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Abstract: In this paper, the averaging principle for conformable fractional stochastic differential
equations with Lévy noise is investigated. Initially, the averaging principle for classical Ito-type
conformable fractional stochastic differential equations is presented. Subsequently, the averaging
principle is extended to the case involving Lévy noise. Different from the approach of integration by
parts or decomposing integral interval to deal with the estimation of integral involving singular kernel,
this study introduces a novel method to assess the error between the averaged stochastic equation and
the original stochastic differential equations, thereby effectively addressing the challenge posed by
singular kernels. Finally, a simulation example is provided to validate the theoretical analysis.
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1. Introduction

In engineering modeling, fractional derivatives are widely regarded as a powerful mathematical tool
for analyzing genetic characteristics [1,2]. Starting from the establishment of fractional derivatives,
many researchers have paid attention to and conducted studies on fractional calculus [3]. The fractional
differential equations have developed to this point, and rich achievements have been made in their
qualitative theory as well as the qualitative theory of related common coupled equations [4, 5].

In recent years, stochastic fractional modeling has gained increasing importance across various
fields of science and industry, owing to its ability to simultaneously account for the memory effects
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inherent in fractional derivatives and the influence of stochastic disturbances on dynamic systems.
The controllability and optimal control [6, 7], existence [8], stability [9, 10], and averaging
principle [11, 12] of solutions for Caputo fractional stochastic differential equations have been
extensively studied and have attracted considerable attention in the mathematical community.
However, the Caputo fractional derivative is a non-local operator and lacks certain mathematical
properties associated with local derivatives. For instance, when the order of the fractional derivative is
less than zero, it does not guarantee a decreasing behavior of the original function. Therefore, it is of
significant importance to develop a new class of fractional stochastic differential equations that
exhibit more favorable mathematical properties.

The conformable fractional derivatives, which extend the classical limit-based definitions of
derivatives for functions, were first introduced by Khalil et al. [13]. Subsequently, several
fundamental properties were established, including Leibniz’s law, the chain rule, exponential
functions, Gronwall’s inequality, integration by parts, and Taylor power series within the framework
of fractional calculus [14, 15]. Compared to the Caputo fractional derivative, the conformable
fractional derivative possesses simpler and more favorable mathematical properties, thereby
facilitating analytical and computational operations [16, 17] (the comparison of conformable
fractional derivatives and Caputo fractional derivative see Table 1). Ma et al. [18] observed that
simulations based on conformable fractional derivatives are simpler and more appropriate than those
using Caputo fractional derivatives in the context of grey system models. The existence and stability
of solutions to conformable fractional stochastic differential equations have been investigated in the
literature [19-21]. Luo et al. [22, 23] studied the conformable backward stochastic differential
equations. Moreover, the regional controllability and observability for conformable systems have also
been analyzed [24]. These findings indicate that the qualitative analysis theory for conformable
fractional stochastic differential equations has reached a mature stage.

Table 1. Comparison of conformable fractional derivatives and Caputo fractional derivative.

References Fractional derivatives Fractional integral Advantage Properties Parameters
adjustable?

conformable D2f() = 1imﬁ<)w, t > 10fQ0) = fo' f(s)ds = Derivative Local derivative, Yes
fractional 0, O<ac<l f(} ' f(s)s@lds, t>0, O<a<1 simpler, more similar to integer
derivatives favorable derivative
[13-17] mathematical

properties,

facilitating

analytical
Caputo DLfD) = fo’ ({}j)Lds, te ILf)=rs for(t—s)"" f(s)ds, € Analyze Nonlocal Yes
fractional [0, c0), where I'(@) := fo ~ salo=sgs [0, 00) processes  that derivatives,
derivative is Gamma function involve  genetic unlike integer
[1-3] and memory derivatives,

properties involve the

gamma function

Stochastic differential equations serve as essential mathematical instruments for analyzing random
phenomena and have garnered significant attention from numerous researchers in the field of
mathematics [25]. Stochastic averaging principle for Itd stochastic differential equations was
proposed by Khasminskii in [26], where proved that a solution of the average equation can converge
to the solution of the complex system under the suitable conditions. However, the averaging principle
for conformable fractional stochastic differential equations has not yet been established in the
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literature. In general, much of the noise encountered in practical systems is non-Gaussian in nature,
characterized by more spikes and abrupt fluctuations. In recent years, the qualitative theory of
stochastic differential equations driven by non-Gaussian noise has attracted considerable research
interest. For instance, properties such as stability [27] and the averaging principle [28-30] have
received increasing attention. Shen et al. extended the averaging principle for fractional stochastic
differential equations with Lévy noise to the cases of delay systems [31] and hybrid systems [32].
Furthermore, Xu et al. [33] established an averaging principle for fractional stochastic dynamical
systems driven by non-Gaussian Lévy noise under a class of weakened Lipschitz conditions. In their
approach, the classical method of integration by parts was employed to handle fractional integrals;
however, this technique leads to the appearance of singular integrals, which are difficult to evaluate
analytically. To address this issue, Guo et al. [34] proposed a novel set of averaging conditions
formulated in terms of fractional integral expressions, thereby effectively mitigating the singularity

problem.
In this paper, we investigate the averaging principle for conformable fractional stochastic
differential equations.  Unlike previous approaches based on integration by parts [35] or

decomposition of the integral interval [36], we impose growth conditions on the nonlinear stochastic
term and employ Hoélder’s inequality and Chebyshev’s inequality to estimate integrals involving
singular kernels. We establish the validity of the averaging principle for conformable fractional
stochastic differential equations with Lévy noise in the mean-square sense.

The paper is organized as follows. In Section 2, some preliminary definitions and lemmas are
introduced. The averaging principle for conformable fractional stochastic differential equations with
both white noise and Lévy noise is presented in Section 3. In Section 4, a numerical example is
provided to illustrate the theoretical analysis. Section 5 provides a brief concluding summary.

2. Preliminaries

Throughout the paper, let X, := L2(Q, 7, P), t € [0, +c0) be the space of all F;-measurable process.
Moreover, a process x is called 7 -adapted if x(¢) € X,,t € [0, +0). a V b represents max{a, b}, E(x)
denotes the mathematical expectation of x. The space L2[0, T] denotes the family of Borel measurable

functions f : [0, 7] — R”" such that fOT |h(t)|dt < oo, where | - | is the norm of R”.

Definition 2.1. (see [13, Definition 2.1]) The conformable fractional derivative with low index 0 of a
function f : [0,00) — R is defined as

fa+1%) - f(1)

&

Dgf(t):liné t>0, O<a<l,

where D f(0) = lim,_o+ D f(2), f(-) is differentiable and 1im;_,o+ D f(f) exist.

Definition 2.2. (see [14, Notation, p.58]) The conformable fractional integral with low index a of a
function f : [0,00) — R is defined as

! a t
ISf(0) = f Fls)d = f f(s)s®'ds, t>0, O<a<l.
0 a 0
Next, we will introduce some important lemmas.
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Lemma 2.3. (see [37, Theorem 1] Gronwall-Bellman inequality) Let X(-) be real continue function on
[0, 1], f(:) = O is the integrable function over interval [ty,t,], o is a positive real number. If

Xt <o+ f f()X(s)ds, te [ty 1],
then

X(t) < oexp (f f(s)ds), t € [t 1]
3. Main results

3.1. Stochastic averaging principle
In this section, we consider the following conformable fractional stochastic differential equations

dB 1
Do X(1) = f(t, X)) + g(t, X(t))%, a € (E’ 1, >0, 3.1

with the initial value X(0) = X, where Dj is the conformable fractional derivative, f : Rt xR" - R",
g : R* X R" —» R™ are continuous functions. B(-) is a m-dimensional Brownian motion defined on a
complete probability space (Q, F, P) with the filtration {F,}s0 and E(|X,|?*) < co.

We introduce the following assumption.

[H1] For any (7, x,y) € [0, T] X R" X R", there exists two positive constants L;, L, such that

I, x) = f@Enl Vv gt x)— gyl < Lilx -yl
&, 0l Vv gt 0| < Ly(1 + |x]).

Lemma 3.1. (see [19, Theorem 4.3]) If [HI ] holds, then Eq (3.1) has a unique solution X(-) € Lﬁ [0,T]
provided that a € (%, 1] give by

X(t) = Xo + f (s, X(s))s" 'ds + f g(s, X(5))s* ' dB(s), (3.2)
0 0

and [ |x(0)dt < co.

Definition 3.2. If X(-) is an F -adapted process and satisfies the integral equation (3.2) almost surely
forallt >0, then X() is called a mild solution to Eq (3.1).

Now, we investigate the averaging principle of conformable fractional stochastic differential
equations. Consider the standard form of Eq (3.1)

dB(t)

dt ’°
where, the initial value X, and functions f, g are same as (3.1), € is a positive small parameter.
Combining the existence and uniqueness results (Lemma 3.1), we can get its solution

DIX(1) = ef (1, X(0)) + Veg(t, X(1)) a € (%, 11,t>0.

X.()=Xy+ € f (s, Xc(5)s* 'ds + Ve f 2(s, X(5))s* ' dB(s).
0 0
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Next, taking the average of the functions f(-), g(-) with respect to ¢, and named them by f(-), g(-) as
follows:

T
f(X@®) = lim i f(t, X(1))dt, 3.3)
Ti—> Tl 0
] o m
gy = Jim oo [ g x0n

with frozen slow components X(-). Therefore, we can get the following conformable fractional time-
averaged equation:

dB(t)

DY) = ef(Y(®)+ \/Eg(Y(t))T, (3.4)

with initial value Y (0) = X(0). Here, Y(-) is a stochastic process and the solution of the time-averaged
equation.

Remark 3.3. (see [39, p.193]) If all two limits in (3.3) exist, the functions functions f(-),3(-) also
satisfy the linear growth condition and Lipschitz condition as functions functions f(-), g(-) with the
same constants Ly, L,.

[H2] For any 7 € [0, T], X € R", there exists two positive bounded functions d;(+), d2(-) such that

IA

1 (" _
;ﬁvmm—ﬂmWs a1 + IXP),

A

1 !
;folg(s,X)—g(X)I“ds < S0 +IXTY),

where lim,_,, 6;(¢) = 0, lim;_,, 9,(¢) = 0.

Remark 3.4. It should be emphasized that we restrict fot 1g(s, X) — g(X)|*ds < 6,()(1 + |X|*) instead

t
of % fot lg(s, X) — 8(X)[?ds < 6,(t)(1 + |X|?) to solve singular integrals when applying the integration by
parts formula.

Let Y.(-) be the solution of the time-averaged equation (3.4). Hence, we have

Ye(1) = Xo + 6f J(Ye(s)s*ds + \/Ef 8(Yc(5))s" ™ dB(s).
0 0

E(X) represents the expectation of random variable X. Next, we show that Y (1) — X.(1),e —
0*,¢ € [0, T] in the sense of mean square.

Theorem 3.5. Assume that conditions [HI1],[H2] are satisfied. For a given arbitrarily real number
e > 0, there exist L > 0, € > 0 such that for any a € (%, 1],

E( sup |X(r) — Ye(t)lz) <e.
te|

0,Le ]

hold for any a € (%, 1].
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Proof. For any t € [0,h] C [0, T],

X(t) = Ye(r) = efo [f (s, Xe(5)) = f(Ye(s))]s" ds + \/Ej; (s, X(5)) = 8(Ye(5))]5" ™ dB(s).

Note that |a + b|* < 2|al* + 2|b|*, we have

E( sup X0 - Y.0F) < 2€E( sup f (5, Xe(s)) = F(Ye(s)]s™ds )
t€[0,h] t€[0,h]
#2¢E( sup f [9(5. Xe(8)) — 3(Yo())]5°" dB(s) )
t€[0,h]
= L +D (3.5)
Similarly, we can get
! 2
I < 462(E sup f[f(s,XE(s))—f(s,YE(s))]s“_lds)
t€[0,h] 0
t B 2
+4€2E( sup f [f(s, Y.(5)) - f(Ye(s))]s"‘lds )
t€[0,h] 0
= Iy + Is.

Applying the Cauchy-Schwarz inequality and conditions [H1], we have

! 2
I < 462hE( sup [f(s,XE(s))— (s, YE(S))]SO‘_I ds)
t€[0,h] JO
h
< 4heL? f E( ) = Yo )52 (3.6)
0 s€[0,h]

Next, by [H2] and applying Cauchy-Schwarz inequality again, we have

t h
I, < 462( sup f sz"_zds)E( sup
r€l0,h] Jo r€[0,h] Jo

2a—-1
P E( sup 6,01+ I¥(9)P))

2
ds)

» Ye(s)) - f_(Ye(s))

<
20 =1 \gon
€2h2a
sup 51(r)(1 +E sup |Y.(0) ) 3.7)
2 1 te[0,h] t€[0,h]

On the other hand, we have

L < 46E sup f La(s, X.(5)) — g(s, Yo(s))]s* ' dB(s) )
t€[0,h]

+4eE( sup f [8(s, Yo(s)) — B(Yo())]s" " dB(s) )
t€[0,h]

IA

Ye(s)s™™!

46E( sup f ds)
t€[0,h] JO
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2
— g(Y(s)]s"™!| ds

!
+4eE( sup f
1€[0,h] JO

=: I+ In.

Using [H1], we have

h
Ly < 4el? f p X, Y ()5 2ds. (3.8)
0 s€[0,h]

Now, using the Holder inequality, one has

t

4eE( sup f

re[0,n] JO

f i f

4eE( sup [( f s4"_4ds) ( f
ref0.n] L\ Jo

2
L Ye(9) = g(Ye(s)]s™!

IA

)

8(s, Ye(s)) — 8(Ye(s))

I

IA

@

de Vda — 3h2““
< = smnfm@Y@» aslas)
a-3 1€[0,h]
4 VAo — 3> :
< £V sup VG (OE sup (1 Y0 ) (3.9)
da -3 1€[0,h] t€[0,h]

Thus, we have I, + I, < K(€), where

4 2T2cr
K = =1 sp 51(z)(1 +E sup |Y.(0) )
2a -1 1€[0,T1]

t€[0,T]
4 Ao — T2(x—1 3
 deVaa sup VB(DE sup (1 +|Y€(t)|4)2.
da -3 1€[0.T] 1€[0,T]

Now, substitute (3.6)—(3.9) into (3.5), we have

— Yo(s)[)s 2ds.

h
E( sup X (1) — Yg(t)lz) < K(€) + 4eL}(1 + he) fo

1€[0,h] s€[0,h]
Applying Gronwall inequality, we have
2a-1

-1

( sup [X.(t) - Y, (t)|2) < K(e) - exp (4Li(e + he)) 5 oy

t€[0,h]

This implies that we can select a number L > 0, € (?—P 1], such that for every t € [0, Le *] C [0,T]
having

E( sup X0 - Y0OF) < K(@)- &), €>0.

te[0,Le?]
where
4L2L2af—l
6(6) = exXp (ﬁ(flﬂl_zaz + L62_202)), €> 0.
a —_—
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Obviously, K(e) - £(e),e > 0 are increasing function with respect to the variable e. Noting that
inf.o K(€) - £(e) = 0. Hence, for any given number £ > 0, we can always find a number € > 0, such
that K(¢€) - £(e) = €. This implies that

E( sup |X(r) — Ye(t)lz) <e

te[0,Le ]

The proof is completed. O

3.2. Stochastic averaging principle with Lévy noise

In this section, we consider the averaging principle for the following standard conformable
fractional stochastic differential equations with Lévy noise:

DX(1) = ef (1, X(1)) + Veglt, X(t))L X(0) =Xp, a € ( 11, 1 >0, (3.10)
where f : R* XR" - R", g : R* X R" — R™ are continuous function, L(-) is a m-dimensional Lévy
motion, and Xj is an Fy-measurable R"-value random variable, satisfying E(|X,|’) < +oo, p > 2.

Firstly, using Lévy-Itd decomposition, we can rewrite the standard conformable fractional stochastic
differential equations (3.10) and give it with a more general representation

B(r) G

H(t, X(t-), x)N(dt, dx)
dt [x[<c

DX(1) = ebt,X(t-)) + Veo(t, X(t—)——

+d—f f G(t, X(1-), X)N(dt, dx), 3.11)
[x|=c

where X(7-) is the left limit lim;, ;,, X(5), b : R"XR" - R", 0 : R*XR" - R™", H : R" XR"XR" —
R", G : R* X R" x R* — R" are measurable, constant ¢ € (0, o] is the maximum allowable jump size,
N(t,dx) : R* x {R™\ 0} controlling small jumps, N(dt, dx) = N(t, dx) — tv(dx) controlling large jumps,
both are compensated Poisson random measure and v is the jump measure.

To simplify the mathematical model, here we only consider the Lévy motion without large jumps,
then (3.11) can be rewritten as

a’B(t) Ve

dt H(t,X(t-), x)N(dt,dx).  (3.12)

DX(1) = ebt,X(t-)) + Veo(t,X(t—)——

|x|<c

Let | - | be R"-norm, || - || be matrix norm, and a(-, x;, x,) = o (-, x;)o (-, x;)7 is a n X n matrix. We
introduce two assumptions on functions b(-), o(-) and H(:).
[A3] : For all x;,x, € R", t € [0, T] and constant C; > 0. Assume

|b(t, x1) — b(t, x)* V lla(t, x1, x1) = 2a(t, X1, X2) + a(t, Xp, X2)|| V
f \H(t, x1, x) — H(t, X2, x)*v(dx) < Cilx; — xaf*.
[x|<c

[A4] : For all x; € R", ¢ € [0, T] and constant C, > 0. Assume

Ib(t, x)P V lla(t, x1, x) Vf |H (2, x1, 0)*v(dx) < Co(1 + |3 ),

|x|<c
For the conformable fractional stochastic differential equation (3.12) with Lévy noise, according to
Definition 2.2, we can easily conclude as follows.
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Lemma 3.6. Ifa € (%, 1] and Assumptions [H1] and [H2] hold, then conformable fractional stochastic
differential equation (3.12) has a unique, adapted and cadlag (right continuous with left limits) mild
solution

!

X0 :=X.() = Xo+e€ f b(s, X(s=))s* 'ds + Ve f o (s, X.(s=))s* 'dB(s)
0 0

!
+ \/Ef 57! H(s, X(s-), x)N(ds, dx),
0 |xl<c

and E([[ 1X()Pdt) < +oo with T < co.

Proof. It is worth noting that conformable fractional integration is a special form of Caputo fractional
integration. Hence, replace == [ (s, Xc(s—))(t — 5)*~'dB(s) with [} o°(s. Xe(s—))s*'dB(s), 7 [ (-
)7 [, H(s, X(s=), ON(ds, dx) with [[ s [ H(s,X(s=), x)N(ds, dx). Tt should be noted that
both functions (r — s)*~!, and s*~! are continuous, and their properties remain invariant throughout
the integration process. Consequently, repeating the proof of [38, Theorem 3.1], the conclusion can
be established. In addition, E( fOT |X(1)]?dt) < +oo with T < co. The conclusion has been rigorously
established. O

|x|<c

Before presenting the main results, we first establish a lemma concerning the estimate on p-th
moments on the solution, which serves as a foundation for the subsequent analysis.

Lemma 3.7. (Estimate on p-th moments) Let p > 2, a € (pT_l, 1]. If the Assumptions [A3] and [A4]
hold, then the solution of FSDEs (3.10) satisfies

Tpa/—p+1

E( sup |X(t)|p) < (8”_1E|1 +Xo|p)exp(
1€[0.T]

W)
pa—p+1

Lop
4r-1ct e2 =2 2rp—]
where ¥ = W(ZT T +ex2TP7).

Proof. According to Lemma 3.6 and inequality (a + b + ¢ + d)? < 4°71(a” + b” + c? + dP), we have

11+ X = 4!

1+X r +4P-1(i ftb( X(s-))s*"'d ),,
0 @ o s, Xc(5-))s s
1 \/E ! ) -1 ¢

4 (—r(a)fo(r(s,XE(s )s dB(s))
—1 \/E ! a—1 \/ i

ap (@fo s |x|<cH(s,X(s—),x)N(ds,dx))

hold for all p > 2, t € [0, T]. Now, applying the Hoder’s inequality and [A4], we have

E( j; b, Xe(s—))s"‘lds)p

IA

TP-lE( f b”(s,XE(s—))s’”’_Pds)
0

IA

, t
c; 7B f (1 + X577 "ds).
0
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Next, using Itd’s isometry and [A4], we have

IA

A f“ e Xtsnsano) < ol fo s, Xg(s—))szfl—st)g

E(C2 f a1+ |X€(s—)|2)s2"_2ds)2.
0

IA

From Hoder’s inequality, one can get

IA

f t 2
CEE( f (1+|Xe(s—)|)psp(’_pds)( f ﬁzds) i
0 0

L p2 !
= C§T2E( f (1+|Xe<s—)|)”s”""’ds). (3.13)
0

E(c2 f (1 + |Xe(s—)|2)s2“‘2ds)2
0

Next, applying the Burkholedr’s inequality and [A4], we have

p

E( f [ Hs. X(s—). 0)N(ds. dx))
|x|<c

f 20-2 f H(t x1, %)| vdxds)
|x|<c

E c2 f a +|Xe(s—)|2)s2“‘2ds) .
0

IA

IA

Repeating the proof of (3.13), we have

p

E(f 571 H(s, X(s—), x)N(ds, dx))
0 |x|<c

IA

P p— 4
c T22E( f (1 +1X (575" 7ds).
0

Thus, we have

IA

4r~ 1E|1+X0| +‘I’E sup f(1+|X (s—)|)PsPe™ ”ds)
t€[0,T]

E( sup |1 +X(t)|”)

t€[0,T]

IA

t
YE[1 4 x|+ f sup (1 + [X.(0)) 7" Vdr ),
0 7€l0,s]

4r-ic; . o . . .
where ¥ = F(Q)IEQ QT'T 4 e TP~ is a positive constant. Now, using Gronwall-Bellman inequality

(Lemma 2.3), we obtain
\PTpa—p+1 )

E( sup |1 +X(t)|p) < (4”_]E|1 +Xo|p)exp (— .
pa—p+1

t€[0,T]

Note that E(|Xy|?) < +oo, we can get E(|1 + Xo|p) < 2P71 4+ 2P71E(1Xy|P) < 400. Therefore, we can
easily deduce that

. » Tpa—p+1 |
E( sup X)) < (87E[1+ X0l Jexp(——— ) + 277" < 4w
1€[0,7] pa—p+1
The proof is completed. O
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Now, we will establish the averaging principle for conformable fractional stochastic differential
equations (3.12) in the sense of pth moment. Firstly, taking the average of the functions b(-), o7(-), and
H(-) with respect to t, named them by b(-), 7(-), and H(-) as follows:

Ty
b(X() = Tlll—IgoTiljo‘ b(t, X(t))dt,
Ty
g(X(t)) = lim if o(t, X(1))dt, (3.14)
T1—o0 Tl 0
Ty
HX®),x) = lim 1 H(t, X(1), x)dt,

T1—>00 1 0

with frozen slow components X(-). Hence, we can get the following time-averaged equation

WO = eb(Y(-) + Vs B . Ve

7 ar o H(Y(t-), x)N(dt, dx), (3.15)

with initial value Y(0) = X(0), where b : R* — R”, & : R" —» R", H : R" x R* — R” are continuous
functions. Here, Y(:) is a stochastic process.

Remark 3.8. (see [39, p.193]) If the limits in (3.14) exist, the functions functions b(-),5(-) and H(-)
also satisfy the linear growth condition and Lipschitz condition as functions functions b(-),o(-) and
H(-) with the same constant C,. In addition, the limit limy, _, Tl] fOTl b(&,, X(1))dt = b(X(1)) exists, for
example, if &, is periodic or is a sum of periodic functions.

Suppose the functions b(-), 5(-), and H(-) satisfy the following conditions:
[AS] : For any t > 0, x € R", there exist three positive bounded functions K;(-), K>(+), K3(+) such that
the functions b(-), (), and H(-) satisfy
1 [ -
;f Ib(s, X) — b(XO)Pds < Ki(0)(1 + X)),
0

%f lor(s, X) = 0 (X)I*ds < Ky(t)(1 + X (1)),
0

2
f \H(s, Y(s=),x) = HY(s-), 0)Pv(dx)| ds < K301 + X)),
[x|<c

1 t
o

where lim,_,., K;(¢) =0,i = 1,2, 3.
Let Y, be the unique solution of (3.15), x = max{p—_l, %}, p = 2. Now we are ready to present the
main result.

Theorem 3.9. If conditions [A3] —[AS] are satisfied, then there exists Ly > 0,¢; € [0,€"] and 8 € (0, 1)

such that forall p > 2,e € (0,¢], @ € (x,1], k = max{pT?l, %}

lim E( sup  |X.(1) — YE(t)V’) 0.
0 Nie(o,,eh)

Proof. For any t € [0, u], we have
X - Y1) = € f [b(s, X.(s-)) - E(Ye(s—»]sa—lds
0
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Ve f t [a(s, X.(s-)) - &(Yg(s—»]s“‘ldB(s)
0

+e f 50! [H(s, X.(s=). %) — I-_I(Ye(s—),x)]N(ds, dx).
0 |x]<c

Note that E(sup o7 IX(H)I”) < +00 and E( fOT |X(s)|Pds) < +o00. Letu < T be a variable. Thus, for any
p > 2, using the inequality |a + b + c|? < 377 !(|al’ +|b|” + |c|P) and computing the expectation, we have

E( sup X0 - Y1)

te[0,u]
)

f [0°(5, X(5-)) — F(Yo(s-))]s*dB(s)

IA

3P-‘EPE( sup f [b(s, X(s=)) — b(Y(s=))]s" 'ds
0

te[0,u]

)
130 162E sup f ol H(s X.(5=), x) — A(Y.(s— )x)]N(ds dx))
[x|<c

te[0,u]

p
+377 ez E( sup
t€[0,u]

= L+L+1. (316)
Note that |a + b|P < 27~!|a|P + |b|P, we can get
4 p
I, < 6”‘16”E( sup f [b(s, X(s—)) — b(s, Yo(s—))]s* ds )
ref0,u1 1 Jo
t _ p
+6P_IEPE( sup f [b(s, Y.(5-)) b(YE(s—))]s“_lds )
t€[0,u] 0
=: Iy + 1.
Applying the Hoder’s inequality and [A3], we have
! p
Iy < 6”_16"u"_1E( sup f [b(s, X.(s-)) — b(s, YE(S—))]S"_1 ds)
te[0,u] JO
< 6" 'ePu'Cl sup f - Ye(s—)|p)s”“_pds
rel0,u] Jo
< 6" euricr f E( (@ = Yo Jsrrs. (3.17)
0 7€[0,s]

Applying the Cauchy-Schwarz inequality and [AS5], we have

! !
6”_16”[ sup f s2"_2dsE( sup f
1€[0,u] 1€[0,u]

o1 _p uZoz 1
61 e’ (—) E( sup [1- Ki((1 +1Y.(0) )])

t€[0,u]

p

o

I, b(s, Ye(s—

IA

IA

6”_161’u2”“[

e s K1+ Esup 17.0P)|

1€[0,u] t€[0,u]
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6p—1 p,,2pa
S (3.18)
Qa - 1)2

a1

2
where Y| = [supte[o’u] Ki(5)(1 + E(sup,¢,, IYE(t)Iz))] is a constant. Note that |a + b|” < 27 Yal|? + |b|?,

)
)

applying It6’s isometry, we have

I

IA

6" '€’ E ( sup
ref0.ul

f [a(s, X.(s=)) — o5, Ye(s—))]sa‘ldB(s)
0

p
+6P‘167E( sup
t€[0,u]

!

-1 2
6” 162E( sup f
t€[0,u] JO

t

-1 2
+67 1eZE( supf
ref0.u] Jo

= D + In.

fo [ | (s, Yol = V(s 7B
st)‘z”

2 \%
ds)

[O'(S, X (s=)) —o(s, YE(S_))]SQ—I

[, Yol = V(s s

Applying [A3], we have

!

L, = 6”_16127E( sup f

t€[0,u] JO

t

< 6p_le§CfE( sup f

rel0,u] Jo

Now, using the Hoder’s inequality, we get
» t
6p_167CfE( sup f
te[0,u] JO

f
6”_165CfE( supf
ref0.u1 Jo

6p_legup22Cff E( sup
0

7€[0,s]

)4

2 \3
[07(5, Xo(5-)) — (s, Yo(s—))]5%! ds)

2 8
[X.(5=) — Y.(s=)]s"" ds) . (3.19)

Ly [X.(s—) = Ye(s—)]s*!

IA

2 \5
ds)
2

p 1 b=
ds) sup ( f lds)
re[0.u] N Jo

Xc(1) = Y()|")s" P ds. (3.20)

IA

[Xc(s—) = Ye(s—)]s*!

IA

Next, using Hoder’s inequality and [AS], one can show that

4

! P
Iy < 61"165E( sup f |or(s, YE(s—))—0"(Y€(s—))|252‘1_2ds)2

t€[0,u] JO

( fo t s4"_4ds)§( j; ot YE(S—))—O_'(YE(S—))|4ds)§]

6" '€’ E sup

IA

te[0,u]
Y u4a—3 % %
da =3/ Lieou 1€10.u]
p—-1 p pazl)
| ot (3.21)
(4a —3)+
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14
where T, = [supte[o’u] Kz(t)(l + E(sup,o, |Y6(t)|4))]4 is a constant. In the sequel, for I3, using
Burkholder’s inequality, we have

P
I; < 6”_162E supf "lf
te[0,u] [x|<c

H(s. X.(s=). x) — H(s. Y.(s=). 0)|N(ds. dx))

+6" '€ E supf - lf H(s, Yo(s—), x) — H(Y.(s-), x)|N(ds, dx))
tE[Ou] |xl<c
< 6"_16§E supf 2a= zf H(s,X.(s—),x)— H(s, Y(5-), x) v(dx)ds)
€[0,u] |x|<c
t 5
+67 16215 sup f 2o f |H(s, Ye(s5-), x) = HY(s-), %)| v(dx)ds)
te[0,u] |x|<c
< 131 +]32.

Obviously, from [A3], we can get

! 2 4
I; < 6P_155CfE( sup f [X.(s—) = Yo(s—)]s*"! ds)z,
1€[0,u] JO
which is the same as (3.19). Therefore, according to (3.20), we have
L < 6T Cr f Ye(r)|")sP* P ds. (3.22)
0 7€[0,s]

From condition [A3] and Hoder’s inequality, employing the same method as I5,, we have
!
Iy < 6" '€E sup [(f s4"‘4ds)]K
ref01 L Jo

f

X f

0
6" letu

(4a —3)5

2 \%
ds)]

s, (3.23)

f IH(s, Y.(5=), 2) = A(Y.(5=), H)Pv(dx)
|x|<c

where T; = [sup,e[o’ul K3(0)(1 + E(Sup,¢po. IYE(t)I“))]% is a constant. Now, substitute (3.17), (3.18) and
(3.20)—(3.23) into (3.16), we have

E( sup |X.(1) - Yf(t)lf’)

t€[0,u]
617—1€Pu2p(y 6[)_16%”@
(—” |+t ———— + ‘I’3))
QRa-1)2 (4a — 3)f

U
_ L =2 _
+6* leGZ(EZu” Ly ou— )f . YE(T)|p)s"" Pds.
0 7€[0,5]

Here, in order to make the integrals fot s*4ds and f " sPrP (s solvable, we have to restrict a € («, 1],

K= max{pT1 §} Thus, using Gronwall-Bellman inequality (Lemma 2.3), we can get
E( sup |X.(¢) - Ye(t)lf’) < Du)e, (3.24)
t€[0,u]
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where
617—1 p-1,2pa 6/~ 1 ,_1 pQa-1)
(2a -~ 1) (4a - 3)
a—p+1
><eXp[6p 1Cm€2(62up 1+—2u”/)__ﬂf_ll___}
pae—p+1

This implies that we can select 8 € (0, 1) and L, > 0, such that for all ¢ € [0, L;e#] c [0, T] having

E( sup X0 - Y0F) < @€',

l‘E[O,L]E’/j]
where
—172pa _pip-1-2 g PBD g2 ppCa-)
Oi(e) = (6P Ll Epﬂp pwﬂTl .\ 67 Ll T e p 2 (T2+‘Y‘3))
Qa-1)2 (4a - 3)7
Lpoz p+1 eB(p pa—1) 22 22 s
X exp [6” 1CPGZ 3 ( f‘le% +2L,2 62’)],
pa—p

is a positive constant.

Note that ®;(e) is an increasing continuous function with respect to variable €, and
inf o @ (€)' = 0. Thus, we have, lim._,, ®;(€)e'® = 0 and lim,_,o L;e? — +o0.

The proof is completed. O

Remark 3.10. Theorem 3.9 can be regarded as a generalization of a special Caputo derivative [28,
Theorem 1] . The calculation is relatively simple and there is no Gamma function I'(:) involved, but it
still needs to handle the singular integral term fot b(s, Y(s—))s* ds.

4. An example

In this section, we present an example to demonstrate the procedure of the averaging principle.

Example 4.1. Consider the following conformable fractional stochastic differential equations with
Lévy noise.

DYX() = 2e(FR + 1) + 2V + F [ sinX(0) S va(d), 120, @
X(0) = 1. '

Choose a € (0.75,1],4 € (0,2),& > 0, p=2, A-stable Lévy jump measure v,(dx) = %dx. Set
b(t, X(t)) = 2(<2XXD) 1 1), o(1, X(1)) = 2, H(t, X(t), x) = x*sin(X(1))=, ¢ > 0. Thus, frozen slow
component XE, one can compute

bX(1) = lim 49ﬁiﬁ@ )d_z
[—00 t 0 et
ﬂX@)::hm% ot X(1))ds = 2
—00 0
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and

lim — n f f —x sin(X.(1))dxds
=00 |x|<c e’

+1 Ext
= h X (t
tirori t 0 Sln( ()) x|<c xl+/l
4-1 1 t s 1
= ic ﬂsin(XE(t))lim;f e ds
— f—00 0 e’
A
= i_/lsm(XE(t)).

Therefore, we obtain the following averaged equation

Y. (0)=1.

{DgYe(l‘) Qe + \ffc SlIl(Y (l)) + \/—dB(z) r> 0

Now, we check that condition [A3] is satisfied. For function b(-), we have

1 (! _ >
- f Ib(t, X)) — b(X)IPdt = = f cos §
: f
eZt
= ; _(1 _ e—2t)
_ 2
= (1 +1XP).

For function H(-), we can calculate

1 t
i)

1 t 2
= - f e sin(X.(1))*x"dx| ds
0 I Ji<e
| = o4 £2,p15-22
< It a o,

et 2015724

Therefore, [A3] is satisfied with K;(r) = 1= s

dxds

2
f |H(1, X, x) — H(X, x)Pv(dx)
|x|<c

4.2)

t>0. Next, let E, = [X. — Y.]?

be the approximation error. With the help of MATLAB software, we show the averaged solution of
(4.2) can converge to the original solution of (4.1) on the interval [0, 50], see Figure 1. This means that

E, =|X.-YJ* = 0,e — 0is also verified by simulation.

AIMS Mathematics
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Figure 1. Comparison of X, and Y, with @« = 0.8, = 0.01 and @ = 0.8,€ = 0.001 on the
time interval [0, 50].

5. Conclusions

We employ the method proposed in [40] to establish sufficient conditions that ensure the validity of
the averaging principle for conformable fractional stochastic differential equations with Lévy noise.
Our theoretical analysis demonstrates that conformable fractional calculus is significantly simpler in
formulation and application compared to Caputo fractional calculus. Based on this finding, the
averaging principle for stochastic differential equations incorporating delay effects can also be
explored.
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