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1. Introduction

The evolution of many mechanical systems exhibits a combination of continuous and discontinuous
behaviors [1]. A general exposition of such hybrid systems was presented in [2], where it was pointed
out, that one of the most effective mathematical tools to investigate such processes is the theory of
differential equations with jumps or impulsive differential equations.
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The qualitative theory of impulsive dynamical systems has subsequently developed in several
directions. In [3], questions of stability and asymptotic stability for impulsive semidynamical
systems were investigated. Applied problems, such as heat conductivity with self-regulated pulse
maintenance, were analyzed in [4], providing one of the first practical motivations for the study of
impulsive effects. A systematic framework for impulsive differential equations was presented in the
monograph [5], which laid the foundations of the modern theory, while further theoretical results and
diverse applications were developed in [1]. Since then, impulsive systems have remained an active area
of research, with applications ranging from control theory and mechanics to biological and economic
models. In most of these studies, trajectories are assumed to undergo impulsive perturbations whenever
they reach a fixed subset of the phase space. Within this framework, various aspects of the theory of
ω-limit sets in finite-dimensional phase spaces have been investigated [6–9]. Moreover, recent results
have extended the theory to impulsive systems with delay [10, 11], further broadening the scope of
applications and mathematical techniques.

In infinite-dimensional dissipative dynamical systems, global attractors play a key role in describing
the qualitative behavior of trajectories [12–14]. The transfer of the basic constructions of the global
attractors theory to infinite-dimensional impulsive systems was performed in [15–18]. It should be
noted that all the aforementioned results concern the limit behavior of weak solutions in the L2-norms.
The novelty of the present paper is obtaining results on the compact limit dynamics of impulsive
trajectories in supremum norms (sup-norms). Since the main task is to prove the existence of a compact
attracting set in the phase space, obtaining the property of attraction in the sup-norm gives much more
information about the behavior of trajectories than the fact of attraction in the L2-norm. For a linear
heat equation in a one-dimensional spatial domain, this fact was established in [19] for the ω-limit
sets of individual trajectories based on the explicit formula of the impulsive semigroup. In the present
work, we consider weakly nonlinear parabolic equations and prove the existence of a compact set that
uniformly attracts all trajectories with respect to the bounded initial data.

The paper is organized as follows: the second section presents the setting of the problem, some
auxiliary statements, and a comparative analysis with previous results; in the third section, under
general assumptions on impulsive parameters, we prove that the mild solutions of an impulsive
perturbed semilinear parabolic problem generate an impulsive dynamical system in the phase space
of continuous functions; and in the fourth section, under an additional assumption, we show that this
impulsive dynamical system possesses a nonempty compact uniform attractor in the sup-norm.

2. Setting of the problem

We consider the following semilinear problem:
∂u
∂t
− ∆u = ε · f (u), t > 0, x ∈ Ω,

u|∂Ω = 0,
u|t=0 = u0,

(2.1)

where u = u(t, x) is an unknown function,

4u(t, x) =

d∑
i=1

∂2u(t, x)
∂x2

i

, Ω ⊂ Rd,
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d > 1 is a bounded domain, ε > 0 is a small parameter, f : R 7→ R is locally Lipschitz function such
that f (0) = 0, and

∃ c > 0, ∀s ∈ R, | f (s)| 6 c.

We consider (2.1) in the phase space as follows:

X = C0(Ω) = {v ∈ C(Ω̄) | v = 0 on ∂Ω}.

The space X is equipped with the sup-norm as follows:

‖v‖X = sup
x∈Ω
|v(x)|.

We will understand the solution of (2.1) in the mild sense [20] (i.e., a function u ∈ C([0,T ]; X)),
u(0) = u0 is called a (mild) solution of (2.1) on (0,T ) if ∀t ∈ [0,T ] and

u(t) = S (t)u0 + ε

∫ t

0
S (t − s) f (u(s))ds,

where S (t) is a C0-semigroup of contractions generated by −∆ in X.
Now, we introduce an impulsive problem.
For a given R > 0, ψ ∈ L2(Ω), we consider the impulsive set M ⊂ X as follows:

M =

{
v ∈ X | v(x) > 0,

∫
Ω

v(x)ψ(x)dx = R
}
. (2.2)

At the moment of meeting the phase point u(t) with the set M, it undergoes an impulsive perturbation
and instantly finds itself in a new position as follows:

Iu = u + ϕ, (2.3)

where ϕ ∈ X is a given function, ϕ(x) > 0, and
∫

Ω
ϕ(x)ψ(x)dx = ϕ0 > 0. After that, the phase point

continues to move along the trajectory of (2.1) until the next meeting with M, and so on.
Assuming u(·) to be right-continuous at the moments of jumps, we denote the point of the impulsive

trajectory at the moment of time t > 0 that started from u0 at t = 0 by G (t, u0).
First, we prove that G generated by (2.1)–(2.3) for sufficiently small ε > 0 is an impulsive dynamical

system (see Section 3).
In the sequel, the phrase “for sufficiently small ε > 0” will mean that a certain property holds for

every ε ∈ (0, ε1), where ε1 > 0 only depends on the constants of the problems (2.1)–(2.3).
Second, under some additional assumptions on impulsive parameters, we prove that the impulsive

dynamical system G possesses a compact uniform attractor in X for sufficiently small ε > 0, i.e., there
exists a compact set Θ ⊂ X such that ∀r > 0,

sup
‖u0‖X6r

distX (G(t, u0),Θ)→ 0 as t → ∞, (2.4)

and Θ is the minimal among all closed sets that satisfies (2.4).
Now, we briefly discuss the established results for problem (2.1)–(2.3).
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Due to the inequality
ε · f (s) · s ≤ δs2 + cδ,

where δ = δ(ε) > 0 can be chosen arbitrarily small with an appropriate choice of ε. From [21] and
Theorem 4.1, we can conclude that the ∀u0 ∈ X problem (2.1) has a unique global mild solution
u ∈ C([0,+∞); X), and the corresponding semigroup V : [0,+∞) × X 7→ X and

V (t, u0) = S (t)u0 + ε

∫ t

0
S (t − s) f (u(s))ds (2.5)

possesses a global attractor in X, i.e., there exists a compact set A ⊂ X such that

∀r > 0, sup
‖u0‖X6r

distX (V (t, u0) , A)→ 0 as t → ∞,∀t > 0, V(t, A) = A.

This result remains true under much more general conditions on f , which includes multi-valued
case [21]. Of course, a global attractor is a uniform attractor because invariance implies minimality.
However, in general, we cannot expect invariance in impulsive problems [18].

There are several works [16, 17, 22] where attracting sets are investigated for problem (2.1) with
different types of impulsive perturbations. However, in these papers, the asymptotic behavior of
impulsive trajectories was studied in L2-norms. In particular, in [22], the existence of uniform attractor
Θ in the phase space L2(Ω) was proved with additional property G(t,Θ \ M) = Θ \ M, t ≥ 0 for a
problem similar to (2.1)–(2.3) for sufficiently small ε > 0. However, the key estimates on L2-norms
used in [22] do not apply to sup-norms. In the present work, we use the comparison principle [23] to
derive a priori estimates in the phase space X.

3. Design of impulsive dynamical system

An abstract impulsive dynamical system G [18] consists of the continuous semigroup V : [0,+∞)×
X 7→ X and the impulsive parameters M ⊂ X (impulsive set) and I : M 7→ X (impulsive map), which
satisfy the following properties:

M is closed, M ∩ IM = ∅, (3.1)

∀u0 ∈ M, ∃τ = τ(u0), ∀t ∈ (0, τ), V(t, u0) < M. (3.2)

For u ∈ X, we denote the following:

M+(u) =
⋃
t>0

V(t, u) ∩ M.

Then, either M+(u0) = ∅, and in this case

G(t, u0) = V(t, u0), t ∈ [0,+∞),

or
∃s0 = s(u0) > 0, such that ∀t ∈ (0, s0), V(t, u0) < M, V(s0, u0) ∈ M, (3.3)
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and in this case

G(t, u0) =

V(t, u0), t ∈ (0, s0),
IV(s0, u0), t = s0.

We continue this procedure by considering u+
1 = IV(s0, u0) as a new initial point. As a result, we have

a finite or infinite number of impulsive points as follows:{
u+

n+1 = IV(sn, u+
n )

}
n>0 , u+

0 = u0.

For Tn+1 :=
n∑

k=0

sk, T0 := 0, we obtain the following:

G(t, u0) =

{
V(t − Tn, u+

n ), t ∈ (Tn,Tn+1),
u+

n+1, t = Tn+1.
(3.4)

To avoid the “beating” (or Zeno) effect [24], when an infinite number of impulsive moments
accumulate over a finite interval, we should verify that ∀u0 ∈ X G(·, u0) either has no more than
finite impulses or that

Tn → ∞ as n→ ∞. (3.5)

That if conditions (3.1), (3.2) and (3.5) hold, then the mapping G : [0,+∞)× X 7→ X, given by (3.4), is
a semigroup with right-continuous trajectories, and such G is called an impulsive dynamical system [9,
18].

Lemma 1. Assume that ψ is a solution of the following spectral problem:{
−∆ψ = λψ,

ψ |∂Ω= 0,
λ > 0. (3.6)

Then, problems (2.1)–(2.3) generate impulsive dynamical systems.

Proof. The continuous semigroup V : [0,+∞)× X 7→ X is given by (2.5). Denote the scalar product in
the space L2(Ω) by (·, ·). The set M, given by (2.2), is closed, and

∀u ∈ M (Iu, ψ) = (u + ϕ, ψ) = R + ϕ0 > R;

thus, M ∩ IM = ∅.
Let u0 ∈ M and u(t) = V(t, u0). We consider the following function:

g(t) := (u(t), ψ) = (V(t, u0), ψ) = (u(0), ψ)e−λt + ε

∫ t

0
e−λ(t−s)F(s)ds, (3.7)

where
F(s) = ( f (u(s)), ψ) , |F(s)| 6 c‖ψ‖L1 .

Thus, g ∈ C1, g(0) = R and

g′(0) = −λ(u(0), ψ) + εF(0) = −λR + εF(0) < −
λR
2
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for sufficiently small ε > 0.
Therefore, ∃τ = τ(u(0), ε) > 0 such that

∀t ∈ (0, τ) g(t) < R ⇒ Eq (3.2).

Let u0 ∈ IM. Then, u0(x) > 0 and

u(t, x) > 0, ∀t > 0

due to the maximum principle [23]. Moreover,

(u0, ψ) = R + ϕ0 > R.

From (3.7), ∃s > 0 : u(t) < M, t ∈ (0, s), u(s) ∈ M. Therefore,

R = (R + ϕ0)e−λs + ε

∫ s

0
e−λ(s−p)F(p)dp. (3.8)

Thus,

(R + ϕ0)e−λs < R + ε ·

∫ s

0
e−λ(s−p)|F(p)|dp,

and
s > s̄ =

1
λ

ln
(
1 +

ϕ0 − δ

R

)
(3.9)

for fixed δ ∈ (0, ϕ0) for sufficiently small ε. Estimate (3.9) means that the distance between adjacent
moments of impulses is not less than a certain constant value. Thus, impulses do not accumulate on
a finite interval, and every impulsive trajectory exists on [0,+∞). Therefore, (3.9) implies (3.5). The
lemma is proven. �

Remark 1. Additionally, using (3.8) we obtain the following:

s < ŝ =
1
λ

ln
(
1 +

ϕ0 + δ

R

)
.

4. Attracting sets for impulsive dynamical systems (2.1)–(2.3)

We start with the general result about ω-limit sets for semigroups.

Lemma 2 ([14]). Assume that the semigroup G : R+ × X 7→ X satisfies the following properties:

∀r > 0 the set

⋃
t>0

G(t, u0)
∣∣∣∣ ‖u0‖X 6 r

 is bounded, and (4.1)

∀r > 0 ∀tm ↗ ∞ the set
{
G(tm, u

(m)
0 )

∣∣∣∣ ‖u(m)
0 ‖X 6 r

}
is precompact in X. (4.2)

Then, ∀r > 0, the ω-limit set

Θr =
⋂
T>0

⋃
t>T

G(t, Br), where Br = {‖u‖X ≤ r‖},
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is nonempty and compact, and

sup
‖u0‖X6r

distX (G(t, u0),Θr)→ 0, t → ∞.

Moreover, if

∃r0 > 0 ∀r > 0 ∃T = T (r) such that

⋃
t>T

G(t, u0)
∣∣∣∣ ‖u0‖X 6 r

 ⊂ Br0 ,

then Θr0 is the uniform attractor.
The next result provides sufficient conditions on the continuous semigroup V : R+ × X 7→ X and

the impulsive parameters M ⊂ X, I : M 7→ X, which guarantee that the corresponding impulsive
dynamical system G, given by (3.4), possesses a nonempty, compact and attracting set.

Lemma 3. Assume that V, M and I satisfy (3.1), (3.2), and (3.5), the corresponding impulsive
dynamical system G, given by (3.4), satisfies (4.1), and there exists a compactly embedded space Y b X
such that
∀t > 0 ∀r > 0 ∃c(t, r) > 0, such that

∀u0 : ‖u0‖X 6 r ⇒ ‖V(t, u0)‖Y 6 c(t, r) (4.3)

and ∃ū ∈ X ∀r > 0 ∃c(r) > 0 such that

∀u ∈ M ∩ Y : ‖u‖Y 6 r ⇒ ‖Iu − ū‖Y 6 c(r); (4.4)

∀r > 0 ∃sr > 0 ∀u ∈ I(M ∩ Y), ‖u‖X ≤ r ⇒ s(u) > sr, (4.5)

where s(u) is given by (3.3). Then, condition (4.2) holds.

Proof. Let
ξm = G

(
tm,u

(m)
0

)
, tm ↗ ∞,

∥∥∥u(m)
0

∥∥∥
X
6 r.

According to (3.4), we have impulsive points{
u(m)+

n+1 = IV
(
s(m)

n , u(m)+
n

)}
, u(m)+

0 = um
0

and moments of impulses

T (m)
n+1 =

n∑
k=0

s(m)
k , T0 = 0.

If tm < s(m)
0 , then

ξm = V
(
tm, u

(m)
0

)
= V

(
1,V

(
tm − 1, u(m)

0

))
.

Thus, ‖ξm‖Y 6 c(1,D(r)), where D(r) = sup
t>0, ‖u0‖X≤r

‖G(t, u0)‖X is a finite number due to (4.1). Therefore,

{ξm} is precompact in X.
If tm = s(m)

0 , then
ξm = IV

(
tm, u

(m)
0

)
,
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and due to (4.4),
‖ξm − ū‖Y 6 C(C(1,D(r))),

which means that {ξm} is precompact in X.
Finally, if tm > s(m)

0 , then
ξm = V

(
tm − Tn, u+

n
)

or ξm = u+
n+1

for some n = n(m) > 1. Due to (4.1), ‖u+
n ‖X 6 D(r). Thus,

u+
n+1 = IV

(
sn, u+

n
)

due to the equality. By (4.5), we get that sn > sD(r). Thus,

u+
n+1 = IV

(
sD(r),V

(
sn − sD(r), u+

n
))
.

From (4.3) and (4.4), we deduce that∥∥∥u+
n+1 − ū

∥∥∥
Y
6 c

(
c
(
sD(r),D(r)

))
.

Thus, in this case,
{
u+

n
}

is precompact in X.
Since ξm = V

(
tm − Tn(m), u+

n(m)

)
, and due to (3.9) and Remark 1, we have that ξm = V

(
τm, u+

n(m)

)
,

where
u+

n(m) → η in X, τm → τ > 0

up to subsequence.
Therefore, a continuity of V implies the precompactness of {ξm}. The lemma is proven. �

Before the formulation of the main result, we need some properties of the semigroup V , which is
defined in (2.5).

Let λ1 > 0 be the first eigenvalue of −∆ in H1
0(Ω). For λ ∈ [0, λ1), the C0-semigroup of contractions

generated by −∆ − λ · I in X is denoted as S λ(t), S 0(t) = S (t) .

Then, for L = exp
{
λ1 |Ω|

2
d

4π

}
> 1, we have the following [25]:

∀t > 0, ‖S λ(t)‖L(X,X) 6 Le−(λ1−λ)t. (4.6)

Moreover, ∀ T > 0, ∃C > 0, α ∈ (0, 1), and δ ∈
(

1
2 , 1

)
such that

∀t ∈ (0,T ], ∀u0 ∈ X, ‖S λ(t)u0‖C1+α 6
C
tδ
‖u0‖X .

In particular, for every mild solution of (2.1), ∀t ∈ (0,T ] and

‖u(t)‖C1+α 6
C
tδ
‖u0‖X +

Ct1−δ

1 − δ
εc. (4.7)

According to [21, 26], every mild solution u(t) of (2.1) is a weak solution of (2.1), i.e., u ∈
L2

(
0,T ; H1

0(Ω)
)
, ∀ v ∈ H1

0(Ω) ∀η ∈ C∞0 (0,T ), and∫ T

0
(u(t), v)ηtdt +

∫ T

0
(u(t), v)H1

0
ηdt = ε

∫ T

0
( f (u(t)), v)ηdt.
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Moreover,

∀τ > 0, u ∈ C
(
[τ,T ] : H1

0(Ω)
)
∩ L2

(
τ,T ; H2 ∩ H1

0

)
, ut ∈ L2

(
τ,T ; L2(Ω)

)
.

Therefore, ∀K > 0 and

1
2

d
dt
‖(u ∓ K)±(t)‖2L2 + ‖(u ∓ K)±(t)‖2H1

0
= ε ·

∫
Ω

(u(t, x) ∓ K)± · f (u(t, x))dx (4.8)

for almost all t ∈ (τ,T ), where

v+ =

{
v, v > 0,
0, v 6 0,

and v− = v − v+ are truncation functions [13].

Lemma 4. For sufficiently small ε > 0 and ∀r > R, we have the following:

‖u0‖X 6 r ⇒ ∀t > 0, ‖V (t, u0)‖X 6 r. (4.9)

Proof. Let us rewrite (2.1) with a new operator −∆ − λI and with a new nonlinear term −λu + ε f (u),
λ ∈ (0, λ1).

Then, for sufficiently small ε > 0,

s · (−λs + ε f (s)) = −λs2 + εs f (s) 6 −λs2 + ε · c · |s| < 0, |s| >
R
2
. (4.10)

Thus, choosing K = r, r > R in (4.8) and from (4.8) and Poincaré inequality, we obtain

d
dt
‖(u − K)+‖

2
L2 + νλ · ‖(u − K)+‖

2
L2 ≤ 0

for some νλ > 0 and for almost all t > τ. For ∀t ≥ τ,∫
Ω

(u(t, x) − K)2
+dx 6 e−νλ·(t−τ) ·

∫
Ω

(u(τ, x) − K)2
+dx.

After passing to the limit as τ→ 0, we obtain the following:

∀t > 0
∫

Ω

(u(t, x) − K)2
+dx 6 e−νλ·t ·

∫
Ω

(u0(x) − K)2
+dx. (4.11)

The same inequality holds for (u + K)−.
Inequality (4.11) implies (4.9). The lemma is proven. �

In all further considerations, we assume that λ = λ1 in (3.6) is the first eigenvalue of −∆ in H1
0(Ω)

and ψ = ψ1 is the corresponding eigenfunction.
Additionally, without a loss of generality, we assume that ψ1(x) > 0, ∀x ∈ Ω.
Now, we are ready to prove the main result.
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Theorem 4.1. Assume that (3.6) holds and one of the following assumptions holds:

λ1 ·
|Ω|

2
d

4π
< ln

(
1 +

ϕ0

R

)
(4.12)

or
ϕ(x) 6 c1ψ1(x), ∀x ∈ Ω, f (s) 6 c2 · s, ∀s > 0. (4.13)

Then, for sufficiently small ε > 0, the impulsive dynamical systems (2.1)–(2.3) possess a nonempty,
compact uniform attractor Θ ⊂ X, which is invariant in the following sense:

∀t > 0, G(t,Θ \ M) = Θ \ M. (4.14)

Proof. Let us prove the dissipativity conditions in both cases for (4.12) and (4.13).
Assume that (4.12) takes place, ‖u0‖X 6 r and r > R. According to (4.9), ∀t > 0 ‖V(t, u0)‖X ≤ r.
Passing to the shift differential operator and the corresponding nonlinear term (see (4.10)), we can

achieve the following property:

f (u)u 6 0, |u| >
R
2
.

This property guarantees [21] that if ‖u0‖X ≤ r and M+ (u0) = ∅, then

∃T = T (r), ∀t > T, G (t, u0) = V (t, u0) ⊂ B1(0).

Let s0 > 0 at the first moment of intersection with M. Then, due to (2.5),

‖V (s0, u0)‖X ≤ Le−λs0‖u0‖X + ε · L ·
c
λ
,

where L = e
λ|Ω|

2
d

4π . Then, ∥∥∥u+
1

∥∥∥
X
6 Le−λs0r + ‖ϕ‖X +

εLc
λ
.

After the second impulse moment, using (3.9), we obtain the following:∥∥∥u+
2

∥∥∥
X
6

∥∥∥V(s1, u+
1 )

∥∥∥
X

+ ‖ϕ‖X

6 Le−λs̄
(
Le−λs0 · r + ‖ϕ‖X +

εLc
λ

)
+ ‖ϕ‖X +

εLc
λ

= L2e−λ(s̄+s0)
· r +

(
‖ϕ‖X +

εLc
λ

) (
1 + Le−λs̄

)
.

After the n-th step, we obtain the following:∥∥∥u+
n

∥∥∥
X
6 Ln · e−λns̄ · eλs̄ · e−λs0 · r +

(
‖ϕ‖X +

εLc
λ

) (
1 + Ln−1e−λ(n−1)s̄

)
. (4.15)

Due to inequality (4.12),

L · e−λs̄ = e
λ|Ω|

2
d

4π · e− ln(1+
ϕ0
R ) < 1. (4.16)

Combining (2.5), (4.15), and (4.16), we conclude that (4.1) holds. Moreover, for r0 = 1 +
‖ϕ‖X+ εLc

λ

1−Me−λs̄ ,

∀r > 0, ∀u0, ‖u0‖X 6 r, ∃T = T (r), ∀t > T, ‖G(t, u0)‖X 6 r0. (4.17)
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Assume that (4.13) holds. Then, after the appropriate choice of ε, we can achieve the following:

ε f (s) 6 λs, s > 0, where λ < λ1.

Thus, let ‖u0‖X ≤ r, r > R, and s0 > 0 be the first moment of intersection with M. Then, for
u(t) = V (t, u0), we have the following:

u (s0, x) > 0, u (s0, x) = Rψ + α(x), where ‖α‖X 6 r.

Therefore, due to (4.13),

0 ≤ u+
1 (x) ≤ (R + c1)ψ + α(x) =: ū+

1 (x).

Due to the maximum principle for S λ(t) (see (4.6)), we have the following:

V
(
t, u+

1
)
6 S λ(t)ū+

1 = (R + c1) e−λ1tψ + S λ(t)α, where λ1 = λ1 − λ.

Thus,
0 ≤ u (s1, x) 6 (R + c1)e−λ̄1 s1ψ + S λ (s1)α(x),

0 6 u+
2 (x) 6

(
(R + c1)e−λ̄1 s1 + c1

)
ψ(x) + S λ (s1)α(x).

On the n-th step, using si > s̄ we obtain the following:

0 6 u+
n (x) 6

(
(R + c1)e−λ̄1(n−1)s̄+ c1

(
1 + e−λ̄1 s̄ + . . . + e−λ̄1(n−2)s̄

))
ψ(x)

+S λ (s1 + . . . + sn−1)α(x). (4.18)

Using the inequality (4.6), from (4.18), we obtain the property (4.17) with the following:

r0 = 1 +
c1

1 − eλ̄1 s̄
.

The inequality (4.7) implies (4.3) with Y = C1(Ω). Then, Lemmas 2 and 3 guarantee the existence of
the uniform attractor Θ. �

We need the following result to prove equality (4.14).

Lemma 5 ([16, 22]). Assume that G satisfies (3.1), (3.2), and (3.5), and possesses a compact uniform
attractor Θ.

Assume that the following properties hold:

I : M 7→ X is continuous, ∀u ∈ IM, s(u) < ∞, (4.19)

where s(u) is given by (3.3).
For un → u0 ∈ Θ \ M,

if s(un) < ∞, then s(u0) < ∞ and s(un)→ s(u0),
if s(un) = ∞, then for tn ↗ ∞ and ξ = lim V(tn, un) we have s(ξ) = ∞;

(4.20)

for un → u0 ∈ Θ ∩ M,
either s(un) = ∞ or s(un)→ 0; (4.21)

for any bounded {un} ⊂ X, ∀tn ↗ ∞ up to subsequence

V (tn, un)→ ξ < M. (4.22)

Then, (4.14) holds.
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Thus, let us prove (4.14). Property (4.19) was already proven in Lemma 1.
Due to the maximum principle, one has the following:∫

Ω

(u (tn, x) − M1)2
t dx 6 e−δtn

∫
Ω

(u(0, x) − M1)2
r dx, (4.23)

where M1 is taken from the inequality f (u)u ≤ 0, |u| > M1. By choosing ε, we can make M1 as small
as we need. It means that every limit in (4.22) satisfies |ξ(x)| 6 M1 < R for M1 < R. Thus, ξ < M
and (4.22) holds.

Let us prove (4.20) and (4.21).
Let un(t) = V

(
t, un

0

)
, un

0 → u0 < M, and sn = s
(
un

0

)
< ∞. Then, un (sn, x) > 0 and gn (sn) =

(un (sn) , ψ) = R. Thus, (
un

0, ψ
)

e−λsn
+ ε

∫ sn

0
e−λ(sn−s)Fn(s)ds = R. (4.24)

If
∥∥∥un

0

∥∥∥
X
6 r, r > R, then

re−λsn
>

R
2

⇒ sn 6
1
λ

ln
(
2r
R

)
for sufficiently small ε and up to subsequence sn → s > 0.

Passing to the limit in (4.24), we obtain the following:

(u(s), ψ) = R, u(s, x) > 0.

If s = 0, then u0 ∈ M; thus, s > 0 and s (u0) < ∞.
The equality s = s (u0) follows from the fact that a trajectory that starts from M will not turn back

to M.
Indeed, if u0 ∈ M, then g(0) = R and

g(t) < Re−λt +
R
4

for sufficiently small ε > 0. Therefore, we have that g(t) < R
2 for t > 1

λ
ln(4). From the other side,

g′(t) < 0 for t ∈
[
0, 1

λ
ln 4

]
, thus

∀t > 0, g(t) < R.

The second part of (4.20) is the consequence of (4.23).
Finally, let un

0 → u0 ∈ M and s
(
un

0

)
< ∞. Then, sn = s

(
un

0

)
→ s > 0.

Assume that s > 0. Then, after passing to the limit in (4.24), we obtain u(s) ∈ M, which is a
contradiction. The Theorem is proven.

Example 1. Assume that Ω = (0, π), f (s) = sin s, ψ(x) ≡ 1, R = 1, and ϕ(x) = sin x. Then, we have
the following impulsive problem in the phase space X = C0(0, π):

∂u
∂t
−
∂2u
∂x2 u = ε · sin u, t > 0, x ∈ (0, π),

u|x=0 = u|x=π = 0,
u|t=0 = u0,

(4.25)
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M =

v ∈ X | v(x) > 0,

π∫
0

v(x)dx = 1

 . (4.26)

At the moment of meeting the phase point u(t) ∈ X with the set M, it undergoes an impulsive
perturbation and instantly finds itself in a new position as follows:

(Iu)(x) = u(t, x) + sin x. (4.27)

The inclusion u(t) ∈ X means that u(t) is a continuous function of x (i.e., u(t)(x) = u(t, x)). Moreover,
in this particular situation, the formula for the semigroup S (t) is available [13]; thus,

u(t) = S (t)u0 + ε

∫ t

0
S (t − s) sin u(s)ds,

where

(S (t)v)(x) =
2
π

∞∑
k=1


π∫

0

v(x) sin kxdx

 e−k2t sin kx.

Then, assumption (4.12) of Theorem 4.1 holds (it turns into an obvious inequality π
4 < ln 3). Thus, for

sufficiently small ε > 0, the impulsive dynamical systems (4.25)–(4.27) possess a nonempty, compact
uniform attractor Θ ⊂ X, which satisfies the equality (4.14).

5. Conclusions

In this paper, we investigated the qualitative behavior of mild solutions for a semilinear parabolic
equation subject to impulsive perturbations triggered by an integral functional threshold. The key
novelty of our work lies in the study of impulsive dynamical systems within the phase space of
continuous functions equipped with the sup-norm, thus extending previous results that primarily
focused on L2-norms.

Under general assumptions on the impulsive parameters, we established that the problem generates
an infinite-dimensional impulsive dynamical system. Furthermore, we proved the existence of a
compact uniform attractor in the sup-norm, which captures the long-term dynamics of the system. Our
analysis relied on a combination of the semigroup theory, comparison principles, and careful estimates
to ensure the avoidance of the Zeno effect (infinite impulses in finite time).

The results hold under two distinct sets of conditions: (a) a spectral constraint linking the
domain size, the first eigenvalue of the Laplacian, and the impulsive magnitude (Theorem 4.1,
condition (4.12)); and (b) bounds on the impulsive function ϕ and the nonlinearity f (Theorem 4.1,
condition (4.13)).

Additionally, an important invariance property (4.14) was demonstrated, thereby showing that the
attractor remains unchanged under the flow outside the impulsive set M. This work opens avenues for
further research, such as extending the framework to more general nonlinearities or multi-dimensional
impulsive effects.
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