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1. Introduction

The study of non-linear phenomena has significantly increased recently in a variety of disciplines,
including applied sciences, mechanics, engineering, robotics, demography, medicine, and quantum
science. Non-linear partial differential equations (PDEs) profoundly impact the examination of non-
linear physical sciences. Non-linear occurrences are one of the most amazing topics in modern science.
Because of the subtle balance between dispersive and non-linear effects, the soliton is an important
area of non-linear physics. Solitons appear in a variety of ways, including pulses, darkness, kinks,
envelopes, light breathers, and much more. The concept of soliton solutions is necessary in order
to study how telephones, optical fiber, and other communication equipment work. A soliton is an
independent entity that maintains its integrity following a contact. Waves propagating in non-linear
dispersive media are known as solitary waves [1]. Even when interacting with other solitons, a soliton
maintains its shape since it is a distinct, self-sustaining wave. The soliton solutions of non-linear
models are therefore of great interest in mathematical physics. The Zoomeron model [2], the Phi-
4 model [3], Konopelchenko–Dubrovsky model [4], and others are among the prominent non-linear
models that show the presence of soliton solutions. Various techniques have been devised to discover
soliton solutions. One of the most recent methods created for determining the precise solution of non-
linear evolution equations (NLEE) is the modified Khater method. It was initially put forth by Khater
et al. [5] and many authors have since viewed it as a modified auxiliary equation approach. Its main
advantages are consistency and simplicity as well as the ability to minimize computing effort, which is
indicative to its many uses. This basic approach uses the auxiliary equation as a foundation, but it also
uses seven additional techniques that make it useful for getting accurate answers to a range of integer
and fractional-order non-linear PDEs. The non-linear PDEs for which this method has been widely
used by many writers include the fractional emerging telecom model, Bogoyavlenskii equation system,
fractional order Sharma Tasso—Olever equation and non-linear Schrödinger equation (NLSE) [6].

A mathematical method called bifurcation analysis [7, 8] is employed in order to investigate the
qualitative change of a system’s behavior for a parameter variation. It can be used for the determination
of the parameter values of importance that produce significant change of the system behavior as
well as to investigate the change of system behavior with the change of one or more parameters.
The important combinations of the main parameter values through which this effect occurs due to
arbitrarily small parameter perturbation values are called bifurcation points. Bifurcation and chaotic
behavior is a fascinating non-linear phenomenon, which has been investigated in some disciplines such
as economics, ecology, telecommunications, and engineering. Through investigation of differential
equation dynamic behavior, one can identify whether the periodic external perturbations produce
notable chaotic behavior in the given equations. By investigating the system’s bifurcation, researchers
can know more about its dynamics and can forecast how it can act in a variety of different situations.
There are some authors who have reviewed the bifurcation analysis of differential equations from the
literature. For example, Jhangeer et al. [9] investigated bifurcation analysis and pattern generating
analysis for chaos behavior in the case of a travelling wave solution of a non-linear dynamical system.
The higher-order NLSE bifurcation analysis was found by Li et al. [10]. Biswas et al. [11] presented
bifurcation analysis of the power law non-linearity Boussinesq equation. A study of bifurcation of a
system governed by a complex subcritical Ginzburg-Landau equation coupled with global as well as
local time delay feedback was discussed by Mezamo et al. [12].
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In this paper, the modified Khater technique was utilized to obtain soliton solutions of the ion sound
and Langmuir wave equation (ISLW), giving descriptions of the non-linear wave propagation of the
wave in the system. The proposed equation has also been studied by various authors to derive exact
soliton solutions by using different methodologies. Seadawy et al. [13] investigated the aforementioned
model by utilizing the modified Kudryashov method and hyperbolic function method. Baskonus and
Bulut [14] used the sine-Gordon expansion method to explore the ISLW model. Recently, Ganie [15]
used the improved Kudryashov, the novel Kudryashov, and the expa-function techniques to investigate
the ISLW model. Each of these methods has its own significance but some limitations also, as
compared to the modified Khater method. The modified Kudryashov method only gives singular
rational solutions and the hyperbolic function method gives only hyperbolic and periodic solutions
while the modified Khater method gives exponential, trigonometric, hyperbolic, rational, and hybrid
function solutions.

The sine-Gordon expansion method only produces complex hyperbolic solutions for the ISLW
model while the modified Khater method gives a rich variety of soliton solutions. Similarly, on drawing
a comparison among improved Kudryashov, the novel Kudryashov, and the exp-function technique
and the modified Khater method, it was concluded that apart from offering new and more universal
solutions, the modified Khater method also offers a classification system of various types of solutions
in terms of the values of certain parameters. More specifically, these kinds of solutions can be useful in
the description of certain physical phenomena related to wave propagation in non-linear models with
large non-linear and dispersive effects. This study is noteworthy because it applied the modified Khater
method to the ISLW equation, a system that had not yet been thoroughly examined using this approach.
With this technique, dominant behaviors and soliton formation were obtained and further insight into
the underlying dynamics was gained. The optical soliton solutions obtained through this method are
novel and have not been discussed in any previous literature for the ISLW equation. These solutions
give descriptions of many waveforms such as singular periodic, sharp dark soliton, kink, and anti-kink
solitary waveforms.

Bifurcation analysis is an essential method for examining how dynamical systems’ qualitative
behavior varies with the parameters. Bifurcation, as used in the ISLW model, aids in locating crucial
points at which soliton structures may change from stable to chaotic dynamics. The Jacobian matrix is
used to classify equilibrium points once the governing equation is transformed into a dynamical system
through variable substitution. The ability to map the phase space and comprehend the system’s non-
linear dynamical transitions through saddle, centere, or cusp point classification provides predictive
insight into the behaviour of plasma waves.

Bifurcation analysis was done after solving these equations, and the results indicated that the
system is chaotic under some conditions. The chaotic behavior demonstrates the sensitivity of the
model to these parameters by showing that even slight variations to the parameters of the system
or the initial conditions can result in significantly different outcomes. To examine the influence of
variations in initial conditions and properties of the system on final solutions, sensitivity analysis was
also performed. The conclusion of the analysis demonstrated the non-linear behavior of the system and
the tendency toward complex, unpredictable events, highlighting the importance of close observation
of variations in parameters in such model analysis. The overall picture of the complex dynamics of the
system was given by the combined results of the soliton solutions, bifurcation analysis, and sensitivity
assessment, which demonstrated the system’s tendency toward chaotic and non-linear events.
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To make reading easy for the readers, the article is broken down into the following subheadings:
In Section 2, the governing is given. Section 3 gives the ordinary differential version of the given
model. The algorithm of the modified Khater technique is given in Section 4, and the solutions of the
problems are given in Section 5 according to the desired approach. Section 6 displays the graphical
representation of the modified Khater method. In Section 7, bifurcation analysis of the suggested
model is covered. In Section 8 and Section 9, the chaotic behaviors as well as sensitivity analysis of
the chosen non-linear structure are discussed, respectively. Lastly, the conclusions from this document
are summarized in Section 10.

2. Governing equation

The system of the ISLW model [15] is considered as follows:iMt +
1
2 Mxx − NM = 0,

Ntt − Nxx − 2(|M|2)xx = 0,
(2.1)

where the electrostatic field excitations are represented by the parameter M(x, t), the normalized density
fluctuation by the parameter N(x, t), the temporal coordinate is expressed by t, the space coordinate
is implied by x, the Longmuir electric field is represented by Meiεgt , while the plasma frequency,
which depends on N, is explained by εg. The aforementioned system can be used in applied sciences
and engineering to study ponderomotive forces, or the average impact of the electromagnetic field on
charged particle motion, particularly in high frequency effects.

3. Wave transformation

In this work, the ISLW model is used to discuss the motion of a compressible fluid. The following
transformation relation is taken into consideration in order to find precise solutions of the governing
system given in Eq (2.1), M(x, t) = G(ξ)eiγ, ξ = ax + bt,

N(x, t) = H(ξ), γ = f x + qt,
(3.1)

where the free constants a, b, f , and q are to be determined later. Equations (2.1) and (3.1) imply: 1
2a2G′′ + i(b + a f )G′ − 1

2 (2q + f 2)G −GH = 0,
(b2 − a2)H′′ − 4a2(G′2 +GG′′) = 0.

(3.2)

The first part of Eq (3.2) gives real and imaginary components as:

i(b + a f )G′ = 0, (3.3)

a2G′′ − (2q + f 2)G − 2GH = 0. (3.4)

The Eq (3.3) gives b = −a f . Two integrations of the second part of Eq (3.2) with regard to ξ yield:

H(ξ) =
2

f 2 − 1
G2(ξ), (3.5)

where f , ±1. Equations (3.4) and (3.5) give:

a2( f 2 − 1)G′′ − ( f 2 − 1)(2q + f 2)G − 4G3 = 0. (3.6)
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4. Description of the modified Khater method

In this paper, the modified Khater technique [16] for creating a new wave pattern in the ISLW model
is proposed. The following provides some information on this process in this context:
Step 1: The NLEE for G(x, t) is displayed in the structure below:

E(G,Gt,Gx,Gtt,Gxt,Gxx, ...) = 0. (4.1)

By using the wave transformation given in Eq (3.1) in Eq (4.1), the following ODE can be constructed.

Q(g, bG′, aG′, b2G′′, a2G′′, baG′′, ...) = 0. (4.2)

Step 2: The general solution of Eq (4.2) has the following form:

G(ξ) =
m∑

n=1

ϕn ϕ
nY(ξ). (4.3)

The following auxiliary equation is pacified by ϕnY(ξ), where the constants ϕn(n = 0, 1, 2, 3, ...,m) are
to be found later:

Y ′(ξ) =
µ1ϕ

−Y(ξ) + η1 + ρϕ
Y(ξ)

ln(ϕ)
. (4.4)

Step 3: Homogeneous balancing is used to get m.
Step 4: By applying Eqs (4.3) and (4.4) in Eq (4.2) and connecting each term of the same power ϕnY(ξ),
where (n = 0, 1, ...m) to zero, a non-linear system of equations can be produced.
Step 5: The exact solution for Eq (4.1) can be obtained by inserting the obtained output and solutions
of Eq (4.4) into Eq (4.3). The solution of Eq (4.4) has the following cases:

If η2
1 − µ1 ρ < 0 and ρ , 0, then

ϕY(ξ) = −
η1

ρ
+

√
ρµ1 − η

2
1

ρ
tan(

√
ρµ1 − η

2
1

2
ξ),

or

ϕY(ξ) = −
η1

ρ
+

√
ρµ1 − η

2
1

ρ
cot(

√
ρµ1 − η

2
1

2
ξ). (4.5)

If η2
1 − µ1ρ > 0 and ρ , 0, then

ϕY(ξ) = −
η1

ρ
−

√
η2

1 − ρµ1

ρ
tanh(

√
η2

1 − ρµ1

2
ξ),

or

ϕY(ξ) = −
η1

ρ
−

√
η2

1 − ρµ1

ρ
coth(

√
η2

1 − ρµ1

2
ξ). (4.6)
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If η2
1 + µ

2
1 > 0, and ρ , 0, and ρ = µ1, then

ϕY(ξ) =
η1

ρ
+

√
η2

1 + µ
2
1

µ1
tanh(

√
η2

1 + µ
2
1

2
ξ),

or

ϕY(ξ) =
η1

ρ
+

√
η2

1 + µ
2
1

µ1
coth(

√
η2

1 + µ
2
1

2
ξ). (4.7)

If η2
1 + µ

2
1 < 0, and ρ , 0, and ρ = µ1, then

ϕY(ξ) =
η1

ρ
−

√
−(η2

1 + µ
2
1)

µ1
tan(

√
−(η2

1 + µ
2
1)

2
ξ),

or

ϕY(ξ) =
η1

ρ
−

√
−(η2

1 + µ
2
1)

µ1
coth(

√
−(η2

1 + µ
2
1)

2
ξ). (4.8)

If η2
1 − µ

2
1 < 0 and ρ = µ1, then

ϕY(ξ) = −
η1

ρ
+

√
−(η2

1 − µ
2
1)

µ1
tanh(

√
−(η2

1 − µ
2
1)

2
ξ),

or

ϕY(ξ) = −
η1

ρ
+

√
−(η2

1 − µ
2
1)

µ1
coth(

√
−(η2

1 − µ
2
1)

2
ξ). (4.9)

If η2
1 − µ

2
1 > 0 and ρ = µ1, then

ϕY(ξ) = −
η1

ρ
+

√
η2

1 − µ
2
1

µ1
tanh(

√
η2

1 − µ
2
1

2
ξ),

or

ϕY(ξ) = −
η1

ρ
+

√
η2

1 − µ
2
1

µ1
coth(

√
η2

1 − µ
2
1

2
ξ). (4.10)

If µ1ρ < 0, and ρ , 0, and η1 = 0, then

ϕY(ξ) =

√
−
µ1

ρ
tanh(

√
−µ1ρ

2
ξ),

or

ϕY(ξ) =

√
−
µ1

ρ
coth(

√
−µ1ρ

2
ξ). (4.11)

If µ1 = −ρ < 0 and η1 = 0, then

ϕY(ξ) =
−(1 + e2µ1ξ) ±

√
2(e4µ1ρ + 1)

e2µ1ξ − 1
,
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or

ϕY(ξ) =
−(1 + e2µ1ξ) ±

√
e4µ1ρ + 6e2µ1ρ + 1

2e2µ1ξ
. (4.12)

If µ1 = ρ = 0, then

ϕY(ξ) =
−(1 + e2η1ξ) ±

√
(e4η1ρ + 1)

e2η1ξ − 1
,

or

ϕY(ξ) =
−(1 + e2η1ξ) ±

√
e4η1ρ + 6e2η1ρ + 1

2e2η1ξ
. (4.13)

If η2
1 = µ1ρ, then

ϕY(ξ) =
−µ1(η1ξ + 2)
η2

1ξ
. (4.14)

If η1 = µ1 = ρ , 0, then

ϕY(ξ) =
−(µ1ξ + 2)
µ1ξ

. (4.15)

If η1 = f , µ1 = 2 f , and ρ = 0, then
ϕY(ξ) = e f ξ − 1. (4.16)

If µ1 = 0, then

ϕY(ξ) =
ηeη1ρ

1 + ρ2eη1ξ
. (4.17)

If 2η1 = µ1 + ρ, then

ϕY(ξ) =
1 − µ1e

1
2 (µ1−ρ)ξ

1 − ρe
1
2 (µ1−ρ)ξ

,

or

ϕY(ξ) =
µ1e

1
2 (µ1−ρ)ξ + 1

−ρe
1
2 (µ1−ρ)ξ + 1

. (4.18)

If −2η1 = µ1 + ρ, then

ϕY(ξ) =
e

1
2 (µ1−ρ)ξ + µ1

e
1
2 (µ1−ρ)ξ + ρ

. (4.19)

If η1 = ρ = 0, then
ϕY(ξ) =

µ1

2
ξ. (4.20)

If η1 = µ1 = 0, then

ϕY(ξ) = −
2
ρξ
. (4.21)

If η1 = 0 and µ1 = ρ, then

ϕY(ξ) = tan(
µ1ξ +C

2
). (4.22)

If ρ = 0, then
ϕY(ξ) = eη1ξ −

µ1

2η1
. (4.23)
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5. Application of the modified Khater method

This subsection uses the modified Khater approach to derive the solitary wave solutions of Eq (3.6).
By using Eq (3.6) and keeping G′′ and G3 balanced, the value m = 1 is produced. Using m = 1 in
Eq (4.4) results in

G(ξ) = ϕo + ϕ1ϕ
Y(ξ). (5.1)

A system of non-linear algebraic equations is obtained by connecting all terms with identical powers
of ϕY(ξ) to zero and using Eq (4.4) in Eq (4.3):

ϕ0Y : −a2η1µ1ϕ1 + a2 f 2η1µ1ϕ1 + f 2ϕo − f 4ϕo + 2qϕo − 2 f 2qϕo − 4ϕ3
o = 0,

ϕY : f 2ϕ1 − f 4ϕ1 + 2qϕ1 − 2 f 2qϕ1 − a2η2
1ϕ1 + a2 f 2η2

1ϕ1 − 2a2ρµ1ϕ1 + 2a2 f 2ρµ1ϕ1 − 12ϕ1ϕ
2
o = 0,

ϕ2Y : −3a2ρη1ϕ1 + 3a2 f 2ρη1ϕ1 − 12ϕ2
1ϕo = 0,

ϕ3Y : −2a2ρ2ϕ1 + 2a2 f 2ρ2ϕ1 − 4ϕ3
1 = 0.

By using the computational software Mathematica 13.2, the system of algebraic equations was solved
to produce the unique solution sets.

ϕo =
i
√
−1+ f 2
√

f 2+2q−a2η2
1−2a2ρµ1

2
√

3
,

ϕ1 =
a
√
−1+ f 2ρ
√

2
.

Using the distinct solutions for Eq (4.4) given by Eqs (4.5)–(4.23) with the above parameters in Eq (4.3)
yields solitary wave solutions for Eq (3.6) as:
Case 1: If η2

1 − µ1 ρ < 0, and ρ , 0, then

G1(x, t) =
1
6

√
−1 + f 2(i

√
3
√

f 2 + 2q − a2(η2
1 + 2ρµ1) + 3

√
2a(−η1+

√
−η2

1 + ρµ1) tan(
1
2
ξ
√
−η2

1 + ρµ1),
(5.2)

or

G2(x, t) =
1
6

√
−1 + f 2(i

√
3
√

f 2 + 2q − a2(η2
1 + 2ρµ1) + 3

√
2a(−η1+

√
−η2

1 + ρµ1) cot(
1
2
ξ
√
−η2

1 + ρµ1).

Case 2: If η2
1 − µ1ρ > 0, and ρ , 0, then

G3(x, t) =
1
6

√
−1 + f 2(i

√
3
√

f 2 + 2q − a2(η2
1 + 2ρµ1) − 3

√
2a(η1 +

√
η2

1 − ρµ1) tanh(
1
2
ξ
√
η2

1 − ρµ1),
(5.3)

or

G4(x, t) =
1
6

√
−1 + f 2(i

√
3
√

f 2 + 2q − a2(η2
1 + 2ρµ1) − 3

√
2a(η1 +

√
η2

1 − ρµ1) coth(
1
2
ξ
√
η2

1 − ρµ1).

Case 3: If η2
1 + µ

2
1 > 0, and ρ , 0, and ρ = µ1, then

G5(x, t) =
1
6

√
−1 + f 2(i

√
3
√

f 2 + 2q − a2(η2
1 + 2ρµ1) + 3

√
2aρ(
η1

ρ
+

√
η2

1 + µ
2
1

µ2
1

) tanh(
1
2
ξ
√
η2

1 + µ
2
1),

(5.4)
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or

G6(x, t) =
1
6

√
−1 + f 2(i

√
3
√

f 2 + 2q − a2(η2
1 + 2ρµ1) + 3

√
2aρ(
η1

ρ
+

√
η2

1 + µ
2
1

µ2
1

) coth(
1
2
ξ
√
η2

1 + µ
2
1).

Case 4: If η2
1 + µ

2
1 < 0, and ρ , 0, and ρ = µ1, then

G7(x, t) =
1
6

√
−1 + f 2(i

√
3
√

f 2 + 2q − a2(η2
1 + 2ρµ1

+ (3
√

2a(η1µ1 − ρ
√
−η2

1 − µ
2
1) tan(

1
2
ξ
√
−η2

1 − µ
2
1

1
µ1

), (5.5)

or

G8(x, t) =
1
6

√
−1 + f 2(i

√
3
√

f 2 + 2q − a2(η2
1 + 2ρµ1

+ (3
√

2a(η1µ1 − ρ
√
−η2

1 − µ
2
1) cot(

1
2
ξ
√
−η2

1 − µ
2
1

1
µ1

).

Case 5: If η2
1 − µ

2
1 < 0 and ρ = µ1, then

G9(x, t) =
1
6

√
−1 + f 2(i

√
3
√

f 2 + 2q − a2(η2
1 + 2ρµ1)

+ 3
√

2a(−η1µ1 + ρ
√
−η2

1 + µ
2
1) tan(

1
2
ξ
√
−η2

1 + µ
2
1)

1
µ1

),

or

G10(x, t) =
1
6

√
−1 + f 2(i

√
3
√

f 2 + 2q − a2(η2
1 + 2ρµ1)

+ 3
√

2a(−η1µ1 + ρ
√
−η2

1 + µ
2
1) cot(

1
2
ξ
√
−η2

1 + µ
2
1)

1
µ1

).

Case 6: If η2
1 − µ

2
1 > 0 and ρ = µ1, then

G11(x, t) =
1
6

√
−1 + f 2(i

√
3
√

f 2 + 2q − a2(η2
1 + 2ρµ1)

+ 3
√

2a(−η1µ1 + ρ
√
η2

1 − µ
2
1) tanh(

1
2
ξ
√
η2

1 − µ
2
1)

1
µ1

),

or

G12(x, t) =
1
6

√
−1 + f 2(i

√
3
√

f 2 + 2q − a2(η2
1 + 2ρµ1)

+ 3
√

2a(−η1µ1 + ρ
√
η2

1 − µ
2
1) coth(

1
2
ξ
√
η2

1 − µ
2
1)

1
µ1

).

Case 7: If µ1ρ < 0, ρ , 0 and η1 = 0, then

G13(x, t) =
1
6

√
−1 + f 2(i

√
3
√

f 2 + 2q − a2(η2
1 + 2ρµ1) + 3

√
2aρ
√
−
µ1

ρ
tanh(

1
2
ξ
√
−ρµ1), (5.6)
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or

G14(x, t) =
1
6

√
−1 + f 2(i

√
3
√

f 2 + 2q − a2(η2
1 + 2ρµ1) + 3

√
2aρ
√
−
µ1

ρ
tanh(

1
2
ξ
√
−ρµ1).

Case 8: If µ1 = −ρ < 0 and η1 = 0, then

G15(x, t) =
1
6

√
−1 + f 2(−3a

√
1 + e4ρµ1ρ + 3a(−

√
2

+
√

1 + e4ρµ1)ρ coth(ξµ1) + i
√

3
√

f 2 + 2q − a2(η2
1 + 2ρµ1)),

or

G16(x, t) =

√
−1 + f 2(3

√
2a(−1 − e2ξµ1 +

√
1 + 6e2ρµ1 + e4ρµ1)ρ + 2i

√
3e2ξµ1

√
f 2 + 2q − a2(η2

1 + 2ρµ1

12e2ξµ1
).

Case 9: If µ1 = ρ = 0, then

G17(x, t) =
1
6

√
−1 + f 2(−3a

√
e1+4ρη1 ρ + 3a(−

√
2

+
√

e1+4ρη1)ρ coth(ξη1) + i
√

3
√

f 2 + 2q − a2(η2
1 + 2ρµ1)),

or

G18(x, t) =
1

12
e−2ξη1

√
−1 + f 2(3

√
2a(−1 − e2ξη1

+
√

1 + 6e2ρη1 + e4ρη1)ρ + 2i
√

3e2ξη1

√
f 2 + 2q − a2(η2

1 + 2ρµ1)).

Case 10: If η2
1 = µ1ρ, then

G19(x, t) =
1
6

√
−1 + f 2(−

3
√

2aρ(2 + ξη1)µ1

ξη2
1

+ i
√

3
√

f 2 + 2q − a2(η2
1 + 2ρµ1)). (5.7)

Case 11: If η1 = µ1 = ρ , 0, then

G20(x, t) =
1
6

√
−1 + f 2(−3

√
2aρ −

6
√

2aρ
ξµ1

+ i
√

3
√

f 2 + 2q − a2(η2
1 + 2ρµ1)).

Case 12: If η1 = f , and µ1 = 2 f , ρ = 0, then

G21(x, t) =
1
6

√
−1 + f 2(3

√
2a(−1 + e f ξ)ρ + i

√
3
√

f 2 + 2q − a2(η2
1 + 2ρµ1)).

Case 13: If µ1 = 0, then

G22(x, t) =
1
6

√
−1 + f 2(

6
√

2 a η eρ η1 ρ

2 + eξη1ρ
+ i
√

3
√

f 2 + 2q − a2(η2
1 + 2ρµ1)).
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Case 14: If 2η1 = µ1 + ρ, then

G23(x, t) =
1
6

√
−1 + f 2(3

√
2aµ1 +

3
√

2a(−ρ + µ1)

−1 + e
1
2 ξ(−ρ+µ1)ρ

+ i
√

3
√

f 2 + 2q − a2(η2
1 + 2ρµ1)),

or

G24(x, t) =
1

12
e−2ξη1

√
−1 + f 2(3

√
2a(−1 − e2ξη1

+
√

1 + 6e2ρη1 + e4ρη1)ρ + 2i
√

3e2ξη1

√
f 2 + 2q − a2(η2

1 + 2ρµ1)).

Case 15: If −2η1 = µ1 + ρ, then

G25(x, t) =
1
6

√
−1 + f 2(

3
√

2 a ρ(e
1
2 ξ(−ρ+µ1) + µ1)

e
1
2 (bt+ax)(−ρ+µ1) + ρ

+ i
√

3
√

f 2 + 2q − a2(η2
1 + 2ρµ1)).

Case 16: If η1 = ρ = 0, then

G26(x, t) =
1
12

√
−1 + f 2(3

√
2 a ξ ρ µ1 + 2i

√
3
√

f 2 + 2q − a2(η2
1 + 2ρµ1)).

Case 17: If η1 = µ1 = 0, then

G27(x, t) =
1
6

√
−1 + f 2(−

6
√

2a
ξ
+ i
√

3
√

f 2 + 2q − a2(η2
1 + 2ρµ1)).

Case 18: If η1 = 0 and µ1 = ρ, then

G28(x, t) =
1

12

√
−1 + f 2(3

√
2 a tan(ρ)(C + ξµ1) + 2i

√
3
√

f 2 + 2q − a2(η2
1 + 2ρµ1)).

Case 19: If ρ = 0, then

G29(x, t) =
1
6

√
−1 + f 2(3

√
2aρ(eξη1 −

µ1

2η1
) + i
√

3
√

f 2 + 2q − a2(η2
1 + 2ρµ1)).

6. Graphical behavior of wave patterns

This part highlights the model’s graphical relevance by presenting 2D, 3D, and contour diagrams
together with the results that were produced.

In Figure 1, the 3D, 2D, and contour graphs are shown representing the singular periodic soliton
obtained by using trignometric solution G1(x, t) given in Eq (5.2) with parametric values η1 = 4,
ρ = 3, f = 3, b = 1, a = 1, µ1 = 6, and q = 1. A singular periodic soliton describes a
periodic wave with sudden peaks or infinite values at some points. It generally depicts increased non-
linearity and potential physical consequences such as localized energy densities or plasma instabilities.
Physically, these phenomena can represent repeated high-amplitude waveforms or events of wave
collapse, demonstrating the localization of energy at specific points in a non-linear medium. Sharp
dark soliton wave behavior of 3D, 2D, and contour graphs is represented by G3(x, t) in Figure 2, which
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is obtained by using the hyperbolic solution discussed in Eq (5.3) with parametric values η1 = 2, ρ = 1,
f = 2, b = 1, a = 1, µ1 = 1, and q = 1. A sharp dark soliton is an indication of a rapid, localized
reduction in wave intensity. A Steep phase shift, high contrast dip, and strong non-linearity are all
shown. It is generally stationary and preserves its shape over time due to non-linear and dispersion
being in equilibrium. The hyperbolic solution G5(x, t) of Eq (5.4) gives a kink soliton with parametric
values η1 = 3, ρ = −2, f = 3, b = 1, a = 1, µ1 = 2, and q = 1. The 3D, 2D, and contour
graphs of this kink soliton is shown in Figure 3. A kink soliton in a non-linear system is a stable,
localized wave representing a smooth transition from a higher state to a lower state. It preserves its
shape when it travels or is stationary and connects two different stable equilibrium states. In other
physical systems, e.g., ferromagnetic materials, non-linear transmission lines, membranes in biology,
and plasma waves, kink solitons are used to model domain walls, phase boundaries, or transition layers.
In plasma physics, e.g., they model ion-acoustic shocks, where a slowly modulated plasma density or
potential travels stably in time. Sharp dark soliton wave behavior of 3D, 2D, and contour graphs is
represented by G7(x, t) in Figure 4 which is obtained by using the trignometric solution discussed
in Eq (5.5) with parametric values η1 = 4, ρ = −2, f = 4, b = 1, a = 1, µ1 = 2, and q = 1.
These solitons, which are solutions to NLPDEs like the ISLW equation, describe wave propagation
in particular non-linear mediums. Their particle-like nature and stability qualify them for energy
transport and signal modulation in non-linear media. In optical fibers, Bose-Einstein condensates,
and fluid mechanics, a dark soliton is commonly observed. It is a stable localized disturbance wherein
energy is transferred and not lost. Figure 5 represents the an anti-kink soliton behavior of 3D, 2D, and
contour graphs obtained by using the parametric values η1 = 4, ρ = 3, f = 2, b = 1, a = 1, µ1 = 3,
and q = 1 in hyperbolic solution G13(x, t) discussed in Eq (5.6). An anti-kink soliton is a localized
and stable wave that propagates from a higher to a lower state. Since non-linearity and dispersion
are equal, it is a step down in the system’s state and retains its form. They indicate symmetry in the
system and imply reversible processes are conceivable. In Figure 6, the 3D, 2D and contour graphs are
shown representing singular-shaped soliton obtained by using hyperbolic solution G19(x, t) discussed
in Eq (5.7) with parametric values η1 = 3, ρ = 3, f = 2, b = 1, a = 1, µ1 = 3, and q = 1. Singular-
shaped soliton is a highly localized, often spiky or pointed wave in which non-linearity overwhelms to
the extent that smoothness is lost. In physical systems, these parameters can indicate bounds of model
validity or failure-related instability points. They can, for instance, specify areas where wave-particle
interactions become strongly non-linear, thereby giving rise to shock formation, plasma heating, or
wave turbulence. The investigation of these solutions is essential to the understanding of critical
behaviors and the onset of chaotic dynamics in complex systems.
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(a) 3D Plot (b) 2D Plot (c) Contour Plot

Figure 1. (a) The 3D animation of the singular periodic wave obtained by using the soliton
solution G1(x, t) discussed in Eq (5.2) is presented, (b) represents a set of 2D line plots
illustrating the wave behavior for different values of t, and the contour graph in (c) shows
the interdependencies of variables using the parameters η1 = 4, ρ = 3, f = 3, b = 1, a = 1,
µ1 = 6, and q = 1.

(a) 3D Plot (b) 2D Plot (c) Contour Plot

Figure 2. (a) The 3D animation of the sharp dark soliton wave obtained by using the
soliton solution G3(x, t) given in Eq (5.3) is presented, (b) represents a set of 2D line plots
illustrating the wave behavior for different values of t, and the contour graph in (c) shows
the interdependencies of variables using the parameters η1 = 2, ρ = 1, f = 2, b = 1, a = 1,
µ1 = 6, and q = 1.
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(a) 3D Plot (b) 2D Plot (c) Contour Plot

Figure 3. (a) The 3D animation of the kink soliton wave obtained by using the soliton
solution G5(x, t) discussed in Eq (5.4) is presented, (b) represents a set of 2D line plots
illustrating the wave behavior for different values of t, and the contour graph in (c) shows the
interdependencies of variables using the parameters η1 = 3, ρ = −2, f = 3, b = 1, a = 1,
µ1 = 2, and q = 1.

(a) 3D Plot (b) 2D Plot (c) Contour Plot

Figure 4. (a) The 3D animation of the sharp dark soliton wave obtained by using the soliton
solution G7(x, t) discussed in Eq (5.5) is presented, (b) represents a set of 2D line plots
illustrating the wave behavior for different values of t, and the contour graph in (c) shows the
interdependencies of variables using the parameters η1 = 4, ρ = −2, f = 4, b = 1, a = 1,
µ1 = 2, and q = 1.
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(a) 3D Plot (b) 2D Plot (c) Contour Plot

Figure 5. (a) The 3D animation of the anti kink-type soliton wave obtained by using the
soliton solution G13(x, t) discussed in Eq (5.6) is presented, (b) represents a set of 2D line
plots illustrating the wave behavior for different values of t, and the contour graph in (c)
shows the interdependencies of variables using the parameters η1 = 4, ρ = 3, f = 2, b = 1,
a = 1, µ1 = 3, and q = 1.

(a) 3D Plot (b) 2D Plot (c) Contour Plot

Figure 6. (a) The 3D animation of the singular shape soliton wave obtained by using the
soliton solution G19(x, t) discussed in Eq (5.7) is presented, (b) represents a set of 2D line
plots illustrating the wave behavior for different values of t and the contour graph in (c) shows
the interdependencies of variables using the parameters η1 = 3, ρ = 3, f = 2, b = 1, a = 1,
µ1 = 3, and q = 1.

7. Bifurcation analysis

This section presents the bifurcation analysis and phase pictures of the planar dynamical system
derived for the suggested model. The use of this technique offers a qualitative study of non-linear
models. The system’s trajectories can be represented by points, simple closed curves, or different
isomorphic figures. The equilibrium points are used to examine the emergent dynamics of Eq (3.6).
The dynamical system is constructed by letting G′ = R and G′′ = R′.

dG
dξ
= R,

dR
dξ
= λG + lG3, (7.1)
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where λ = 2q+ f 2

a2 and l = 4
a2( f 2−1) . This system has the following integral and demonstrates Hamiltonian

properties:

H(G,R) = 1
2R2 − λ2G2 − l

4G4 = h,

where h is the Hamiltonian constant.

The equilibrium points of Eq (7.1) are found by solving the resulting set R = 0. There is only one
equilibrium point (0, 0) found when λl > 0. Nevertheless, three equilibrium points are found when

λl < 0, specifically (0, 0), (
√
−λ
l , 0), (−

√
−λ
l , 0). The Jacobian matrix of Eq (7.1) is:

J(G,R) =

∣∣∣∣∣∣ 0 0
λ + 3lG2 0

∣∣∣∣∣∣ = −λ − 3lG2.

Thus,
(1) (G,R) signifies a saddle point if J(G,R) < 0,
(2) (G,R) signifies a central equilibrium if J(G,R) > 0,
(3) (G,R) signifies a cuspidal point if J(G,R) = 0.
The outcomes that can be achieved by altering the settings are described in the following.

Case 1:

For λ > 0 and l > 0, one equilibrium point B1(0, 0) can be identified by putting f = 2, q = 1, a = 1.
The point B1 donates a saddle point.

Case 2:

For λ < 0 and l > 0, three equilibrium points B1(0, 0), B2(−8, 0), B3(4, 0) can be identified by
putting f = 2, q = −6, a = 2. The points B1 and B3 donate a central equilibrium, whereas the B2

signifies saddle point.

Case 3:

For λ > 0 and l < 0, three equilibrium points B1(0, 0), B2(4, 0), B3(−8, 0) can be identified by
putting f = 0, q = 1, a = 1. Both of the points B1 and B3 signify saddle points, whereas the point B2

donates a central equilibrium.

Case 4:

For λ < 0 and l < 0, one equilibrium point B1(0, 0) can be identified by putting f = 2, q = −3, a = 1.
The point B1 donates a central equilibrium.

The visual representation of these cases is given in Figures 7–10.
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(a)

Figure 7. Phase variation plot. (a): For λ > 0 and l > 0.

(a)

Figure 8. Phase variation plot. (a): For λ < 0 and l > 0.
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(a)

Figure 9. Phase variation plot. (a): For λ > 0 and l < 0.

(a)

Figure 10. Phase variation plots. (a): For λ < 0 and l < 0.

8. Chaotic behaviors

This section examines the chaotic behaviors displayed by the model under investigation. The term
“chaotic” describes certain dynamics of the system’s apparently random behavior that is governed by
deterministic laws. Even the smallest changes to the starting conditions might produce very different
outcomes. In the end, the trajectories of neighboring points create the system’s phase space. Such
systems can show underlying shapes or structures, even if their behavior is frequently complex and
unpredictable. The concept of chaos theory has significantly changed how we view deterministic
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systems and how randomness and predictability occur in nature. Numerous artificial and natural
systems, such as fluid dynamics, weather patterns, and optics, can exhibit chaotic behavior. Various
disciplines, including physics, biology, engineering, economics, and the social sciences, have used
chaos theory. Adding a perturbation term causes Eq (7.1) to behave chaotically. Assuming dG

dξ = R to
start this analysis, the dynamic system is:

dG
dξ
= R,

dR
dξ
= λG + lG3 + βCos(θt). (8.1)

Here, the variable β denotes the magnitude or strength and the symbol θ denotes the frequency or
occurrence of the disturbed term. The periodicity, quasi-periodicity, and chaos of the system given
in (8.1) have been analyzed through several techniques, such as time and phase plots in 2D and 3D
form are illustrated in Figures 11–13.

(a) 3D phase plot (b) 2D phase plot

(c) Time series plot

Figure 11. Chaotic behavior of dynamical system (8.1) with parameters β = 3 and θ = 10.
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(a) (b)

(c)

Figure 12. Chaotic behavior of dynamical system (8.1) with parameters β = 3 and θ = 2π.
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(a) (b)

(c)

Figure 13. Chaotic behavior of dynamical system (8.1) with parameters β = 0.1 and θ = 0.2.

9. Sensitivity analysis

Sensitivity analysis is applied in a wide range of applications, including science, engineering,
economics, and mathematics, to analyze how variations in model parameters affect the model output.
It measures the possible impact of different input sources of uncertainty on the mathematical model
output. Sensitivity analysis is helpful to identify which inputs have the most influence on output
and how inputs are transmitted through the system. The sensitivity illustrates the non-linearity of the
system and indicates how crucial it is to specify the initial conditions precisely to forecast the system’s
behavior. Sensitivity analysis also helps in understanding the power, reliability, and validity of model
predictions that can be used for complex system decision-making. The graphical representation of the
sensitivity analysis of the system employed in Eq (8.1), is shown in Figures 14–17.
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(a)

Figure 14. Sensitivity analysis of dynamical system (8.1) with (G,R) = (0.7, 0.2) for the red
curve and (G,R) = (0.7, 1.5) for the blue curve.

(a)

Figure 15. Sensitivity analysis of dynamical system (8.1) with (G,R) = (0.7, 0.1) for the red
curve and (G,R) = (0.9, 0.3) for the green curve.

(a)

Figure 16. Sensitivity analysis of dynamical system (8.1) with (G,R) = (0.6, 0.3) for the
blue curve and (G,R) = (0.9, 0.9) for the green curve.
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(a)

Figure 17. Sensitivity analysis of dynamical system (8.1) with (G,R) = (0.5, 0.3) for the red
curve, (G,R) = (0.7, 0.8) for blue curve and (G,R) = (0.3, 0.1) for the green curve.

10. Conclusions

This research investigated soliton solutions to the ion sound and Langmuir wave model with
the the modified Khater method. The method was able to produce valid wave solutions, including
singular periodic shape, sharp dark, kink, and anti-kink solitons, significant in the investigation of
non-linear wave dynamics in plasmas. The optical soliton solutions obtained through the suggested
technique for the ISLW model are different and novel as compared to previous literature. There was
a detailed bifurcation analysis to investigate the behavior of the system as the parameters varied. The
analysis revealed various dynamic patterns, from periodic oscillations to chaotic behaviors, depending
on some conditions. Uncertain behaviors were also investigated through the demonstration that
initial conditions or changes in the parameters by a small amount can cause the system to switch
between ordered and chaotic dynamics. These findings add to our understanding of non-linear
plasma waves, with potential applications in fusion technology, astrophysical plasmas, and wave-based
communication. Future research can build upon this work by investigating more complicated multi-
wave interactions or the introduction of external influences to create a comprehensive understanding
of non-linear wave dynamics.
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