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Abstract: A multilevel Monte Carlo ensemble (MLMCE) coupled with the finite element method
is applied to address numerically transient heat equations characterized by random diffusion and
Robin coefficients. By incorporating two ensemble averages for the Robin boundary and diffusion
coefficients, we present an extended Monte Carlo ensemble scheme tailored for the uncertain transient
heat equation. The suggested MLMCE approach resolves a single linear system that entails multiple
right-hand-side vectors for a group during each time step, thereby decreasing both the storage
requirements and the computational expenses associated with the solution process. Stability analysis
and error estimates of the method are derived under some conditions involving two ratios between
fluctuations in the thermal conductivity and a random Robin coefficient corresponding to their mean.
Numerical experiments are presented to confirm the theoretical results and verify the feasibility and
effectiveness of the proposed approach.
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1. Introduction

We consider the numerical solutions of a transient heat model characterized by random diffusion
coefficients and Robin coefficients, aiming to find a random function y such that it holds almost surely
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(a.s.) 
yt − ∇ ·

[
a(x, ω)∇y

]
= f (t, x, ω), in [0,T ] × D ×Ω,

a∇y(t, x, ω) · n = 0, on [0,T ] × ∂D0 ×Ω,

a∇y(t, x, ω) · n = α(x, ω)(u(t, x, ω) − y(t, x, ω)), on [0,T ] × ∂D1 ×Ω,

y(0, x) = y0(x, ω), in D ×Ω,

(1.1)

where D ⊆ Rd (d = 2, 3) denotes a Lipschitz domain. The boundary ∂D is split into two distinct
sections ∂D0 and ∂D1. The vector n represents the outward unit normal vector to the boundary ∂D.
In this context, (Ω,F , P) denotes a complete probability space, with Ω as the sample space, F ⊂ 2Ω

being the σ-algebra of the events, and P : F → [0, 1] representing a probability measure.
Uncertainty is prevalent in various challenges related to physics and engineering. Numerous

uncertain factors influence the processes of heat and mass transfer, including random initial
temperatures, ambient temperatures, material properties, thermal conductivities (diffusion
coefficients), convective heat transfer coefficients (also known as Robin coefficients), and geometric
variations. The problem stated in Eq (1.1) involves random diffusion coefficients and Robin
coefficients that may vary with the time variable t ∈ [0,T ]. However, for simplicity, it is assumed to
be stationary, as referenced in [3, 4]. The model in (1.1) is also relevant to boundary control issues, as
discussed in [27, 28].

There are numerous numerical algorithms aimed at resolving partial differential equations (PDEs)
characterized by random coefficients (see, for example, [1, 9, 12, 24, 29, 31, 38]). In addition to the
polynomial chaos method, the stochastic collocation method, and the stochastic finite element
method, the Monte Carlo (MC) method stands out as a significant technique (see, for
instance, [8, 10, 13, 26]). The MC method is non-intrusive and its convergence is independent of the
dimensionality of the random model’s parameters. This method is straightforward to implement: It
involves initial independent sampling followed by separate numerical simulations for each sample.
These simulations account for variations in the initial and boundary conditions, physical influences,
diffusion coefficients, and Robin coefficients. Let us assume that the simulations consist of J
independent samples, where the j-th sample corresponds to

y j,t − ∇ ·
[
a j(x)∇y j

]
= f j(t, x), in (0,T ) × D,

a j∇y j(t, x) · n = 0, on (0,T ) × ∂D0,

a j∇y j(t, x) · n = α j(x)(u j(t, x) − y j(t, x)), on (0,T ) × ∂D1,

y j(0, x) = y0
j(x), in D,

(1.2)

j ∈ {1, 2, · · · , J}. Here, we can assume a j(x) = a(x, ω j), α j(x) = α(x, ω j).
In the numerical simulations, many linear equations of the form A jz j = b j, j ∈ {1, 2, · · · , J} must

be resolved. Given that the number J is relatively substantial, the computational expense becomes
significant. Therefore, ensemble methods are frequently employed to enhance computational
efficiency (see, for instance, [14, 18, 25, 26, 34–37]). The ensemble approach transforms the problem
of solving A jz j = b j, j ∈ {1, 2, · · · , J} into solving Ãz̃ j = b̃ j, j ∈ {1, 2, · · · , J}. By [25], the authors
examined a parabolic problem characterized by random coefficients utilizing the ensemble method,
resulting in an error estimate. However, this error estimate is not optimal concerning the spatial
considerations. To address this issue, the researchers in [18–21] merged the ensemble method with
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the hybridizable discontinuous Galerkin (HDG) approach to derive an optimal error estimate in terms
of space. Concerning the heat conduction problem with random Robin coefficients, we find that there
are relatively few research articles about the ensemble method, other than our team’s recent
contributions [34–37]. However, we have not discovered any relevant findings regarding the
multilevel Monte Carlo ensemble (MLMCE) method for this model. The main objective of this article
is to analyze the MLMCE algorithm numerically for transient heat equations with uncertain inputs.
The content primarily focuses on the numerical stability conditions of the MLMCE algorithm, along
with stability analysis, error estimates, and computational cost analysis.

The coefficient matrix of the resulting linear system, obtained via spatial discretization, is
independent of j. This key feature of the ensemble algorithm should be emphasized. For a given
ensemble of simulations, the corresponding discrete systems share the same coefficient matrix, while
the right-hand-side (RHS) vectors vary from one ensemble member to another. Therefore, for
small-scale problems, the solution for the group can be obtained by performing Lower Upper (LU)
decomposition of the coefficient matrix just once (see, for example, [25, 26]); for large-scale
problems, an efficient computation will employ the block Krylov subspace iteration method (refer to,
for instance, [7, 17, 22, 30]).

The structure of this article is outlined as follows. Section 2 presents some notations and preliminary
concepts. The full discretization ensemble framework is detailed in Section 3. The discussion of the
random transient heat equation, including its stability and error analysis, is provided in Section 4.
Finally, Section 5 showcases several numerical tests, while Section 6 offers some concluding remarks.

2. Basic preliminaries

We introduce several notations in this section, which are primarily sourced from books [6, 28]. For
the sake of simplicity, we will omit the terms dx, ds, and dt in certain expressions where it does not
lead to confusion. The boundaries ∂D0 and ∂D1 refer to the parts that are experimentally accessible
and inaccessible, respectively.

We use ∥ · ∥ and (·, ·) to represent the L2(D) norm and inner product, respectively. Additionally,
∥ · ∥∂D and (·, ·)∂D correspond to the L2(∂D) norm and inner product. The Sobolev space W s,q(D) is
equipped with the norm ∥v∥W s,q(D), where s ∈ N (the set of natural numbers) and q ≥ 1. We denote
H s(D) = W s,2(D). Notably, the norm H1(D) is defined as ∥ · ∥1 = ∥ · ∥1,D

∥y∥1,D =
(
∥y∥2 + ∥∇y∥2

)1/2
.

Let H−s(D) be the dual space of bounded linear functions on H s(D), with the norm

∥ f ∥−s = sup
0,v∈Hs(D)

( f , v)/∥v∥s.

The norm ∥ · ∥1,∂D1 defined by

∥y∥1,∂D1 =

(∫
D
|∇y|2 +

∫
∂D1

|y|2
)1/2

,

is equivalent to the standard norm ∥ · ∥1 ( see also [15,16] ) and will be used in this work. In subsequent
statements, we will treat the norms ∥ · ∥1,∂D1 and ∥ · ∥1 = ∥ · ∥H1(D) as equivalent. We define

L∞(D) = {v : v is a measurable function and |v|∞ < +∞},
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where |v|∞ = ess supx∈D|v|.
Let Z ∈ L1

P(Ω) be a random variable and denote E[Z] =
∫
Ω

Z(ω)dP(ω). Let δ = (δ1, · · · , δd) be a

d-tuple with the length |δ| =
d∑

i=1
δi, δi ∈ N+. The stochastic Sobolev spaces W̃ s,q(D) = Lq

P (Ω,W s,q(D))

consists of stochastic functions, represented as v : Ω × D → R, which are measurable with respect
to (w.r.t.) the product σ-algebra F ⊗ B(D), where B(D) is a Borel σ-algebra. The norm of W̃ s,q(D) is
defined by

∥v∥W̃ s,q(D) =
(
E

[
∥v∥qW s,q(D)

])1/q
=

E
∑
|δ|≤s

∫
D

∣∣∣∂δv∣∣∣q


1/q

, 1 ≤ q < +∞.

Let H̃ s(D) = W̃ s,2(D) ≃ L2
P(Ω) ⊗ H s(D). We will use the tensor product Hilbert space

X = L̃2
(
0,T ; H1(D)

)
≃ L2

P

(
0,T ; H1(D);Ω

)
with its inner product

(v, u)X ≡ E

[∫ T

0

∫
D

(∇v · ∇u + vu)
]
.

The induced norm is given by

∥v∥X =
(
E

[∫ T

0

∫
D

(
|∇v|2 + v2

)])1/2

.

A weak solution to the problem (1.1) is defined in the following manner: A function y ∈ X qualifies
as a weak solution of (1.1) if it satisfies the initial condition y(0, x, ω) = y0(x, ω) ∈ L2

P

(
H1(D);Ω

)
, and

for T > 0 ∫ T

0
(yt, v) dt +

∫ T

0

∫
Ω

∫
D

a∇y · ∇vdxdP(ω)dt +
∫ T

0

∫
Ω

∫
∂D1

αyvdsdP(ω)dt

=

∫ T

0

∫
Ω

∫
D

f vdxdP(ω)dt +
∫ T

0

∫
Ω

∫
∂D1

αuvdsdP(ω)dt (2.1)

for all v ∈ X, where ds is the Lebesgue measure on ∂D1.
In this paper, we use C to denote a positive constant that takes various values in different contexts,

independent of the time step ∆tl, the sample size Jl, and the mesh size hl.

3. Multilevel MC ensemble scheme for the transient heat equation

When statistical data regarding the inputs of random transient heat equations are provided,
uncertainty quantification serves to ascertain statistical details about the outputs of interest that are
influenced by the solutions of these transient heat equations. After employing MC sampling, to tackle
the model (1.1), it becomes essential to approximate the solutions associated with a set of independent
realizations, which involves solving deterministic PDEs at random sample values. Typically,
numerical simulations are conducted in isolation, leading to an incremental increase in the total
computational costs as the sampling set enlarges. In order to enhance efficiency, this study introduces
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a method based on multilevel MC (MLMC) ensembles, which extends the MC ensemble technique
previously discussed in [25, 34]. The newly proposed method demonstrates superior performance
compared with its predecessor in terms of both accuracy and efficiency. This improvement can be
attributed to the combination of a second-order ensemble-based time-stepping strategy with the
MLMC approach.

Next, we introduce the algorithm within the framework of numerical approximations for the
random PDE (1.1). In terms of spatial discretization, conforming finite elements are utilized. For a
polygonal (or polyhedral) region D, to align with the hierarchical structure of MLMC methods, we
consider a series of quasi-uniform grids consisting of a collection of shape-regular triangles (or
tetrahedra), {Tl}

L
l=0. Denote the mesh size of Tl as hl = max

K∈Tl
diam K. Assume that the mesh sequence

is generated through uniform refinements, meeting the criteria of hl satisfying

hl = h02−l. (3.1)

For a non-negative integer k, let Pk denote the set of polynomials of degree k, and define the finite
element (FE) space as follows

Xl := {v ∈ C(D̄) : v|K ∈ Pk,∀K ∈ Tl},

and the series of FE spaces satisfies

X0 ⊂ X1 ⊂ · · · ⊂ Xl ⊂ · · · ⊂ XL.

Let yl (tn, x, ω) denote the FE solution in Xl at t = tn. The MLMC FE solution at the L-th level mesh
can be expressed as

yL (tn, x, ω) =
L∑

l=1

(yl (tn, x, ω) − yl−1 (tn, x, ω)) + y0 (tn, x, ω) .

By the linearity of E[·], we get

E
[
yL (tn, x, ω)

]
= E

 L∑
l=1

(yl (tn, x, ω) − yl−1 (tn, x, ω)) + y0 (tn, x, ω)


=

L∑
l=1

E
[
yl (tn, x, ω) − yl−1 (tn, x, ω)

]
+ E

[
y0 (tn, x, ω)

]
.

From a numerical perspective, the expected value of the FE solution at the the l-th level, E
[
yl (tn, x, ω)

]
is estimated by the sampling average Φn

Jl
= ΦJl

[
yl (tn, x, ω)

]
= 1

Jl

Jl∑
j=1

yl

(
tn, x, ω j

)
, where Jl is the sample

size. Similarly, E
[
yL (tn, x, ω)

]
is approximated by an unbiased estimator

Φ
[
yL (tn, x, ω)

]
:=

L∑
l=1

(
ΦJl

[
yl (tn, x, ω) − yl−1 (tn, x, ω)

])
+ ΦJ0

[
y0 (tn, x, ω)

]
. (3.2)

At each mesh level, it becomes apparent that multiple simulations must be implemented. Hence, it
makes sense to apply ensemble-based time-stepping to decrease computational expenses.
Subsequently, we introduce the MLMCE technique to fulfill this goal.
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At the l-th level, we let Nl be a positive integer and set both ∆tl =
T
Nl

and tn = n∆tl for 0 ≤ n ≤

Nl. Then [0,T ] =
Nl−1⋃
n=0

[tn, tn+1] is a uniform partition of the time interval. Jl independent identically

distributed (i.i.d.) samples are selected, and the associated random functions are denoted by a j ≡

a
(
·, ω j

)
, α j ≡ α

(
·, ω j

)
, f j ≡ f

(
·, ·, ω j

)
, u j ≡ u

(
·, ·, ω j

)
, and y0

j ≡ y0
(
·, ω j

)
for j = 1, · · · , Jl. Denote

āl :=
1
Jl

Jl∑
j=1

a
(
x, ω j

)
and ᾱl :=

1
Jl

Jl∑
j=1

α
(
x, ω j

)
are the ensemble average for the diffusion coefficient and the Robin coefficient, respectively,

a′j := a j − āl, α
′
j := α j − ᾱl.

It is important to observe that the respective exact solutions
{
y
(
t, x, ω j

)}Jl

j=1
are i.i.d. Let us take yn

j,l =

yl

(
tn, x, ω j

)
as the FE approximation of y

(
tn, x, ω j

)
at the l-th level. Let f n

j , u
n
j be the values of the

functions f j, u j at t = tn.
The MLMCE method is applied to (1.1) solves the following group of simulations at the l-th level:

for j = 1, · · · , Jl and n = 1, · · · ,Nl − 1, given y0
j,l and y1

j,l, to find yn+1
j,l ∈ Xl such that,3yn+1

j,l − 4yn
j,l + yn−1

j,l

2∆tl
, vl

 + (
āl∇yn+1

j,l ,∇vl

)
+

(
ᾱlyn+1

j,l , vl

)
∂D1

=
(

f n+1
j , vl

)
−

(
a′j∇

(
2yn

j,l − yn−1
j,l

)
,∇vl

)
+

(
α jun+1

j , vl

)
∂D1
−

(
α′j

(
2yn

j,l − yn−1
j,l

)
, vl

)
∂D1
, ∀vl ∈ Xl. (3.3)

After determining the numerical solutions at all L levels, the MLMCE uses (3.2) to estimate E
[
y (tn)

]
,

the random PDE solution at t = tn. Simultaneously, given an interest quantity P(y), one can evaluate
the results from the ensemble simulations to derive the underlying stochastic characteristics of the
system. The MLMCE successfully combines the ensemble-based sampling method and the ensemble-
based time-stepping scheme, inheriting the advantages of both. Like the MLMC, it can also reduce
the computational expenses by adaptively choosing the time step size, mesh size, and the number of
samples at each level. Moreover, the ensemble-based time-stepping scheme leads to a discrete linear
system (3.3) with the coefficient matrix being independent of j.

In the subsequent sections, we will critically analyze the stability and asymptotic error estimation
inherent in the MLMCE methodology.

4. Stability and error estimates

This section presents the results of our stability and error estimation analyses. The MLMCE
approximation is contingent on the MC solutions derived from various levels. Therefore, our
exploration commences with a thorough investigation of the ensemble-based single-level MC in
Subsection 4.1. Following this, we subsequently deduce the error estimation for the MLMCE method
in Subsection 4.2.

Assume that the exact solution of Eq (1.1) possesses sufficient smoothness, specifically

y j ∈ L̃2
(
0,T ; H1(D̄) ∩ Hk+1(D̄)

)
∩ H̃1

(
0,T ; Hk+1(D̄)

)
∩ H̃2

(
0,T ; H1(D̄)

)
∩ H̃3

(
0,T ; L2(D̄)

)
,

AIMS Mathematics Volume 10, Issue 8, 19816–19844.
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and assume
f j ∈ L̃2

(
0,T ; H−1(D)

)
, u j ∈ L̃2

(
0,T ; L2(∂D1)

)
.

We highlight that the required regularity for the random fields only requires that they are square
integrable. We assume finite-dimensional noise, that is, all the involved random input data depend on
a finite number of real-valued random variables. Assumptions of input data for two coefficients are
considered, as follows:

(i) a = a(x, ω) ∈ L2
P

(
L2(D);Ω

)
is uniformly bounded and coercive, i.e., ∃ amin , amax > 0 such that

P{ω ∈ Ω : a(x, ω) ∈ [amin, amax],∀ x ∈ D} = 1.
(ii) α = α(x, ω) ∈ L2

P

(
L2 (∂D1) ;Ω

)
is also uniformly bounded and coercive, i.e., ∃ αmin , αmax > 0

such that P{ω ∈ Ω : α(x, ω) ∈ [αmin, αmax],∀ x ∈ ∂D1} = 1, and in addition,∫
Ω

∫
∂D1

α(x, ω)dsdP(ω) > 0.

Denote a∗ = max
1⩽ j⩽Jl

∥∥∥∥ a′j
ā

∥∥∥∥
∞

and α∗ = max
1⩽ j⩽Jl

∥∥∥∥α′jᾱ ∥∥∥∥∞, we suppose the following condition (4.1) is valid for

the second-order ensemble time-stepping method (3.3):

1 − 3a∗ > 0 and 1 − 3α∗ > 0. (4.1)

4.1. Single-level MC ensemble FE method

When the expression E
[
y (tn)

]
is approximated numerically by Φn

Jl
, the resulting approximation

error can be partitioned into two components

E
[
y (tn)

]
− Φn

Jl
=

(
E

[
y j (tn)

]
− E

[
yn

j,l

])
+

(
E

[
yn

j,l

]
− Φn

Jl

)
:= En

l + E
n
S ,

where we acknowledge that E
[
y (tn)

]
= E

[
y j (tn)

]
. The error arising from FE discretization, denoted

En
l = E

[
y j (tn) − yn

j,l

]
, is influenced by the dimensions of the spatial triangulations Tl and the time

step, while the statistical sampling error, represented as En
S = E

[
yn

j,l

]
− Φn

Jl
, is chiefly affected by the

number of realizations and the variance involved. We will first address the stability of the ensemble
method presented in Eq (3.3) at the l-th level (Theorem 4.1), establish bounds for En

S (Theorem 4.2) and
En

l (Theorem 4.3), followed by deriving the asymptotic error estimation (Theorem 4.4). The stability
of the ensemble scheme in Eq (3.3) yields the following result.

Theorem 4.1. Under the statements (i) and (ii), the scheme (3.3) is stable according to the premise of
condition (4.1). Moreover, the numerical solution to (3.3) satisfies

E
[∥∥∥∥yNl

j,l

∥∥∥∥2]
+ E

[∥∥∥∥2yNl
j,l − yNl−1

j,l

∥∥∥∥2]
+ 2∆tl (1 − 3a∗)

Nl−1∑
n=1

E

[∥∥∥∥ā
1
2
l ∇yn+1

j,l

∥∥∥∥2
]

+ 2∆tl (1 − 3α∗)
Nl−1∑
n=1

E

[∥∥∥∥ᾱ 1
2
l yn+1

j,l

∥∥∥∥2

∂D1

]
+ 6∆tla∗E

[∥∥∥∥ā
1
2
l ∇yNl

j,l

∥∥∥∥2
]
+ 2∆tla∗E

[∥∥∥∥ā
1
2
l ∇yNl−1

j,l

∥∥∥∥2
]

+ 6∆tlα
∗E

[∥∥∥∥ᾱ 1
2
l yNl

j,l

∥∥∥∥2

∂D1

]
+ 2∆tlα

∗E

[∥∥∥∥ᾱ 1
2
l yNl−1

j,l

∥∥∥∥2

∂D1

]
AIMS Mathematics Volume 10, Issue 8, 19816–19844.



19823

≤C∆tl

Nl−1∑
n=1

E
[∥∥∥ f n+1

j

∥∥∥2

−1

]
+C∆tl

Nl−1∑
n=1

E
[∥∥∥un+1

j

∥∥∥2

∂D1

]
+ E

[∥∥∥y1
j,l

∥∥∥2
]
+ E

[∥∥∥2y1
j,l − y0

j,l

∥∥∥2
]

+C∆tlE

[∥∥∥∥ā
1
2
l ∇y1

j,l

∥∥∥∥2
]
+C∆tlE

[∥∥∥∥ā
1
2
l ∇y0

j,l

∥∥∥∥2
]
+C∆tlE

[∥∥∥∥ᾱ 1
2
l y1

j,l

∥∥∥∥2

∂D1

]
+C∆tlE

[∥∥∥∥ᾱ 1
2
l y0

j,l

∥∥∥∥2

∂D1

]
. (4.2)

Proof. Taking vl = yn+1
j,l in (3.3), we have3yn+1

j,l − 4yn
j,l + yn−1

j,l

2∆tl
, yn+1

j,l

 + (
āl∇yn+1

j,l ,∇yn+1
j,l

)
+

(
ᾱlyn+1

j,l , y
n+1
j,l

)
∂D1

=
(

f n+1
j , y

n+1
j,l

)
−

(
a′j∇

(
2yn

j,l − yn−1
j,l

)
,∇yn+1

j,l

)
+

(
α jun+1

j , y
n+1
j,l

)
∂D1
−

(
α′j

(
2yn

j,l − yn−1
j,l

)
, yn+1

j,l

)
∂D1
. (4.3)

Applying the polarization identity, multiplying both sides by ∆tl, and integrating over the probability
space, we obtain

1
4
E

[∥∥∥yn+1
j,l

∥∥∥2
+

∥∥∥2yn+1
j,l − yn

j,l

∥∥∥2
]
−

1
4
E

[∥∥∥yn
j,l

∥∥∥2
+

∥∥∥2yn
j,l − yn−1

j,l

∥∥∥2
]

+
1
4
E

[∥∥∥yn+1
j,l − 2yn

j,l + yn−1
j,l

∥∥∥2
]
+ ∆tlE

[∥∥∥∥ā
1
2
l ∇yn+1

j,l

∥∥∥∥2
]
+ ∆tlE

[∥∥∥∥ᾱ 1
2
l yn+1

j,l

∥∥∥∥2

∂D1

]
=∆tlE

[(
f n+1

j , y
n+1
j,l

)]
− ∆tlE

[(
a′j∇

(
2yn

j,l − yn−1
j,l

)
,∇yn+1

j,l

)]
+ ∆tlE

[(
α jun+1

j , y
n+1
j,l

)
∂D1

]
− ∆tlE

[(
α′j

(
2yn

j,l − yn−1
j,l

)
, yn+1

j,l

)
∂D1

]
. (4.4)

The Cauchy-Schwarz and the Young’s inequalities applied to the RHS terms of (4.4) give the following
estimation, for ∀ϵi > 0, i = 1, · · · , 6:

E
[(

f n+1
j , y

n+1
j,l

)]
≤E

[∥∥∥ f n+1
j

∥∥∥
−1

∥∥∥yn+1
j,l

∥∥∥
1

]
≤E

[∥∥∥ f n+1
j

∥∥∥
−1

C1

(∥∥∥∇yn+1
j,l

∥∥∥2
+

∥∥∥yn+1
j,l

∥∥∥2

∂D1

) 1
2
]

≤E

∥∥∥ f n+1
j

∥∥∥
−1

C1

min{a
1
2
min, α

1
2
min}

(
āl

∥∥∥∇yn+1
j,l

∥∥∥2
+ ᾱl

∥∥∥yn+1
j,l

∥∥∥2

∂D1

) 1
2


≤

C2
1

2ϵ1 min{amin, αmin}
E

[∥∥∥ f n+1
j

∥∥∥2

−1

]
+
ϵ1
2

(
E

[∥∥∥∥ā
1
2
l ∇yn+1

j,l

∥∥∥∥2
]
+ E

[∥∥∥∥ᾱ 1
2
l yn+1

j,l

∥∥∥∥2

∂D1

])
, (4.5)

− E
[(

a′j∇
(
2yn

j,l − yn−1
j,l

)
,∇yn+1

j,l

)]
≤E

[∣∣∣∣(2a′j∇yn
j,l,∇yn+1

j,l

)
−

(
a′j∇yn−1

j,l ,∇yn+1
j,l

)∣∣∣∣]
≤
ϵ2 + ϵ3

2
a∗E

[∥∥∥∥ā
1
2
l ∇yn+1

j,l

∥∥∥∥2
]
+

2
ϵ2

a∗E
[∥∥∥∥ā

1
2
l ∇yn

j,l

∥∥∥∥2
]
+

1
2ϵ3

a∗E
[∥∥∥∥ā

1
2
l ∇yn−1

j,l

∥∥∥∥2
]
, (4.6)
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E
[(
α jun+1

j , y
n+1
j,l

)
∂D1

]
≤E

[∣∣∣∣(α jun+1
j , y

n+1
j,l

)∣∣∣∣
∂D1

]
≤E

[
αmax

∥∥∥un+1
j

∥∥∥
∂D1

∥∥∥yn+1
j,l

∥∥∥
∂D1

]
≤
α2

max

2ϵ4αmin
E

[∥∥∥un+1
j

∥∥∥2

∂D1

]
+
ϵ4
2
E

[∥∥∥∥ᾱ 1
2
l yn+1

j,l

∥∥∥∥2

∂D1

]
, (4.7)

and

− E
[(
α′j

(
2yn

j,l − yn−1
j,l

)
, yn+1

j,l

)
∂D1

]
≤E

[∣∣∣∣(2α′jyn
j,l, y

n+1
j,l

)
∂D1
−

(
α′jy

n−1
j,l , y

n+1
j,l

)
∂D1

∣∣∣∣]
≤
ϵ5 + ϵ6

2
α∗E

[∥∥∥∥ᾱ 1
2
l yn+1

j,l

∥∥∥∥2

∂D1

]
+

2
ϵ5
α∗E

[∥∥∥∥ᾱ 1
2
l yn

j,l

∥∥∥∥2

∂D1

]
+

1
2ϵ6
α∗E

[∥∥∥∥ā
1
2
l yn−1

j,l

∥∥∥∥2

∂D1

]
. (4.8)

Substituting (4.5)–(4.8) into (4.4), choosing ϵ2 = ϵ5 = 2, ϵ3 = ϵ6 = 1 and dropping the non-negative
term E

[
1
4∥y

n+1
j,l − 2yn

j,l + yn−1
j,l ∥

2
]

, we obtain

1
4
E

[∥∥∥yn+1
j,l

∥∥∥2
+

∥∥∥2yn+1
j,l − yn

j,l

∥∥∥2
]
−

1
4
E

[∥∥∥yn
j,l

∥∥∥2
+

∥∥∥2yn
j,l − yn−1

j,l

∥∥∥2
]

+ ∆tl

(
1 −

3a∗

2
−
ϵ1
2

)
E

[∥∥∥∥ā
1
2
l ∇yn+1

j,l

∥∥∥∥2
]
+ ∆tl

(
1 −

3α∗

2
−
ϵ1
2
−
ϵ4
2

)
E

[∥∥∥∥ᾱ 1
2
l yn+1

j,l

∥∥∥∥2

∂D1

]
− ∆tla∗E

[∥∥∥∥ā
1
2
l ∇yn

j,l

∥∥∥∥2
]
−
∆tl

2
a∗E

[∥∥∥∥ā
1
2
l ∇yn−1

j,l

∥∥∥∥2
]

− ∆tlα
∗E

[∥∥∥∥ᾱ 1
2
l yn

j,l

∥∥∥∥2

∂D1

]
−
∆tl

2
α∗E

[∥∥∥∥ā
1
2
l yn−1

j,l

∥∥∥∥2

∂D1

]
≤∆tl

C2
1

2ϵ1 min{amin, αmin}
E

[∥∥∥ f n+1
j

∥∥∥2

−1

]
+ ∆tl

α2
max

2ϵ4αmin
E

[∥∥∥un+1
j

∥∥∥2

∂D1

]
. (4.9)

Multiplying this by 4 and rearranging, we obain

E
[∥∥∥yn+1

j,l

∥∥∥2
+

∥∥∥2yn+1
j,l − yn

j,l

∥∥∥2
]
− E

[∥∥∥yn
j,l

∥∥∥2
+

∥∥∥2yn
j,l − yn−1

j,l

∥∥∥2
]

+ 4∆tl

(
1 − 3a∗ −

ϵ1
2

)
E

[∥∥∥∥ā
1
2
l ∇yn+1

j,l

∥∥∥∥2
]
+ 4∆tl

(
1 − 3α∗ −

ϵ1
2
−
ϵ4
2

)
E

[∥∥∥∥ᾱ 1
2
l yn+1

j,l

∥∥∥∥2

∂D1

]
+ 6∆tla∗

(
E

[∥∥∥∥ā
1
2
l ∇yn+1

j,l

∥∥∥∥2
]
− E

[∥∥∥∥ā
1
2
l ∇yn

j,l

∥∥∥∥2
])

+ 2∆tla∗
(
E

[∥∥∥∥ā
1
2
l ∇yn

j,l

∥∥∥∥2
]
− E

[∥∥∥∥ā
1
2
l ∇yn−1

j,l

∥∥∥∥2
])

+ 6∆tlα
∗

(
E

[∥∥∥∥ᾱ 1
2
l yn+1

j,l

∥∥∥∥2

∂D1

]
− E

[∥∥∥∥ᾱ 1
2
l yn

j,l

∥∥∥∥2

∂D1

])
+ 2∆tlα

∗

(
E

[∥∥∥∥ᾱ 1
2
l yn

j,l

∥∥∥∥2

∂D1

]
− E

[∥∥∥∥ᾱ 1
2
l yn−1

j,l

∥∥∥∥2

∂D1

])
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≤∆tl
2C2

1

ϵ1 min{amin, αmin}
E

[∥∥∥ f n+1
j

∥∥∥2

−1

]
+ ∆tl

2α2
max

ϵ4αmin
E

[∥∥∥un+1
j

∥∥∥2

∂D1

]
. (4.10)

Choosing ϵ4 = 1 − 3α∗ and ϵ1 = min
{
1 − 3a∗, 1−3α∗

2

}
and using the conditions in (4.1), we can obtain

E
[∥∥∥yn+1

j,l

∥∥∥2
+

∥∥∥2yn+1
j,l − yn

j,l

∥∥∥2
]
− E

[∥∥∥yn
j,l

∥∥∥2
+

∥∥∥2yn
j,l − yn−1

j,l

∥∥∥2
]

+ 2∆tl (1 − 3a∗)E
[∥∥∥∥ā

1
2
l ∇yn+1

j,l

∥∥∥∥2
]
+ 2∆tl (1 − 3α∗)E

[∥∥∥∥ᾱ 1
2
l yn+1

j,l

∥∥∥∥2

∂D1

]
+ 6∆tla∗

(
E

[∥∥∥∥ā
1
2
l ∇yn+1

j,l

∥∥∥∥2
]
− E

[∥∥∥∥ā
1
2
l ∇yn

j,l

∥∥∥∥2
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+ 2∆tla∗
(
E

[∥∥∥∥ā
1
2
l ∇yn

j,l

∥∥∥∥2
]
− E

[∥∥∥∥ā
1
2
l ∇yn−1

j,l

∥∥∥∥2
])

+ 6∆tlα
∗

(
E

[∥∥∥∥ᾱ 1
2
l yn+1

j,l

∥∥∥∥2

∂D1

]
− E

[∥∥∥∥ᾱ 1
2
l yn

j,l

∥∥∥∥2

∂D1

])
+ 2∆tlα

∗

(
E

[∥∥∥∥ᾱ 1
2
l yn

j,l

∥∥∥∥2

∂D1

]
− E

[∥∥∥∥ᾱ 1
2
l yn−1

j,l

∥∥∥∥2

∂D1

])
≤

2∆tlC2
1

min
{
1 − 3a∗, 1−3α∗

2

}
min{amin, αmin}

E
[∥∥∥ f n+1

j

∥∥∥2

−1

]
+

2∆tlα
2
max

(1 − 3α∗)αmin
E

[∥∥∥un+1
j

∥∥∥2

∂D1

]
. (4.11)

Summing over n from 1 to Nl − 1 yields

E
[∥∥∥∥yNl

j,l

∥∥∥∥2]
+ E

[∥∥∥∥2yNl
j,l − yNl−1

j,l

∥∥∥∥2]
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Nl−1∑
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E

[∥∥∥∥ā
1
2
l ∇yn+1

j,l

∥∥∥∥2
]
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E
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2
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∥∥∥∥2

∂D1

]
+ 6∆tla∗E

[∥∥∥∥ā
1
2
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∥∥∥∥2
]
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[∥∥∥∥ā
1
2
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j,l

∥∥∥∥2
]
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[∥∥∥∥ᾱ 1
2
l yNl

j,l

∥∥∥∥2

∂D1

]
+ 2∆tlα
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[∥∥∥∥ᾱ 1
2
l yNl−1

j,l

∥∥∥∥2

∂D1

]
≤

2∆tlC2
1

min
{
1 − 3a∗, 1−3α∗

2

}
min{amin, αmin}

Nl−1∑
n=1

E
[∥∥∥ f n+1

j

∥∥∥2

−1

]

+
2∆tlα

2
max

(1 − 3α∗)αmin

Nl−1∑
n=1

E
[∥∥∥un+1

j

∥∥∥2

∂D1

]
+ E

[∥∥∥y1
j,l

∥∥∥2
]
+ E

[∥∥∥2y1
j,l − y0

j,l

∥∥∥2
]

+ 6∆tla∗E
[∥∥∥∥ā

1
2
l ∇y1

j,l

∥∥∥∥2
]
+ 2∆tla∗E

[∥∥∥∥ā
1
2
l ∇y0

j,l

∥∥∥∥2
]

+ 6∆tlα
∗E

[∥∥∥∥ᾱ 1
2
l y1

j,l

∥∥∥∥2

∂D1

]
+ 2∆tlα

∗E

[∥∥∥∥ᾱ 1
2
l y0

j,l

∥∥∥∥2

∂D1

]
. (4.12)

This completes the proof. □
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Remark 4.1. C1 is a constant of two equivalent norms, i.e., ∥ · ∥1 ≤ C1∥ · ∥1,∂D1 . The time-stepping
scheme based on ensemble methods, denoted as (3.3), will be stable if Condition (4.1) is fulfilled.
Additionally, it reaches unconditional stability when the ensemble size is reduced to one, resulting in
a∗ and α∗ diminishing to zero. Consequently, when addressing a set of problems, one may utilize
Condition (4.1) as a criterion to categorize these problems into subgroups, ensuring that
Condition (4.1) is valid within each subgroup. The smallest subgroup might comprise just a single
element, as no stability conditions would be necessary in that case.

Furthermore, by applying the conventional error estimate associated with the MC method (refer
to [23]), it is feasible to establish a bound on the statistical error En

S in the following manner.

Theorem 4.2. Assume En
S = E

[
yn

j,l

]
− Φn

J1
, where yn

j,l represents the output of the scheme (3.3) and
Φn

Jl
= 1

Jl

∑Jl
j=1 yn

j,l. Assuming Conditions (i) and (ii) as well as the stability condition (4.1) are satisfied,
a generic positive constant C exists such that

E
[∥∥∥ENl

S

∥∥∥2
]
+ E

[∥∥∥2ENl
S − E

Nl−1
S

∥∥∥2
]
+ 2∆tl (1 − 3a∗)

Nl−1∑
n=1

E

[∥∥∥∥ā
1
2
l ∇E

n+1
S

∥∥∥∥2
]

+ 2∆tl (1 − 3α∗)
Nl−1∑
n=1

E

[∥∥∥∥ᾱ 1
2
l E

n+1
S

∥∥∥∥2

∂D1

]
+ 6∆tla∗E

[∥∥∥∥ā
1
2
l ∇E

Nl
S

∥∥∥∥2
]

+ 2∆tla∗E
[∥∥∥∥ā

1
2
l ∇E

Nl−1
S

∥∥∥∥2
]
+ 6∆tlα

∗E

[∥∥∥∥ᾱ 1
2
l E

Nl
S

∥∥∥∥2

∂D1

]
+ 2∆tlα

∗E

[∥∥∥∥ᾱ 1
2
l E

Nl−1
S

∥∥∥∥2

∂D1

]
≤

C
Jl

∆tl

Nl−1∑
n=1

E
[∥∥∥ f n+1

j

∥∥∥2

−1

]
+ ∆tl

Nl−1∑
n=1

E
[∥∥∥un+1

j

∥∥∥2

∂D1

]
+ E

[∥∥∥y1
j,l

∥∥∥2
]
+ E

[∥∥∥2y1
j,l − y0

j,l

∥∥∥2
]

+∆tlE

[∥∥∥∥ā
1
2
l ∇y1

j,l

∥∥∥∥2
]
+ ∆tlE

[∥∥∥∥ā
1
2
l ∇y0

j,l

∥∥∥∥2
]
+ ∆tlE

[∥∥∥∥ᾱ 1
2
l y1

j,l

∥∥∥∥2

∂D1

]
+ ∆tlE

[∥∥∥∥ᾱ 1
2
l y0

j,l

∥∥∥∥2

∂D1

])
. (4.13)

Proof. First, for n = 1, · · · ,Nl − 1, we assess E
[∥∥∥∇En

S

∥∥∥2
]
.

E
[∥∥∥∇En

S

∥∥∥2
]
= E


 1

Jl

Jl∑
i=1

(
∇E

[
yn

i,l

]
− ∇yn

i,l

)
,

1
Jl

Jl∑
j=1

(
∇E

[
yn

j,l

]
− ∇yn

j,l

)


=
1
J2

l

Jl∑
i, j=1

E
[(
∇E

[
yn

l
]
− ∇yn

i,l,∇E
[
yn

l
]
− ∇yn

j,l

)]
=

1
J2

l

Jl∑
j=1

E
[(
∇E

[
yn

l
]
− ∇yn

j,l,∇E
[
yn

l
]
− ∇yn

j,l

)]
The last equality is due to the fact that yn

1,l, · · · , y
n
Jl,l

are i.i.d., and E
[(
∇E

[
yn

l

]
− ∇yn

i,l,∇E
[
yn

l

]
− ∇yn

j,l

)]
is

a zero for i , j. We now calculate E
[(
∇E

[
yn

l

]
− ∇yn

j,l,∇E
[
yn

l

]
− ∇yn

j,l

)]
and use the fact that E

[
∇yn

j,l

]
=

∇E
[
yn

j,l

]
and E

[
yn

l

]
= E

[
yn

j,l

]
to obtain

E
[∥∥∥∇En

S

∥∥∥2
]
= −

1
Jl

∥∥∥∇E [
yn

l
]∥∥∥2
+

1
Jl
E

[∥∥∥∇yn
j,l

∥∥∥2
]
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which yields

E
[∥∥∥∇En

S

∥∥∥2
]
≤

1
Jl
E

[∥∥∥∇yn
j,l

∥∥∥2
]
,

then

E

[∥∥∥∥ā
1
2
l ∇E

n+1
S

∥∥∥∥2
]
≤

1
Jl
E

[∥∥∥∥ā
1
2
l ∇yn+1

j,l

∥∥∥∥2
]
.

With the help of Theorem 4.1, we have

2∆tl (1 − 3a∗)
Nl−1∑
n=1

E

[∥∥∥∥ā
1
2
l ∇E

n+1
S

∥∥∥∥2
]

≤
C
Jl

∆tl

Nl−1∑
n=1

E
[∥∥∥ f n+1

j

∥∥∥2

−1

]
+ ∆tl

Nl−1∑
n=1

E
[∥∥∥un+1

j

∥∥∥2

∂D1

]
+ E

[∥∥∥y1
j,l

∥∥∥2
]
+ E

[∥∥∥2y1
j,l − y0

j,l

∥∥∥2
]

+∆tlE

[∥∥∥∥ā
1
2
l ∇y1

j,l

∥∥∥∥2
]
+ ∆tlE

[∥∥∥∥ā
1
2
l ∇y0

j,l

∥∥∥∥2
]
+ ∆tlE

[∥∥∥∥ᾱ 1
2
l y1

j,l

∥∥∥∥2

∂D1

]
+ ∆tlE

[∥∥∥∥ᾱ 1
2
l y0

j,l

∥∥∥∥2

∂D1

])
. (4.14)

The remaining terms on the left-hand side of (4.13) can be addressed in an analogous fashion, which
completes the proof. □

We will now assess the finite element discretization error En
l .

Theorem 4.3. Assume En
l = E

[
y j (tn) − yn

j,l

]
, where y j (tn) refers to the solution of Eq (1.1) at ω = ω j

and t = tn, while yn
j,l represents the outcome derived from the scheme (3.3). We assume that the

initial errors
∥∥∥∥y j (t0) − y0

j,l

∥∥∥∥ , ∥∥∥∥y j (t1) − y1
j,l

∥∥∥∥ , ∥∥∥∥∇ (
y j (t0) − y0

j,l

)∥∥∥∥ , and
∥∥∥∥∇ (

y j (t1) − y1
j,l

)∥∥∥∥ are all at least

O
(
hk

l

)
. Under the assumptions of Conditions (i) and (ii), along with the stability condition (4.1), then

a constant C exists and satisfies

E
[∥∥∥ENl

l

∥∥∥2
]
+ E

[∥∥∥2ENl
l − E

Nl−1
l

∥∥∥2
]
+ 2∆tl (1 − 3a∗)

Nl−1∑
n=1

E

[∥∥∥∥ā
1
2
l ∇E

n+1
l

∥∥∥∥2
]

+ 2∆tl (1 − 3α∗)
Nl−1∑
n=1

E

[∥∥∥∥ᾱ 1
2
l E

n+1
l

∥∥∥∥2

∂D1

]
+ 6∆tla∗E

[∥∥∥∥ā
1
2
l ∇E

Nl
l

∥∥∥∥2
]

+ 2∆tla∗E
[∥∥∥∥ā

1
2
l ∇E

Nl−1
l

∥∥∥∥2
]
+ 6∆tlα

∗E

[∥∥∥∥ᾱ 1
2
l E

Nl
l

∥∥∥∥2

∂D1

]
+ 2∆tlα

∗E

[∥∥∥∥ᾱ 1
2
l E

Nl−1
l

∥∥∥∥2

∂D1

]
≤C

(
∆t4

l + h2k
l

)
. (4.15)

Proof. Firstly, the error equation for (3.3) is derived. The true solution y j (tn+1) of Eq (1.2) at
tn+1 (n = 1, · · · ,Nl − 1) and tested by vl produces(

3y j (tn+1) − 4y j (tn) + y j (tn−1)
2∆tl

, vl

)
+

(
a j∇y j (tn+1) ,∇vl

)
+

(
α jy j (tn+1) , vl

)
∂D1

=
(

f n+1
j , vl

)
+

(
α jun+1

j , vl

)
∂D1
−

(
Rn+1

j , vl

)
, ∀vl ∈ Xl, (4.16)
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where f n+1
j = f j (tn+1), un+1

j = u j (tn+1), and

Rn+1
j = y j,t (tn+1) −

3y j (tn+1) − 4y j (tn) + y j (tn−1)
2∆tl

.

Let en
j := y j (tn) − yn

j,l. Subtracting (3.3) from (4.16) obtains the error equation3en+1
j − 4en

j + en−1
j

2∆tl
, vl

 + (
Rn+1

j , vl

)
+

(
āl∇en+1

j ,∇vl

)
+

(
a′j∇

(
2en

j − en−1
j

)
,∇vl

)
+

(
a′j∇

(
yn+1

j − 2yn
j + yn−1

j

)
,∇vl

)
+

(
ᾱlen+1

j , vl

)
∂D1
+

(
α′j

(
2en

j − en−1
j

)
, vl

)
∂D1
+

(
α′j

(
yn+1

j − 2yn
j + yn−1

j

)
, vl

)
∂D1

=0. (4.17)

Secondly, the error can be decomposed. Let Ql

(
y j (tn)

)
be the L2 projection of y j (tn) onto Xl ∩ ∂D1

satisfying (
y j (tn) − Ql

(
y j (tn)

)
, vl

)
= 0, ∀vl ∈ Xl,

and (
y j (tn) − Ql

(
y j (tn)

)
, vl

)
∂D1
= 0, ∀vl ∈ Xl ∩ ∂D1.

We now decompose the error

en
j = ρ

n
j,l − ϕ

n
j,l, where ρn

j,l = y j (tn) − Ql

(
y j (tn)

)
and ϕn

j,l = yn
j,l − Ql

(
y j (tn)

)
.

Upon substituting this decomposition into (4.17) and choosing vl = ϕ
n+1
j,l , we obtain3ϕn+1

j,l − 4ϕn
j,l + ϕ

n−1
j,l

2∆tl
, ϕn+1

j,l

 + (
āl∇ϕ

n+1
j,l ,∇ϕ

n+1
j,l

)
+

(
ᾱlϕ

n+1
j,l , ϕ

n+1
j,l

)
∂D1

= −
(
a′j∇

(
2ϕn

j,l − ϕ
n−1
j,l

)
,∇ϕn+1

j,l

)
+

3ρn+1
j,l − 4ρn

j,l + ρ
n−1
j,l

2∆tl
, ϕn+1

j,l


+

(
āl∇ρ

n+1
j,l ,∇ϕ

n+1
j,l

)
+

(
a′j∇

(
2ρn

j,l − ρ
n−1
j,l

)
,∇ϕn+1

j,l

)
+

(
Rn+1

j , ϕ
n+1
j,l

)
+

(
a′j∇

(
yn+1

j − 2yn
j + yn−1

j

)
,∇ϕn+1

j,l

)
+

(
α′j

(
yn+1

j − 2yn
j + yn−1

j

)
, ϕn+1

j,l

)
∂D1

+
(
ᾱlρ

n+1
j,l , ϕ

n+1
j,l

)
∂D1
−

(
α′j

(
2ϕn

j,l − ϕ
n−1
j,l

)
, ϕn+1

j,l

)
∂D1
+

(
α′j

(
2ρn

j,l − ρ
n−1
j,l

)
, ϕn+1

j,l

)
∂D1
. (4.18)

For the left-hand-side (LHS) of (4.18), using the polarization identity and integrating over probability
space, we get 3ϕn+1

j,l − 4ϕn
j,l + ϕ

n−1
j,l

2∆tl
, ϕn+1

j,l

 + (
āl∇ϕ

n+1
j,l ,∇ϕ

n+1
j,l

)
+

(
ᾱlϕ

n+1
j,l , ϕ

n+1
j,l

)
∂D1

=
1

4∆tl
E

[∥∥∥ϕn+1
j,l

∥∥∥2
+

∥∥∥2ϕn+1
j,l − ϕ

n
j,l

∥∥∥2
]
−

1
4∆tl
E

[∥∥∥ϕn
j,l

∥∥∥2
+

∥∥∥2ϕn
j,l − ϕ

n−1
j,l

∥∥∥2
]
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+
1

4∆tl
E

[∥∥∥ϕn+1
j,l − 2ϕn

j,l + ϕ
n−1
j,l

∥∥∥2
]
+ E

[∥∥∥∥ā
1
2
l ∇ϕ

n+1
j,l

∥∥∥∥2
]
+ E

[∥∥∥∥ᾱ 1
2
l ϕ

n+1
j,l

∥∥∥∥2

∂D1

]
. (4.19)

The Cauchy-Schwarz and Young’s inequalities are applied to the RHS of (4.18) one by one give the
following estimations:

E
[∣∣∣∣(a′j∇ (

2ϕn
j,l − ϕ

n−1
j,l

)
,∇ϕn+1

j,l

)∣∣∣∣]
≤2a∗E

[∣∣∣∣(āl∇ϕ
n
j,l,∇ϕ

n+1
j,l

)∣∣∣∣] + a∗E
[∣∣∣∣(āl∇ϕ

n−1
j,l ,∇ϕ

n+1
j,l

)∣∣∣∣]
≤a∗E

[∥∥∥∥ā
1
2
l ∇ϕ

n
j,l

∥∥∥∥2
]
+

a∗

2
E

[∥∥∥∥ā
1
2
l ∇ϕ

n−1
j,l

∥∥∥∥2
]
+

3a∗

2
E

[∥∥∥∥ā
1
2
l ∇ϕ

n+1
j,l

∥∥∥∥2
]
, (4.20)

E


∣∣∣∣∣∣∣
3ρn+1

j,l − 4ρn
j + ρ

n−1
j,I

2∆tl
, ϕn+1

j,l


∣∣∣∣∣∣∣
 = 0, (4.21)

E
[∣∣∣∣(āl∇ρ

n+1
j,l ,∇ϕ

n+1
j,l

)∣∣∣∣]
≤E

[∥∥∥∥ā
1
2
l ∇ρ

n+1
j,l

∥∥∥∥ ∥∥∥∥ā
1
2
l ∇ϕ

n+1
j,l

∥∥∥∥]
≤

amax

2ϵ1
E

[∥∥∥∇ρn+1
j,l

∥∥∥2
]
+
ϵ1
2
E

[∥∥∥∥ā
1
2∇ϕn+1

j,l

∥∥∥∥2]
, (4.22)

E
[∣∣∣∣(a′j∇ (

2ρn
j,l − ρ

n−1
j,l

)
,∇ϕn+1

j,l

)∣∣∣∣]
≤a∗

(
amax

2ϵ2
E

[∥∥∥∥∇ (
2ρn

j,l − ρ
n−1
j,l

)∥∥∥∥2]
+
ϵ2
2
E

[∥∥∥∥ā
1
2∇ϕn+1

j,l

∥∥∥∥2])
, (4.23)

E
[∣∣∣∣(Rn+1

j , ϕ
n+1
j,l

)∣∣∣∣]
≤E

[∥∥∥Rn+1
j

∥∥∥
−1

∥∥∥ϕn+1
j,l

∥∥∥
1

]
≤E

[∥∥∥Rn+1
j

∥∥∥
−1

C1

(∥∥∥∇ϕn+1
j,l

∥∥∥2
+

∥∥∥ϕn+1
j,l

∥∥∥2

∂D1

) 1
2
]

≤E

∥∥∥Rn+1
j

∥∥∥
−1

C1

min{a
1
2
min, α

1
2
min}

(
āl

∥∥∥∇ϕn+1
j,l

∥∥∥2
+ ᾱl

∥∥∥ϕn+1
j,l

∥∥∥2

∂D1

) 1
2


≤

C2
1

2ϵ3 min{amin, αmin}
E

[∥∥∥Rn+1
j

∥∥∥2

−1

]
+
ϵ3
2

(
E

[∥∥∥∥ā
1
2
l ∇ϕ

n+1
j,l

∥∥∥∥2
]
+ E

[∥∥∥∥ᾱ 1
2
l ϕ

n+1
j,l

∥∥∥∥2

∂D1

])
≤

C2
1C2

2

2ϵ3 min{amin, αmin}
E

[∥∥∥Rn+1
j

∥∥∥2
]
+
ϵ3
2

(
E

[∥∥∥∥ā
1
2
l ∇ϕ

n+1
j,l

∥∥∥∥2
]
+ E

[∥∥∥∥ᾱ 1
2
l ϕ

n+1
j,l

∥∥∥∥2

∂D1

])
≤

C2
1C2

2∆t3
l

2ϵ3 min{amin, αmin}
E

[∫ tn+1

tn−1

∥∥∥y j,ttt

∥∥∥2
dt

]
+
ϵ3
2

(
E

[∥∥∥∥ā
1
2
l ∇ϕ

n+1
j,l

∥∥∥∥2
]
+ E

[∥∥∥∥ᾱ 1
2
l ϕ

n+1
j,l

∥∥∥∥2

∂D1

])
, (4.24)
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where C1 is a constant of two equivalent norms, C2 is a constant w.r.t. the Sobolev space embedding
theorem, and the last inequality of (4.24) holds by the integral form of the Taylor’s theorem and the
Cauchy-Schwarz inequality. The remaining terms can be examined in the manner below.

E
[∣∣∣∣(a′j∇ (

yn+1
j − 2yn

j + yn−1
j

)
,∇ϕn+1

j,l

)∣∣∣∣]
≤a∗

(
amax

2ϵ4
E

[∥∥∥∥∇ (
yn+1

j − 2yn
j + yn−1

j

)∥∥∥∥2]
+
ϵ4
2
E

[∥∥∥∥ā
1
2
l ∇ϕ

n+1
j,l

∥∥∥∥2
])

≤a∗
(
amax

2ϵ4
C3∆t3

l E

[∫ tn+1

tn−1

∥∥∥∇y j,tt

∥∥∥2
dt

]
+
ϵ4
2
E

[∥∥∥∥ā
1
2
l ∇ϕ

n+1
j,l

∥∥∥∥2
])
, (4.25)

E
[∣∣∣∣(α′j (yn+1

j − 2yn
j + yn−1

j

)
, ϕn+1

j,l

)
∂D1

∣∣∣∣]
≤α∗

(
αmax

2ϵ5
E

[∥∥∥∥(yn+1
j − 2yn

j + yn−1
j

)∥∥∥∥2

∂D1

]
+
ϵ5
2
E

[∥∥∥∥ᾱ 1
2
l ϕ

n+1
j,l

∥∥∥∥2

∂D1

])
≤α∗

(
αmax

2ϵ5
C4∆t3

l E

[∫ tn+1

tn−1

∥∥∥y j,tt

∥∥∥2

∂D1
dt

]
+
ϵ5
2
E

[∥∥∥∥ᾱ 1
2
l ϕ

n+1
j,l

∥∥∥∥2

∂D1

])
, (4.26)

E
[∣∣∣∣− (
α′j

(
2ϕn

j,l − ϕ
n−1
j,l

)
, ϕn+1

j,l

)
∂D1

∣∣∣∣]
≤2α∗E

[∣∣∣∣(ᾱlϕ
n
j,l, ϕ

n+1
j,l

)
∂D1

∣∣∣∣] + α∗E [∣∣∣∣(ᾱlϕ
n−1
j,l , ϕ

n+1
j,l

)
∂D1

∣∣∣∣]
≤α∗E

[∥∥∥∥ᾱ 1
2
l ϕ

n
j,l

∥∥∥∥2

∂D1

]
+
α∗

2
E

[∥∥∥∥ᾱ 1
2
l ϕ

n−1
j,l

∥∥∥∥2

∂D1

]
+

3α∗

2
E

[∥∥∥∥ᾱ 1
2
l ϕ

n+1
j,l

∥∥∥∥2

∂D1

]
, (4.27)

E
[∣∣∣∣(ᾱlρ

n+1
j,l , ϕ

n+1
j,l

)
∂D1

∣∣∣∣] = 0, E
[∣∣∣∣(α′j (2ρn

j,l − ρ
n−1
j,l

)
, ϕn+1

j,l

)
∂D1

∣∣∣∣] = 0. (4.28)

Substituting (4.19) to (4.28) into (4.18), multiplying by 4, and dropping the non-negative term

1
4∆tl
E

[∥∥∥ϕn+1
j,l − 2ϕn

j,l + ϕ
n−1
j,l

∥∥∥2
]

on the LHS, we have

1
∆tl
E

[∥∥∥ϕn+1
j,l

∥∥∥2
+

∥∥∥2ϕn+1
j,l − ϕ

n
j,l

∥∥∥2
]
−

1
∆tl
E

[∥∥∥ϕn
j,l

∥∥∥2
+

∥∥∥2ϕn
j,l − ϕ

n−1
j,l

∥∥∥2
]

+ 4
(
1 − 3a∗ −

ϵ2 + ϵ4
2

a∗ −
ϵ1 + ϵ3

2

)
E

[∥∥∥∥ā
1
2
l ∇ϕ

n+1
j,l

∥∥∥∥2
]

+ 6a∗
(
E

[∥∥∥∥ā
1
2
l ∇ϕ

n+1
j,l

∥∥∥∥2
]
− E

[∥∥∥∥ā
1
2
l ∇ϕ

n
j,l

∥∥∥∥2
])
+ 2a∗

(
E

[∥∥∥∥ā
1
2
l ∇ϕ

n
j,l

∥∥∥∥2
]
− E

[∥∥∥∥ā
1
2
l ∇ϕ

n−1
j,l

∥∥∥∥2
])

+ 4
(
1 − 3α∗ −

ϵ3 + ϵ5
2

)
E

[∥∥∥∥ᾱ 1
2
l ϕ

n+1
j,l

∥∥∥∥2

∂D1

]
+ 6α∗

(
E

[∥∥∥∥ᾱ 1
2
l ϕ

n+1
j,l

∥∥∥∥2

∂D1

]
− E

[∥∥∥∥ᾱ 1
2
l ϕ

n
j,l

∥∥∥∥2

∂D1

])
+ 2α∗

(
E

[∥∥∥∥ᾱ 1
2
l ϕ

n
j,l

∥∥∥∥2

∂D1

]
− E

[∥∥∥∥ᾱ 1
2
l ϕ

n−1
j,l

∥∥∥∥2

∂D1

])
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≤
2amax

ϵ1
E

[∥∥∥∇ρn+1
j,l

∥∥∥2
]
+

2a∗amax

ϵ2
E

[∥∥∥∥∇ (
2ρn

j,l − ρ
n−1
j,l

)∥∥∥∥2]
+

2C2
1C2

2∆t3
l

ϵ3 min{amin, αmin}
E

[∫ tn+1

tn−1

∥∥∥y j,ttt

∥∥∥2
dt

]
+

2a∗amax

ϵ4
C3∆t3

l E

[∫ tn+1

tn−1

∥∥∥∇y j,tt

∥∥∥2
dt

]
+

2α∗αmax

ϵ5
C4∆t3

l E

[∫ tn+1

tn−1

∥∥∥y j,tt

∥∥∥2

∂D1
dt

]
. (4.29)

Now, choosing
ϵ1 = (1 − 3a∗) /4, ϵ2 = ϵ4 = (1 − 3a∗) / (4a∗) ,

ϵ3 = min{(1 − 3a∗) /4, (1 − 3α∗) /2}, ϵ5 = (1 − 3α∗) /2,

multiplying by ∆tl, and summing from n = 1 up to n = Nl − 1, we have

E
[∥∥∥∥ϕNl

j,l

∥∥∥∥2]
+ E

[∥∥∥∥2ϕNl
j,l − ϕ

Nl−1
j,l

∥∥∥∥2]
+ 2∆tl (1 − 3a∗)

Nl−1∑
n=1

E

[∥∥∥∥ā
1
2
l ∇ϕ

n+1
j,l

∥∥∥∥2
]

+ 2∆tl (1 − 3α∗)
Nl−1∑
n=1

E

[∥∥∥∥ᾱ 1
2
l ϕ

n+1
j,l

∥∥∥∥2

∂D1

]
+ 6∆tla∗E

[∥∥∥∥ā
1
2
l ∇ϕ

Nl
j,l

∥∥∥∥2
]

+ 2∆tla∗E
[∥∥∥∥ā

1
2
l ∇ϕ

Nl−1
j,l

∥∥∥∥2
]
+ 6∆tlα

∗E

[∥∥∥∥ᾱ 1
2
l ϕ

Nl
j,l

∥∥∥∥2

∂D1

]
+ 2∆tlα

∗E

[∥∥∥∥ᾱ 1
2
l ϕ

Nl−1
j,l

∥∥∥∥2

∂D1

]
≤∆tl

Nl−1∑
n=1

(
8amax

1 − 3a∗
E

[∥∥∥∇ρn+1
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1
2
l ∇ϕ

1
j,l

∥∥∥∥2
]

+ 2∆tla∗E
[∥∥∥∥ā

1
2
l ∇ϕ

0
j,l

∥∥∥∥2
]
+ 6∆tlα

∗E

[∥∥∥∥ᾱ 1
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. (4.30)

By using the initial error assumption that
∥∥∥∥e0

j,l

∥∥∥∥ , ∥∥∥∥e1
j,l

∥∥∥∥ , ∥∥∥∥∇e0
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∥∥∥∥, and
∥∥∥∥∇e1

j,l

∥∥∥∥ are at least O
(
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l

)
; the

regularity assumption; and the standard finite element estimates of L2 projection error in the H1

norm (see, e.g., [2]), for any yn
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, (4.31)

we have
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By the triangle inequality, we have
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. (4.33)

This finishes the proof. □

The aggregated contributions to the error from MC sampling and FE approximation culminate in
the following estimation for the l-th level MC ensemble approximation.

Theorem 4.4. Denote y (tn) as the solution to Eq (1.1), and let Φn
Jl
= 1

Jl

Jl∑
j=1

yn
j,l. Provided that

Conditions (i) and (ii) are satisfied, alongside the stability condition given in (4.1), we have
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Proof. We consider the first term on the LHS of (4.34). By the triangle and Young’s inequalities, we
get
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.

The conclusion is derived from Theorems 4.2 and 4.3. The remaining terms on the LHS of (4.34) can
be evaluated using a similar approach, which finishes the proof. □

4.2. Multilevel MC ensemble FE method

Next, we will formulate the error estimation for the MLMCE method.

Theorem 4.5. Given the assumption of the validity of Conditions (i) and (ii), and that the stability
condition (4.1) is satisfied, then the error of the MLMCE approximation can be described as follows:
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1
2
L
(
∇E

[
y (tn+1)

]
− ∇Φ

[
yL (tn+1)

])∥∥∥∥2
]

+ 2∆tL (1 − 3α∗)
NL−1∑
n=1

E

[∥∥∥∥ᾱ 1
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Proof. Let y−1(t) = 0. Our analysis solely focuses on the initial term on the LHS, as the remaining
terms can be addressed in a similar way.
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By Jensen’s inequality and Theorem 4.3, we get
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By Theorems 4.2 and 4.3, and applying the triangle inequality, we obtain
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Meanwhile, by Theorem 4.4, we obtain
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Plugging (4.37)–(4.39) into (4.36), we have
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The other terms on the LHS in (4.35) can be treated in the same way. This finishes the proof. □

In general, as the mesh is refined, the cost associated with FE simulations tends to rise. To achieve
an optimal convergence rate, we can adjust the time step size ∆tl, mesh size hl, and sampling size Jl in
accordance with the preceding error estimation. The subsequent corollary can be derived directly from
Theorem 4.5.
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4.3. The cost of the MLMCE FE method

Similar to the MLMC method [5, 10, 33], the sample size in MLMCE can be determined by
minimizing the total computational cost, all while maintaining a predetermined level of error. By
setting ∆tl = O

(
hk/2

l

)
, one can align the errors in both the spatial and temporal domains. It is posited

that as the mesh size decreases, the average cost associated with solving the PDE at level l will
increase. Conversely, the average variance will decrease, following these relationships accordingly:

Cl = Cγh
−γ1
l and σl = Cµh

µ
l , (4.42)
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where Cγ,Cµ, γ1, and µ are positive constants. To determine the optimal number of samples at the l-th
level, denoted as Jl, it is imperative to minimize the overall sampling cost, ensuring that the statistical
error does not exceed a predefined tolerance ϵ. This objective can be effectively formulated as an
unconstrained optimization problem using the Lagrangian methodology

min
Jl

L∑
l=0

JlCl + λ

(L + 1)
L∑

l=0

σl

Jl
−
ϵ2

4

 .
Upon utilizing the Euler-Lagrange condition, we derive the optimal number of samples,

Jl =
4(L + 1)
ϵ2

 L∑
l=0

√
σlCl

 √
σl

Cl

and the corresponding total cost is denoted as Ctotal

Ctotal =

L∑
l=0

JlCl =
4(L + 1)
ϵ2

 L∑
l=0

√
σlCl

2

.

It is noteworthy that within this framework, MLMCE utilizes the same expressions for Jl and Ctotal as
those in MLMC. However, utilizing the scheme (3.3) in MLMCE results in a lower average cost for
solving the PDE compared with MLMC. Let the average cost of MLMC at level l be denoted as Ch−γ2

l ;
it follows that γ1 < γ2 when either direct or block iterative methods are employed in the linear solver.
Take CMLMCE and CMLMC as the total costs of the MLMCE and MLMC methods, respectively, we have

CMLMCE

CMLMC
=


∑L

l=0

√
σlh

−γ1
l∑L

l=0

√
σlh

−γ2
l


2

=


∑L

l=0

√
hµ−γ1

l∑L
l=0

√
hµ−γ2

l


2

.

Then

CMLMCE

CMLMC
=


hµ−γ1

0 /hµ−γ2
0 = hγ2−γ1

0 if γ2 < µ,

hµ−γ1
0 /hµ−γ2

L = 2L(µ−γ2)hγ2−γ1
0 if γ1 < µ < γ2,

hµ−γ1
L /hµ−γ2

L = hγ2−γ1
L if µ < γ1.

The overall computational complexity of MLMCE is found to be less than that of standard MLMC in
all scenarios.

If the standard LU factorization is used in the linear solver, then a sharper computational complexity
can be established. Denote d as the dimension of the domain. The complexity of LU factorization is
Ch−3d, and the complexity for solving triangular systems is Ch−2d (see, e.g., [11]). Therefore, the total
computational cost for sampling is

∑L
l=0

(
Jlh−2d

l + h−3d
l

)
since only one LU factorization per level is

needed. By minimizing the total cost while maintaining an error margin of ϵ, the optimal sample size
Jl is obtained as follows:

Jl =
4(L + 1)
ϵ2

 L∑
l=0

√
σlh−2d

l

 √
σlh2d

l . (4.43)
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The corresponding computational complexity is denoted as CMLMCE

CMLMCE =
4(L + 1)
ϵ2

 L∑
l=0

√
σlh−2d

l

2

+

L∑
l=0

h−3d
l . (4.44)

The optimized MLMC complexity is

CMLMC =
4(L + 1)
ϵ2

 L∑
l=0

√
σl

(
h−2d

l + h−3d
l

)2

. (4.45)

5. Numerical experiments

This section present an example to prove the validity and efficiency of the proposed MLMCE
algorithm. All tests are implemented by using Matlab code and run on a Hewlett-Packard laptop PC
with an Intel Core i5-6200U CPU and 12 GB memory.

We consider the model (1.1) by choosing D = [−1/4, 1/4] × [0, 1] and T = 1. Let ∂D1 = Γl ∪

Γr, ∂D0 = Γu ∪ Γd, where Γl and Γr are the left and right edges of D, respectively; Γu and Γd are the
upside and downside edges. Inspired by numerical experiments in [32] , we construct an exact solution
for the model is y = (1 + ω)(T − t) cos (πx1) cos (πx2) , ∀ x = (x1, x2) ∈ D, t ∈ [0,T ], and ω ∼ U(0, 1).

We take a (x, ωa) = 1+ωa
2 cos (πx1x2), α (x, ωα) = 1+ωα

2 cos (πx1x2), where ω,ωa, ωα ∼ U(0, 1)
are i.i.d. While the initial condition y0, the boundary condition u, and the source term f are chosen to
match the prescribed exact solution. We can see that the expectation of the solution, E

[
y (T )

]
, is zero.

We adopt the following a non-ensemble one-step stable second-order time-stepping method (NE/CN)
in which we have omitted the subscript l to calculate y1

j . NE/CN [36]: Find yn+1
j , such that

yn+1
j − yn

j

∆t
, v

 + (
a j∇yn+1/2

j ,∇v
)
+

(
α jy

n+1/2
j , v

)
∂D1
=

(
f n+1/2

j , v
)
+

(
α ju

n+1/2
j , v

)
∂D1
,

where yn+1/2
j =

yn+1
j +yn

j

2 , f n+1/2
j = f j (n + 1/2, x), and un+1/2

j = u j (n + 1/2, x). We consider the quantity
of interest, P(y) = ∥E

[
y (T )

]
∥. One can analyze the expectation of the solution at the final time from

the ensemble simulations and extract the underlying stochastic information of the system. For the level
l ∈ {0, 1, · · · , L}, let Pl = ∥Φ

[
yl

(
tNl

)]
∥. In terms of spatial discretization, we employ linear finite

elements on uniform triangulations, i.e., k = 1. Some tests are as follows.
(1) Basic hypothesis condition tests of MLMC and MLMCE: In this testing session, we set L = 5,

N0 = 10 (initial samples on the coarsest levels), and N = 1000 (samples for convergence tests).
From Figures 1 and 2, both the multilevel correction average variance E [Var [Pl − Pl−1]] and the mean
E [Pl − Pl−1] (so E [PL − P]) decrease exponentially with level, while Figure 3 displays the average
costs increasing exponentially. These results align with the basic hypothesis conditions (4.42), and also
conform to the geometric MLMC theorem (see, e.g., Theorem 1 in [10]). In addition, the MLMCE
cost shows below the MLMC cost with the level from Figure 3.
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Figure 1. The variance and mean of the quantity of interest for MLMC.

Figure 2. The variance and mean of the quantity of interest for MLMCE.
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Figure 3. The average cost of the simulations.

(2) Convergence rate of the simulations: To validate the analysis presented in (4.41), we keep L
constant and select hl =

√
2 · 2−2−l, ∆tl = 2−3−l, and Jl = 22(L−l)+1 at the l-th level of simulations for

l = 0, · · · , L. The test is conducted R = 12 times. Take the numerical error in L2 norm

EL2(D) =

√√
1
R

R∑
r=1

∥E
[
y (T )

]
− Φ

[
y(r)

L
(
tNL

)]
∥2,

where y is the exact solution and y(r)
L is the numerical solution of the r-th replica. The numerical

errors as L varies from 1 to 3 are listed in Table 1. It is observed that both the MLMC and MLMCE
numerical errors converge at the order of nearly 1 w.r.t. hL, the convergence order aligns with the
theoretical findings of Corollary 4.1.

Table 1. Numerical errors and convergence rates of the simulations.

L EMLMC
L2(D) Rate EMLMCE

L2(D) Rate
1 7.59e-02 5.71e-02
2 1.89e-02 1.00 1.42e-02 1.00
3 2.76e-03 1.38 2.70e-03 1.19

(3) The numerical results of MLMC and MLMCE: We utilize the MLMCE method with the
maximum level L = 2, hl =

√
2 · 2−2−l, and ∆tl = 2−3−l. Due to the limited scope of the problem, we

employ LU factorization to solve the linear systems. Given a numerical error of ϵ = 10−3, we select
the number of samples Jl = 22(L−l)+1 at the l-th level of simulations, for l = 0, · · · , L, according
to (4.43) with d = 2 and µ = 4. It is important to note that if the sample set does not comply with the
stability condition (6), we will partition the sample set into smaller subsets to ensure that the
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condition (6) is satisfied within each subset. The MLMCE solution at the final time T is
ΦE(x) = Φ

[
yE

L
(
tNL

)]
, as illustrated in Figure 4 (left). We assess the outcomes against those yielded by

the standard MLMC FE simulations, maintaining an individual computational framework. Let us
denote the approximated expected value obtained from the latter method as ΦI(x) = Φ

[
yI

L
(
tNL

)]
,

represented in Figure 4 (middle). For a just comparison, it is important to mention that we also
implement LU factorization for solving the linear systems across all individual simulations. The
observed difference, represented as ΦE − ΦI , is illustrated in Figure 4 (right). The analysis indicates
that this difference is on the order of 10−3, demonstrating that the MLMCE method achieves a similar
level of accuracy to the individual simulations.

Figure 4. The comparison of simulation means is depicted as follows: Simulations using
MLMCE (left) and MLMC simulations (middle), and the subsequent difference (right).

(4) The total costs of MLMC and MLMCE: Following the previous section, we find that the
computational complexity linked to the MLMCE simulation is notably lower than that of the separate
MLMC simulations. In the theory, by (49) and (50), we have

CMLMC =
4(L + 1)
ϵ2

 L∑
l=0

√
1 + h−2

l

2

≈ 4.49 × 109,

CMLMCE =
4(L + 1)3

ϵ2
+

L∑
l=0

h−6
l ≈ 1.10 × 108.

In the simulations, the total costs are calculated by

C sim
MLMC =

L∑
l=0

Jl · Nl

(
h−4

l + h−6
l

)
≈ 6.75 × 109,
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C sim
MLMCE =

L∑
l=0

Jl · Nlh−4
l +

L∑
l=0

Nlh−6
l ≈ 1.66 × 108.

Thus

CMLMC/CMLMCE ≈ 40.69, C sim
MLMC/C

sim
MLMCE ≈ 40.66.

Our complexity estimations almost match the theoretical calculations, and the MLMCE method is
more cost-effective than the MLMC method.

From Test (1), it is evident that the feasibility of the MLMC and MLMCE methods is demonstrated.
The accuracy of the MLMCE numerical results aligns well with the theoretical findings in Test (2). In
Tests (3) and (4), it is observed that not only is the numerical accuracy of MLMCE nearly identical to
that of MLMC, but the MLMCE method also significantly reduces the computational costs.

6. Conclusions

In this study, the MLMCE algorithm has been employed to enhance the computational efficiency
for numerical solutions of a transient heat equation characterized by random Robin boundary
conditions and diffusion coefficients. The coefficients of the linear systems are computed and stored
in a potentially resource-intensive offline phase, allowing for an extremely fast and J-independent
assembly of the linear equations in the online phase. Thereby, the MLMCE method is implemented to
greatly reduce the computational costs. Stability analysis and error estimates of the algorithms are
derived under some conditions involving two ratios between the fluctuations of the thermal
conductivity and random Robin boundary coefficient corresponding their mean. Numerical tests are
presented to confirm the theoretical results and verify the efficiency of the proposed algorithm.

However, one disadvantage is that the error estimate is not optimal concerning the spatial
considerations in this article. This also outlines the direction for our next steps in improvement, and
our team’s new proof method in [37] could be applied to drive these enhancements. Meanwhile, the
MLMCE algorithm should be applied to nonlinear parabolic equations. Additionally, stochastic
Robin boundary control problems, which are worth investigating, can be simulated using the MLMCE
algorithm.
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