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1. Introduction

Often times, scientists and engineers encounter scenarios that require the solutions to
underdetermined linear system

Ax = h, (1.1)

where A ∈ Rk×n is a linear operator, h ∈ Rk is an estimation, and x ∈ Rn. In (1.1), k ≪ n and the
solutions are infinitely many. As a regular feature, (1.1) appears in signal processing via compressed
sensing (CS) techniques [1–3], where the sparest of the solutions to (1.1) are of paramount interest. To
solve (1.1), we first consider the general optimization problem (PH)

(PH) : min
x

H(x) s.t. Ax = h. (1.2)

Taking H(x) to be strictly convex like the squared ℓ2 − norm namely, “∥x∥22” ensures a unique but not
sparse solution. On the other hand, selecting H(x) to be the non-convex ℓ0 − norm guarantees a sparse
solution and the new model is formulated as

min ∥x∥0 s.t. Ax = h, (1.3)

with ∥.∥0 denoting the components of the vector x that are non-zeros, A and h remain as defined
above, and k is the number of measurements. The minimization problem (1.3) is mostly referred to as
the ℓ0 minimization problem [4]. Even though the ℓ0 − norm is often referred to in the measurement
of a vector’s sparsity, its implementation in the model (1.3) is combinatorial and computationally
intractable [5]. To address this issue, researchers considered H(x) to be the ℓ1−norm, which is not only
convex but also ensures sparse solutions to the problem in (1.1). Thus, to obtain the sparest solution to
problem (1.1), researchers mostly consider the regularized convex optimization problem

min
x∈Rn

H(x) :=
1
2
∥Ax − h∥22 + τ∥x∥1, (1.4)

where the term ∥x∥1, which denotes the ℓ1-norm, is incorporated to penalize large values in the objective
function, while τ > 0 serves as a parameter that regulates the balance between achieving sparsity and
minimizing the residual error. Clearly, the objective function H(x) in (1.4) is convex and nonsmooth.
Nonetheless, suitable iterative schemes [6, 7] have been suggested in the past decades to obtain its
solution. The scheme by Figueiredo et al. [6] is by far the most prominent method applied to solve (1.4).
The main approach involves the reformulation of (1.4) by splitting x ∈ Rn as

x = a − b, a, b ∈ Rn
+,

with bi = (−xi)+, ai = (xi)+, ∀i = 1, 2, ..., n, where (x)+ = max{0, x}. By employing this expression,
the ℓ1 − norm is further represented as ∥x∥1 = eT

n a + eT
n b, with en = (1, 1, ..., 1)T ∈ Rn, leading to the

reformulation of (1.4) as

min
a,b

{
1
2
∥A(a − b) − h∥22 + τ(eT

n a + eT
n b)| a, b ∈ Rn

+

}
. (1.5)

In addition, the authors in [6] showed that (1.5) can further be expressed as

min
ψ

{
1
2
ψT Bψ + ΩTψ| ψ ∈ R2n

+

}
, (1.6)

AIMS Mathematics Volume 10, Issue 8, 19675–19692.



19677

where

ψ =

(
a
b

)
, Ω = τe2n +

(
−q
q

)
, q = AT h, B =

(
ATA −ATA

−ATA ATA

)
.

Considering that B is positive semi-definite, (1.6) is a convex quadratic programming problem [8].
The authors in [8] also stated that ψ is the solution to (1.6) provided it solves the following system of
nonlinear equations:

F(ψ) = min{ψ, Bψ + Ω} = 0, ψ ∈ R2n
+ . (1.7)

Remark 1.1. It was proven in [8] that F in (1.7) is monotone, namely the function F satisfies

(F(x) − F(y))T (x − y) ≥ 0, ∀x, y ∈ R2n. (1.8)

Among the various algorithms for solving (1.7), the Newton- and quasi-Newton-type algorithms [9,
10] are arguably the most prominent. This stems from the fact that they exhibit rapid convergence
from initial points that are within a neighborhood of the solution point [11, 12]. However, the huge
requirement for storage space and other tasking computations makes them not ideal for large-dimension
problems. In the past decades, modified versions of famous conjugate gradient (CG) formulas for the
unconstrained minimization problem

min
x∈Rn

f (x), (1.9)

where f : Rn → R is smooth with gradient ∇ f (x) = g(x), have been employed to solve (1.7) [13]. This
is mainly because the CG schemes do not require huge memory space to be implemented. Starting
with a guess of x0 ∈ R

n, iterates of the CG method are generated by the formulas

xk+1 = xk + sk, sk = ϑkdk, k ≥ 0, (1.10)

where xk represents the kth iterative point, ϑk > 0 is a steplength generated by a line search process
along the scheme’s direction dk which is computed using the following formulas:

d0 = −g0, dk+1 = −gk+1 + βkdk, k = 0, 1, ..., (1.11)

with gk+1 = g(xk+1) and βk denoting the CG updating parameter which is crucial in the scheme’s
implementation and is different for each method. The reader should see the comprehensive survey
in [14, 15] for different CG methods with different parameters βk. Below is a list of the classical βk

parameters:

βFR
k =

∥gk+1∥
2

∥gk∥
2 [16], βCD

k =
∥gk+1∥

2

−dT
k gk

[17], βDY
k =

∥gk+1∥
2

dT
k (gk+1 − gk)

[18], (1.12)

βHS
k =

gT
k+1(gk+1 − gk)
dT

k (gk+1 − gk)
[19], βPRP

k =
gT

k+1(gk+1 − gk)
∥gk∥

2 [20, 21], βLS
k =

gT
k+1(gk+1 − gk)
−dT

k gk
[22], (1.13)

where ∥.∥ is the ℓ2 − norm and gk = g(xk). In recent decades, CG methods for solving (1.7) have
also been employed in solving compressed sensing problems (see [23, 24] for instances). Apart
from CG methods, some other solvers have also been developed for solving compressed sensing
problems. These includes the iterative shrinkage/thresholing algorithm (ISTA) [25], which is a
scheme that depends only on the gradient information, making it computationally cheap, the fast
iterative shrinkage/thresholing algorithm (FISTA) [26], which is an improvement of ISTA by way
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of incorporating a momentum term for faster convergence, the alternating direction method of
multipliers (ADMM) [27], which is a scheme with the attribute of handling complex functions, and
alternating projection gradient linearization (APGL) [28], which recovers sparse signals by combining
the principle of alternating projections and ℓ1 minimization.

An essential version of CG methods that has not gained much attention for solving (1.7) is the
modified form of the classical Dai-Yuan (DY) method in (1.12). Recently, some DY-type schemes
for (1.7) have been proposed. One of these is the scheme by Liu and Li [29], where their formula
was constructed by integrating the famous DY coefficient [18], the projection method by Solodov and
Svaiter [30], and the spectral gradient scheme [31]. The authors also proved the convergence of the
method independent of the well-known differentiability assumption. In [32], Liu and Li proposed a
spectral DY-type formula for (1.7) which was constructed by combining the classical DY formula [18]
with the technique in [33]. Inspired by the work in [34] and [29], Liu and Feng [35] defined a
variant of DY method for constrained nonlinear systems. The method’s structure makes it ideal for
solving nonsmooth nonlinear problems. The convergence analysis of the scheme was discussed under
the Lipschitz condition. Motivated by the idea from [35], Sani et al. [36] proposed a variant DY
algorithm for constrained nonlinear systems, with the scheme’s direction obtained as a combination of
the classical CD and DY coefficients. Recently, Alhobaiti et al. [37] introduced two scaled DY-based
schemes for the solution of (1.7) by employing distinct strategies to determine the scaling coefficient.
Even though the DY-type methods are promising, numerical experiments and analysis have shown that
they are quite sensitive to inexact line searches and often lack global convergence guarantees. The
reader can explore the works in [23, 24, 38] for more on methods for constrained nonlinear systems.
These new developments show that there is increasing interest in creating reliable and effective DY-
based techniques that are suited to the complexity of constrained nonlinear situations. To improve the
theoretical comprehension and practical usability of optimization algorithms in various scientific and
technical fields, more study in this field is essential.

We outline the objectives of the work as follows:

• To construct a DY-type algorithm for constrained nonlinear systems.
• To present a method with the vital property for analyzing the convergence of CG-type methods.
• To analyze global convergence of the proposed scheme.
• To describe the method’s application in sparse signals recovery.

The article is organized as follows: Motivation and details of the proposed method are given
in Section 2. Analysis of its convergence are given in Section 3. The results of some numerical
experiments to test effectiveness of the method in signal recovery are presented in Section 4.
Conclusions are made in Section 5.

2. Motivation and algorithm

To begin this section, we first introduce an important concept that is required in implementing our
algorithm and proving its global convergence. Let C ⊂ Rn be a nonempty closed convex set. The
projection operator PC : R2n → C is defined as

PC(x) = arg min ∥x − y∥ : y ∈ C, ∀x ∈ R2n,
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with the properties
∥PC(x) − PC(y)∥ ≤ ∥x − y∥, ∀x, y ∈ R2n,

and
∥PC(x) − y∥ ≤ ∥x − y∥, ∀y ∈ C. (2.1)

We also give the following lemma that is equally required in proving global convergence of the
proposed method:

Lemma 2.1. (Cauchy-Schwarz inequality) Let V be an inner product space over the field of complex
numbers C with inner product ⟨., .⟩. For every pair of vectors x, y ∈ V, the following inequality holds:

|⟨x, y⟩|2 ≤ ⟨x, x⟩⟨y, y⟩. (2.2)

Theoretically, classical CG methods produce conjugate directions under the assumption of an exact
line search and a convex quadratic objective function. However, in practical implementations where
inexact line searches are employed, this condition generally fails to hold. For instance, if the coefficient
HS is substituted into (1.11) and then both sides of the resulting equation are multiplied by gT

k+1, we
obtain

dT
k+1gk+1 = −∥gk+1∥

2 + βHS
k gT

k+1dk. (2.3)

Clearly, if βHS
k ≥ 0 and gT

k+1dk ≤ 0 in (2.3), the descent condition holds. In contrast, when gT
k+1dk > 0

and βHS
k ≥ 0, the condition may not hold, since the term βHS

k gT
k+1dk can exceed −∥gk+1∥

2. To address
the shortcoming of the HS scheme, Dong et al. [39] introduced variants that ensure the condition is
satisfied while retaining the desirable properties of the original method. They presented a new variant
of HS search direction whose formula is described as follows:

dD
k+1 =

−λk+1gk+1 + β
D
k dk, gT

k+1dk > 0, k ≥ 0;
−gk+1 + β

HS
k dk, gT

k+1dk ≤ 0, k ≥ 0, otherwise.
(2.4)

In (2.4), λk+1 is given by

λk+1 = 1 +
gT

k+1dk

dT
k yk

.
gT

k+1yk

∥gk+1∥
2 , β

D
k = max{βDHS

k , ηk},

where
ηk =

−1
∥dk∥min{η, ∥gk∥}

,

and

βDHS
k =

(
1 −

gT
k dk

dT
k yk

)
βHS

k − t
∥yk∥

2gT
k+1dk

dT
k yk

, t > 0.

Inspired by this strategy, Aminifard and Babaie-Kafaki [40] introduced a closely related modification to
the famous PRP scheme [20,21]. Like the HS method, the PRP algorithm possesses a similar inherent
structure but also fails in satisfying the descent property under inexact line searches, as previously
observed for the HS algorithm. The direction proposed in [40] ensures the sufficient descent condition
is met while preserving the favorable properties of the original PRP method, and is defined as follows:

d0 = −g0, dM
k+1 =

−λk+1gk+1 + β
MPRP
k dk, gT

k+1dk > 0, k ≥ 0;
−gk+1 + β

PRP
k dk, gT

k+1dk ≤ 0, k ≥ 0,
(2.5)
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where

λk+1 = 1 +
gT

k+1dk

∥gk+1∥
2β

PRP
k ,

and

βMPRP
k =

(
1 −

gT
k+1sk

∥gk∥
2

)
βPRP

k − t
∥yk∥

2gT
k+1sk

∥gk∥
4 , t ≥ 0.

Inspired by (2.4), (2.5), and the original DY formula, we present a new DY-type search direction with
the structure as follows:

d0 = −F0, dk+1 =

−λk+1Fk+1 + β
NDY
k dk, FT

k+1dk > 0, k ≥ 0;
−Fk+1 + β

MDY
k dk, FT

k+1dk ≤ 0, k ≥ 0, otherwise,
(2.6)

where

λk+1 = 1 +
FT

k+1dk

∥Fk+1∥
2β

MDY
k , βNDY

k =

(
1 −

FT
k+1sk

dT
k ȳk

)
βMDY

k − t
∥Fk+1∥

2FT
k+1sk

(dT
k ȳk)2

, (2.7)

with t > 0 being a positive parameter. Also, βMDY
k in (2.7) is defined as

βMDY
k =

∥Fk+1∥
2

dT
k ȳk

,

and
ȳk = yk + γ

∥Fk+1∥sk

∥sk∥
, γ > 0, (2.8)

yk = F(ψk) − F(xk),

where
ψk = xk + ϑkdk.

From (2.8) and the monotonicity of F, we obtain

dT
k ȳk =

sT
k yk

ϑk
+
γ

ϑk

∥Fk+1∥

∥sk∥
∥sk∥

2 ≥
γ

ϑk
∥Fk+1∥∥sk∥ > 0, (2.9)

which consequently implies that
sT

k ȳk ≥ γ∥Fk+1∥∥sk∥ > 0. (2.10)

Lemma 2.2. The search directions generated from (2.6)–(2.8) satisfy the inequality

dT
k+1Fk+1 ≤ −c∥Fk+1∥

2, c = 1. (2.11)

Proof. It is clear from (2.6) that for k = 0, dT
0 F0 = −∥F0∥

2. Then for k = 1, 2, ..., we consider the two
cases presented in (2.6).

Case 1. FT
k+1dk > 0. Pre-multiplying both sides of (2.6) by Fk+1 yields

dT
k+1Fk+1 = −λk+1∥Fk+1∥

2 + βNDY
k FT

k+1dk

= −

(
1 +
∥Fk+1∥

2

dT
k ȳk

FT
k+1dk

∥Fk+1∥
2

)
∥Fk+1∥

2 +

(
1 −

FT
k+1sk

dT
k ȳk

)
∥Fk+1∥

2

dT
k ȳk

FT
k+1dk − t

∥Fk+1∥
2(FT

k+1sk)2

(dT
k ȳk)2

≤ −∥Fk+1∥
2 −
∥Fk+1∥

2(FT
k+1dk)

dT
k ȳk

+

(
1 −

FT
k+1sk

dT
k ȳk

)
∥Fk+1∥

2

dT
k ȳk

FT
k+1dk

≤ −∥Fk+1∥
2.
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Case 2. FT
k+1dk ≤ 0. Considering that ∥Fk+1∥

2 and dT
k ȳk are both greater than zero, pre-multiplying the

direction in the second case by Fk+1 yields

dT
k+1Fk+1 = −∥Fk+1∥

2 +
∥Fk+1∥

2

dT
k ȳk

FT
k+1dk ≤ −∥Fk+1∥

2.

We now present the algorithm of the proposed method (see Figure 1).

 

                                 Yes   

       No      

  Yes  

                               

   No   

Choose initial guess   𝑥 0 ∈ C   

Stopping criterion  𝜀 = 10 − 5   

𝑑 0 = − 𝐹 0   and s et  𝑘 = 0     

Compute  𝐹 ( 𝑥 𝑘 )   

∥ 𝐹 ( 𝑥 𝑘 ) ∥ ≤ 𝜀   

Compute   step   length   𝜗 𝑘   and  

𝜓 𝑘 = 𝑥 𝑘 + 𝜗 𝑘 𝑑 𝑘   

Is   𝜓 𝑘   in C          

and  𝐹 ( 𝜓 𝑘 ) ≤

𝜀 

𝜀?   

? 

Determine  𝑥 𝑘 + 1 = 𝑃 𝐶 ( 𝑥 𝑘 − 
𝐹 ( 𝜓  𝑘 ) 𝑇 ( 𝑥 𝑘 − 𝜓 𝑘 ) 

∥ 𝐹 ( 𝜓 𝑘 ) ∥ 2 ) 𝐹 ( 𝜓 𝑘 )   

Compute  search direction   

by (2.5), (2.6), and (2.7)   

Stop, the solution is obtained   Set  𝑘   =   𝑘 + 1   

Figure 1. Flowchart representation of Algorithm 1.

Algorithm 1. Modified Dai-Yuan method
Input:

• Tolerance value ϵ > 0.
• Initial starting point x0 ∈ C.
• Line search and projection parameters β ∈ (0, 1), δ ∈ (0, 1), 0 < ϕ < 2, γ ∈ (0,+∞).

Initialization: Set k = 0 and d0 = −F0.
1: Determine F(xk) and test if ∥F(xk)∥ ≤ ϵ. If yes, stop. Otherwise go to step 2.
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2: Calculate ψk = xk + ϑkdk, with ϑk = β
mk , where mk is the smallest nonnegative integer m satisfying

−F(xk + ϑkdk)T dk ≥ δϑk∥F(ψk)∥∥dk∥
2. (2.12)

3: If ψk ∈ C and ∥F(ψk)∥ ≤ ϵ, then xk+1 = ψk.
End.
Otherwise, compute:

xk+1 = PC
[
xk − ϕΦkF(ψk)

]
, where (2.13)

Φk =
F(ψk)T (xk − ψk)
∥F(ψk)∥2

. (2.14)

4: Determine dk+1 by (2.6) with (2.7) and (2.8).
5: Set k = k + 1 and go to 1.

3. Convergence results

To analyze the convergence of Algorithm 1, the following useful assumptions are required:

Assumption A. A solution x̄ ∈ C exists such that F(x̄) = 0.

Assumption B. The mapping F is Lipschitz continuous; namely, there exists a positive constant L such
that

∥F(x) − F(y)∥ ≤ L∥x − y∥, ∀x, y ∈ R2n. (3.1)

The following lemma is used to prove that the linesearch procedure computed in Step 2 of Algorithm 1
is well-defined:

Lemma 3.1. (1) Let {dk} and {xk} be generated by Algorithm 1. Also, let F be continuous on Rn. Then,
a non-negative integer mk exists satisfying (2.12).

(2) Suppose Assumption B holds, where {xk} and {ψk} follow from Algorithm 1. Then the step-size
ϑk > 0 satisfies

ϑk ≥ min
{

1,
β∥Fk∥

2

∥F(ψ̄k)∥(L + δ)∥dk∥
2

}
, (3.2)

with ψ̄k = xk + ϑ̄kdk and ϑ̄k = β
−1ϑk.

Proof. Part one of the proof is omitted because it is similar to the proof in [41].
As for (2), if ϑk , 1 in (2.12), ϑ̄k = β

−1ϑk will not satisfy (2.12), i.e.,

−F(ψ̄k)T dk < δϑ̄k∥F(ψ̄)k∥∥dk∥
2.

Using (3.1) and (2.11), we get

∥Fk∥
2 ≤ −FT

k dk = (F(ψ̄k) − Fk)T dk − F(ψ̄k)T dk

≤ ϑ̄k(L + δ∥F(ψ̄k)∥)∥dk∥
2

= β−1ϑk(L + δ∥F(ψ̄k)∥)∥dk∥
2,

which further yields

ϑk ≥
β∥Fk∥

2

(L + δ∥F(ψ̄k)∥)∥dk∥
2
.
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Lemma 3.2. Suppose that F satisfies (1.8) and (3.1) holds with x̄ ∈ C̄. Then, for ϕ ∈ (0, 2), the
sequence {∥xk − x̄∥} is convergent and

∥xk+1 − x̄∥2 ≤ ∥xk − x̄∥2 − ϕ(2 − ϕ)δ2∥xk − ψk∥
4

holds and {xk} and {ψk} are bounded.

Proof. The proof begins by showing that {xk} and {ψk} are bounded sequences. Considering (2.12) and
the definition of ψk, we have

(xk − ψk)T F(ψk) ≥ δ∥F(ψk)∥∥xk − ψk∥
2. (3.3)

From (1.8) and for all x̄ ∈ C̄, we get

(xk − x̄)T F(ψk) = (xk − ψk)T F(ψk) + (ψk − x̄)T F(ψk)
≥ (xk − ψk)T F(ψk) + (ψk − x̄)T F(x̄)
= (xk − ψk)T F(ψk).

(3.4)

From (2.1), (2.13), (2.14), (3.3), and (3.4), we have

∥xk+1 − x̄∥2 = ∥PC[xk − ϕΦkF(ψk)] − x̄∥2

≤ ∥xk − ϕΦkF(ψk) − x̄∥2

= ∥(xk − x̄) − ϕΦkF(ψk)∥2

= ∥xk − x̄∥2 − 2ϕΦkF(ψk)T (xk − x̄) + ϕ2Φ2
k∥F(ψk)∥2

≤ ∥xk − x̄∥2 − 2ϕΦkF(ψk)T (xk − ψk) + ϕ2Φ2
k∥F(ψk)∥2

= ∥xk − x̄∥2 − ϕ(2 − ϕ)
(F(ψk)T (xk − ψk))2

∥F(ψk)∥2

≤ ∥xk − x̄∥2 − ϕ(2 − ϕ)
δ2∥F(ψk)∥2∥xk − ψk∥

4

∥F(ψk)∥2

= ∥xk − x̄∥2 − ϕ(2 − ϕ)δ2∥xk − ψk∥
4,

(3.5)

which further implies that

0 ≤ ∥xk+1 − x̄∥ ≤ ∥xk − x̄∥ ≤ ∥xk−1 − x̄∥ ≤ ... ≤ ∥x0 − x̄∥.

So, {∥xk − x̄∥} is non-increasing, bounded below and therefore convergent. It also implies that {xk} is
bounded. Now, by (3.1) and since ∥xk+1 − x̄∥ ≤ ∥xk − x̄∥, we have

∥F(xk)∥ = ∥F(xk) − F(x̄∥ ≤ L∥xk − x̄∥ ≤ L∥x0 − x̄∥. (3.6)

Letting L∥x0 − x̄∥ = m1 indicates that {Fk} is bounded. Also, from (3.3) and (2.2), we obtain

δ∥F(ψk)∥∥xk − ψk∥
2 ≤ (xk − ψk)T F(ψk)
≤ ∥F(ψk)∥∥xk − ψk∥,

which eventually yields
δ∥xk − ψk∥ ≤ 1,
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and indicates that {ψk} is bounded. Hence, from (3.1) we conclude there exists m̄ such that

∥F(ψk)∥ ≤ m̄. (3.7)

We now prove that {dk} is bounded, namely, there exists M such that

∥dk+1∥ ≤ M. (3.8)

From (2.6) and (2.7), we analyze two cases.

Case 1. FT
k+1dk > 0. By employing (2.6), (2.7), (2.9), and (2.2), we obtain

∥dk+1∥ = ∥ − λk+1Fk+1 + β
NDY
k dk∥

≤

(
1 +
∥Fk+1∥∥dk∥

dT
k ȳk

)
∥Fk+1∥ +

(
1 +
∥Fk+1∥∥dk∥

dT
k ȳk

)
∥Fk+1∥

2

dT
k ȳk
∥dk∥ + t

∥Fk+1∥
3∥dk∥

2

(dT
k ȳk)2

≤

(
1 +
∥Fk+1∥∥dk∥

γ∥Fk+1∥∥dk∥

)
∥Fk+1∥ +

(
1 +
∥Fk+1∥∥dk∥

γ∥Fk+1∥∥dk∥

)
∥Fk+1∥

2∥dk∥

γ∥Fk+1∥∥dk∥
+ t
∥Fk+1∥

3∥dk∥
2

γ2∥Fk+1∥
2∥dk∥

2

=

(
1 +

2
γ
+

2
γ2

)
∥Fk+1∥

≤

(
1 +

2
γ
+

1
γ2 +

t
γ2

)
m1

def
= M1.

(3.9)

Case 2. FT
k+1dk ≤ 0. From (2.6) and (2.10), we have

∥dk+1∥ = ∥ − Fk+1 +
∥Fk+1∥

2

sT
k ȳk

sk∥

≤ ∥Fk+1∥ +
∥Fk+1∥

2∥sk∥

γ∥Fk+1∥∥sk∥

= ∥Fk+1∥ +
∥Fk+1∥

γ
=

(
1 +

1
γ

)
∥Fk+1∥

≤

(
1 +

1
γ

)
m1

def
= M2.

(3.10)

Setting M = max{M1,M2}, we establish the proof. □

Lemma 3.3. Let Assumptions A and B hold. Then

lim
k→∞

ϑk∥dk∥ = 0. (3.11)

Proof. Combining the result in (3.5) with (3.7), we obtain

δ2∥xk − ψk∥
4 ≤

m̄2

ϕ(2 − ϕ)
(∥xk − x̄∥2 − ∥xk+1 − x̄∥2). (3.12)

Considering that {∥xk − x̄∥} is convergent and {F(ψk)} is bounded, taking the limit of the sum of both
sides of (3.12) as k approaches infinity, we get

δ2 lim
k→∞

ϑ4
k∥dk∥

4 ≤ 0,
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which indicates that
lim

k→∞
ϑk∥dk∥ = 0.

The following theorem is used to prove global convergence of Algorithm 1:

Theorem 3.4. Suppose Assumptions A and B hold, where the sequence {xk} is generated by
Algorithm 1. Then,

lim inf
k→∞

∥Fk∥ = 0. (3.13)

Proof. Assume by contradiction that (3.13) is not true. Then, m2 > 0 exists such that

∥Fk∥ ≥ m2, ∀k ≥ 1. (3.14)

By Cauchy-Schwarz inequality in (2.2), (2.11), and (3.14), we see that

∥dk∥ ≥ ∥Fk∥ ≥ m2, ∀k ≥ 1. (3.15)

Also, from (3.2), (3.7), and (3.8), we have

ϑk∥dk∥ ≥ min
{

1,
β∥Fk∥

2

(L + δ∥F(ψ̄k)∥)∥dk∥
2

}
∥dk∥

≥ min
{

m2,
βm2

2

(L + δm̄)M

}
> 0,

which is a clear contradiction with (3.11). Thus, (3.13) holds. □

Remark 3.5. As stated in the introduction section, DY-type methods are sensitive to inexact line
searches and do not always guarantee global convergence. The design of our method, which includes
a restart mechanism, ensures global convergence irrespective of the line search procedure. Also, our
method is derivative-free, which implies it does not require the computation of the gradient vector,
unlike some of the methods for solving (1.7) discussed in the introduction section.

4. Numerical experiments

To show the effectiveness of Algorithm 1, it was used with the methods in [42] (labelled PCG), [43]
(labelled CGD), and [6] (labelled IST) to reconstruct a sparse signal with n lengths from some k
observations. In the experiment, the mean of square error (MSE) to the original signal x̃, i.e.,

MS E =
1
n
∥x̃ − x̄∥22,

is used in measuring the quality of recovery, where x̄ stands for the signal restored. In the first
experiment conducted, we take the size of the signal as n = 212 and the sparsity level as 27, implying it
contains 128 randomly nonzero elements. We also take the number of measurement h as k = 210 with
Gaussian noise (i.e., a random vector having normal distribution N(0k, σ

2Ik)), with 0k representing the
zero vector, Ik a k size identity matrix, and σ2 is set as 10−4. The measurement or estimation h is
disturbed by noise, i.e.,

h = Ax̄ + ξ,
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where ξ stands for the Gaussian noise. We also use f (x) = 1
2∥Ax − h∥22 + τ∥x∥1 for the merit function.

The experiment was initiated with x0 = A
T h, which terminates whenever

∥ fk+1 − fk∥

∥ fk∥
< 10−5,

where fk+1 represents the function value at xk+1. Also, we set parameters of Algorithm 1 for the
experiments as β = 0.9, δ = 0.01, ϕ = 1.8, γ = 5.5, and t = 0.1. Parameters for the PCG, CGD, and
IST methods are set as used in each of the papers.

0 1000 2000 3000 4000
−2

0
2

Original signal (n = 4096, number of nonzeros = 128)

0 200 400 600 800 1000
−0.5

0
0.5

The measurement

0 1000 2000 3000 4000
−2

0
2

Algorithm 1 (MSE = 8.62e−06,  Iter= 117, Time = 3.58 s)

0 1000 2000 3000 4000
−2

0
2

PCG (MSE = 1.14e−05,  Iter = 140, Time = 4.30 s)

0 1000 2000 3000 4000
−2

0
2

CGD (MSE = 1.84e−05,  Iter= 213, Time = 6.41 s)

0 1000 2000 3000 4000
−2

0
2

IST(MSE = 9.57e−06,  Iter = 306, Time = 10.92 s)

Figure 2. The original, measured, and recovered signals.

Figure 2 shows the original, estimated, and reconstructed signals by Algorithm 1, PCG, CGD,
and IST. It also shows that the methods almost exactly reconstruct the signals from the estimation,
where Algorithm 1 has the fastest time, less iterations, and MSE. Figure 3, on the other hand, displays
four graphs that exhibit convergence behavior of the four algorithms through MSE and the objective
function (ObjFun), as well as iterations and CPU time. Figure 3 also shows that the rate of descent for
MSE and the objective function obtained for Algorithm 1 is much faster compared to the PCG, CGD,
and IST methods. It also shows that Algorithm 1 requires less iterations and CPU time to reconstruct
the original signal than PCG, CGD, and IST for the same process. It has been described in [44] that
reducing the number of measurements without degrading reconstruction performance is an essential
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goal of the CS technique. With that in mind, we test the four algorithms with different sparsity levels
and CS ratios given by ϱ = k

n , where k and n are as defined earlier.
In Table 1, which is made up of three tables labelled (a), (b), and (c), three signal reconstruction

results are reported. In Table 1(a), the reconstruction results with CS ratios λ̄ = 0.5, 0.25, and 0.125
and corresponding sparsity levels 128 and 32 (in brackets) are given. In Table 1(b), the reconstruction
results with sparsity level 20 and a signal with length 500, as conducted in [45], are reported. Lastly,
Table 1(c) displays the reconstruction results for different noise samples, sparsity levels, and standard
deviations. In each of the Table 1(a), (b), and (c), the scheme with the highest number of underlined
values is the most effective. Clearly, from Table 1(a), (b), and (c), Algorithm 1 records the highest
number of underlined results. Thus, we conclude that Algorithm 1 is the most effective and was able
to recover the sparse signals more efficiently while maintaining the quality of recovery.
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Figure 3. Comparison of the results for Algorithm 1, PCG, CGD, and IST solvers.

5. Conclusions

In this paper, an iterative method, which is employed to reconstruct sparse signals in compressed
sensing, is presented. As a modified variant of the Dai-Yuan method, the new scheme addresses some
of the shortcomings of the classical DY method. It also ensures the essential condition for the proof
of global convergence holds for any line search strategy employed. It also converges globally under
mild conditions. Furthermore, its effectiveness is shown by conducting some compressed sensing
experiments, where different noise samples are analyzed.
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