
https://www.aimspress.com/journal/Math

AIMS Mathematics, 10(8): 19240–19266.
DOI:10.3934/math.2025860
Received: 31 March 2025
Revised: 15 July 2025
Accepted: 21 July 2025
Published: 25 August 2025

Research article

Chaotic dynamics in Sprott’s memristive artificial neural network: dynamic
analysis, circuit implementation and synchronization

M. I. Kopp1 and I. Samuilik2,3,*

1 Institute for Single Crystals, NAS of Ukraine, Nauky Ave. 60, Kharkiv 61072, Ukraine
2 Institute of Life Sciences and Technologies, Daugavpils University, 13 Vienibas Street, LV-5401

Daugavpils, Latvia
3 Institute of Applied Mathematics, Riga Technical University, LV-1048 Riga, Latvia

* Correspondence: Email: inna.samuilika@rtu.lv.

Abstract: The paper presents a new artificial neural network (ANN) obtained by embedding a
memristor into the self-connection synapse of one neuron from the Sprott ANN. The mathematical
model of the new network is described by a five-dimensional (5D) dynamic system. A comprehensive
analysis of its dynamic properties is carried out, including bifurcation diagrams, Lyapunov exponents,
Kaplan–Yorke dimension, timing diagrams and phase portraits, multistability, and offset boosting
control. The theoretical model is further verified by electronic simulation of a chaotic system using
Multisim software. A synchronization model of two coupled memristive subneural Sprott networks
is proposed to simulate synchronization between regions of biological neural systems. Linearization
methods and Lyapunov stability theory are employed to prove synchronization. These results provide
useful insights into the nonlinear dynamic characteristics of the new Sprott ANN.
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1. Introduction

Chaotic systems have long attracted attention due to their relevance in a wide range of fields,
including nonlinear dynamics [1, 2], physics [3–5], gene networks [6, 7], neurodynamics [8],
electronics [9, 10], cryptography [11], and secure communications [12]. Their sensitivity to the initial
conditions and complex yet deterministic behavior make them powerful tools for modeling natural
processes and designing robust artificial systems. In particular, chaos-based models have shown
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great promise in improving the performance and adaptability of neural networks and neuromorphic
computing.

The mathematical foundations of artificial neural networks (ANNs) date back to the 1940s,
with the seminal work of McCulloch and Pitts, who proposed the first mathematical model of a
neuron [13]. A major milestone followed with Rosenblatt’s discovery of the perceptron [14], which
laid the groundwork for the development of deep neural networks (DNNs). Designed to emulate
brain-like processing, ANNs have become indispensable in modern artificial intelligence, offering
powerful tools for learning, pattern recognition, and decision-making in complex, high-dimensional
environments [15]. Numerous biologically inspired neuron models have been proposed, including the
Hindmarsh–Rose (HR) [16], FitzHugh–Nagumo (FHN) [17, 18], Hodgkin–Huxley (HH) [19, 20], and
Rulkov models [21], as well as artificial systems such as the Hopfield neural network (HNN) [22].

Among these models, the HNN has garnered the most attention from researchers. Hopfield [22] was
the first to develop a dynamical system with an electronic circuit implementation to model the chaotic
behavior of biological nervous systems, including the human brain. This system, known as the HNN,
is a fully interconnected network of n neurons and is defined as:

Ci
dxi

dt
= −

xi

Ri
+

n∑
j=1

wi j tanh x j + Ii .

In this formulation, Ci, Ri, and xi denote the membrane capacitance, membrane resistance, and voltage
of neuron i, respectively. The tanh x j function represents the activation function of the neuron. The
synaptic weight between neurons i and j is denoted as wi j, and Ii represents the external input current.

The emergence of memristors nonlinear passive circuit elements that retain memory of past
states has significantly expanded the modeling capabilities of neural networks [25, 26]. Memristors
exhibit a dynamic resistance that depends on the history of the current or voltage, making them
ideal candidates for emulating biological synapses. When integrated into ANNs, memristors enable
more biologically realistic and adaptable connectivity, allowing the design of systems with enhanced
learning, memory, and signal processing abilities [27]. In recent years, memristive neural networks
particularly memristive Hopfield neural networks (MHNNs) have gained substantial attention in the
literature [23, 24]. These systems combine the structure of classical neural networks with the adaptive
dynamics of memristors, giving rise to rich and tunable behaviors that are suitable for neuromorphic
engineering, control systems, and secure communication.

Advances in computing have sparked growing interest in multidimensional networks of interacting
agents, such as neurons in neural networks. With appropriate nonlinearities and interconnections,
these networks can effectively model complex phenomena across the physical, social, and biological
sciences. ANNs are widely utilized in various intelligent systems, including robots, self-driving cars,
and more [28]. For a comprehensive review of ANNs in machine learning (ML), deep learning,
and related fields, see [29]. Their applications in neuroscience and the interplay between ML and
biologically realistic neuron models used for computational tasks are discussed in [30]. Additionally,
the role of ANNs in pattern recognition, particularly in industrial applications, has been extensively
analyzed in [31]. Furthermore, the ANN approach has been applied to the study of genetic systems, as
explored in [32].

An ANN is a mathematical model that emulates the biological processes of the human brain.
ANN models are typically governed by ordinary differential equations. They consist of multiple
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interconnected processing elements, each receiving weighted signals from multiple sources and
processing them accordingly. Excitatory connections correspond to positive weights, while inhibitory
connections correspond to negative weights. The incoming signals are summed linearly and then
transformed by a nonlinear activation function usually a sigmoid function that regulates the output
amplitude. Neural networks with arbitrary connections are commonly referred to as recurrent neural
networks (RNNs). The dynamics of a continuous-time RNN are described by a system of coupled
ordinary differential equations (ODEs) with a sigmoid nonlinearity of the following form [33]:

dxi

dt
= −bixi + fi

∑
j

wi jx j

 + Ii,

where xi represents the internal state of the i-th unit, bi is the frictional damping parameter, wi j are the
connection weights, and Ii(t) is the external input to the i-th unit. The response function of the i-th
unit is given by fi

(∑
j wi jx j

)
, which is typically a sigmoidal function. The main activation functions

are the logistic function, hyperbolic tangent, Gaussian function, and linear function. Sigmoid response
functions of the form fi(z) = 1/(1 + exp(µi(wi jz j − θi))) (µi, θi are the parameters) were used in a
network consisting of three neurons [34]. Similar sigmoid response functions have also been used to
model genetic regulatory networks [35, 36]. Another well-known example of a network utilizing the
response function fi(z) = tanh(wi jz j−θi) is described by the following set of differential equations [37]:

dxi

dt
= −bixi + tanh

N∑
j=1, j,i

wi jx j . (1.1)

Sprott [37] found that the system (1.1), by appropriately selecting the vector bi and the matrix wi j, and
with a sufficiently large N, can exhibit diverse dynamical behaviors, including chaotic regimes. As
shown in [38], for a sufficiently large N, the system (1.1) can approximate any dynamical system with
arbitrary precision. In [37, 39], Sprott derived several intriguing dynamical systems from system (1.1)
for small values of N, which merit further investigation. Notable examples include the following [37]:

(1) A minimal dissipative ANN with N = 4 and b = 0.043.
(2) A minimal conservative ANN with N = 4 and b = 0.
(3) A minimal circulant ANN with N = 5 and b = 0.12.

The modeling of genetic and neural networks using the dynamical system (1.1) in two-dimensional
(2D) and three-dimensional (3D) cases, with weight elements differing from unity, was studied by
Samuilik et al. [40, 41]. Samuilik et al. [42] expanded the study of higher-order ANN models beyond
four dimensions (4D). In [42, 43], they investigated ANN models with five (5D), six (6D), and even
60 (60D) dimensions, demonstrating chaotic behavior. In this paper, we investigate a Sprott ANN
comprising four neurons and an embedded memristor in the self-connecting synapse of one neuron.
The unique capabilities of memristors in advancing ANN architectures motivated this study.

This manuscript is organized into several sections. The introduction provides a brief overview of the
current state of the problem. Section 2 presents the derivation of a novel memristive Sprott dynamical
system for an artificial neural network. In Section 3, we analyze the dynamic properties of the Sprott
memristive ANN (SMANN) system by examining fixed points, constructing bifurcation diagrams, and
determining both the Lyapunov exponents and Kaplan–Yorke dimension. Additionally, we explore
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multistability and offset boosting control within the system. Section 4 details the design of an electronic
circuit implementation of the SMANN system using the Multisim environment. We validate circuit
operation through simulations and compare the results with those obtained in Mathematica. Finally,
Section 5 investigates synchronization in SMANN coupling, while the conclusions summarize the key
findings of this study.

2. Mathematical model of a new Sprott’s meristive network

The main goal of this section is to show step-by-step the derivation of the new Sprott memristive
system. To implement this idea, we will first show a basic Sprott ANN, then explain the selected model
of a non-ideal memristor, and finally outline how we add the memristor to the self-connection synapse
of the first neuron.

Sprott’s research on chaotic behavior in networks, particularly those with a large number N of
agents or neurons (as in neural networks), revealed that the smallest ANN capable of exhibiting chaos
can be described by four differential equations of the following form [37, 39]:

dx1

dt
= tanh(x4 − x2) − bx1,

dx2

dt
= tanh(x1 + x4) − bx2,

dx3

dt
= tanh(x1 + x2 − x4) − bx3,

dx4

dt
= tanh(x3 − x2) − bx4,

(2.1)

where b is a parameter controlling the rate of dissipation in the system. Sprott demonstrated [37] that
variations in b lead the system (2.1) to exhibit stable, periodic, and chaotic behaviors. The hyperbolic
tangent function (tanh), often called a sigmoid function, ensures nonlinear saturation by bounding the
output values within a finite range, thereby preventing unbounded and physically unrealistic solutions.
For the parameter b = 0.043 and initial conditions (x1(0), x2(0), x3(0), x4(0)) = (1.2, 0.4, 1.2,−1), the
system exhibits a chaotic attractor. The Lyapunov exponents (LEi, i = 1, 2, 3, 4) and the Kaplan–Yorke
dimension DKY were also determined in [37] as follows:

LEi = (0.03164, 0,−0.07313,−0.13051), DKY = 2.43263 . (2.2)

Given that the system (2.1) exhibits chaotic behavior, incorporating a memristor is expected to facilitate
the emergence of diverse chaotic regimes and multistability. In addition, memristors can store analog
values, making them ideal for representing neural network weights. Leveraging their ability to adjust
resistance on the basis of the magnitude of the electric charge, memristors can effectively model
changes in the synaptic weights of neurons under external stimulation. Consequently, the use of
memristors as coupled synapses is expected to play a pivotal role in the development of future neural
networks.
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Figure 1. Connection diagram of Sprott’s memristive network composed of four activation
neurons. The connection weights from the i-th neuron to the j-th neuron are w11 =

aW(x5),w12 = −1,w14 = 1,w21 = 1,w24 = 1,w31 = 1,w32 = 1,w34 = −1,w42 = −1,
and w43 = 1.

In this study, a memristor model with a hyperbolic tangent conductance function (see, for
example, [44]) is used to emulate the self-connection synapse of Neuron 1, as illustrated in Figure
1. Additionally, Figure 1 depicts the connection structure of the neural network, which comprises four
neurons. The non-ideal memristor can be expressed mathematically as:

im = W(φ)um (current),
dφ
dt
= um − kφ (flux with damping),

W(φ) = tanhφ (memductance),

(2.3)

where im signifies the current flowing through the memristor, um denotes the voltage across the
memristor, φ is the internal flux, and k is a positive parameter. The nonlinear and saturable mem-
conductivity W(φ) = tanh(φ) has an S -shaped profile characterized by the following properties:

(a) Saturation: W → 1 as φ→ ∞ and W → −1 as φ→ −∞;
(b) Symmetry and smoothness;
(c) Near-linear behavior around zero: W ≈ φ for small φ.

These characteristics of W(φ) enable the emergence of hysteresis under sinusoidal excitation,
impose a natural limit on conductivity (saturation behavior), and allow for rapid transitions in the
system’s response features that are advantageous for the generation of chaotic dynamics. The system of
equations (2.3) produces nonlinear characteristic curves that pass through the origin. For the numerical
modeling of this system, we apply a sinusoidal alternating voltage um = A sin(2π f t) to the memristor
input, where A represents the amplitude and f the frequency of the external signal. Figure 2 shows
the results of modeling the memristor system (2.3) with the flux–damping coefficient assigned a value
of one: k = 1. When the memristor is driven by sinusoidal alternating current, its current–voltage
characteristic forms a closed curve, known as the “hysteresis loop”, which passes through the origin.
As the amplitude A increases, the area enclosed by the hysteresis loop expands. Conversely, increasing
the frequency f causes the loop area to shrink. This behavior is characteristic of memristive systems.
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Figure 2. Simulation of the hysteresis loop of a hyperbolic tangent type memristor for: (a)
different amplitude values A, (b) different values of frequency f .

By combining Eqs (2.3) and (2.1), we have derived the equations governing 5D nonlinear dynamics,
which are presented in a new Sprott memristive ANN in the following form:

dx1

dt
= tanh(x4 − x2 + aW(x5)x1) − bx1,

dx2

dt
= tanh(x1 + x4) − bx2,

dx3

dt
= tanh(x1 + x2 − x4) − bx3,

dx4

dt
= tanh(x3 − x2) − bx4,

dx5

dt
= x1 − x5,

(2.4)

with the synaptic connection weight matrix defined as follows:

w =


aW(x5) −1 0 1

1 0 0 1
1 1 0 −1
0 −1 1 0

 ,
and initial conditions

x1(0) = 2, x2(0) = 1, x3(0) = 1.5, x4(0) = 0, x5(0) = 2. (2.5)

In Eq (2.4), a is the memristive coupling coefficient, which serves as a control parameter for the
memristor. In addition, we replaced the flux notation φ with a new dynamic variable x5, and the
memductance W(φ) is W(x5) = tanh(x5). Thus, the new Sprott memristive ANN can be controlled
by two parameters, a and b. It is easy to see that the system (2.4) remains invariant under the
transformation T

T : (x1, x2, x3, x4, x5)→ (x1, x2, x3, x4, x5).
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To classify the system (2.4), we calculate its divergence or the trace of the matrix as follows:

Tr( f (xi)) = ∇ · f (xi) =
5∑

i=1

∂ẋi

∂xi
=

−

[
(4b + 1) −

a tanh(x5)
cosh2(x4 − x2 + a tanh(x5)x1)

]
.

System (2.4) is dissipative for positive values in square brackets or when the following inequality is
satisfied:

4b + 1 >
a tanh(x5)

cosh2(x4 − x2 + a tanh(x5)x1)
.

The subsequent sections are dedicated to the dynamic analysis of the newly introduced system (2.4).

3. Dynamical analysis

This section considers the dynamical behaviors of the proposed SMANN using analytic and
numerical analysis techniques, including bifurcation diagrams, Lyapunov exponents (LEs), phase
plots, and time series.

3.1. Bifurcation diagrams, Lyapunov exponents, and Kaplan–Yorke dimension

In this section, we conduct a general analysis of the behavior of the proposed system (2.4) based
on variations in the system’s parameters a and b. For this purpose, we utilize tools such as bifurcation
diagrams and the exponential Lyapunov spectrum (see Figures 3 and 4). Bifurcation diagrams are
commonly used to graphically represent changes in the system’s state variables. These diagrams
provide critical insights into qualitative changes in the system’s behavior as specific control parameters
are varied. Lyapunov exponents (LEs) are an essential criterion for describing the behavior and
stability of dynamic systems. LEs quantify the rate at which neighboring trajectories in a dynamic
system diverge or converge. A dynamic system is considered to be unstable or chaotic when the
largest LE is positive, while a negative LE indicates a tendency toward stable equilibrium. By
examining the sign of the LEs, one can classify the system’s behavior as regular, quasi-regular
(e.g., 2-torus or 3-torus), chaotic, or hyperchaotic. The number of Lyapunov exponents corresponds
to the dimension of the phase space of the nonlinear dynamic system. For the proposed system
(2.4), there are five such indicators. In this study, the Lyapunov exponents were computed using
Gram–Schmidt orthonormalization within Benettin–Wolf’s algorithm [45, 46], a standard and reliable
approach for analyzing dynamical systems. This method ensures precise exponent estimation by
iteratively linearizing the system’s equations along its trajectory and tracking the divergence of
nearby trajectories. To validate the methodology proposed by Binous et al. [47] and Sandri [48] in
Mathematica, we calculated all the Lyapunov exponents for the Sprott system (2.1) with the initial
conditions (x1(0), x2(0), x3(0), x4(0)) = (1.2, 0.4, 1.2,−1) in the following form:

LE1 = 0.03502, LE2 = 0.00548 ≈ 0,

LE3 = −0.08529, LE4 = −0.12721. (3.1)
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Figure 3. (a) Bifurcation diagram, (b) Lyapunov exponent spectra, and (c) spectra of the two
largest Lyapunov exponents, all versus the memristor parameter a.

Figure 4. (a) Bifurcation diagram, (b) spectra of all Lyapunov exponents, and (c) spectra of
the two largest Lyapunov exponents, all plotted versus the parameter b.

A comparison between the expressions (2.2) and (3.1) demonstrates strong agreement with the
results of Sprott [37]. This validation allows us to confidently apply the methodology outlined in [47,
48] for calculating the Lyapunov exponents of the proposed SMANN system (2.4). Additionally, an
electronic circuit implementation of the Sprott system (2.1) at b = 0.043 was designed and tested using
the Multisim environment. Figure 5 presents the phase portrait of the chaotic attractor, as captured
from the oscilloscope simulation in Multisim.

Figure 5. Phase portrait of the chaotic attractor in the Sprott system (2.1), as generated by
the oscilloscope simulation in Multisim.

The two parameters a and b of system (2.4) are analyzed independently to assess their influence on
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the system’s behavior. With the parameter b = 0.043 fixed and the initial conditions given in (2.5), the
bifurcation diagram and the Lyapunov exponent spectrum for a ∈ [0.2, 0.85] are presented in Figure 3.

With the parameter a = 0.295 being fixed and the initial conditions specified in (2.5), Figure 4
presents the bifurcation diagram and the Lyapunov exponent spectrum for when the parameter b varies
within the range b ∈ [0.01, 0.12], showcasing the system’s dynamic behavior.

3.2. Analysis of equilibrium points and their stability

The equilibrium points and their stability are commonly used to uncover the generation mechanism
of chaotic attractors in dynamic systems. The equilibrium points of the model (2.4) can be determined
by solving the following equations:

0 = tanh(x̃4 − x̃2 + a tanh(x̃5)x̃1) − bx̃1,

0 = tanh(x̃1 + x̃4) − bx̃2,

0 = tanh(x̃1 + x̃2 − x̃4) − bx̃3,

0 = tanh(x̃3 − x̃2) − bx̃4,

0 = x̃1 − x̃5.

(3.2)

The last equation of the system (2.5) gives the obvious equality x̃1 = x̃5. It is evident that the
system (2.5) is a fourth-order transcendental equation, making its analytical solution challenging to
obtain. Therefore, a numerical method is employed to determine the equilibrium points. It is possible
to represent the state variables x̃2 and x̃4 as follows:

x̃2 =
1
b

tanh(x̃1 + x̃4), x̃4 =
1
b

tanh(x̃3 − x̃2). (3.3)

The expression for point x̃3 can be found by substituting (3.3) into (3.2):

x̃3 =
1
b

tanh
(
x̃1 − x̃4 +

1
b

tanh(x̃1 + x̃4)
)
. (3.4)

Next, by substituting Eqs (3.3) and (3.4) into Eq (3.2), the equilibrium points can be determined as
the intersections of the curves F(x̃1, x̃4) and G(x̃1, x̃4), which are expressed as follows:

F(x̃1, x̃4) = tanh
(
x̃4 −

1
b

tanh(x̃1 + x̃4) + a tanh(x̃1)x̃1

)
−

− bx̃1,

G(x̃1, x̃4) = tanh
(
1
b

tanh
(
x̃1 − x̃4 +

1
b

tanh(x̃1 + x̃4)
)
−

−
1
b

tanh(x̃1 + x̃4)
)
− bx̃4.

(3.5)

Assuming the parameter values
a = 0.295, b = 0.043, (3.6)

the equilibrium points can be easily determined as the intersection points of the curves F and G.
Numerical and graphical solutions of Eq (3.5), as illustrated in Figure 6, yield x̃1 = 0 and x̃4 = 0.
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Substituting these into Eqs (3.3) and (3.4), we also obtain x̃2 = 0 and x̃3 = 0. Consequently, we confirm
the existence of a unique equilibrium point given by E(0, 0, 0, 0, 0). The stability of equilibrium points
can be determined by analyzing the eigenvalues of the Jacobian matrix, whose general form is provided
in the Appendix. The characteristic polynomial at the equilibrium point E(0, 0, 0, 0, 0) is expressed as:

λ5 + 1.172λ4 + 3.183λ3 + 2.269λ2 + 0.221λ + 0.962 = 0. (3.7)

-40

-40

-20

-20

20

20

40

40

0

0

x
4

x
1

Figure 6. Function curves from (3.5) and their intersection point (0, 0) are shown for a =
0.295 and b = 0.043.

We apply the Routh–Hurwitz criterion (see the Appendix) to evaluate the stability of the system in
the vicinity of the fixed point E. The minors of the Hurwitz matrix corresponding to the characteristic
Eq (3.7) are given as follows:

∆1 = 1.172 > 0, ∆2 = 1.461 > 0, ∆3 = 4.14 > 0,

∆4 = −4.40 < 0, ∆5 = −4.23 < 0. (3.8)

It follows that not all minors of the Hurwitz determinant are positive. As a result, the characteristic
Eq (3.7) has roots with a positive real part, indicating that the system is unstable. Indeed, solving the
characteristic Eq (3.7) yields the roots:

λ1 = −1, λ2,3 = 0.160 ± i0.560, λ4,5 = −0.246 ± i1.663.

The presence of a positive real part in the complex roots λ2,3 classifies the system as a saddle-focus
type, indicating the instability of the system (2.4). This instability suggests that the system exhibits a
self-excited attractor. Moreover, according to Shilnikov’s theorem [49], chaos arises at the equilibrium
point if one real root δ (λ1 = −1) and two complex conjugate roots α + iβ (λ2,3 = 0.160 ± i0.560) exist
satisfying

|α/δ| < 1 (|0.160/(−1)| < 1), δα < 0 ((−1) · 0.16 < 0).

For the parameters values (3.6), these conditions suggest that the SMANN system generates a chaotic
attractor.

The Lyapunov exponents of the new system (2.4) are numerically estimated for the parameter values
given in (3.6) and the initial state specified in (2.5) as follows:

LE1 = 0.03307, LE2 = 0.00161 ≈ 0, LE3 = −0.09909,
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LE4 = −0.17036, LE5 = −0.99303. (3.9)

The presence of a positive Lyapunov exponent LE1 confirms that the system (2.4) exhibits chaotic
behavior. Furthermore, the negative sum of the Lyapunov exponents,

∑5
i=1 LEi = −1.228 < 0,

demonstrates that the chaotic system (2.4) is dissipative, as the energy or volume in the phase space
is continuously contracted over time. The Lyapunov or Kaplan–Yorke dimension of the new chaotic
system (2.4) is computed using the formula described in [50]:

DKY = ξ +
1

|LEξ+1|

ξ∑
i=1

LEi = 2 +
0.0346
0.0991

≈ 2.35, (3.10)

where ξ is determined from the conditions

ξ∑
i=1

LEi > 0 ⇒
2∑

i=1

LEi = 0.0346. (3.11)

Here, ξ is the number of Lyapunov exponents that add up to a positive value. The Kaplan–Yorke
fractional dimension offers an estimate of the fractal dimension of a strange attractor in a dynamical
system, providing a quantitative measure of its complexity. Figure 7 illustrates the dynamics of the
Lyapunov exponents, as defined in the expression (3.2).

Figure 7. Convergence plot of the Lyapunov exponents for the system (2.4) at a = 0.295 and
b = 0.043. The inset shows a zoomed-in view illustrating the convergence of the first two
Lyapunov exponents.

3.3. Phase portraits and sensitivity analysis

A detailed visual analysis of the chaotic attractors is performed by using phase portraits. Using
Mathematica, we plotted the phase portraits in the x1x2, x1x3, x1x4, and x2x4 planes, along with the
temporal evolution of the state components for the chaotic system (2.4), as shown in Figure 8. The
time series of x1, x2, x3, x4, and x5 exhibit an aperiodic structure, a defining characteristic of chaos. As
shown in Figure 8, the dynamic variables xi remain within the operational amplifiers’ power supply
limits (±15 V).
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Figure 8. Chaotic attractors and temporal diagrams for the variables x1, x2, x3, x4, and x5 of
the SMANN system (2.4) with the initial conditions (2.5) and parameter values (3.6).

Sensitivity analyses of chaotic dynamic systems are essential in many engineering and scientific
domains. A hallmark of chaotic behavior is its extreme sensitivity to the initial conditions, often
referred to as the butterfly effect. This property implies that infinitesimal variations in initial states
can lead to significantly divergent trajectories over time, making long-term predictions inherently
unreliable. Figure 9 presents the trajectories of the proposed SMANN chaotic system (2.4) under
two slightly different initial conditions. The trajectory corresponding to x1(0) = 2 is depicted in blue,
while the trajectory with a perturbed initial condition x1(0) = 2.0001 is shown in red. As seen in
Figure 9, the divergence of the trajectories occurs only after t ≥ 340 s, indicating that the proposed
system does not exhibit high sensitivity to the initial conditions.
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Figure 9. Illustration of the sensitivity of the SMANN chaotic system (2.4) to the initial
conditions. The trajectories start from slightly different values of x1(0) and begin to diverge
after t ≥ 340 s.

3.4. Multistability of chaotic attractors and offset boosting control

Multistability refers to the coexistence of two or more attractors within a system for the same set of
parameters, where the resulting state depends on the initial conditions. The new SMANN system (2.4)
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exhibits this phenomenon, demonstrating coexisting chaotic attractors under different initial conditions.
Table 1 presents data for two distinct chaotic attractors obtained by solving the system (2.4) with

identical control parameters (3.6) but different initial conditions. The dynamic behavior of these
attractors, as summarized in Table 1, is visually represented in Figure 10.

Figure 10. Plots showing the multistability of two chaotic attractors in different phase planes
for the initial conditions in Table 1.

Table 1. The system (2.4) demonstrates multistability when using different initial conditions.

Figure 4 (planes) Initial conditions Color Sign of LEs
x1x2 (2, 1, 1.5, 0, 2) Blue (+, 0,−,−,−)
x1x2 (0.4, 0.395, 0.4, 0.395, 0.4) Red (+, 0,−,−,−)
x1x3 (2, 1, 1.5, 0, 2) Blue (+, 0,−,−,−)
x1x3 (2.5, 1.5, 2, 0.5, 2.5) Red (+, 0,−,−,−)
x3x5 (2, 1, 1.5, 0, 2) Blue (+, 0,−,−,−)
x3x5 (1.2, 0.4, 1.2,−1, 1.2) Red (+, 0,−,−,−)

The offset boosting control method is a highly effective technique for manipulating chaotic systems,
enabling flexible and precise shifting of the attractors in a desired direction through the introduction
of an offset. This method holds significant value in engineering applications [51]. By incorporating
a constant offset into specific system variables, chaotic trajectories can be systematically adjusted,
facilitating controlled navigation across the phase space. We illustrate this phenomenon in the chaotic
SMANN system (2.4) by introducing an offset to the state variable x3, replacing it with x3 + m, where
m is a constant. As shown in Figure 11, modifying the bias gain control m effectively transforms the
signal x3 from a bipolar to a unipolar form. Adjusting m systematically shifts the attractor along the
x3-axis without altering its intrinsic structure. A comparative analysis of the three attractors reveals
that their shapes and sizes remain nearly identical, differing only by a fixed translational shift in the x3

direction.
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Figure 11. Signal x3 and phase portrait in the plane x1x3 for different values of the offset
boosting controller m: m = 0 (blue), m = 10 (green), m = −10 (red).

We now examine the implications of controlling the attractor shift for the state variable x5, which is
associated with the memristor. By replacing x5 in Eq (2.4) with x5+k, where k is a constant, we conduct
a numerical simulation. The results, presented in Figure 12, reveal that, unlike the previous case, the
attractor in the x3x5 plane undergoes a shift in both the x3 and x5 directions. Moreover, adjusting the
bias gain parameter k effectively converts the signals x3 and x5 from a bipolar to a unipolar form. This
demonstrates that incorporating a memristor into the ANN (2.1) allows for simultaneous control of the
chaotic attractors in multiple directions.

Figure 12. Signals x3, x5, and phase portrait in the plane x3x5 for different values of the offset
boosting controller k: k = 0 (blue), k = 8 (green), k = −8 (red).

4. Circuit realization

The analog implementation of neurons and neural networks holds significant potential for
practical applications in artificial intelligence devices. In this section, we design an electronic
circuit to implement the proposed SMANN. The design employs an approach based on operational
amplifiers and well-known electronic circuits for the hyperbolic tangent function and a memristor
emulator [44]. The variables of the dynamic system (2.4) are represented by electrical signals
corresponding to the instantaneous voltage values on capacitors C1,C2,C3,C4,C5, denoted as
U1(τ),U2(τ),U3(τ),U4(τ),U5(τ), respectively.

By applying Kirchhoff’s laws of the electrical circuit, the electrical analog of the system described
in Eq (2.4) can be formulated as follows:
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

C1
dU1

dτ
= −

U1

R11
+

1
R12

tanh
(
U4 − U2 +

U1 tanh(U5)
K · R13

)
,

C2
dU2

dτ
= −

U2

R21
+

1
R22

tanh(U1 + U4),

C3
dU3

dτ
= −

U3

R31
+

1
R32

tanh(U1 + U2 − U4),

C4
dU4

dτ
= −

U4

R41
+

1
R42

tanh(U3 − U2),

C5
dU5

dτ
= −

U5

R51
+

U1

R52
,

(4.1)

where Ri j represent resistors (i, j) = {1, 2, 3, 4, 5}, and K is a scaling coefficient for the multiplier. We
normalize the resistor as R0 = 100 kΩ and the capacitor as C0 = 0.15 nF, giving a time constant of
t0 = R0C0 = 1.5 · 10−5 s. The state variables of the system (4.1) are rescaled as follows:

U1 = U0X̃1, U2 = U0X̃2, U3 = U0X̃3, U4 = U0X̃4,

U5 = U0X̃5, K = U0K
′

, τ = t0t.

By substituting R0, C1 = C2 = C3 = C4 = C5 = C0, and K′ = 1 into the system (4.1), and comparing
the numerical values of the output voltages in (4.1) and (2.4) for the parameter values a = 0.295 and
b = 0.043, we determine the values of the electronic circuit resistors as follows:

dX̃1

dτ
= −

100k
R1

X̃1 +
100k

R2
tanh

(
X̃4 − X̃2 +

100k
R3

X̃1 tanh(X̃5)
)
,

dX̃2

dτ
= −

100k
R4

X̃2 +
100k

R5
tanh(X̃1 + X̃4),

dX̃3

dτ
= −

100k
R6

X̃3 +
100k

R7
tanh(X̃1 + X̃2 − X̃4),

dX̃4

dτ
= −

100k
R8

X̃4 +
100k

R9
tanh(X̃3 − X̃2),

dX̃5

dτ
= −

100k
R10

X̃5 +
100k
R11

X̃1,

(4.2)

where
R1 = R4 = R6 = R8 = 2.326MΩ,

R2 = R5 = R7 = R9 = R10 = R11 = 100kΩ, R3 = 338.98kΩ.

Figure 13 illustrates the analog circuit modules corresponding to the equations in the system (4.2).
These circuits are constructed using the standard components, including resistors (R), capacitors
(C), multiplier (M1, AD633), operational amplifiers (A1-A24, TL084ACN), and a supply voltage of
±15 V. Figure 14 depicts the electronic circuits for the hyperbolic tangent function and a memristor
emulator. As shown in Figure 14, the equivalent circuit for the hyperbolic tangent function consists
of two MPS2222 transistors (Q1 and Q2), two TL084ACN operational amplifiers, a current source
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(I0 = 1.1 mA), and several resistors. The circuit simulation results of the model are presented in
Figure 15, which are consistent with the numerical simulations performed in Mathematica software
(see Figure 8).

Figure 13. Circuit diagram of the SMANN system.

Figure 14. The circuit scheme includes two components: (a) The hyperbolic tangent
function, and (b) the memristor emulator.
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Figure 15. Phase portraits of the SMANN as generated by Multisim oscilloscopes: (a) X̃1X̃2;
(b) X̃1X̃3; (c) X̃1X̃4; (d) X̃2X̃4.

5. Synchronization in the coupling SMANN

Synchronization is fundamental in ANNs, particularly those that emulate the dynamics of biological
neural systems. In the brain, electrical activity plays a crucial role in synchronizing specific regions,
enabling efficient information transfer. This is achieved through interregional neural networks, where
neurons establish synaptic connections to facilitate communication. In this context, we investigate
the synchronization of two subnetworks implemented using a small neural network (SMANN) based
on Eq (3). These subnetworks are interconnected through a synaptic link via a single neuron. Let
(x1, x2, x3, x4, x5) and (y1, y2, y3, y4, y5) denote the state variables of the first and second subnetworks,
respectively. The corresponding synaptic coupling model of SMANN is formulated as follows:



dx1

dt
= tanh(x4 − x2 + aW(x5)x1) − bx1 + p(x1 − y1),

dx2

dt
= tanh(x1 + x4) − bx2,

dx3

dt
= tanh(x1 + x2 − x4) − bx3,

dx4

dt
= tanh(x3 − x2) − bx4,

dx5

dt
= x1 − x5,

dy1

dt
= tanh(y4 − y2 + aW(y5)y1) − by1 − p(x1 − y1),

dy2

dt
= tanh(y1 + y4) − by2,

dy3

dt
= tanh(y1 + y2 − y4) − by3,

dy4

dt
= tanh(y3 − y2) − by4,

dy5

dt
= y1 − y5,

(5.1)
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where p represents the synaptic coupling strength of the sub-neural networks. To illustrate the
synchronization process, we present the following algorithmic framework.

Algorithm 1: Synchronization of two coupled sub-neural networks
Input: Initial states x(0), y(0); parameters a, b, p; step ∆t; final time T
Output: Trajectories x(t), y(t); synchronization error E(t)

1 for t = 0 to T step ∆t do // time loop

2 Compute master system derivatives:;
3 ẋ1 = tanh(x4 − x2 + aW(x5)x1) − bx1 + p(x1 − y1);
4 ẋ2 = tanh(x1 + x4) − bx2;
5 ẋ3 = tanh(x1 + x2 − x4) − bx3;
6 ẋ4 = tanh(x3 − x2) − bx4;
7 ẋ5 = x1 − x5;
8 Compute slave system derivatives:;
9 ẏ1 = tanh(y4 − y2 + aW(y5)y1) − by1 − p(x1 − y1);

10 ẏ2 = tanh(y1 + y4) − by2;
11 ẏ3 = tanh(y1 + y2 − y4) − by3;
12 ẏ4 = tanh(y3 − y2) − by4;
13 ẏ5 = y1 − y5;
14 Integrate both systems (e.g., RK4);
15 Compute error E(t) = ∥x1 − y1∥;

5.1. Stability of synchronous states

The stability of synchronous states in coupled neural networks is a fundamental aspect of their
dynamical behavior. The complete synchronization of the coupled neural network in Eq (5.1)
is achieved when the two subnetworks asymptotically converge to identical dynamical behavior.
Mathematically, this implies that as t → ∞,

lim
t→∞

ei = lim
t→∞

(xi − yi) = 0, i = (1, 2, 3, 4, 5), (5.2)

where ei is the synchronization error. According to the Eq (5.2), the system in Eq (5.1) gives rise to the
following error dynamics system:

de1

dt
= tanh(x4 − x2 + aW(x5)x1) − tanh(y4 − y2 + aW(y5)y1)−

− be1 + 2p e1,

de2

dt
= tanh(x1 + x4) − tanh(y1 + y4) − e2,

de3

dt
= tanh(x1 + x2 − x4) − tanh(y1 + y2 − y4) − be3,

de4

dt
= tanh(x3 − x2) − tanh(y3 − y2) − be4,

de5

dt
= e1 − e5.

(5.3)
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The synchronization problem between the two subnetworks reduces to ensuring that the error dynamics
governed by Eq (5.3) are asymptotically stable. To achieve this, we derive the characteristic equation
and compute the corresponding eigenvalues for the system (5.3), expressed as follows:

(λ + b − 2p)(λ + b)3(λ + 1) = 0,

λ1 = −1, λ2 = −b + 2p, λ3 = −b, λ4 = −b, λ5 = −b. (5.4)

The error system (5.3) is asymptotically stable if all its eigenvalues have negative real parts. This
stability condition is satisfied if the following criteria are met:

b > 0, −b + 2p < 0. (5.5)

Another approach to analyzing stability is based on the Lyapunov stability criterion. We construct a
continuous, positive-definite Lyapunov function of the following form:

V =
1
2

(
e2

1 + e2
2 + e2

3 + e2
4 + e2

5

)
. (5.6)

The time derivative of the Lyapunov function V , evaluated along the trajectories of the error dynamical
system (5.3), is given by

dV
dt
= (2p − b)e2

1 − b(e2
2 + e2

3 + e2
4) + e1e5 − e2

5 + h, (5.7)

where h is a function defined as

h = e1(tanh(x4 − x2 + aW(x5)x1) − tanh(y4 − y2 + aW(y5)y1))+

+e2(tanh(x1 + x4) − tanh(y1 + y4))+

+e3(tanh(x1 + x2 − x4) − tanh(y1 + y2 − y4))+

+e4(tanh(x3 − x2) − tanh(y3 − y2)).

For all xi ∈ R, where tanh(xi) < 1 and tanh(xi) ∈ (−1, 1), the upper bound of the function h can be
estimated as:

h ≤ 2(|e1| + |e2| + |e3| + |e4|). (5.8)

As result, putting (5.8) into (5.7), we have

dV
dt
= (2p − b)e2

1 − b(e2
2 + e2

3 + e2
4) + e1e5 − e2

5 + h ≤ (2p − b)e2
1−

−b(e2
2 + e2

3 + e2
4) + e1e5 − e2

5 + 2(|e1| + |e2| + |e3| + |e4|). (5.9)

To achieve asymptotic stability, it is necessary and sufficient that dV/dt is negative semidefinite. Since
the two sub-neural networks have bounded trajectories, a sufficiently large constant C exists. For all
state variables satisfying

x1 − y1 = e1 < C, x2 − y2 = e2 < C, x3 − y3 = e3 < C,

x4 − y4 = e4 < C, x5 − y5 = e5 < C,

it follows that:
dV
dt
≤ (2p − b)C2 − 3bC2 + 8|C| < 0. (5.10)

Therefore, when 2p − b < 0, b > 0 holds, Eq (5.10) is ultimately uniformly bounded.
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5.2. Numerical simulation results

In this subsection, to numerically verify synchronization in the coupled SMANN system, we utilized
the nonlinear Eqs (5.1) and (5.3), applying the fourth- and fifth- order Runge–Kutta–Fehlberg (rkf 45)
method in the Maple computing environment. We use the fixed control parameters (3.6) and the initial
conditions (ICs) for the two subnetworks as follows:

(x1(0), x2(0), x3(0), x4(0), x5(0)) =

= (2.0001, 1.0001, 1.5001, 0.0001, 2.0001),

(y1(0), y2(0), y3(0), y4(0), y5(0)) = (2, 1, 1.5, 0, 2). (5.11)

For a coupling strength of p = −0.2, the simulation results are presented in Figures 16–17. Figure 16
illustrates the time evolution of the potentials on Neuron 1 in both subnetworks, demonstrating that they
coincide very well. Figure 17 shows that after coupling the two SMANNs, the difference between the
potentials of corresponding neurons rapidly decreases to nearly zero. This behavior indicates complete
synchronization, where the distance between the states of the two coupled systems approaches zero at
t → ∞, i.e., the synchronization error ei → 0.

Figure 16. Time diagram of signals (x1, y1) of two subnetworks of Neuron 1.

Figure 17. Errors synchronization of subnetworks over time.
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Generalized synchronization provides flexible coordination between coupled subsystems without
requiring identical trajectories, making it suitable for structurally non-identical or memristive networks.
Its main advantage is robustness to parameter mismatch and functional variability. However, it lacks
explicit convergence time bounds and may lead to increased transient energy consumption. Compared
with fixed-time and finite-time synchronization, which guarantee synchronization within known time
intervals and can be optimized for energy efficiency, generalized synchronization is less predictable in
its timing and energy use. In contrast to Kuramoto oscillator networks, which are simple and energy-
efficient for phase synchronization, the proposed model enables more complex coupling but at a higher
computational and energy cost. Recent approaches involving fractional-order multilayer networks
allow for better prediction and optimization of energy consumption. While generalized synchronization
offers structural adaptability, it may not match the predictability and control efficiency of these more
advanced schemes.

6. Conclusions

In this study, we introduced and analyzed a novel 5D ANN based on the Sprott system, augmented
with a memristor (referred to as SMANN), where the memristor emulates the self-feedback of the
first neuron. By employing a memristor with a hyperbolic tangent conductance function, the network
gains an additional layer of nonlinearity and flexibility, significantly enriching its dynamics. A
detailed investigation of the system’s behavior was performed through bifurcation analysis, Lyapunov
spectra, phase portraits, and the study of multistability. The results demonstrate that the inclusion
of a memristive element enables more effective control over the system’s dynamics. In particular,
varying the memristor parameter allows the modulation of the system’s behavior across a much
broader range compared with the control parameter of the original Sprott ANN. This highlights the
memristor’s potential as a powerful tool for fine-tuning and controlling complex neural dynamics.
Moreover, the system exhibits offset boosting behavior that preserves the sign of the Lyapunov
exponents, confirming the robustness of its chaotic regime under external modulation. The proposed
dual-SMANN synchronization framework also opens avenues for modeling interbrain communication,
with asymptotic stability rigorously established via linearization and Lyapunov stability theory. The
proposed method, based on generalized synchronization, demonstrates high robustness to structural
and parametric mismatches, making it suitable for complex and heterogeneous neural systems.
However, the lack of explicit convergence time and energy efficiency optimization remains a limitation.
Future work may focus on integrating time-constrained or energy-aware synchronization schemes,
extending the approach to fractional-order or multilayer networks, and exploring its application to
real-time control and neuromorphic systems.

Overall, the integration of a memristor into the neural network architecture not only enhances
the dimensionality and complexity of the system but also substantially improves its controllability,
making it a promising candidate for advanced neuromorphic modeling. Future research will focus on
implementing the proposed memristive Sprott ANN in both analog and digital hardware. Additionally,
we aim to explore potential applications of this chaotic system in secure communications, the Internet
of Things (IoT), and other emerging technologies.
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Appendix. The equation of the characteristic polynomial and the Routh-Hurwitz stability
criterion

The classification of fixed points is performed by analyzing the behavior of trajectories in a small
neighborhood around these points. To achieve this, we consider small deviations x

′

i (perturbations)
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from the coordinates of the fixed points x̃i. Retaining only the linear terms, the system of Eq (2.4)
reduces to the following form for the following perturbations:

dx
′

1

dt
= g1x

′

4 − g1x
′

2 + g(1)
1 x

′

1 + g(2)
1 x

′

5 − bx
′

1,

dx
′

2

dt
= g2x

′

1 + g2x
′

4 − bx
′

2,

dx
′

3

dt
= g3x

′

1 + g3x
′

2 − g3x
′

4 − bx
′

3,

dx
′

4

dt
= g4x

′

3 − g4x
′

2 − bx
′

4,

dx
′

5

dt
= x

′

1 − x
′

5,

(6.1)

where

g1 =
4e−2(x̃4−x̃2+a tanh(x̃5)x̃1)(

1 + e−2(x̃4−x̃2+a tanh(x̃5)x̃1))2 , g(1)
1 = ag1 tanh(x̃5),

g(2)
1 =

ag1 x̃1

cosh2(x̃5)
, g2 =

4e−2(x̃1+x̃4)(
1 + e−2(x̃1+x̃4))2 ,

g3 =
4e−2(x̃1+x̃2−x̃4)(

1 + e−2(x̃1+x̃2−x̃4))2 , g4 =
4e−2(x̃3−x̃2)(

1 + e−2(x̃3−x̃2))2 .

Equation (6.1) can be written in a compact form through the Jacobian matrix as follows:

M = J(E)N,

M =
dx

′

1

dt
,

dx
′

2

dt
,

dx
′

3

dt
,

dx
′

4

dt
,

dx
′

5

dt

T

,

N = (x
′

1, x
′

2, x
′

3, x
′

4, x
′

5)T , (6.2)

where J(E) is the Jacobian matrix evaluated at the fixed points:

J(E) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−b + g(1)
1 −g1 0 g1 g(2)

1
g2 −b 0 g2 0
g3 g3 −b −g3

0 −g4 g4 −b 0
1 0 0 0 −1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
. (6.3)

Particular solutions of the system of Eq (6.2) with constant coefficients are sought in the following
form:

x
′

i(t) = x
′

0ie
λt, (6.4)

where λ is the eigenvalue to be determined. Substituting Eq (6.4) into Eq (6.3), we derive the
characteristic equation for the eigenvalues of the Jacobian matrix

det(J − λI) = 0, (6.5)

AIMS Mathematics Volume 10, Issue 8, 19240–19266.



19266

where I is the identity matrix. By expanding the determinant (6.5), the characteristic equation is
obtained in the form of a fifth-degree polynomial in λ:

P(λ) ≡ a0λ
5 + a1λ

4 + a2λ
3 + a3λ

2 + a4λ + a5 = 0, (6.6)

where
a0 = 1, a1 = 4b − g(1)

1 + 1, a2 = 6b2 + 4b − g(2)
1 − g(1)

1 (3b + 1)+

+g2(g1 + g4) + g3g4, a3 = 4b3 + 3b2(2 − g(1)
1 ) − 3b(g(1)

1 +

+g(2)
1 ) + g2(g1 + g4)(1 + 2b) + g3g4(1 + 2b − g(1)

1 − g1 − g2)+

+g2g4(g1 − g(1)
1 ), a4 = b4 + b3(4 − g(1)

1 )+

+(b2 + 2b)(g1g2 + g4(g2 + g3)) − (g(1)
1 + g(2)

1 )(3b2 + g3g4)+

+bg4(g2(g1 − g(1)
1 ) − g3(g1 + g2 + g(1)

1 )) + g2g3g4(g1 + g(1)
1 )+

+g4(g1(g2 − g3) − g2(g(1)
1 + g(2)

1 + g3)), a5 = b4 − b3(g(1)
1 + g(2)

1 )+

+b2(g2(g1 + g4) + g3g4) − b(g2g4(g(1)
1 + g(2)

1 − g1) + g1g3g4)+

+g3g4((g(1)
1 + g(2)

1 )(g2 − b) + g2(g1 − b)).

According to [52], for the system to be stable, it is necessary and sufficient that all minors of the
Hurwitz determinant

∆5 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 a3 a5 0 0
a0 a2 a4 0 0
0 a1 a3 a5 0
0 a0 a2 a4 0
0 0 a1 a3 a5

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
are positive:

∆1 = a1 > 0, ∆2 = a1a2 − a0a3 > 0,

∆3 = a3∆2 − a1(a1a4 − a0a5) > 0,

∆4 = a4∆3 − a5(a2∆2 − a0(a1a4 − a1a5)) > 0, ∆5 = a5∆4 > 0. (6.7)
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