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1. Introduction

The Kelvin transform, introduced by Lord Kelvin in the context of electrostatics, is a powerful
tool in Euclidean space R” for analyzing harmonic functions and geometric properties via sphere
inversion. Its applications span multiple areas of mathematics and physics, including potential theory
and partial differential equations. In contrast, the Heisenberg group H”" plays a fundamental role in
sub-Riemannian geometry, harmonic analysis, and quantum mechanics. Unlike Euclidean space, H"
exhibits a non-trivial group structure and a stratified Lie algebra, features that complicate the analysis
of differential operators.

The method of moving planes, originally developed by Alexandrov [1] in his study of surfaces with
constant mean curvature, has since been widely employed to analyze symmetry properties of solutions
to partial differential equations. When combined with the Kelvin transform, this method becomes a
powerful tool for proving symmetry and radiality of solutions to elliptic PDEs in Euclidean spaces;
see also [2]. Building upon this approach, an asymptotic symmetry method [3] was developed to
investigate the asymptotic behavior and local properties of solutions to semilinear elliptic equations
through transformation and inversion analysis. In the Heisenberg group setting, [4] extended the
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method to this framework, while [5, 6] made the adaptation of the Kelvin transform to this non-
commutative geometric context.

The Hardy inequality, first proposed by Hardy [7], stands as a fundamental tool in mathematical
analysis. It has inspired numerous important variants, including Hardy-Sobolev type inequalities,
whose theory in Euclidean spaces is relatively well-established [8,9]. This study focuses on the Hardy-
Sobolev type inequality and its constant on the Heisenberg group, extending existing results [10—13]
for this setting.

In the Euclidean space, the inversion map o : R"\ {0} — R"\ {0} is defined on by

X
o(x) = —W.

This map is used to define the Kelvin transform u* of a function u, namely,
u () = |22 u (o (x).
We should mention that the Kelvin transform satisfies that
Au(x) = X772 Au (o () ,

which is used to seek the cylindrically symmetric solution to the following elliptic equation

2%(s)-1

—Au=mn-s)(n-2) (1.1)
|x|*

. . 2(n—s) . .

in R", where s € [0,2) and 2°(s) = > Such equation has connection to the Hardy-Sobolev type
inequality

2'(s) 0

mdx < C(n,s) ( f IVl dx) : (1.2)
re Xl R"

see [14]. The cylindrically symmetric solution of (1.1) is of the form
(%) :
ux) = ———,
(1+ x5

which makes the inequality (1.2) achieves the sharp constant

s=2
2

)} r(s)

0IS
3

o-2rr (=) ()
In this paper, we study the Kelvin transform on H" and its interplay with the sub-Laplacian,

providing a conformally invariant framework. Let o : H"\ {0} — H"\ {0} be the inversion map
defined by

2r
(2 - TG (%=

2-s

O-(Z’t):(QDI’--‘aSDnalpl’--‘alpn’T)’ (13)
1
where (z,7) = (x; +iy;, X +1ys,..., %, +1y,,1) € H" with the homogeneous norm p = (lzl4 + 16t2)4,
and
4ty; — xilz|? —41x; — yilz? -t
‘;01' = s i = , T = (1.4)
|z]* + 1672 lz|* + 16£2 |z]* + 1672
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fori=1,2,...,n. Letu : H* — R be a function; then the Kelvin transform of « is defined as
w'(z,0) = p 2 u(o(z ), (1.5)

where Q = 2n + 2 is the homogeneous dimension of H".

Let Ag» be the sub-Laplacian on the Heisenberg group H". The following theorem presents the
relation between u and u*, which generalizes the classical Euclidean Kelvin transform to the Heisenberg
group and reveals conformal invariance in sub-Riemannian settings.

Theorem 1.1 (The formula revisited). For any function u € C? (H"\{0}) the Kelvin transform u*
satisfies
A (2, 1) = p~ ¢ (Awtt) (0°(2, 1)) - (1.6)

n [15], Li and Monticelli prove this formula on the Heisenberg group by calculating the trace of
the Hessian matrix and using properties of the Jacobian determinant. Their work deeply relies on the
CR structure and nonlinear equation characteristics. Relevant research is elaborated in [16, 17]. In this
paper, we shall give an algebraic and direct proof of Theorem 1.1. We shall use the chain rule of the
sub-Laplacian and the inner product of the horizontal gradient, which reduces the problem to matrix
multiplications.

As in the Euclidean setting, we consider the application of Theorem 1.1 and establish relevant
conclusions in the Heisenberg group. One has the following Hardy-Sobolev type inequality:

fQ

©

P =
— dzdr < C(f \Vepuf* dzdt) , (1.7)
w PP
with s € [0,2) and 2*(s) = % which is related to the following generalized sub-elliptic equation
|Z|2 uQQ2r2+2
—Agrut = (Q - 5)(Q — 2)— s (1.8)

on H"\{0}. We state the following theorem regarding the connection between (1.7) and (1.8).

Theorem 1.2. Assume that u € C>(H"\{0}) is a cylindrically symmetric solution to (1.8), then u is of

the form
1 3 1

u(z,t) = (1.9)

2

0-2
—5 -5 2—s 2=
[1 +(|Z|4+ 16t2)24]2 (1 +p )2

up to group translation and dilation. Then the best constant to the Hardy-Sobolev type inequality (1.7)

w O
] fo-orr(ezre)

=]

s=2

o1
2

T
22 - 91 (S3)

(1.10)

r
I

2. Preliminaries

In this section, we first present basic definitions and tools in the Heisenberg group and then calculate
first-order and second-order derivatives of (1.4).
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2.1. Heisenberg group

The Heisenberg group is a connected and simply connected Lie group. Let us first review the
following basic definitions and present useful properties; see [18].

Definition 2.1 (Heisenberg group). We identify the Heisenberg group H" with R*"*!, endowed with the

group multiplication

(X1s o X V1o oo s Y 1) 0 (X, o, X, V], oo, Yo 1) 2.1)
1 n
= |t 4 D (e ) .
i=1

This multiplication reflects the non-commutative structure of H". The canonical left invariant vector
fields (horizontal vector fields) are defined by

_(9 y,a _(9 Xl'a
Cwmtra Ve 2w 22)

for 1 < i < n. The only non-trivial commutator (vertical vector field) is given as

0
T=—. 2.3
py (2.3)
We should mention that (2.2) and (2.3) satisfy the following commutator relations
[X,‘, YJ] :—5,'jT, (24)

and
| %, x| =|v. v |=|T.x;|=[T.¥;]=0.
Unlike some literature, the presence of the coefficient 1/2 in (2.1) and (2.2) does not alter the group

structure or the left invariance of the vector fields.
We define the horizontal gradient of a function u : H* — R by

Veeu = Xqu, ..., Xou, Yiu, ..., Y,u), (2.5
where its length is given via
\Vinuf? = Z | (X + (Yie)? | (2.6)
i=1

For a vector-valued function F = (fi,..., fu.81,....8n) : H" — R, the horizontal divergence is

defined as i
dives (F) = " (Xifi + Yi g1). 2.7)

i=1

We denote by Ay the sub-Laplacian operator on H” of function u : H* — R by

n

Agott = divgge (Vignit) = Z (X2u + Yu). (2.8)

i=1
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It is easy to check that

N (0*u  0*u 0u Pu x> +y?0u
Apnut = — + —= t+V; — X; + — -—. 2.9
il Z‘ (ﬁxf o2 oox oy, 4 aﬂ) 29)
By (2.9), one obtains directly that
~ (0*u O u 0u Pu @+ Y Su
Agn 1) = — + —+tYi— - + = - —, 2.10
(Asott) (02, 1)) ;(6# o2 Viaae Yorag 4 aTz) (2.10)

which plays a fundamental role in the proof of the Theorem 1.1. In this work, we consider the Sobolev-
type space
DM(H") = {u € LY(H")

X, Yiu € LY(H), i = 1n}

2.2. First order information

To establish Theorem (1.1), we first derive formulas of first-order differential operators acting on
the functions ¢;, ¥;, and 7, which reflect the non-commutative structure of the Heisenberg group.

Lemma 2.2. Let the functions ¢;, ¥;, and T be defined in (1.4). Then the gradients are of the form

1
V]HI”‘«P:’ = 5 Mi Z+ Ui, (211)
1
VH”wi = ENiZ+Via (212)
\Y ! (2.13)
nf = ——— .
T 232k + 162)
where Z = (X1, Xp, V1, 'yn)T: M;, N;, and P are 2n X 2n matrices given by
_T(//iln TQOIIn T(len Tl/’iln
.= , N = , (2.14)
_TQOiIn _Twiln _Twiln TQOiIn
8L, (—lI* + 1672)1,
= (2.15)
(1et* - 162)1, 81lz11,,
and U,;, V; are 2n-dimensional column vectors expressed by
T
—|zI? 4t )
Ui = is i 2.16
(|z|4 162" R+ 162 ¢ (2.16)
4t 2
Vi = is i 2.17
(|z|4 162 162 @17
fori=1,...,n. Herel, is the nXn identity matrix, and the set of n-dimensional row vectors {ey, ..., e,}

denotes the standard basis of R".
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Proof. By (2.3), it is clear that

_dg_ SarxleP e dyi(art-16) gy, 320k -4 (il - 160)

Yi = 5 i=
ot (lzl* + 1612)° ot (lzl* + 1612)°
By calculating

dpi X, —[z? doi Vi 41
— = =Ty + —/——9ij, — = —=T¢i + —/———0ij,
ox; 2 v z|* + 162" dy; 2 v lz]* + 1622 "

i ¥ ~41 i ¥ 2P

Toi+ ————0di, =5Tei+ ———0i),
ox, 2 T w16 By, T 2 T 162 Y
and using (2.2), one obtains the formulas involving X, Y; by

—|z? y; 4t

Xj Yj Xj
Xigi= —LTy + 2T+ — 5. Yip; = —=LTp — 2Ty + ————6,.,
01 = oy Wi lei+ o reain Yoo = =5 o= S i+ e i
and
X; Y —4t X Y ~Iz?
X'[:—JT,'+—T,'+—(51", Y',‘:——T[+—T,'+—l".
i 21T v lz|* + 1622 " i 2 v 2 ¥ lz|* + 1622 "

By the definition of horizontal gradient (2.5), these yield the (2.11) and (2.12), respectively.
In order to get the expression of the horizontal gradient of 7, one computes that

or AP or Ayl 0T — (Ia* - 1682)
0x;  (Iz* + 162)*  dy;  (lz2* + 162)* ot (z* + 1612)*
It follows that

g yjor  8xl =y (It - 167)

Xt = —+ =
/ ox; 20t 2(|z* + 1622)°
or  xjor Syl +x; (2 - 162)
YjT = — - —— = 3
dy; 2 ot 2 (|z|* + 1612)

which deduce the representation (2.13) of the horizontal gradient V7.

(2.18)

(2.19)

Corollary 2.3. For j, k = 1,2,...,n, we have the following multiplication of 2n X 2n matrices by

MIM, - (Te;- Tow+Ty;-Tyn), (T, Ty - Ty - Ty, _ NN
(<T@ Twi+ Ty; - Te) L, (Te; - Tor+ Ty - Ty ),

(To; - Ty — Tor - Ty )L, (T Tor - Ty - Ty )1,
(T, Tow+ Ty; Ty, (Te; T — T - Tw))1,

M N,

P'P

(1t* + 167) L.,

(2.20)

2.21)

(2.22)
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Vip [—[8t|Z|2Tlﬁj+(|Z|4—16t2)TQ0j]In —[811cPT; + (I21* - 16¢) Ty |1,
! (8112 T; + (2l* = 1622) Ty, | X, —[81lzPTw; + (1al* - 167%) T, T,
—Tl// 'In _T()O 'In _T‘;D 'In —Tl/’ 'In
= SIIZIZ( ! ' )+(|Z|4—16t2)( ! ™.
Tel, -Tyjl, Ty, -Tel,
Toil, =Tyl Ty 1, -Tel,
NjP = 8t|z|2( J ! ]+(|Z|4—16t2)[ ! L
ijln T‘len T‘pjln _Tl//jln

where

16(xjxk +yjyk) 16(ijk _yjyk)

To; Tor+ Ty Ty = Toj Ty —Tor - T =

(I2* + 162)*

and
81l Ty + (lal* - 16°) T, = 4y, 81l T, — (|2l* - 162) Tys; = 4x;.

Corollary 2.4. One has the multiplication of matrices and vectors by

2PTy, —4T; 2Ty, —4Ty; \'
MU, = NIV, = J L e, ! Te|
J Jk ( 162 T Eeier X
MV = _N'U. = PTe; +4Ty;  |12PTy; —4Te; \'
pe Jek lz|* + 16¢2 % lz|* + 1622 ’
T T
PTU, = (—dre. Pe) . PTV, = (—Pe. —dre) .

where
Ty, —4tTp; = 4p; and |PTe;+ 4Ty, = —4y;.

Corollary 2.5. We have the inner product of 2n-dimensional column vectors by

1

U U = V- Vo= ————6,,
ok T g 162 T

Uj'Vk = 0.

2.3. Second-order information

We are in a position to derive formulas of sub-Laplacians of the components of (1.3).

Lemma 2.6. The sub-Laplacians of ¢;,; and T are presented by

8nt|z|?
Awo; = —nTV;,  Awip; =nTe;, ApT=—""-—.
§ ; T (2 + 1602

Proof. By (2.18) and (2.19) in the proof of previous lemma, one has

Xjpi =Y =0,
Yipi + Xj; = 0,

(Iz* + 162)*

|

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)
(2.32)

(2.33)

(2.34)
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which derives the identities involving the second-order derivatives

X2~ XY, = 0,
{ s = XY =0 (2.35)

sz(pl + Yijl//i =0.
Hence the relation (2.4), i.e., [X;, Y;] = =T, simplifies the expression of the sub-Laplacian (2.8) by

n n

Agng; = Z (X?QOi + Y?‘Pi) = Z (XijWi - Yijl/’i) = -nTy,.

J=1 J=1

Similarly, there holds
Agnty; = nT ;.

Furthermore, by finding the second-order derivatives of T with respect to x;,y;, and ¢, we have
Pr 422 +1P) 320 Pr A(22+1P) 320
0x2 (R + 1627  (zf+ 1622 A2 (R +162)° (I + 162)°

Fro_ AP 16PxRP P AykP 162y
oMox;  (|z* + 1622)>  (lz* + 1612)° 310y,  (iz* + 1622)*  (l2* + 1682)*

and
0t 96t 8 x 16243

O (24 + 162 (g + 168)°
Consequently, one apply (2.9) to get

n 2 2
At = Z o*t 9t o’ ot X +yj&]

— + —+Yy; - Xj +
= 6x§ 0)75 jataxj ]até‘yj 4 or?

Z": 401|zP 321[2 ([2I* + 16¢) Sntlz?
| (12 + 162) (I2* + 1622)° T (g + 162)

which completes the proof. O
3. Proof of Theorem 1.1

In this section, we first deduce the following proposition concerning the inner products of the
horizontal gradients of components of . This result reveals the partial orthogonality of gradients,
exploits relations of commutators to simplify higher-order derivatives, and plays a crucial role in the
proof of the main theorem.

Proposition 3.1. The inner products of the horizontal gradients of ¢;,; and T are expressed by

0 jk
V n V n = V n V n = +, 31
@ - VEn gk - Ve 2+ 162 (3.1)

Vg - Vnhy = 0, (3.2)

AIMS Mathematics Volume 10, Issue 8, 19438-19459.
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v bj
V n . V n P = T T A V n . V n P = T T T 3.3
BTV 2 + 162) T Vel = S5+ 160) (3-3)
2|
Vit - Vi = (3.4)

4 (2] + 162)*

Proof. We shall prove each identity using the matrix representations (2.11)—(2.13) and the tools in
Subsection (2.2). Below we begin calculating each sub-item to facilitate the subsequent derivation.
(1) We expand Ving; - Vingy via

1 1
VH”QOj'VH”SOk (—MjZ-i-Uj)'(szZ-l-Uk)

2
1

2zTM"{Uj+U,--Uk.

1 1
7% MjMiz+ 52" M Ug +

By the multiplication of block matrices (2.20) and (2.25), one has

L ()

z M, M, z=
47 T T (g 160)?

Adopting (2.27), we calculate of the product of a matrix and a vector MJT. U, by

4g; Ay ; T
MU, = . : . :
i ok (|z|4+16z2 G T 162

which leads to

—z'M'U

MU, = s = )< 268 (0]

Likewise, one obtains that

1 T naT

NI, = e ) o))

Via (2.31), one gets that

1
U, -U=——6;.
P e 162 T
Therefore, one deduces that
1
Vian@; - Vinpp = ——— 531
HPj - VH Pk 2" + 1622 Jk

Adopting a similar argument, there holds

1

VH”wj . VH”lpk = |Z|4+—16t25jk,

which establishes (3.1).

AIMS Mathematics Volume 10, Issue 8, 19438-19459.
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(2) For the expression of the mixed terms, we combine (2.11) and (2.12) to see that

Vi@ - Vi

1 1
(EMJZ+Uj).(§NkZ+Vk)

4 2

From the multiplication of block matrices (2.21) and (2.25), we have

2
| 4z (xjyk - ijk)
1 z Mj N,z = " CIE
(IzI* + 1612)
By (2.28) and (2.30), one has
1 z! M} Vi = ;2 [St (xjxk + yjyk) + 2|z (xkyj - ykxj)] ,
2 (I2I* + 16¢)
and
|

[8; (ijk + yjyk) + 2|Z|2 (ijk - ijk)] .

z U=—-————
27 T (g 1612)?
It follows from (2.32) that U; - V; = 0. There holds that

VHn()Dj . VHnlﬂk = 0,

which establishes (3.2).
(3) We pay attention to the mixture term of 7, and continue in this way to obtain

1 1
Vi - Vinp; = —(—zTMT.Pz+zTPTU-).
T T 162 \ 2T !
By (2.23) and (2.26), one obtains that
lzTMT.Pz = 2ylz?
2" i

Via (2.29), we deduce that
2" PTU; = —4ix; + y)l2%,

which gives us
1
2Pz + 2" PTU; = ~dtx; —y ke = (I + 167) .

Thus, there holds

V n * V n; = ——————W ;.

An argument similar to the one used in V7 - Vinifrj shows that

Vet - Vel = —————— .

1 1 1
—ZTM}NkZ+ —ZTM}V/{+ EZTNZUJ"FUJ"V]C.

AIMS Mathematics Volume 10, Issue 8, 19438-19459.



19448

Hence, (3.3) is obtained.
(4) We investigate the inner product

1

———7"P'Pz
4(1z]* + 16£2)

VHnT . VHnT =

By applying (2.22), one has
2’ P'Pz= (|z|4 + 16t2)2 2P,

that 1s,
|z

Vi Vit = —— 9
T T 4k + 162)

Combining (1)-(4), we complete the proof. O

Remark 3.2. Combining (1.4) and (3.4), we obtain that

1 n
Vit Vit = ————— 3 (¢ +4). .
o Vet = e 2 ) (3.5)

Based on the preceding tools and conclusions, we show the identity involving the Kelvin transform
and the sub-Laplacian and present the algebraic proof; see [19] for other methods.

Proof of Theorem 1.1. Let w = p~@7? for notational simplicity, where p = (Izl4 + 16t2)Z is the
homogeneous norm on H". Let o and u* be defined in (1.3) and (1.5), respectively. By the chain
rule for the sub-Laplacian Ag., we decompose the expression as follows:

A (U (z,1) = wAp (o) +2Vyw - Vi (o o) + (uo o) - Apmw.
Since @ is harmonic on H"*\{0}, i.e., Ag»@ = 0, then it remains to prove
TAw (U0 )+ 2V - Vi (o o) = p 272 (Agu) (0(z, 1)) . (3.6)

(1) We calculate the @ Ay (u o o). By recalling the horizontal gradient and divergence operator on
H"\{0}, there holds

Xi(woo)

X, (o o)

AHn(MOO_):diVH"[VH”(uOO_)] :(Xl,...,Xn,Yl,...,Yn) YI(MOO') s

(3.7

Y,(uoo)

AIMS Mathematics Volume 10, Issue 8, 19438-19459.
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and

X (uoo)

X, (o o)
Yi(uoo)

Y, (u.o o)

Using (3.7) and (3.8), we get that

Ag(uoo) =

where

AIMS Mathematics

ou
Oy
X1 X1, Xy X, Xt 8:u
: : : : : An
_ Xn1 Xuon X X, Xut ﬂ
Yip1 Yie, Yy YW Yit|loy, |
Yn901 YnQOn anl ann YnT 6”
o,
@
or
(AH”SDI Amnpn At Agyy AwT )
ofOn L ow ow o ow ou)
0o, 0p, O, oy, ot
Xipr - Xipn X - Xy, Xi7
+ Xn‘pl Xn()on Xn'vl’l ann XnT
Yigr -+ Yo, Y1y --- Y1y, Y7
YnQOI Ynson anl ann YnT
ou ou ou ou ou
X | =1...x X, |—1-..x X, =
ey e R R P
X, ﬂ X, Ou X, ﬂ X, Ou X, @
y 0y, 0, oy, o, or
ou ou ou ou
Y |— Vi (&) v [—| Y Yi|—
"\ag, ](‘9“’") oy, Noy,) "\or
" 0, " 0p, " oy " o, "\or
T1+T2,
[ Ou ou ou
— Ag; + — - A |+ — - A
;(a%’ e W Hw) gr
ou 8nt|z|* ou

i=1

- ou
Z (—nTl,l/,- . % + I’ZTQOI . w

)+

(It + 162)° 97

b

(3.8)

(3.9)

Volume 10, Issue 8, 19438-19459.
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and

n

. [X_g,_ 2o (2 (22 v 22
2 — i¥j ’Bgo iYj lalﬁj i¥j laQDJ' iYj tawj

o$ (2 e (2]

=1
To deal with T, by the derivative rule of composite functions and the definition of horizontal gradients,
we note that

X,-(ﬁ = Z( TL g L -X,-wk)+ T
oy i\ 0 ;0 O 0 dp;0T
ou 4 0’u o’u 0*u
“(3) - Zl(aw]asok o e ) e
MEAR 3 L N
“\or i\ 0ty ' ooy, or?

There hold similar equalities involving Y;. It follows from Proposition 3.1 that

- 0? ? 5%
s ;_1[5%5% (VH"(’Dj'VH'I"Dk)+a¢j;¢k (VH”WVH"‘W)”W;W (VH"%'VH"W)]

*u
T2 (VHnT . VHnT)

0%u 0u
23| (- Bs) g (e o)
J

3 - 82u+82u+¢ 0u 0u N 2> 0u
160 S\ 0g) o) arae;  Farau;) T A+ 16ry o7

J

By (3.5), one gets

S B @+62u+w_ Pu__ Pu_ g+
LT e i\ o ov; T 9tdy, %‘973% 4 o
1
= m (AHnl/l) (O'(Z, t)) . (310)

From (3.9) and (3.10), we deduce that

n

ou ou 8nt|z)? ou
A " = -nT i T i — - .
m (u o o) ; ( nly Be: +nTyp 0«//i) + (' + 16t2)2 ot

+ T 167 (Agnu) (0°(z, 1)) - (3.11)

n

(2) We calculate the second term V@ - Vi (1 0 o). For @ = (|z|4 + 16t2)_2, it is clear that

0w y 0w -2

Xw = PRl —2n (lzl4 + 16t2) ’ [)@-IZl2 + 41}’/']’

AIMS Mathematics Volume 10, Issue 8, 19438-19459.
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n+2

Yiow = ———=—==-2n(d' +16¢) 7 [yl - drx;].

For the sake of convenience, we set

n+2

Vi = —2n(|z|4 + 16t2)_ > Fg,

lZ? L, 41,

411, |zl In)2n><2n' Applying the chain rule for V. (u o o), we have

where the matrix F = (

= [ Ou ou ou
Xj(woo) = Z(&p X + alﬂ ij,-)+g.XjT,
= [ Ou ou ou
Yi(uoo) = Z((a—sa‘Yj¢i+(9—w'leﬂi)+E'YjT-
=1 i i

Thus, we have the expressions by

Vi (uoo) - Vpnw

= Z[Xj(uocf)-XjZU+YJ(MOO')'YJ'W]

j=1
- = [ Ou ou ou o
- FZ][;((‘)_% .Xj(pz XW+ o, Xlﬂl XW+ B0 YJ‘,D, Yw+a_l . le//i' leD'
ou Su
+§X7'Xw+(9 YT Yw]
ou ou u
= [ 8_ (V]H[”Sol VHn’(U) + — (VHH'J’I VHn’(D') + — (V]H[nT VHV!'ZD')
i1 L O o

Using the matrices and vectors introduced in Lemma 2.2, we note that

n+2

—u2 ]
Vi ;- Vi = —2n(|z|4 + 16t2) ’ [5 M Fz+z"F' U,} :

where
MTF — {(_|Z|2T¢l~ + 4tT¢,0,-) L, (—|Z|2T(pl~ - 4tT¢l~) I,,J ~ [—4901.1,, 41, ]
O (PTe+ 4T, (<RPTw+ 41Tg)1,) 4w, —4el,)

1
Hence, one obtains 3 z' MiT Fz-= —2|z|2¢,01-. We calculate

T

R =162 —4tlzP + Az T

FT Ui = is i = —ei, 0 .
( 162 " T F+ 162 © ( )

and so

(3.12)
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—21z? (4ty; = xil2?) - xi (I2I* + 16¢)

1 T T T T
M Fz+2 FTU, =
pr Vi rETE Z* + 1622

—}1 (1sf* + 16¢) .

Thus, we can draw a conclusion
VHn(IDi . VHn’w = E (|Z|4 + 16t2)_7 Tlﬁi,
2
and similarly
Vit - Vi@ = _g (1e* +16%) * T

For Vg7 - Vinoo, we know

_ n+6

Vel - Vi = —n(|z|4 + 16t2) 2 PRz,

where

—|zP X, 41,

It follows that zT PT F z = 4¢|z)? (|z|4 + 16t2), which means

41, |71,
P'F = (|z|4 + 16t2)( ]

ntd

Vit - Vi = —4n(|z|4 ¥ 16t2)_ 2 1z

Accordingly, we apply (3.12)—(3.15) to conclude that

n

_n 6u (9I/t
2Vt - Vanw = —n(|z* + 1677) ° [ (—T%— + T‘Pi—) +
( ) ; A i

Plugging (3.11) and (3.16) in (3.6), we have

_n2
@ A (0 ) + 2 Vi@ - Vit = (|z|4 + 16t2) > (Agnut) (0(z2, 1))

which completes the proof of (3.6) and so (1.6).

4. Proof of Theorem 1.2

81/

ou

(12 + 162) Ot

|

(3.13)

(3.14)

(3.15)

(3.16)

Building upon the Kelvin transform and sub-Laplacian results, we investigate their implications for

Hardy-Sobolev type inequality on the Heisenberg group.
We state the following inequality.

Lemma 4.1 (Hardy-Sobolev type inequality). Let 0 < s < 2 and Q = 2n + 2. Denote by D' (H") the
closure of C;° (H") with respect to the norm ||u|| = (fn |Vt dz dt)j. For any u € D" (H"\{0}), there

holds

=)

-5

|Z|2 |u|2*(s) 02

- ——dzdr < c(f |VHnu|2dzdt)
w PP "

2(Q - )

2%(s) =
where 27(s) 02

and C = C (s, Q) is a positive constant independent of u.
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In [20], the Hardy-Sobolev type inequality

S

@

K 2%(s) 02
W g ar < (f |VGu|2dzdt)
B P° P Hr

is established, where |z] < p and s < 2. Thus, one deduces the generalized Hardy-Sobolev type
inequality (1.7).

2
Remark 4.2. The weight Z—Z reflects the non-isotropic geometry of H", contrasting with the Euclidean

|| 2(Q-9)

case (1.2) with — = 1. The exponent ﬁ interpolates between two endpoints, i.e., the Sobolev
2 _

case (s = 0) and the Hardy case (s = 2) .

Lemma 4.3 (Invariance under the Kelvin transform). If u is a solution to (1.8), then its Kelvin transform
u* satisfies Eq (1.8).

Proof. We consider —Agnu*(z, t). From the definition of inversion, it is clear that

| | 0-25+2 |Z|2 Q 2Y+2

e (0(z.0) = (Q = HQ -2 e 7 =0 - 90 - 25 W)

By Theorem (1.1), one has

|z (u) o

—AHnu*(z,n:pQﬂ (B (&) = (= 5XQ =D

This gives us that, if a cylindrical function u satisfies Eq (1.8) in H", then the Kelvin transform
. 1
W @0 = oo @)
of u satisfies the same Eq (1.8). This fact reveals the invariance of the equation in the Heisenberg

group. ]

We establish a conformally invariant Kelvin transform on H" in Theorem 1.1 and shall apply it to
derive the best constant of the Hardy-Sobolev type inequality.

Proof of Theorem 1.2. We divide the proof into two steps.
Step 1: Find the cylindrically symmetric solution.
We introduce polar coordinates of z and set r = |z|. From (2.9), we express Ag«u by

Pu 2n-1 8u 2 0*u

Agu = — - 4.1
w5 I r (9r 4 0r? @D
Substituting this into (1.8), it yields the following PDE in (7, ¢)

Pu 2n—10u r*6u r? 0242

— —+——=—(0- -2)— 1) 02, 4.2

ot et T T Q9@ ) 4.2)
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i

Since u = u(g), then by performing the substitution g = (r4 + 16t2) , we reduce (4.2) to the following

ODE: 0-25+2
d>u  2n+1du u(g) o2
du, Lo (0-s0-=E— (4.3)
dg g dg 8

Since both u and its inversion u* satisfy Eq (4.3), by we have u(g) = g 2u(1/g). It follows that

0-2
u(g) =1/ (1 + gz‘s) **. That is, we find the cylindrically symmetric solution (1.9) to Eq (1.8). It is

easy to check that
. 1 1
u (Z’ t) = 0- = 0-2
pQ—2 [1 + p—(2—s)] 2—-s (1 + pZ—S) 2-s
and the solution is invariant under the Kelvin transform.
Step 2: Calculating the best constant of the Hardy-Sobolev type inequality.

We consider the extremal problem

=u(zg1),

[N

e [ue*

I:inf{ |Vygnue? dz ds ueDl’z(H”),f =
Hn

Sy dadr = 1}.

By Remark 3.4 in [20], the extremal function of (1.7) is essentially the solution (1.9), which gives us

the way to calculate the best constant.
Differentiating the solution (1.9), one has

ou —(Q-2) xilz|?p~>* @ _ —8(0-2) tp~2s

il S —, (4.4)
0x; (1 +p2—s)% ot (1 +p2—s)%
and it follows that
|xil2 + 4y;| p7
Xlu = - (Q - 0-s s
(1 +p2—S) 2-s
|ilel? = 40x;] o7
Yu = - (Q - ) O-s
(I+p>9)=
Therefore,
n |Z|2
Vuf? = Z |(Xi)* + (Yu)*| = (Q - 2)? o (4.5)
—1 p2S (1 + pz—S) 2—s
In order to find the best constant for inequality (1.7), we introduce
I = |Vigoul* dz dt, (4.6)
Hll
21.,12%(s)
b [ n
H P
Then the desired inequality II < C X [+ is transformed into
II
C > —=. (4.8)
[o=
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The calculation of the constant C requires evaluation of two key integrals.
The first integral is expressed by

I= 2y < dzd 4.9
- (Q_ ) Z(Q_,S) Z L. ( . )

" (t+ 160)} [1 + (|21 + 16;2)2?] -

n

. . 2n
For z € R?", we let r = |z| with the spherical measure dz = ! dr. Here, I denotes the classical

T(n)
Gamma function »
rw= [ et
0
Hence ) . .
2 P) R L G n+
1= (Qr( )) : f f ! oy drdr. (4.10)
n ] i
(r* + 1612)? [1 +(r* + 16t2)ZT
i t
Perform variable SUbStimtiom let o = (r4 -+ 16t2)4 and w = — with the Jacobian determinant J =
r
o(r, t
oD, 1 + 16w ) . We deduce that
o)

2(0-2 o o2 (] 4 16w 3
[ - A2 f f 1+ WZ(Q” 2(1+16w?) * dodw
F(n) 0¥ (1 + 0>

2(Q_2) Pl n+2 +0oo Q2n+3—2x
oy Lo (1+16w) dwf0 ————do

(1+0%%) >
2(Q-2)n"
I'(n)

I X L.

In order to calculate I;

+00 VL+2
f (1 + 16w ) dw, we perform the substitution # = 4w to get that

(%)

e -

where B(x,y) is the Beta function presented by

Y _ TrQy)
B(x.y) _fo Trom &= Tx+y)

Q2n+3 2s
o do. It follows that

(1+Q25)2s

+00
Meanwhile, we let v = 0>~ for the estimate of I, = f
0

AIMS Mathematics Volume 10, Issue 8, 19438-19459.



19456

1 oo HE
12 = 2y T 20 dv
0 (1+v)y>=

1 (0-25+2 0-2) T[(E2)r(E)
2-5 ( 2-5 ’2—s) (2_S)I"( Q )

In conclusion, we derive the value of (4.6) by

. 2(0-27n"
I = TH)IIXIZ

(Q _ 2)2 ﬂ.n+% . F(%)F(Q—ZZ_A:Z)I—‘ ZT_f)
22-5  rmr(s+ 1)r(2(Q—.v)) '

In order to compute (4.7), i.e.,

|z*
1l = f > dzdt,
H~ s+2 2-s ) P

(JzI* + 16¢2) + (1 + (|z* + 1682) 7

we adopt a similar argument to deduce that

2 +00 _n+2 +00 2n—s+1
I = dl (1+16W2) : dwf Q—mdQ
I'(n) J_o 0 (140>
2(Q-27°n"
20—y,
['(n)
r(5)
where II; =1} = ———=, and
AT (2+1)

2n—s+2 -1

+00 2n—s+1 +00
0 1 =
I, = f 2(0-9 do = 7 f 20-9 dv
0 (14023 SJo (1+v) =

1 o-s0-sy T(&)
Bl 2—SB(2—S’2—S) _ 20
Q s)r( )
Therefore,
m= 2%, = LB <2)<‘)
I'(n) 22-y) F(n)F(% ) (( )

Combining (4.8), (4.11), and (4.14), we finally conclude that

4.11)

(4.12)

(4.13)

(4.14)

AIMS Mathematics Volume 10, Issue 8, 19438-19459.



19457

©

P
9
)l

(-2t T(3)T(E2)r(8)]"
2= Tr (%%

[ () i r(&)
2(2 - (L (4 + 1)T (2£2) (0 - 27T (&22)r(£2)|#

which completes the proof of Theorem 1.2. O

5. Conclusions

In this paper, we revisit the Kelvin transform on the Heisenberg group and present an algebraic
proof of the formula involving the sub-Laplacian. A key contribution of this paper is the computation
of the best constant for the generalized Hardy-Sobolev type inequality on H", achieved by deriving
cylindrically symmetric solutions to a related sub-elliptic equation. This systematic approach extends
the results of analysis and PDEs on the Heisenberg group.
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