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Abstract: This paper developed a new robust control framework for uncertain heat transfer systems
with a rapid thermal annealing (RTA) processes. We first employed the spatial discretization and Taylor
linearization schemes in the nonlinear partial differential equation describing the dynamic behavior
of heat transfer systems, by which a linear time-invariant (LTI) system with model uncertainties
was derived. More precisely, the model uncertainties were decomposed into feedforward and
feedback components, and they were shown to be bounded in terms of the L∞(-induced) norm. This
representation allowed us to establish an L1 robust stability condition for uncertain heat transfer
systems. We next designed a 2-degree-of-freedom (2-DoF) robust linear quadratic integral (LQI)
controller to achieve the L1 robust stability condition and reduce the effects of the model uncertainties
on the associated tracking accuracy. Finally, some simulations were given to verify the effectiveness
of the developed method.
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1. Introduction

Precise temperature control in distributed thermal systems is crucial for ensuring uniformity and
reliability in applications such as the semiconductor manufacturing [1, 2] and the microelectronic
packaging [3]. They are described by nonlinear heat transfer equations, typically expressed as
partial differential equations (PDEs). To proceed a controller synthesis in an efficient form, spatial
discretization techniques such as the finite-difference method [4] and the finite-element method [5] are
employed for converting these PDEs into finite-dimensional ordinary differential equations (ODEs).
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An extensive discussion of these discretization techniques is provided in [6]. Even though various
results on such approximations are introduced in [7,8], they intrinsically derive modeling errors, which
could adversely affect the associated stability/performance.

The effects of the aforementioned modeling errors on the tracking accuracy for heat transfer
systems are considered in [9, 10] by developing some arguments on proportional-integral-derivative
(PID) control and linear quadratic regulator (LQR), respectively, but no assertion on ensuring a robust
stability of heat transfer systems in the presence of uncertain elements is provided in those studies. In
this line, an observer-based strategy is proposed in [11] to estimate the modeling errors and compensate
their effects on the associated stability/performance for heat transfer systems. However, the assertions
in [11] are confined to time-invariant uncertainties, and thus applying the results in that study to heat
transfer systems might be vulnerable to the case of time-varying uncertainties.

To address this issue, we are concerned with establishing a new control framework for heat transfer
systems with both time-invariant and time-varying modeling errors. To this end, we introduce a new
description of nonlinear heat transfer systems with norm-bounded model uncertainties. Motivated
by the fact that model uncertainties occurring from spatial discretizations are generally described by
constants and/or slowly varying biases, we take the L∞ norm and its induced norm to evaluate such
uncertainties. Here, the L∞ is taken as an underlying space for a wide class of systems such as discrete-
time systems [12], Euler-Lagrange systems [13,14], nonlinear piecewise continuous systems [15], and
hybrid continuous/discrete-time systems [16], but no discussion on taking the L∞ space for nonlinear
heat transfer systems is provided in the literature. To put it another way, this paper establishes an
L1 robust stability condition for heat transfer systems with model uncertainties characterized by the
L∞(-induced) norm for the first time; the problem of dealing with the L∞ norm has been called the L1

problem as in [16, 17]. The L1 robust stability condition is constructed based on a new description of
nonlinear heat transfer systems as an interconnection between a nominal linear system and a nonlinear
model uncertainty bounded by the L∞-induced norm, and this allows us to ensure that nonlinear heat
transfer systems are robustly stable. For a high accuracy of a rapid thermal annealing (RTA) process of
heat transfer systems, we also design a 2-degree-of-freedom (2-DoF) robust linear quadratic integral
(LQI) controller, by which the effects of the model uncertainty on the associated reference tracking
accuracy can be reduced and the zero steady-state tracking error is achieved. To summarize, the main
contributions of this paper over the conventional studies [9–11] can be described as follows.

• A new description of nonlinear heat transfer systems with time-invariant and time-varying
uncertainties as an interconnection of a linear nominal system and a model uncertainty bounded
by the L∞(-induced) norm.
• A robust stability condition for uncertain nonlinear heat transfer systems in terms of the L∞-

induced norm, i.e., the L1 robust stability condition.
• High tracking accuracy through a 2-DoF robust LQI controller design for uncertain nonlinear heat

transfer systems.

The remainder of this paper is organized as follows. The description of heat transfer systems and
their spatial discretization procedure are introduced in Section 2. The main results of this paper, i.e.,
the interconnected representation, the L1 robust stability condition, and the 2-DoF robust LQI control
framework, are derived in Section 3. Some comparative simulations and the relevant discussions are
given in Section 4. Concluding remarks are provided in Section 5. Finally, the notations used in this
paper are summarized in Table 1.
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Table 1. The notations used in this paper.

Notation Meaning
Rp The set of p-dimensional real vectors

1n The n-dimensional whose every element is one, i.e., 1n :=
[
1 1 · · · 1

]T
∈ Rn

In The n × n-dimensional identity matrix
| · |∞ The∞-norm of a real vector or a matrix, i.e., |v|∞ := max

i
|vi| or |A|∞ := max

i

∑
j
|ai j|

∥ · ∥∞ The L∞-norm of a vector function, i.e., ∥ f (·)∥∞ := ess sup
0≤t<∞

| f (t)|∞

diag(·) Diagonal matrix formed from its augments
Q ≻ 0 A symmetric matrix Q is positive definite, i.e., xT Qx > 0, ∀x(, 0) ∈ Rn

×i Tensor-matrix product along the i-th dimension

2. Description of heat transfer processes

This section first reviews a method for describing heat transfer processes [11], in which a uniform
temperature distribution is considered when some lamps are installed to apply heat to a wafer. More
precisely, let us consider the wafer as shown in Figure 1, whose heat transfer process can be described
by the one-dimensional partial differential equation PDE*

∂T (r, t)
∂t

= κ(T )
[
∂2T (r, t)
∂r2 +

1
r
∂T (r, t)
∂r

]
, (2.1)

where r is the radial distance, t is the time, T (r, t) is the temperature, and κ(T ) = λc(T )/(ρcp(T )) with
the heat conductivity λc(T ), the heat capacity cp(T ), and the density ρ of the wafer. Because it is
quite difficult to obtain meaningful arguments for dealing with a heat transfer process of the wafer by
using (2.1) itself, the so-called central difference approximation as shown in Figure 2 is introduced [11].
To put it another way, the left-hand side (LHS) of (2.1) is approximated in [11] by

∂T (r, t)
∂r

≈
T (r + δr, t) − T (r − δr, t)

2δr
, (2.2)

where δr = R/n, R is the radius of the wafer, and n is the approximation parameter (i.e., the number of
rings in Figure 2). In an equivalent fashion, we can also obtain the approximation given by

∂2T (r, t)
∂r2 ≈

T (r + δr, t) − 2T (r, t) + T (r − δr, t)
δ2

r
. (2.3)

For i = 1, . . . , n, let us further define Ti := T (ri, t) with ri = χiδr and χi = (2i − 1)/2. Then,
substituting (2.2) and (2.3) into (2.1) at t = ti leads to the n-coupled ODEs described by

dTi

dt
=
κ(Ti)
δ2

r

[(
1 +

1
2χi

)
Ti+1 − 2Ti +

(
1 −

1
2χi

)
Ti−1

]
, i = 1, . . . , n, (2.4)

*This PDE is not confined to wafers but is employed for various materials.
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where the LHS follows by regarding the LHS of (2.1) as an ODE.

Figure 1. Diagram of the RTA process.

Figure 2. An equally distributed spatial grid used in discretization of the PDE in space.

With respect to solving (2.4), it should be required to consider the initial condition at the time
instance t = 0 and the boundary conditions at non-uniformly distributed points T0 := T (0, t) and
Tn+1 := T (R, t). In connection with this, the following Neumann boundary condition is taken in [11].

∂T (r, t)
∂r

∣∣∣∣∣
r=R
= 0. (2.5)

This together with employing the forward difference equation given by

∂T (R, t)
∂r

≈
Tn+1 − Tn

δr
= 0 (2.6)
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leads to the following boundary condition at Tn+1.

Tn+1 = Tn. (2.7)

Similarly, the boundary condition at the center of the wafer can also be given by [11]

T0 = T1. (2.8)

In addition to the above conditions, we next consider the case such that a lamp is given. Assume that
the density function D with respect to a light absorption is assumed to follow a Gaussian distribution
in terms of the distance s with the zero mean and the standard deviation σl. In other words, the density
function is described by

D(s) =
1

σl
√

2π
exp

(
−

1
2

s2

σ2
l

)
. (2.9)

To align with the central difference approximation given by (2.4), the density function of (2.9) is
reinterpreted at the distance s = δr as follows.

Dk = D(kδr), k = 0, 1, · · · ,∞. (2.10)

Here, it should be remarked that the intensity factors D0, D1, . . . are assumed to be scaled such that
∞∑

k=0

Dk = 1 (2.11)

instead of taking
∫ ∞

0
D(s)ds = 1 with respect to (2.9). In this line, a lamp located in the ring i transfers

heat to the ring j with the corresponding intensity factor D|i− j|.
Next, the temperature dynamics of the ring i with its area S i = (2i − 1)(δr)2π can be described by

dTi

dt
=

Pi

ρhcp(Ti)S i
, (2.12)

where Pi denotes the total amount of power absorbed in the ring i and h is thickness of the wafer.
Let Nu (µ = 1, . . . , n) be the number of lamps located in the ring µ. Then, the total power Pi can be
computed by

Pi = η

n∑
µ=1

2n∑
ν=1

NµPµ,eDν−1
S i,µ,ν

n∑
τ=1

S τ,µ,ν
, (2.13)

where η ∈ [0, 1] is the efficiency factor, and Pµ,e is the electrical input power per lamp in the ring µ.
S i,µ,ν denotes the overlapping area between the ring i centered on the wafer and the ring ν centered
on the lamp as shown in Figure 3. Here, µ represents the ring centered on the wafer, where the lamp
is positioned. Substituting (2.13) into (2.12) allows us to obtain the following differential equation
describing the temperature dynamics of the ring i with respect to light absorption.

dTi

dt
=

η

ρhcp(Ti)S i

n∑
µ=1

2n∑
ν=1

NµPµ,eDν−1
S i,µν

n∑
τ=1

S τ,µ,ν
. (2.14)
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Figure 3. Illustration of the absorption of light emitted by a lamp to different rings.

The remaining task to derive complete temperature dynamics is to consider heat losses due to
temperature differences relative to ambient conditions. Such heat losses on the wafer are primarily
caused by thermal convections and radiations. Assuming that a constant ambient temperature, i.e.,
Te = 300, around the wafer surface, the heat loss due to a convection, is given by

dTi

dt
=

αi

ρhcp(Ti)
(Te − Ti), (2.15)

where αi denotes the heat transfer coefficient at the radius ri. The heat loss due to a radiation is given
by the Stefan-Boltzmann law, i.e.,

dTi

dt
= −2

ϵσsb

ρhcp(Ti)
T 4

i , (2.16)

where ϵ is the total emissivity of the material, σsb is the Stefan-Boltzmann constant, and the factor 2 is
for dealing with heat losses from both upper and lower surfaces of the wafer.

Combining the heat equation (2.4), the boundary conditions (2.7) and (2.8), the light
absorption (2.14), and the heat losses (2.15) and (2.16) leads to the overall heat transfer process
described by

ẋ = f (x, u) = A1(x)x − ϵA2(x)


x4

1
x4

2
...

x4
n

 + B(x)u, (2.17)

where x =
[
T1 T2 · · · Tn

]T
∈ Rn is the state vector, u =

[
P1,e P2,e · · · Pm,e Te

]T
=:

[
uT

c Te

]T
∈

Rm+1 is the control input, where uc denotes the changeable input, and m := N1 + N2 + · · · + Nn is the
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total number of lamps, with the matrices given by

A1(x) = diag
(
κ(xi)
(δr)2

)


−1−2χ1
2χ1

1+2χ1
2χ1

0 · · · · · · 0
−1+2χ2

2χ2
−2 1+2χ2

2χ2
0 · · · 0

. . .
. . .

. . .

0 · · · 0 −1+2χn−1
2χn−1

−2 1+2χn−1
2χn−1

0 · · · · · · 0 −1+2χn
2χn

1−2χn
2χn


− diag

(
αi

ρhcp(xi)

)
, (2.18)

A2(x) = diag
(

2σsb

ρhcp(xi)

)
, (2.19)

B(x) =
1
ρh



ηN1
cp(x1)S 1

2n∑
ν=1

Dν−1
S 1,1,ν∑n
τ=1 S τ,1,ν

· · ·
ηNn

cp(x1)S 1

2n∑
ν=1

Dν−1
S 1,n,ν∑n
τ=1 S τ,n,ν

α1
cp(x1)

ηN1
cp(x2)S 2

2n∑
ν=1

Dν−1
S 2,1,ν∑n
τ=1 S τ,1,ν

· · ·
ηNn

cp(x2)S 2

2n∑
ν=1

Dν−1
S 2,n,ν∑n
τ=1 S τ,n,ν

α2
cp(x2)

... · · ·
...

...

ηN1
cp(xn)S n

2n∑
ν=1

Dν−1
S n,1,ν∑n
τ=1 S τ,1,ν

· · ·
ηNn

cp(xn)S n

2n∑
ν=1

Dν−1
S n,n,ν∑n
τ=1 S τ,n,ν

αn
cp(xn)


Z, (2.20)

Z =



1 · · · 1 0
0

1 · · · 1
...

0 1


∈ R(n+1)×(m+1). (2.21)

Here, note that the ith row with i = 1 (i.e., the first row) of Z is given by

[
1 · · · 1 0 · · · 0

]
, (2.22)

where the number of ones is equal to N1 and means the spatial elements of the first region. For
i = 2, . . . , n, the ith row of Z is given by

[
0 · · · 0 1 · · · 1 0 · · · 0

]
, (2.23)

where the one occurs from the (N1 + · · · + Ni−1 + 1)th entry to the (N1 + · · · + Ni)th entry. The ith row
with i = n + 1 (i.e., the last row) of Z is given by

[
0 · · · 0 1

]
, (2.24)

which corresponds to the ambient temperature component. The details of the parameters are also
presented in Table 2.
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Table 2. Parameters of the heat transfer model.

Parameter Description Unit
ρ Density kg/m3

λc(T ) Heat conductivity W/m·K
cp(T ) Heat capacity J/kg·K
h Material thickness m
η Efficiency factor –
ϵ Total emissivity –
αi Heat transfer coefficient W/m2·K
σsb Stefan–Boltzmann constant W/m2·K4

3. Main results

This section develops a robust stability condition and a robust controller synthesis for heat transfer
systems with an RTA process. To put it another way, the main objective is to provide a computationally
efficient method for achieving the RTA performance of nonlinear heat transfer systems introduced in
the preceding section.

3.1. New modeling of heat transfer systems

Even though we derive the state-space based representation of heat transfer systems as in (2.17), it
is still nontrivial to develop direct and intuitive methods of analysis and controller synthesis due to their
parameter-varying nonlinear characteristics. To solve this difficulty, the local linearization in terms of

the Taylor series expansion around the room temperature (x∗, u∗) =
(
300 · 1n,

[
0 · · · 0 Te

]T
)

derives

ẋ = f (x, u) =:


f1

f2
...

fn

 = f (x∗, u∗)+
∂ f
∂x

∣∣∣∣∣
(x∗,u∗)

(x − x∗) +
∂ f
∂u

∣∣∣∣∣
(x∗,u∗)

(u − u∗)

+
1
2

[
(x − x∗)T (u − u∗)T

]
×2 H f (ζ) ×3

[
x − x∗

u − u∗

]
, (3.1)

where H f (ζ) ∈ Rn×(n+m+1)×(n+m+1) denotes the Hessian tensor evaluated at an intermediate point ζ ∈ D,
with the domainD defined as the physical bounds on the state and control input, i.e.,

D :=
{[

xT uT
]T
∈ Rn+m+1 | xi ∈ [xmin, xmax], u j ∈ [umin, umax], ∀i = 1, . . . , n; j = 1, . . . ,m + 1

}
.

(3.2)

To simplify the notations, we define the linearization terms as follows:

f̄ := f (x∗, u∗) ∈ Rn, Ā :=
∂ f
∂x

∣∣∣∣∣
(x∗,u∗)

∈ Rn×n, B̄ :=
∂ f
∂u

∣∣∣∣∣
(x∗,u∗)

∈ Rn×(m+1). (3.3)
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In a compatible fashion to u =
[
uT

c T T
e

]T
, the input matrix B̄ can also be decomposed into B̄ =[

B̄1 B̄2

]
with B̄1 ∈ R

n×m and B̄2 ∈ R
n×1. Letting x̄ := x − x∗ and ū := u − u∗ =

[
uT

c 0
]T

in (3.1) leads
to the linear system given by

˙̄x = Āx̄ + B̄ū + f̄ +
1
2

[
x̄T ūT

]
×2 H f (ζ) ×3

[
x̄
ū

]
= Āx̄ + B̄1uc + f̄ +

1
2

[
x̄T ūT

]
×2 H f (ζ) ×3

[
x̄
ū

]
, (3.4)

where we use the property dx∗/dt = 0. We next take H(ζ, x̄, ū) by

H(ζ, x̄, ū) :=
[
x̄T ūT

]
×2 H f (ζ) ×3

[
x̄
ū

]
. (3.5)

Then, (3.4) admits the representation

˙̄x = Āx̄ + B̄1uc + f̄ +
1
2

H(ζ, x̄, ū) =: Āx̄ + B̄1uc + f̄ + wi, (3.6)

where

wi :=
1
2

H(ζ, x̄, ū). (3.7)

Here, f̄ corresponds to the constant bias occurring from the linearization offset, while wi is associated
with higher-order nonlinear residuals and the subscript ‘i’ stands for the interconnected term. The
following subsections are devoted to developing a robust stability condition for wi and a robust tracking
controller in the presence of f̄ and wi.

Remark 1. Even though the proposed linearization is considered at the fixed point (x∗, u∗) =(
300 · 1n,

[
0 · · · 0 Te

]T
)
, this does not affect the essentials of the arguments. This is because the

representation given by (3.6) and (3.7) and their associated properties (such as boundness, constant
bias, and so on) do not depend on the operating point (x∗, u∗). Thus, the arguments discussed in the
following subsections can be equivalently established, regardless of the choice of (x∗, u∗).

3.2. L1 robust stability analysis

As a preliminary step to developing a robust stability condition, we first take zi by

zi :=
[
x̄T uT

c

]T
, (3.8)

where the subscript ‘i’ stands for the interconnected term. Next, we define the generalized plant P as

P :


˙̄x = Āx̄ + B̄1uc + f̄ + wi

zi =

 x̄

uc


y = x̄

, (3.9)

where the measurement output is given by y := x̄. Then, the heat transfer system with the RTA
process given by (3.6) can be depicted as Figure 4. As clarified from this figure, the stability of the
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overall system depends on the perturbation term wi due to its inclusion in the feedback loop, while the
feedforward term f̄ does not affect the stability. With respect to this, we deal with the robust stability
analysis associated with wi.

Figure 4. Interconnected system Σ.

To do this, we note from (3.5) and ū =
[
uT

c 0
]T

that

H(ζ, x̄, ū) = H0(ζ, x̄, uc) = x̄T ∂
2 f (ζ)
∂x2 x̄ + uT

c
∂2 f (ζ)
∂u∂x

x̄ + x̄T ∂
2 f (ζ)
∂x∂u

uc + uT
c
∂2 f (ζ)
∂u2 uc, (3.10)

and this admits the quadratic form given by

H0(ζ, x̄, uc) = zT
i


∂2 f (ζ)
∂x2

∂2 f (ζ)
∂x∂u

∂2 f (ζ)
∂u∂x

∂2 f (ζ)
∂u2

 zi =: ∆(ζ, zi)zi. (3.11)

In other words, this ∆(ζ, zi) (defined as (3.11)) corresponds to the model uncertainty occurring from
the linearization of (2.17). With this ∆ in mind, the robust stability notion in this subsection is based
on the small-gain theorem [18], in which ∆(ζ, zi) is required to be bounded in terms of an operator
norm. With respect to this, we note from (3.2) that the domain D associated with (ζ, x̄, uc) is compact
(i.e., bounded and closed). This together with the fact that the second-order partial derivative in (3.11)
is continuous in ζ implies that ∆(ζ, zi) defined in (3.11) is uniformly continuous and bounded over D.
Thus, there should exist a constant γ (> 0) such that

∥∆(ζ, zi)∥∞ ≤ γ, ∀ζ ∈ D, ∀zi ∈ D0, (3.12)

where

D0 :=
{ [

x̄T uT
c

]T
| x̄i ∈ [max{xmin − x∗, 0},max{xmax − x∗, 0}], uc j ∈ [umin, umax],

∀i = 1, . . . , n; j = 1, . . . ,m
}
. (3.13)

The remaining task to employ the small-gain theorem [18] is to derive an associated subsystem of
P counterpart to ∆. From (3.9), such a subsystem is denoted by Pii and is defined as

Pii :


˙̄x = Āx̄ + B̄1uc + wi

zi =

 x̄

uc

 . (3.14)
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Assume that a linear stabilizing controller K : x̄ 7→ uc for Pii is given (and the details for the design
of the overall control architecture will be provided in Subsection 3.3). Then, let us denote the closed-
loop system consisting of Pii and the stabilizing controller K by Σii. With employing the L∞-induced
norm of Σii from wi to zi, which is denoted by ∥Σii∥∞, we can obtain the following L1 robust stability
condition.

Theorem 1. The interconnected system Σ in Figure 4 is robustly stable for the model uncertainty ∆
described by (3.12) if

∥Σii∥∞ · γ < 1. (3.15)

This theorem clearly constructs a robust stability condition for uncertain heat transfer systems.
Furthermore, the fact that the L∞-induced norm can be computed within an arbitrary degree of accuracy
by using the arguments in [12, 16] obviously establishes the applicability of Theorem 1.

Remark 2. With respect to a computational efficiency of Theorem 1, it might be required to consider
the case of higher-dimensional systems. When one could not obtain ∥Σii∥∞ in a desired level by using
the arguments [12, 16], it would be better to take the assertions in [19], because the latter study leads
to quantitatively improved computations of the L∞-induced norm than the former studies under the
same computation parameter.

Remark 3. Even though several physical parameters (such as the efficiency factor η, the radiation loss
coefficient ε, and so on) are assumed to be known in deriving the nominal model, this assumption does
not affect the essentials of the arguments, especially for the L1 robust stability condition in Theorem 1.
More precisely, variations in these parameters can be naturally regarded as parts of the modeling
uncertainty ∆ and the nonlinear residual wi, and they affect only the value of γ in (3.12), but the L1

robust stability condition (3.15) is still established.

3.3. 2-DoF robust LQI control

This section provides a 2-DoF robust LQI control, by which the effects of wi and f̄ on the associated
RTA performance can be reduced.

To this end, we first assume that no model uncertainty exists, and, thus, (3.6) is simplified by

˙̄x = Āx̄ + B̄1uc. (3.16)

Here, note that the pair (Ā, B̄1) is assumed to be stabilizable and (I, Ā) is detectable. On the other hand,
the RTA process aims at achieving a constant temperature of heat transfer systems as soon as possible.
In this sense, suppose that the constant reference r ∈ Rn is given. We further assume that m = n and
B̄1 ∈ R

n×n is full-rank without loss of generality; note from [21] that the condition m ≥ n is required
for general multivariable servo systems to ensure the zero steady-state error for all elements of r ∈ Rn,
and we take the mild assumption of m = n. On the basis of the internal model principle [20], it should
be required to assume that

rank
([

Ā − λI B̄1

I 0

])
= 2n (3.17)
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for any eigenvalue λ = 0 of Ar, which generates the model of r, for achieving the zero steady-state
error. In this problem, it is determined that λ = 0 in (3.17) since the step reference r is taken. If the
system (3.16) arrives at the zero tracking error, then the steady-state of (x̄, uc) is determined by[

0
r

]
=

[
Ā B̄1

I 0

] [
x̄∞

uc,∞

]
, (3.18)

where x̄∞ and uc,∞ denote the steady-state values of x̄ and uc, respectively, and such a pair (x̄∞, uc,∞) is

uniformity obtained since
[
Ā B̄1

I 0

]
is invertible. We next define the error variables x̃ and ũ as

x̃(t) := x̄∞ − x̄(t), ũ(t) := uc,∞ − uc(t). (3.19)

Combining (3.16)–(3.19) yields the error system as follows: ˙̃x = Āx̃ + B̄1ũ,

e = x̃.
(3.20)

On the basis of (3.20), the objective function is given by

J =
∫ ∞

0
{e(t)T Qe(t) + ũT (t)Rũ(t)}dt, (3.21)

with Q ≻ 0 and R ≻ 0. Then, the optimal control law minimizing J is given by [22]

ũ(t) = F0 x̃(t), (3.22)

where

F0 := −R−1B̄T
1 P, (3.23)

and P is the unique positive-definite solution to the algebraic Riccati equation described by

ĀT P + PĀ − PB̄1R−1B̄T
1 P + Q = 0. (3.24)

Remark 4. The existence and uniqueness of a solution to the algebraic Riccati equation of (3.24) are
ensured by the fact that the pair (Ā, B̄1) is stabilizable and the pair (In, Ā) is detectable as in [23].

It immediately follows from (3.19) and (3.22) that

uc(t) = uc,∞ − ũ(t) = uc,∞ − F0 x̃(t) = uc,∞ − F0(x̄∞ − x̄(t)) = F0 x̄(t) + H0r, (3.25)

where the feedforward gain H0 is defined as

H0 :=
[
−F0 I

] [Ā B̄1

I 0

]−1 [
0
I

]
, (3.26)

since we can see from (3.18) that

−F0 x̄∞ + uc,∞ =
[
−F0 I

] [ x̄∞
uc,∞

]
=

[
−F0 I

] [Ā B̄1

I 0

]−1 [
0
I

]
r. (3.27)
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Then, substituting (3.25) into (3.16) leads to the closed-loop system given by

˙̄x = (Ā + B̄1F0)x̄ + B̄1H0r. (3.28)

Here, Ā+ B̄1F0 is Hurwitz stable, and, thus, there exists the inverse (Ā+ B̄1F0)−1. The scheme of (3.25)
is called a 2-DoF LQ control throughout the paper, since it consists of the feedback term F0 x̄(t) and
the feedforward term H0r.

To clarify that x̄ → r as t → ∞, from the point of view of (3.28) once again (although it is already
ensured by the boundness of J in (3.21)), we note that[

(Ā + B̄1F0)−1 0
0 I

] [
Ā B̄1

I 0

] [
I 0

F0 I

] [
I −(Ā + B̄1F0)−1B̄1

0 I

]
=

[
I 0
I −(Ā + B̄1F0)−1B̄1

]
. (3.29)

This clearly implies that there exists the inverse −((Ā + B̄1F0)−1B̄1)−1 since
[
Ā B̄1

I 0

]
is invertible. We

further obtain from (3.29) that[
Ā B̄1

I 0

]−1

=

[
I 0

F0 I

] [
I −(Ā + B̄1F0)−1B̄1

0 I

] [
(Ā + B̄1F0)−1 0

−((Ā + B̄1F0)−1B̄1)−1(Ā + B̄1F0)−1 −((Ā + B̄1F0)−1B̄1)−1

]
.

(3.30)

Substituting (3.30) into (3.26) leads to

H0 = −((Ā + B̄1F0)−1B̄1)−1. (3.31)

Hence, applying the final value theorem to the transfer function from r to x̄ associated with (3.28)
implies that

lim
t→∞

x̄(t) = lim
s→0

(sI − (Ā + B̄1F0))−1B̄1H0r = r. (3.32)

The aforementioned arguments are developed in the assumption that no model uncertainty exists.
In connection with this, we next deal with a robust LQI control framework for reducing the effects of
wi and f̄ on the tracking error e. To this end, we introduce the variable ξ defined as

ξ(t) :=
∫ t

0
e(τ)dτ =

∫ t

0
(r − x̄(τ))dτ. (3.33)

This together with (3.28) leads to the augmented system described by

 ˙̄x
ξ̇

 = Ā + B̄1F0 0
−I 0

 x̄

ξ

 + B̄1H0

I

 r +

B̄1

0

 v(t)

z =
[
I 0

] x̄

ξ

 (3.34)

where v is an additional control input to reduce the effects of wi and f̄ . For the case of wi = 0 and
f̄ = 0, we can obtain that

x̄ = (Ā + B̄1F0)−1 ˙̄x − (Ā + B̄1F0)−1B̄1H0r. (3.35)
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This together with e(t) = r − x̄(t) leads to

e(t) = r − x̄(t)
= r − (Ā + B̄1F0)−1 ˙̄x(t) + (Ā + B̄1F0)−1B̄1H0r

= −(Ā + B̄1F0)−1 ˙̄x(t), (3.36)

where we employ the property of (3.31). Substituting (3.36) into (3.33) leads to

ξ(t) =
∫ t

0
e(τ)dτ + ξ(0) = −F1 x̄(t) + F1 x̄(0) + ξ(0), (3.37)

where

F1 := (Ā + B̄1F0)−1. (3.38)

With respect to this, we define a virtual signal as

p(t) := F1 x̄(t) + ξ(t) − F1 x̄0 − ξ0, (3.39)

and it is established that

p(t) = 0, ∀t ≥ 0, (3.40)

if wi = 0 and f̄ = 0. Otherwise, p(t) , 0 for some t ≥ 0.
In this sense, we consider to take the additional control input by

v(t) = Gp(t) = G(F1 x̄(t) + ξ(t) − F1 x̄0 − ξ0) (3.41)

to ensure that the homogeneous behavior corresponding to p(t) is asymptotically stable.
Substituting (3.41) into (3.34) derives the overall closed-loop system given by

 ˙̄x
ξ̇

 = Ā + B̄1(F0 +GF1) B̄1G

−I 0

 x̄

ξ

 + B̄1H0

I

 r −

B̄1G

0

 (F1 x̄(0) + ξ(0)),

z =
[
I 0

] x̄

ξ

 . (3.42)

To achieve the desired behavior in a clearer fashion, we take the equivalent transformation as[
x̄
p

]
=

[
I 0

F1 I

] [
x̄
ξ

]
, (3.43)

by which we obtain that

 ˙̄x
ṗ

 = Ā + B̄1F0 B̄1G

0 F1B̄1G

  x̄

p

 + B̄1H0

0

 r −

 B̄1G

F1B̄1G

 (F1 x̄(0) + ξ(0)),

z =
[
I 0

]  x̄

p

 . (3.44)
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Since the matrix Ā+ B̄1F0 is Hurwitz stable, the internal (i.e., asymptotic) stability of the above overall
closed-loop system given by (3.44) is ensured if, and only if, the matrix F1B̄1G is also Hurwitz stable.
This requirement is easily achieved by taking the gain G ∈ Rm×n as the form of

G := (F1B̄1)−1Λ, (3.45)

for any Hurwitz stable matrix Λ ∈ Rn×n; a typical choice is Λ = diag(λ1, . . . , λn) for λi < 0 (∀i =
1, . . . , n).

Under this structure, the final control input is given by

uc(t) = F0 x̄(t) +Gp(t) + H0r, (3.46)

where F0 is the feedback gain, G is the integral gain, and H0 is the feedforward gain defined as (3.23),
(3.31), and (3.45), respectively. The scheme of (3.46) is called a 2-DoF robust LQI control throughout
the paper, and the overall control architecture is shown in Figure 5. Furthermore, the design procedure
of uc in (3.46) can be summarized as shown in Figure 6.

Remark 5. As clarified from Figure 5, the stabilizing controller mentioned in the above Theorem 1 is
determined by the state-feedback form of uc = F0 x̄. Thus, the L1 robust stability condition in Theorem 1
would be verified by computing ∥Σ∥∞, in which Σii is obtained by connecting Pii and F0.

Figure 5. Proposed control structure with 2-DoF robust LQI.
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Figure 6. Schematic flow of the proposed control architecture.

4. Simulation results

This section provides some simulation results to demonstrate the proposed robust stability condition
and robust controller synthesis for the nonlinear heat transfer system described by (2.17). The spatially
discretized system consists of six concentric rings, and, thus, we obtain x(t) ∈ R6. The control input
u(t) ∈ R7 includes six zone-specific heating commands and one ambient input. The six lamp channels
are only activated (i.e., m = 6, Ni = 1 for all i = 1, · · · , 6), while the ambient input is fixed at
Te = 300K. Hence, the actuator mapping matrix is given by

Z = I7. (4.1)

We further assume that the initial values of all the state variables are fixed at the ambient
temperature, i.e.,

x(0) = 300 · 16. (4.2)

The reference trajectory is taken by a step signal [24, 25] as shown in Figure 7, i.e.,

r(t) = 800 · 16, ∀t ≥ 0 (4.3)

and we also consider the state and input constraints in (3.2) specified by

xmin = 218, xmax = 1687.15, umin = 0, umax = 200. (4.4)

This constraint is constructed based on practical considerations: xmin reflects an extreme low-
temperature condition by Joint Electron Device Engineering Council (JEDEC) standards [26], xmax

is the melting point of silicon, umin assumes no cooling capability, and umax is an actuator limit. The
other physical parameters used for the simulations are given in Table 3.

AIMS Mathematics Volume 10, Issue 8, 19217–19239.



19233

Figure 7. Reference trajectory (step input to 800K for all rings).

Table 3. Values of parameters for the heat transfer model.

Parameter Description Value Unit
ρ Density 2336 kg/m3

λc(T ) Heat conductivity 150
( T
300

)−1.3

W/m·K

cp(T ) Heat capacity 703 +
255

[( T
300

)1.85

− 1
]

( T
300

)1.85

+
255
703

J/kg·K

h Material thickness 775 × 10−6 m
η Efficiency factor 0.5 –
ϵ Total emissivity 0.65 –
αi Heat transfer coefficient 1 W/m2·K
σsb Stefan–Boltzmann constant 5.6704 × 10−8 W/m2·K4

By using these parameter values, we can obtain an upper bound on γ in (3.12) as 46.1292. Next, we
consider the weighting matrices associated with (3.21) by

Q = qI6, R = 50I6, q ∈ {500, 1500}, (4.5)

and the virtual-signal feedback gain in (3.45) is taken by

G = (F1B̄1)−1Λ, Λ = −50I6. (4.6)
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Then, the control gains in (3.46) are given as follows:

F0 =



0.1987 0.0264 0.0038 0.0003 0 0
0.0269 0.0685 0.0109 0.0017 0.0001 0
0.0038 0.0112 0.0404 0.0070 0.0011 0.0002
0.0004 0.0018 0.0072 0.0288 0.0052 0.0019

0 0.0003 0.0016 0.0056 0.0226 0.0096
0 0 0.0002 0.0017 0.0067 0.0453


, (4.7)

G =



0.0397 −0.0316 0.0016 0.0009 0.0002 −0.0001
−0.0154 0.2413 −0.0962 0.0028 0.0037 −0.0001
0.0003 −0.0622 0.6069 −0.1919 −0.0124 0.0070
0.0004 0.0013 −0.1421 1.1360 −0.3339 −0.0015

0 0.0013 0.0027 −0.2540 1.8487 −0.3162
0 −0.0001 0.0025 0.0070 −0.3800 1.0616


× 105, (4.8)

H0 =



79.3592 −31.5619 1.0744 0.4688 0.0810 −0.0254
−30.8958 241.3133 −64.1347 1.3892 1.4910 −0.0455

0.6950 −62.1556 404.6003 −95.9672 −4.9467 2.3497
0.7446 1.2999 −94.7650 567.9869 −133.5681 −0.5034
−0.0531 1.2899 1.7925 −126.9851 739.4873 −105.3867
−0.0155 −0.1007 1.6900 3.5124 −152.0016 353.8779


. (4.9)

For each q, the computation results for (3.15) are shown in Table 4. We can see from this table that
the assertion ∥Σii∥∞ · γ < 1 is established for all q, and, thus, the resulting closed-loop systems satisfy
the L1 robust stability condition.

Table 4. Simulation results with respect to the L1 robust stability.

q 500 1500
∥Σii∥∞ · γ 0.0551 0.0552

Beyond the establishment of the L1 robust stability, we next validate the effectiveness of taking the
integral servo control given by (3.41) as well as the 2-DoF robust LQI control given by (3.46) through
some comparative simulations. As mentioned in the preceding section, the integral term Gp(t) is for
reducing the effects of the offset f̄ and the model uncertainty wi, and, thus, it is expected that taking
such a term could enhance not only the steady-state response but also the transient response in the
presence of modeling errors.

To verify this expectation, we first compare the two scenarios: (i) 2-DoF LQ control (without the
integral term (3.41), i.e., G = 0 in (3.46)) and (ii) 2-DoF LQI control (i.e., G , 0 in (3.46)), and the
relevant simulation results are shown in Figure 8. We can observe from Figure 8(a,b) that the heat
transfer system fails to track the reference signal for the case of 2-DoF LQ control, while the zero
steady-state errors of the reference tracking are observed in Figure 8(c,d) for the case of 2-DoF robust
LQI control. This clearly demonstrates the effectiveness of incorporating the integral control term
Gp(t) for reducing the effects of f̄ and wi on the reference tracking accuracy.
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(a) 2-DoF LQ control with q = 500. (b) 2-DoF LQ control with q = 1500.

(c) 2-DoF robust LQI control with q = 500. (d) 2-DoF robust LQI control with q = 1500.

Figure 8. Comparisons between 2-DoF LQ control and 2-DoF robust LQI control.

For verifying the practical effectiveness of the proposed 2-DoF robust LQI control in a quantitative
fashion, we next conduct comparisons to the conventional observer-based method [11], in which an
LQ controller and a Luenberger observer are taken for estimating and compensating the effects of
modeling errors on the associated tracking accuracy. Because both the conventional and proposed
methods have the common feature of employing the LQ control, we can take same parameters as
in (4.5) for the former method and consider comparisons in a fair fashion. The simulations results for
the conventional study [11] are shown in Figure 9.

(a) Observer-based LQ control with q = 500. (b) Observer-based LQ control with q = 1500.

Figure 9. Simulation results for the conventional observer-based method [11].
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It could be observed from Figure 9 that there exist nonzero steady-state errors of the reference
tracking for the conventional observer-based LQ control [11]. For a more quantitative comparison
between the conventional and proposed methods, we consider the two performance measures of the
average steady-state error and the average root mean square (RMS) value of the input signal, which are
denoted by ess,avg and urms,avg and defined, respectively, by

ess,avg :=
1
n

n∑
i=1

|ei(tend)|, (4.10)

urms,avg :=
1
m

m∑
j=1

√
1
T

∫ T

0
u2

j(t)dt, (4.11)

and the simulation results for these two performance measures are shown in Table 5.

Table 5. Comparisons between the proposed method and the conventional method [11].

q Method ess,avg urms,avg

500 Conventional method [11] 44.1441 164.9659
Proposed method 0 16.0430

1500 Conventional method [11] 44.1252 164.9660
Proposed method 0 16.0005

We can observe from Table 5 that the proposed method achieves obviously better reference tracking
accuracy with a quite smaller energy of the control input than the conventional method under the same
parameter (Q,R). This undoubtedly implies that the 2-DoF robust LQI control proposed in this paper
is quite superior to the conventional observer-based LQ control developed in [11] for achieving the
RTA process of heat transfer systems.

5. Conclusions

This study proposed a robust control framework tailored to spatially discretized heat transfer
systems with focusing on the RTA process. We first discussed a description of heat transfer systems,
and derived its tractable form in terms of a spatial discretization and the Taylor series expansion
around the room temperature. Such a form allowed us to treat nonlinear heat transfer systems by
an interconnection between a nonlinear model uncertainty and a linearized nominal system. Based
on this interconnected representation, we established an L1 robust stability condition, by which we
can ensure the robust stability of heat transfer systems with modeling errors characterized in terms
of the L∞(-induced) norm. To achieve the zero steady-state error of the reference tracking for heat
transfer systems in the presence of modeling errors, we next developed a 2-DoF robust LQI control
method. In other words, this developed method was for reducing the effects of the modeling errors on
the associated reference tracking accuracy. The effectiveness of the proposed 2-DoF LQI control was
demonstrated through some simulations. Furthermore, we conducted some comparative simulations to
the conventional observer-based LQ control [11] and showed that the proposed method is quite superior
to the conventional method.
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Finally, it would be worthwhile to note that an extension of the proposed method to large-scale
or multi-zone thermal systems with time-delay and/or stochastic disturbances is also an important
issue. In connection with this, employing a distributed or block-sparse controller [27] might lead to
an accurate tracking accuracy for the case of higher spatial resolutions than those considered in this
study. We also expect that taking predictor-based LQI schemes [28] or delay-dependent Lyapunov
conditions [29] establishes robust stability conditions in the presence of time-delays. Furthermore,
combining the mean-square stability [30] with the proposed framework might be used effectively for
systems with stochastic disturbances. However, it is nontrivial to derive meaningful assertions on these
directions, and it is left for an interesting future work.
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24. J. R. Prekodravac, D. P. Kepić, J. C. Colmenares, D. A. Giannakoudakis, S. P. Jovanović, A
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