 = (Ell@®IF ) .
Lemma 2.1. ( [37]) The expression

B(t) = Gt + W(r) + f

|1 X|I<s

XR(dt,dx) + f XN(dt, dX)

[I%]1>s
is identified as the Lévy-Ito decomposition, where & € B, s > 0 is a constant, and W is a B-valued
Brownian motion with covariance operator ©. The term R denotes the compensated Poisson random
measure associated with small jumps, while N is the Poisson random measure capturing large jumps.
Both are defined on R* x (B8 \ {0}), and the jump measure v satisfies the integrability condition

f(II%IIé A1) UdX) < .

In light of the earlier discussion, system (1.1) might be reorganized into the following, more
thorough format:

ALB: ~ . dV3(t
DN @) - L)) = &m0, @) + 6, o), @) df )
1 -
+— R(t, w(1), w,, X)N(dt, dX)
dt Jyp<s
1
+E z(ta W(l), wy, x)x(dt, d%)a re C\\S = (l” /’t]a 1+ 1,
[1X][>s
NG sy = Cl@(t), t=t, k=127,
w(t) = x(@), -0<t<uy
611?;145;!#@.(0 = B, 2.3)
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where &, , R, and T are measurable. Considering that we have to focus on the tiny-jump stochastic
differential system, we get

iB(t)

DL (@) - () = & o), @) + 6t @), @)

1
o R(t, w(t), w,, N1, d¥), 1€J:=@pul, 1#1,
IXll<s

NG e = Co(), t=t, k=1,2,---,7,
X(t)’ _9 <t< L,
=B 2.4)

a
~

p——
I

T
S|
-~
p—

|

Definition 2.3. In the context of the interval [-0, u], an A-valued stochastic process w(t) is regarded
as a moderate solution of (2.4) if

o Vie[-0,u w(®) = x )
o @(t) € L2(Q, A) is D,-adapted, and has cadlag paths on J almost surely;

[ ]
o) = Y, te(,n]
A\ Va0, tE€(ttin), k=1,2,-- T,

where
W) - y)+ !
Fi() = T (8- ¢xw) + ¢ty
= @I) f W (G)() - Y(6))7 S, T(6), T6)d6
+ m@t) f W (O)W(0) - Y(6)) 7' 3(6, T(6), Te)dW(G)
® ® —lf R(G, T(6), T, X) N6, d¥),
m@{) f W (G () — ()7 0, (6. (), @ IR, dx)
— 21
) - L (ﬁ—az,x(onZci(w,,.-))w(r,w,)

11z
6F5(91)f‘/’((5)(lﬂ(f) Y(®))oEG, w(6), ws)d®

6&@1)[ W (G)W0) = Y(6) 86, (6), T6)dW(6)

® (5-‘f R(G, T(®), T, X)NRAG, dX).
6F5(?I) f W ()W) — Y(6)) s (6, w(®), wg, X)N( )

Remark 2.1. The cadlag requirement on the process w(t) is essential due to the presence of impulsive
dynamics and Poisson jump terms in Eq (2.4). These elements introduce discontinuities in the
trajectories, and cadlag paths ensure the solution resides in the Skorokhod space D([—6, u]; A), which
provides the appropriate topological and measurability structure for well-posedness.
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3. Principal findings

In this section, we initially show that (2.4) has a mild solution, which is unique. For us to be able to
establish the desired result, the functions £, E 0, and R require certain assumptions.

(P1) For all ny,m,, 15 € S, there exist constants y;,y, € (0, 1) such that:

M @ m) = L&) < yilm =l
D) 12, < y2(1 + Il
(P2) For all vy,v, € A, n1,m €S, and 3 € J, there exist constants y;,y, > 0 such that:
) EfEc vl <y + 1l + ),
D) E[|& vi.m) = &t ve )| < yallvr = vl + I = malP).
(P3) Vv, v, e A, my,mp € Sand 3 € J, 0 and R fulfill that

@

Ela(, vi, m)I v E( f IR(2, 1,71, DI (d¥))

[I¥ll<s

< GiOf1 + loll” + I I},
(1)
E [13(t, v1,1m) = &(t, va. m)IP V f IR, w1, 71, %) = Rt v, 72, B (@)
1XlI<s
< Godf vy = vl + llg1 = mall*},

1

where for the functions G(¢) € Lﬁ(ﬁ) and G,(1) € L7 (Z), Ay € (6/2, A+ 6/2).
(P4) (I) The operators C; : A — A are completely continuous, and there exist constants d; > 0, for
k=1,2,...,7 such that:

E|cua@)| <di VYwes.
(I) There exists B > 0 such that:
E |[Cuo1 (7)) = Culon )| < BE o (57) = ()|

for all o7y, 0, € S.
(P5) 4 G(t,0) : R* x R* — R* which is locally integrable with regard to f, and non-decreasing,

continuous, and concave with regard to o V t € [¢,u], f0+ me' = oo. For any v;,v;, € A,
m,n: €S, and 3 € J, this inequality holds:

~ ~ 2 - ~
€t viamn) = Et v, m)||” VN6 w1, m) = 8(t va, )|
v f IR, o171 ) — Rt v . B)IP H(AE)
[1X]l<s

< G(l, vy = val® + [y — 12l )
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Remark 3.1. The conditions imposed on G(t, o)—specifically, its monotonicity and concavity
with respect to o—are classical in the analysis of integral inequalities, particularly in generalized
Bihari-type frameworks. These properties ensure the integrability of @ near zero, which
is crucial for deriving uniqueness and stability results. Moreover, this setting includes many
functional forms of practical relevance, such as G(t,0) = a(t)o* for k € (0, 1) and a(t) locally
integrable, or G(t,0) = a(t)log(1 + o), both of which are widely encountered in sublinear and
logarithmic growth scenarios.

(P6) There exist measurable mappings: f : AXS - A, H: AXS - L(B,A),Y : AXSXU - A,
and J : A — A satisfying (P5) such that for any p € J, v € A, and /i € S, there exist bounded
functions P;(p) > 0, j = 1,2, 3, 4, for which:

IA

1 (?,-
5 fo |16, v, 1) — i@, )| d6 < Pu@ + Il + 17IP),

1 0
Ef(; 18(6, v, 1) = S, DIFdG < Pr(p)(1 + [l + [IAI),

1 Y
Ef (f IR(G, v, 7, ¥) - Y, 2, D V(d3€))dQ3 < P31+ vl + [1alP),
0 X|<s
2
Z Cv) - p3W)|| < Pa@)(1 + [IvIP).
0<3<p
Define the operator T’ as follows:
_ -1
(To) = (‘/’“)ré(fg) (b= ext@)+ 3} i) + 6.
1z
6F6(‘21) f W (&)W - Y(6) " E6, o (6), we)dE
1
* 5T (‘21) f W (G (D) — Y(6) ' 3(6, w(6), ms)dW(G)
,_1 O ~
6F5(‘21) f W (G (D) — Y(6)) vL”q‘R((ﬁ,W(Cﬁ),w(s,%)N(d(Y),d%), 1€3.
Remark 3.2. Consider the bounded, closed, and convex set Q, = {w €S: ||w||S < r>0, r>

Theorem 3.1. Assuming that & < 1 and that the conditions (P1) — (P4) are met, on Q,, there exists a
unique mild solution to system (2.4), where

U8 21 B

Oyz(w(ﬂ) Y(0)' 2"
(2% — &)

_ _ 20-5) |
& = 57w -y a )Zas

<t <t

, 80U W) — yP Y ‘1‘0(1 mg)“"l Gl
2

521—*2(91) A 911 LG =
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Proof. We provide proof for this in the next three phases.

Step 1. Throughout Q,, T is continuous. This step’s validity may be proven employing simple
arguments from (P1)—(P3).

Step 2. The mapping of Q, into itself is accomplished via the operator Y.

YweQ,t e, we are able to receive

2
Il < 550p 5B Lﬂ— Lex)+ Y Cu@p)|| +5sup@o) - vy P E | m)l’
€3 0 <<t 163
2
1-
#SSupE W)ar;ig) f ¥ (G)U(D) — y(6)EG, &(6), 76)d6
2
l_f
+5supE (‘W)ér‘/’(‘)) f W (G0 — (6D B(6, T(6), T6)d(6)
tey 6(QI)
2
l_i
+5SsupE W) — y©) fl,b((ﬁ)(l/l(t) w((ﬁ))ﬁ_lf ‘R((f),w((ﬁ),w@;,.{)&(d(ﬁ,d%)
3 oL'5(2) 1¥ll<s
Thus,
IT@l? < rz( - )(ILBII FIZ@ YOI+ ) di) +SWu) - WP Pyl + llwl)

5y1((p) — w(0) 285U
+
Q¥ - 1))

A_p_ 2-2%
4OU2‘211 (w('u) (L))2(1+f$ B ‘JI])( 1 — ng) 1

52T2(2) X

(1+21wl2)

2
‘522[:75 {1 +2 ”w”S }’

where U = sup,_,,, ¥ (). Hence, we get

el < rz( 7 )(IIBII FIZ@XOIP + > de) + Sy - w@P* =D + )
L, W ) T )
(2% - DET2A)
, 40U ((u) = )BT (19, T
272 A _ | 2| =6 {1+2I’}
oI5 (W) 5 Ay
= Q] + Qzl’ <r,
where
AIMS Mathematics
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Q= (I8P + IO + Y di) + Syai) - y@y'—
I2(4,)

N Sy1((p) — w() 232U
(2% - DETAW)

40U () = (P E 0 (1 - W\ T
+ 52r§(91) ” 1”

<t <t

J S
L=

10y (Y(u) — lp(L))l—zmz%U
(2% - DETAW

80U ) — (L 200+ %-8-ay) (1 _ 9\
N WG — ¥(©) ( g) o

D o= W - Yy +

1 .
L2\11| -0

& T2(A) % -
Step 3. T is a contraction on Q,.
Vo, @ €Q, and 3 € J, we get
2 2(1-42) 2 5 X 2
1) — 2)ls = e - 1 — W2lls 1 — W2lls
1(Y@) = (F@)lls < Sy () = @)™ llw — @alls + 5 ) Z Bl — @l
g 0 <<t
80U () — ()23 =37 (1 — 90, 7%
. id (”mfg - ey B A
5 5
1-28+2%8
- 5 U
N 1072(‘”5’;31 lﬁl()gzrz il mlf < S~ wall,
5 6
which signifies that (' is a contraction mapping. O
The definition of the system’s standard form (2.4) is
d(1)

DL (@) — L we) = G w0, me) + NGO ), T —

+d£ff R(t, T (1), T, DN, dX), €T :=Lul, t#1,
IIXl<s
A(s:[i:Ad;lﬁ’ZD' |t=lk Ck(’(ﬂ'(tl;)), t =1y, k = 1’ 2’ e T,

w() = x@), -60<t<y
6I[?J:A6;ww'(t) = B, (3.1)

where 9, 9, and R possess identical requirements to those of system (2.4). 0 < ¢ € (0,¢;] with
0 < ¢; < 1. The mild solution w(¢) of system (3.1) is capable of being provided by

- %-1
Ty )

IRCORTI0 ks
A

@ (1)

(> Cu@ep) + Lt g,

<ty <t
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Iz
5F5(91) f Y (O)W(0) = Y(6)7EG, T(6), e5)dG

-1
6Umf¢@W0w@)m@m@ﬂmMW)

f Y (G)W() — p(6))7 ! f R(G, T(6), T, DNUAG, d¥). (3.2)
5F5(91) [E3EN

Consequently, we have to deduce that when ¢ — 0, the initial system solution @w(¢) approaches the
process ®.(¢) which is the average system’s solution:

W) — p() !

an—wmﬁﬁl
I's(As)

['s5(As)

D) (8- 2@ xw))+ Qf%@aMﬂm+§m®g>

S t, B iy
+5r5(91) f ¥ (G)(Y() = Y(6)) T H(D(6), Dy, 5)d G

I
61“5(‘21) f U (G) (D) — Y(6)) 7 HOU(6), Dy 6)dV(G)

f W (G)Y(0) — Y(6))5 ! V(D(6), Dy, ¥R, dX). (3.3)

61"5(‘21) 1¥ll<s

Theorem 3.2. Presume that (P1)—(P6) are verified. When an indeterminate tiny number v > 0 is
supplied, A py > 0, ¢ € (0,¢1]and 0 < e < 1s.t. Y¢se€(0,¢],

B sup |lwn -2, ) <

1€[-0,0067%]

Remark 3.3. The parameter € in Theorem 3.2 represents a scaling exponent that controls the time
horizon pos~? over which the averaged approximation remains valid. Its precise value is not fixed
a priori, but can be chosen arbitrarily small within (0, 1) depending on the desired approximation
accuracy T and the regularity conditions imposed in assumptions (P1)—(P6). The flexibility in € allows
the framework to adapt to various magnitudes of stochasticity and memory effects, particularly when
the fractional operator or Lévy noise induces long-range dependencies. In practical applications, a
smaller & enhances the approximation window but may require stronger conditions on the initial data
or noise intensity.

Proof. Given (P1), it can be inferred from (3.2) and (3.3) that

o - t (O
E sup ||wg(t) _ q)g(t)”z < Esup,.,, w (1) — O (1) — ({(t, Te;) — {(t, D, ))”

sup 1=7.7 3, (3.4)

AIMS Mathematics Volume 10, Issue 8, 19845-19866.
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— ()R- ,
@ () — Dt) = g(w(t)F6 (tﬁA(g) ( D Cuwy,) - f 6(c1>g,@)d(5) +{(twe,) — (8, D)

<ty <t

+ 5rj<91> f w’«ﬁ)(w(r)—mcﬁ))‘%‘—l(é«ﬁ,wg«ﬁ),wc,m)—f@c(@),@c»m))d@

e J w’«s)(w(t)—w<®>)§‘l(@(®’w§((ﬁ)’w§’®)_b(q)g((ﬁ)’q)“‘“))d%(@)
5@0

f W (G)W(1) — p(6))o ! f RO, TA(0), T, X) — V(DOUO), D5, %))&(d(‘ﬁ, dx).
5F 5(2) 1X]I<s
Y te(,u] CJ, wereceive

E sup || (1) — Du(t) = ({1, @) — £t D ))||

1<t<u

2 2

<4

) E sup
62F2(QI) 1<t<u

f W (S)W(1) - Y(6))7 ! (5((5, @ (0), w ) - H(Q(D), q)g,(s))d(ﬁ

2

+4———FE su
52r2(m) op

fl//(@)(@lf(t) Y(6))7" 1(@(05 T (®), Te,5) — H(DP(), q)g(ﬁ))d%(ﬁa)

S
452r2(91)E232,
2
— Y(®))7 ! f (9?((5,13;((‘5),139,@,%)—‘D(CDg((ﬁ),<I>g,<s,3€))5<(d03,d3€)
1Xll<s
L () = ()P FD f ’
+4¢ 2y 2 sup L;ﬂck(wg,k)— f 8(Dp)d®| =Ty +Ts+Ts+ Ty
For the term T;, we obtain
2 2
T, < 852152(91)13 sup fl//((i’))(lﬂ(t) l//((ﬁ))_l(f((ﬁ,wg((ﬁ),wg,m)—5‘((5,@;((5), CDg,cs))d@
2 2
+8———Esup f!ﬁ(“})(@ﬂﬂ lﬁ((ﬁ))_l(f((ﬁ,d)g(@),@g,@)—T(d);(@),d);,(g))d@
ST2N) i
< Tll + le
where
T S0 @w - uEni)
! ST J,
x G(6, E( s@up@”zvg((ﬁ])—(Dg((S’)])HZ,E( sup || @es, — e, [ )6,
1<®< <G <6
&> U — )W) — p()*!
Ty, = Sazrg(m) T L<1:5P1(t)(l+Esup |0, +E sup @ed)-

For the term T,, we can get
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S(u 1) .
o< 25w (W ©w - )
X G, E( sup [[os(61) = DG EC sup (|, = Do [ )6
RN OO
5202 - sup Py(r)(1 +Esup |o.0)| +Esup [ )

For the term T, we have

sw=0) (/. a
T Rena ) (¢ )@ - p(©))
X G(6,E( sup [Jary(61) - D6 E( sup [, = @, a6
_ _ 231
+3p5 Dz 0@ - y) sup 2201+ E sup 0,00 + E sup 0.,

625 (A) 22 -1 (<i<u

Remark 3.4. (/)

D Clwg) = Z( D Cumep) - D Culmg,)).

<<t i=1 < <liy] <t <t;

(2) ,
f (g, )d® = Z(tiﬂ — 1)0(w;),
¢ i=1

where the number of impulses on [t, ] is symbolized by .
(3) A M > 0 involving B~ s.t., d fulfills

13071) = 8@)I* < Mllny —mall*, Ymi,m €°S.

For the last term, we get

_ 281y ! ’
o t<t=<u <ty <t ¢
2% 1) ; ¢ 2
RPICIC )r;/(f:); E sup f S(@) - f 8(Ds)d®
5 (<t<u L L
2% 1) ! ! ’
16 )rzlff(;))) E sup f 5Dy~ f 5Dy 5)dG
5 1<t<u L L

Consequently, we obtain
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L (W) — ()X FD

T, < 16Q2¢(u — 1)) (B+1)sup P4(1 +E ||ww,:||2)

L34 (<izu
e e
+ 16(g(u )M(w(u)ré(ﬁg)))b_]) e
' 32(; (lﬂ(u)r;(ﬁ(;)))?—l )2(u _ MY,
where
¥, - {gZU(w:?F g_(gt))zg_l}lgh
Y, = {gU(lﬁ(;tZ)r—g(lgl(;))z?-l :

F; > 0, and F, > 0. Utilizing (P5), 33(3) > 0 and €(3) > O s.t.
G(t,w) < 3(1) + C()w, f 3J()dt < oo, f C(t)dr < .

Hence,

[

(%(u = W) = PP + S = 0w - w(L))zg_l)

2
2 sup [[ars(n) - (o) < QY- D1 -y,

2
(ﬂﬁ—gw(”_tﬂ(szrzw)(”‘ &
(1- 7{)2
X(E sup ||w§((51) CDg((ﬁl)” +E( SUP ||Wg031 Dy,

1<®1<®

)& f [ ©wo - ue)t|

2

))d(ss

862 Ul — 0)((u) — y(0)*!
+ ST2() (2% BN RS [<z5P1(%)(1 +E Sup ||(Dg(t)|| +E sup ||(D§,|| )

326 Uu = )@(w) = y()*~!
IR Tyl p (1 +Eswp ool + B sup o)

326 Ulu— )W(u) — y()>>"!
+ P (=@ - 1) [itgtPg(t)(l +E sup 0.0 +E sup ||| )

L (W) — ()X T
(1 —y)’T3(As)

2(%-1) y
6¢ 2 (Y(u) FZLZE\L))) (u— L)Mf E @ - q)@@“Z o

+ 16(2¢(u — 1)) B+ DHE

+1
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e W) — )P
+ 16(§(u L) (=7 s(Ay) ) MY, + 32(g

W) — )T\
Yo

A
— 0> MY,
(1 =yl5(As) 2

where 3 = sup,_,., 3(t), € = sup,_,., €(t), and E = sup,_,_, P4(t)(1 +E ||wg,t,;||2 ) Using the fact that
E( SUP_go, ||w§(t) - (Dg(t)”Z) =0, and let A(u) = E( SUp, ;<

w () - CI)g(t)”2 ) then we get

E( sup ||@e(61) -~ D)) = AG - ), 0<x<b.

1<$1<6G
Thus,
s (1 = W) = YO + S = )W) — g |
A(u) < ( ¥ - )3
Q% - -%)
T -
( a=y.0 f VOO - p©)F(AG) = AG - 0)d6

8¢ Ulu— )W)~y
S2T2() (291 D1 —7,)? LS<111<I; P1(l‘)(1 +E Sup ||(Dg(t)|| +E sup ||(Dgt|| )

326 U — )W) — p()>>"!
62F§(‘21) (1- y{)Z(ﬂ D L<I<E:4 Pz(t)(l +E sup ||d)§(t)|| +E sup ||®§,|| )
¢ 5

326 Uu— ) -y
ST (1—92QE— 1) o Pyl +E sup loc| + B sup [
S5 (<tu

L (W) — ()X FD
(1 =7 TXA,)

(lﬁ( ) lﬂ(t))z( oé D U
tes (1—74)2F2(A5) (u _L)Mfl E”Wc,(ﬁ—q)g,@nzd(ﬁ

W) - y@) s ) u
(1 = yIls(As)

By setting A, = sup_y_,.,, A1), ¥V 1 € 3, then A(®) < Ag, and A(® — k) < A, 0 <k < 6. Hence,

i W) — w1

+16(2¢(u — 1)) 0= 70h(Ay) ) MY, +

B+ D= + 16(g(u -

+32(s — )5 MY,

Au) <

L

(%(u ~ DWW = PP + G = 0w - wmfﬁl)
(2% - (1 - fyg)z

8 64¢ _
(62r§<91)(” D+ sram®—Y

. u ’ B %_1 2
=77 )@ f |0/ (©)W0) - w() [ 286d6

862 U — )(W(u) — y()*s !
YERA) . 2o (- DR Py(1)(1 +E sup o) +E sup |oe)
F) <t<u

326 Uu— )W) — Y()*>"!
O (1 -y @i o) sup Bx(0)(1 + E sup lo| +E sup o)
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32¢ U(u—o)(W(u) - W(L))Z%_l
+ P (-7 1) Kgps(t)(l +Esup |o.)| +Esup 0|’ )

L () — Y23

(1- Z)ng(Aa)
(W) — Y0¥~ 1> ‘
rles (1- )/()ZFZ(A(;) B L)MI E”ws‘,@ - (Dg,(ﬁ| ’

(W(u) - w(c))s ) (u
(- 7{)F6(A6)

< (91 + 92)87 W) ~ P + @91+ 93 + P)sWW) ~ YO + 957 W) — ()
+ 20667 (W) — Y)Y 2 f E @6 - o d6

L

L ) = YW) s

+16(2¢(u — 1)) (I = y)ls(As)

B+ DE + 16(5(u - 1) ) MY,
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o
_ L)25+1MY2

+3(

+2(p76” + 8976) f ¢ ©w0 - we) [ Acds,

L

where
521—*2(91) (u - L)
P1 = >3,
Q23 -1 -y
8 U(u—1) 5 )
= sup Py(0)(1 + E sup ||D.()|| + E sup ||D ,
pz 621_%(%) (2 - 1)(1 - 7[) L<t<Iz¢ 1( )( L<t§1?4 || S‘( )” L<t£4 || g,t” )
32 U —10) 5 5
= sup Po(£)(1 + E sup ||D.(?)|| + E sup ||D ,
S A e I i 1+ 2 sup ool + 2 sup o)
32 Uu—10)
= sup Ps(7 +Esu O (1 +]Esu )
= e oy S POl E s o I+ E sup [jo ).
64(u — 1)? -0t 0 \
(1 = y)T5(As) (1 — y)Ts(As) (1 — 7 T2(Ay)
P = 8(u— )M or = 5712 su)(u —t)
T A=Ay T U=y

Then, 4 pg > 0 and € € (0, 1) such that

E sup |lo) - 0.0 < R

—60<t<pos®

holds for all ¢ € (¢, pps™°] C J, where
k= {(@1 +92)%Wlpos™) — WOPT + 891 + 93 + 9)sW(pos ™) — YO

+ 952 Wpos) — w0 }xexp(zgoﬁg W(pos~®) — Y]

2762 + 8976)W(pos™) = YW+~
’ 2% -1
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is a constant. In light of the previously indicated analysis, for 7 > 0, 3 ¢, € (0,¢] s.t. for every
¢ €(0,6],and ¥ 1 € [-6, pos™],

E{ sup ||w§(t) - (I)g(t)Hz} <T
1€[—0,0067¢]
4. Applications

Take into consideration the impulsive fractional stochastic delay evolution equations involving the
(0, ¥)-Hilfer fractional derivative as follows:

: A N dV3(t
D (wo(t 1) = 18 = 1/2 cos(me(t,1))) = chim(t, 1) sin’(1) + VSida sin*(Dw(t, 1) dt( )
1 i
Ve 2% cos’ (Dw (t, )R(dt, dX), 1€ 0,n], 1€[0,x], %1,
lIXll<s

w(t,0) = w(t,m) =0,

- . |75
Alﬂgilmwg lr=t,= Ci(@(1;)) = Icos(D)] + W, t=t, k=1,2,
we(x,1) = y(x,1), —-0<x<0,
]Hgilﬁ;twq(o) = Yo, 4.1)

where "MDy/**" is a (6, y)-Hilfer fractional derivative with % = 1/4,8 = 3/4,6 = 1,0 = 0, and
Y(t) = t. In the above, u > 0, A4, 1, are constants, A = L%([0, r]), and W is a standard Brownian
motion defined on the filtered probability space (Q2, D, 7). Consider

I M8+ 1/2cos(w(t,1)), & = Ly (t,1) sin*(¢),
d L sin* (D@ (1, 1), R =2X*cos’ (N (t,1).

Take p = m and assume

1 (™. 2
f(wg(t)’ wg,t) = - f f((ﬁ, ZD'S,, wsﬂ’m)d(ﬁ = _lwg’
T 0 2
1 (. ;12
b(@ (). we) = — f o6, m(6), Te5)d® = o,
0
1 T
@(wg(t)’ wgwt’ x) = 7_T f 9{(65’ w§(®)’ /wg,Q')’ x)d(ﬁ = %zwg.
0

Consequently, it is easy to confirm that all of the conditions listed in Theorem 3.2 have been met given
the choices provided above. Thus, the averaged equation for (4.1) can be expressed as
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lﬂD(l)/j’”“;’(cDg(t)(t, 1) — 1'% = 1/2 cos(D (1, z))) /1 O (t,1) + ‘/_/12 (2, z)dﬂBt(t)

1
+ V5— X0t )N(dt, d¥), te(0,n], 1€[0,n], t#t,

||1X||<s
D(1,0) = D(t, 1) = 0

. ) D(r7)
AT D |2, = Cu(D(5)) = |cos(D)] + M, t=t, k=12,

1+ ®u(z)

D.(x,1) =y(x,1), —-0<x<0,
L D(0) = . (4.2)

Clearly, compared with the original system (4.1), the time-averaged system (4.2) is a much simpler
system. Additionally, Theorem 3.2 guarantees the existence of a very small error in their responses.

To further corroborate the analytical findings of Theorem 3.2, we now simulate the original (non-
averaged) impulsive (6, ¥)-Hilfer FSDE (4.1) and compare it against the averaged model (4.2). The
parameter choices are preserved as:

¢=1, 4,=05 1=025 6=0.5 vy =sin(x), 7y =0.

Both systems are numerically integrated using a uniform time step Ar = 0.01. The stochastic integrals
are approximated via a truncated Euler—-Maruyama method, while the Lévy noise is modeled through
a compound Poisson process with intensity v = 5 and jump amplitudes sampled from a truncated
normal distribution. For the Brownian motion 23(¢), 500 sample paths are generated via Monte Carlo
sampling. The impulsive effects at #{ = /3 and #, = 27r/3 are incorporated according to the prescribed
jump condition. To quantify the precision of the averaging approximation, we compute the absolute
error
Et,0) = |me(t,0) — Og(t,0)|

across representative trajectories. The resulting plots in Figures 1 and 2 confirm that the maximum
deviation remains confined within the theoretically predicted bounds, thus validating the robustness of
the averaging method applied to impulsive stochastic Hilfer-type systems driven by Lévy noise.

Full vs Averaged System Trajectories

0.0 0.5 1.0 15 2.0 2.5 3.0
Time t

Figure 1. Comparison between the trajectories of the full system w(z,¢) and the averaged
system (¢, ¢) for a fixed ¢. Both exhibit qualitatively similar stochastic dynamics, supporting
the averaging theory.
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Error Between Full and Averaged Systems

Absolute Error |@, — @]
o b N w s U o N

0.0 0.5 1.0 15 2.0 25 3.0
Time t

Figure 2. Evolution of the absolute error between w.(t,t) and ®.(z,t) over time. The
maximum deviation stays within the theoretical bounds guaranteed by Theorem 3.2.

These simulations demonstrate the following.

(1) The qualitative agreement between the stochastic behavior of the original and averaged systems.

(2) The empirical verification of the asymptotic closeness between w(t, ¢) and D(t, ).

(3) The practical efficacy of averaging in simplifying the analysis of complex impulsive FSDEEs with
Lévy noise.

Thus, this simulation serves as concrete numerical evidence of the theoretical results established in
Theorem 3.2.

5. Conclusions

This work has presented a novel stochastic averaging theorem for a parameterized family of
impulsive fractional stochastic delay differential equations governed by the (0, ¥)-Hilfer fractional
derivative and driven by a Lévy process. Distinct from extant investigations in the field, the present
study orchestrates a concurrent analytical treatment of both discontinuous stochastic perturbations
induced by Lévy noise and the nonlocal, memory-dependent dynamics encapsulated by the (6, y)-
Hilfer-type fractional differential operator. The theoretical framework developed herein furnishes
a new mathematical apparatus for examining the asymptotic dynamics of generalized fractional-
order systems under impulsive and stochastic influences, thus extending the applicability of the
stochastic averaging method to a broader class of fractional stochastic functional systems. Furthermore,
considering that fractional Brownian motion and classical Brownian motion frequently arise in
modeling temporal phenomena exhibiting self-similarity and long-range dependence, future research
avenues should explore the extension of the proposed averaging paradigm to impulsive (6, y)-Hilfer-
type fractional stochastic delay differential equations perturbed by such Gaussian processes. Such
an extension would provide deeper insight into the interplay between hereditary dynamics, abrupt
discontinuities, and long-memory stochastic fluctuations in complex dynamical systems.
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