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explicit stability conditions for homogeneous steady states and spectral criteria linking eigenvalue
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1. Introduction

Chemical oscillations and spatiotemporal pattern formation are among the most
fascinating phenomena in nonlinear science, widely observed in biological, chemical, and ecological
systems [1, 2]. A classical example of such behavior is found in autocatalytic reaction systems,
where intermediate products can catalyze their own formation [3]. Among these, the Brusselator
model proposed by Prigogine and Lefever has served as a prototypical model for studying chemical
oscillations and spatial pattern formation [4]. It captures the essential dynamics of autocatalytic
reactions with simple reaction kinetics and has been extensively employed to study self-organization
in chemical and biological contexts [5–7].

The Brusselator model typically consists of two components, denoted m(x, t) and n(x, t),
representing the concentrations of reactants or intermediates in the reaction [8]. In its simplest form,
the Brusselator model includes two key reaction pathways [9]: One for the autocatalytic production of
m, driven by interactions between m and n, leading to self-amplification; and one for the replenishment
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mechanism of n, sustained by the reactant influx and selectively consumed in the autocatalytic cycle.
These reactions are usually governed by the following system of partial differential equations (PDEs),
which include both the reaction terms and diffusion terms:

∂m
∂t

= Dm∆m + f (m, n),
∂n
∂t

= Dn∆n + g(m, n),
(1.1)

where Dm and Dn are the diffusion coefficients of m and n, respectively, f (m, n) and g(m, n) represent
the nonlinear reaction terms that describe the chemical interactions, and ∆ is the Laplace operator that
accounts for spatial diffusion. The simplest form of the reactions f (m, n) and g(m, n) are typically
given by

f (m, n) = a − (b + 1)m + cm2n, g(m, n) = bm − cm2n,

where a > 0 and b > 0 are constant reactant concentrations, and c > 0 denotes the autocatalytic rate
constant. The nonlinearity cm2n in the reaction terms drives the system’s bifurcation behavior, enabling
transitions between stable steady states and oscillatory regimes [10–13].

While the above simple Brusselator model has provided significant insights into nonlinear chemical
dynamics, its biological relevance is limited by the assumption of unbounded autocatalytic growth. To
address this limitation, we propose a modified formulation incorporating nonlinear inhibition effects.
Specifically, we replace the standard autocatalysis term cm2n with a resource-limited autocatalytic
term cm2n

1+m , which introduces a nonlinear inhibition mechanism to the autocatalysis [14–16].
Beyond specialized applications, the original model’s absence of resource constraints limits

its application across dynamic systems involving competitive interactions. For example, in
microbial metabolic networks where substrate availability governs reaction kinetics, the unmodified
framework cannot capture essential feedback regulation. Our resource-limited formulation provides
a quantitative tool for modeling such interactions, enabling improved predictions for industrial
bioprocess optimization and extending the model’s relevance to diverse applied sciences.

Mathematically, replacing cm2n with cm2n
1+m introduces a crucial saturation-modified mechanism.

When m becomes large, the modified term’s dependence on m transitions from quadratic order (m2) to
linear order (m), significantly slowing autocatalytic amplification compared to the original term. This
mathematical property reflects biological systems where reaction rates are constrained by resource
limitations and enzyme saturation, while maintaining behavioral continuity near m = 0 where the
modified term approximates the original model.

In addition, to enhance biological plausibility, we will adopt initial and boundary value conditions,
following earlier work on Brusselator-type systems [17] and their subsequent extensions [18, 19], to
analyze the systems dynamics under physiologically relevant constraints. Specifically, we consider the
system evolution on a bounded spatial domain Ω ⊆ Rd (d ≥ 1) over a time interval [0,T ), subject to
the following conditions:

m(x, 0) = m0(x) > 0, n(x, 0) = n0(x) > 0, ∀x ∈ Ω, (1.2)

∂m
∂ν

=
∂n
∂ν

= 0, (x, t) ∈ ∂Ω × (0,T ), (1.3)

where m0(x) and n0(x) represent continuous functions in Ω, and ν denotes the outward normal vector
to the domain boundary. These conditions ensure mass conservation within the closed system. The
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homogeneous Neumann (zero-flux) boundary conditions ∂m
∂ν

= 0, ∂n
∂ν

= 0 reflect a closed/semi-
closed system, where reactants in domain Ω are conserved. Such systems are typical of intracellular
compartments or confined biological regions (sites of frequent autocatalytic reactions). This
contrasts with Dirichlet conditions, which model open systems with external reservoirs/sinks and can
fundamentally alter the central self-organizing dynamics of pattern formation in this model [20–22].
To enhance biological relevance regarding initial states, non-uniform initial conditions m0(x) and n0(x)
representing spatial heterogeneity are employed in our study.

Then the resulting complete initial-boundary value problem is formulated as

∂m
∂t

= Dm∆m + a − (b + 1)m +
cm2n
1 + m

, (x, t) ∈ Ω × (0,T ),

∂n
∂t

= Dn∆n + bm −
cm2n
1 + m

, (x, t) ∈ Ω × (0,T ),

m(x, 0) = m0(x), n(x, 0) = n0(x), x ∈ Ω,
∂m
∂ν

=
∂n
∂ν

= 0, (x, t) ∈ ∂Ω × (0,T ).

(1.4)

The primary objective of this work is to conduct a comprehensive analysis of the qualitative behavior of
system (1.4), including the global existence and boundedness of classical solutions, the linear stability
thresholds of homogeneous steady states, as well as the criteria for Turing-type bifurcations that govern
the emergence of spatially heterogeneous patterns under nonlinear inhibition mechanisms.

The paper is organized as follows. In Section 2, we present the main theoretical results concerning
solution properties, stability analysis, and pattern formation criteria. Section 3 provides numerical
simulations that validate the theoretical predictions across various parameter regimes. Finally,
Section 4 presents a brief conclusion.

2. Main results

2.1. Existence of global solutions

First, we establish the positivity of solutions of system (1.4).

Proposition 1. Let (m(x, t), n(x, t)) be a classical solution of system (1.4) in Ω × [0,Tmax), where Tmax

denotes the maximal existence time of the solution, and then m(x, t) > 0 and n(x, t) > 0 for all (x, t) ∈
Ω × [0,Tmax).

Proof. We prove the positivity of m(x, t) and n(x, t) by contradiction, using the strong maximum
principle for parabolic equations.

Assume for contradiction that there exists t ∈ (0,Tmax) and x ∈ Ω such that m(x, t) ≤ 0. Define the
first such time as

t0 = inf
{
t ≥ 0

∣∣∣∃x ∈ Ω, m(x, t) ≤ 0
}
.

The assumption m0(x) > 0 ensures t0 > 0. At (x0, t0), where m(x0, t0) = 0 (the global minimum over
Ω × [0, t0]), the strong maximum principle and homogeneous Neumann boundary conditions imply
∂tm(x0, t0) ≤ 0 and ∆m(x0, t0) ≥ 0 (if x0 ∈ Ω) or ∆m(x0, t0) ≥ 0 in the viscosity sense (if x0 ∈ ∂Ω).

Substituting m(x0, t0) = 0 into the first equation of (1.4), we obtain

∂tm(x0, t0) = Dm∆m(x0, t0) + a − (b + 1)m(x0, t0) +
cm(x0, t0)2n(x0, t0)

1 + m(x0, t0)
.
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By simplifying with m(x0, t0) = 0 and ∆m(x0, t0) ≥ 0, we get ∂tm(x0, t0) = Dm∆m(x0, t0) + a > 0. This
contradicts ∂tm(x0, t0) ≤ 0. Hence, m(x, t) > 0 for all (x, t) ∈ Ω × [0,Tmax).

Similarly, assume that there exists t ∈ (0,Tmax) and x ∈ Ω such that n(x, t) ≤ 0 and define

t1 = inf
{
t ≥ 0

∣∣∣∃x ∈ Ω, n(x, t) ≤ 0
}
.

We have t1 > 0, and at t = t1, there must exist x1 ∈ Ω such that n(x1, t1) = 0, ∆n(x1, t1) ≥ 0, and
∂tn(x1, t1) ≤ 0.

Substituting n(x1, t1) = 0 into the second equation of (1.4), we get

∂tn(x1, t1) = Dn∆n(x1, t1) + bm(x1, t1) ≥ bm(x1, t1) > 0,

which contradicts ∂tn(x1, t1) ≤ 0. Therefore, n(x, t) > 0 for all (x, t) ∈ Ω × [0,Tmax). The proof
is complete. �

Theorem 1. Let Dm = Dn = D > 0, and then system (1.4) admits a unique global classical
solution (m(x, t), n(x, t)) with m(x, t) > 0 and n(x, t) > 0 for all (x, t) ∈ Ω × [0,∞).

Proof. By the classical existence theory for parabolic equations, system (1.4) admits a unique classical
solution ((m(x, t), n(x, t)) defined on a maximal interval [0,Tmax). To prove the global existence, we
demonstrate Tmax = ∞ via uniform L∞-bounds for m(x, t) and n(x, t).

First, we consider the lower bound for m(x, t). Define mmin(t) = minx∈Ω m(x, t). Under Neumann
boundary conditions, the minimum of m is either attained in the interior of Ω or on ∂Ω. If the minimum
occurs at a interior point, obviously, the Laplacian satisfies ∆m ≥ 0 at this point. If the minimum occurs
at a boundary point, the boundary condition ∂νm = 0 implies that the spatial derivatives vanish, and the
Laplacian satisfies ∆m ≥ 0 at that point. From the first equation of system (1.4),

∂tm ≥ a − (b + 1)m

holds at the spatial minimum point. Solving the differential inequality

d
dt

mmin ≥ a − (b + 1)mmin

with mmin(0) ≥ minΩ m0(x) > 0, we obtain

mmin(t) ≥
a

b + 1
+

(
mmin(0) −

a
b + 1

)
e−(b+1)t.

Since limt→∞mmin(t) ≥ a
b+1 > 0, there exists a constant ml = min

{
a

2(b+1) ,minΩ m0(x)
}
> 0 such that

m(x, t) ≥ ml for all (x, t) ∈ Ω × [0,Tmax).

Next, we further determine the upper bound for n(x, t). Select m1 ∈ (0,ml) sufficiently small
such that

b(1 + m1)
cm1

≥ max
x∈Ω

n0(x).
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Let nmax(t) = maxx∈Ω n(x, t). At the spatial maximum point, ∆n ≤ 0, and the second equation of
system (1.4) yields

∂tn ≤
cm2

1 + m

(
b(1 + m1)

cm1
− n

)
.

If nmax(t) > b(1+m1)
cm1

, then the right-hand side becomes negative, forcing nmax(t) to decay. By the
maximum principle, we deduce

n(x, t) ≤
b(1 + m1)

cm1
for all (x, t) ∈ Ω × [0,Tmax).

Adding the first two equations of system (1.4), we get

∂t(m + n) = D∆(m + n) + a − m.

By rewriting, we deduce
∂t(m + n) − D∆(m + n) + (m + n) = a + n.

Using the lower bound m ≥ m1 > 0 and the upper bound n ≤ b(1+m1)
cm1

, we have

∂t(m + n) − D∆(m + n) + (m + n) ≤ a +
b(1 + m1)

cm1
.

Let C0 = a +
b(1+m1)

cm1
. Applying the maximum principle to w(x, t) = m(x, t) + n(x, t), we obtain

w(x, t) ≤ max
{

C0,max
x∈Ω

(m0(x) + n0(x))
}

for all (x, t) ∈ Ω × [0,Tmax).

Thus, m(x, t) and n(x, t) are uniformly bounded above.
Since m(x, t) and n(x, t) are uniformly bounded in L∞(Ω) on [0,Tmax), standard parabolic regularity

theory implies that Tmax = ∞. Therefore, the solution exists globally. The proof is complete. �

Remark 1. The assumption Dm = Dn is technically necessary for our global existence proof. It enables
the critical step of combining m and n in the sum ∂t(m + n) − D∆(m + n), whose coercivity provides
uniform L∞-bounds. Unequal diffusion rates (Dn > Dm) are essential for Turing instabilities, and their
analysis for global existence remains an open challenge beyond our current scope.

2.2. Stability of the uniform steady state

We now investigate the steady-state solutions of system (1.4), which satisfy the following elliptic
system with homogeneous Neumann boundary conditions:

−Dm∆m = a − (b + 1)m +
cm2

1 + m
n, x ∈ Ω,

−Dn∆n = bm −
cm2

1 + m
n, x ∈ Ω,

∂m
∂ν

=
∂n
∂ν

= 0, x ∈ ∂Ω.

(2.1)
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A direct computation reveals that the system admits a unique spatially homogeneous equilibrium

(m∗, n∗) =

(
a,

b(1 + a)
ca

)
, (2.2)

which corresponds to the uniform steady state under zero-flux boundary conditions. This equilibrium
persists as the trivial solution to the steady-state system, representing the baseline chemical
concentrations in the absence of spatial heterogeneities.

We now analyze the stability of the homogeneous steady state
(
a, b(1+a)

ca

)
. Let ξ = (m, n)T , and the

nonlinear reaction term G(ξ) is explicitly defined as

G(ξ) =

(
a − (b + 1)m +

cm2

1 + m
n, bm −

cm2

1 + m
n
)T

,

which governs the autocatalytic dynamics. The linearized system of

ξt =

(
Dm 0
0 Dn

)
∆ξ + G(ξ)

in Ω × (0,∞) can be expressed as

ξt =

(
Dm 0
0 Dn

)
∆ξ + JG(ξ0)ξ,

where JG(ξ0) denotes the Jacobian matrix of G evaluated at the steady state ξ0 = (a, b(1+a)
ca )T .

Let {λk}
∞
k=0 denote the eigenvalues of the negative Laplacian −∆ under homogeneous Neumann

boundary conditions, ordered as

0 = λ0 < λ1 < λ2 < · · · < λk < · · · ,

with ς(λk) representing the multiplicity of λk. Define the phase space

X =

{
ξ = (m, n)T ∈ C1(Ω) ×C1(Ω) :

∂m
∂ν

=
∂n
∂ν

= 0 on ∂Ω

}
,

which admits the spectral decomposition:

X =
⊕
k≥0

Xk, (2.3)

where Xk is the eigenspace corresponding to λk.

Theorem 2. Assume the inequality
ca2 > b − a − 1 (2.4)

holds. If the principal eigenvalue λ1 of the Dirichlet operator satisfies

λ1 >
b − a − 1
Dm(1 + a)

−
ca2

Dn(1 + a)
, (2.5)

then the homogeneous steady state ξ0 =
(
a, b(1+a)

ca

)T
of system (1.4) is uniformly asymptotically stable.
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Proof. Consider small perturbations ξ̃ = (m̃, ñ)T around ξ0. The linearized system is derived as

m̃t = Dm∆m̃ − (b + 1)m̃ +
b(2 + a)

1 + a
m̃ +

ca2

1 + a
ñ, ñt = Dn∆ñ + bñ −

ca2

1 + a
ñ −

b(2 + a)
1 + a

m̃, (2.6)

where the reaction terms are linearized at ξ0. The Jacobian matrix J(ξ0) in the eigenfunction
basis becomes

J(ξ0) =

Dm∆ + b
1+a − 1 ca2

1+a

− b
1+a Dn∆ −

ca2

1+a

 .
For Laplacian eigenvalues {λk}

∞
k=0 (0 = λ0 < λ1 < · · ·) under Neumann conditions, the characteristic

matrix for mode k is

Ak =

−Dmλk + b
1+a − 1 ca2

1+a

− b
1+a −Dnλk −

ca2

1+a

 .
The determinant and trace of Ak are

det(Ak) = λk

[
DmDnλk + Dm

ca2

1 + a
− Dn

(
b

1 + a
− 1

)]
+

ca2

1 + a
,

Tr(Ak) =
b

1 + a
− 1 −

ca2

1 + a
− (Dm + Dn)λk.

(2.7)

To ensure stability, two conditions must hold. One is the positivity of det(Ak), that is,

det(Ak) = DmDnλk[λk +
ca2

Dn(1 + a)
−

b − a − 1
Dm(1 + a)

] +
ca2

1 + a
> 0.

Substituting λk ≥ λ1 >
b−a−1

Dm(1+a) −
ca2

Dn(1+a) , it follows that det(Ak) > 0 for all k ≥ 1. In addition, it is
obvious that det(A0) > 0 when k = 0.

The other condition to ensure stability is the negativity of Tr(Ak). If ca2 > b−a−1, then the constant
term b

1+a − 1− ca2

1+a is negative. Combined with −(Dm + Dn)λk < 0, this ensures Tr(Ak) < 0 for all k ≥ 0.
To sum up, under the given inequality and eigenvalue condition, both det(Ak) > 0 and Tr(Ak) < 0

hold for all k ≥ 1. By linear stability theory, ξ0 is uniformly asymptotically stable. The proof
is complete. �

While diffusion is typically associated with homogenization, a previous study demonstrated that
differential diffusion rates between system components can destabilize a spatially homogeneous
equilibrium, even when it is stable in the absence of diffusion [23]. This mechanism is termed turing
instability. In the following, we discuss this phenomenon for system (1.4).

Theorem 3. Assume ca2 > b − a − 1 > 0, and there exist critical diffusion coefficients D̃m, D̃n > 0
such that for 0 < Dm < D̃m and Dn > D̃n, the homogeneous steady state ξ0 =

(
a, b(1+a)

ca

)T
is locally

asymptotically stable for the non-diffusive system

dm
dt

= a − (b + 1)m +
cm2

1 + m
n,

dn
dt

= bm −
cm2

1 + m
n, (2.8)

while it is unstable for the diffusive system (1.4), indicating the onset of Turing bifurcation.
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Proof. When diffusion is absent (Dm = Dn = 0), the Jacobian matrix JG(ξ0) at ξ0 is

JG(ξ0) =


b

1 + a
− 1 ca2

1+a

−
b

1 + a
− ca2

1+a

 .
The trace and determinant are

Tr(JG) =
b

1 + a
− 1 −

ca2

1 + a
, det(JG) =

ca2

1 + a

(
1 −

b
1 + a

)
.

Given ca2 > b − a − 1 > 0, we have Tr(JG) < 0 and det(JG) > 0. By linear stability theory, ξ0 is
asymptotically stable in the non-diffusive system (2.8).

For the diffusive system (1.4), we know from the proof of Theorem 2, the determinant of the
characteristic matrix Ak for the k-th Laplacian eigenvalue is

det(Ak) = λk

[
DmDnλk + Dm

ca2

1 + a
− Dn

(
b

1 + a
− 1

)]
+

ca2

1 + a
.

Then we have
lim

Dm→0
det (A1) 6

1
1 + a

(
ca2 − λ1Dn(b − a − 1)

)
.

For sufficiently small D̃m and sufficiently large D̃n, we have det(A1) < 0 as Dm < D̃m and Dn > D̃n.
This implies A1 has a positive eigenvalue, destabilizing ξ0 in the presence of diffusion. Thus, Turing
instability occurs. The proof is complete. �

Theorem 3 rigorously establishes that the interplay between reaction kinetics and diffusion
disparities can destabilize the homogeneous equilibrium ξ0, despite its stability in the non-diffusive
system. The inequality ca2 > b − a − 1 > 0 ensures that the system lies within a Turing
space parameter regime where diffusion-driven pattern formation is feasible. The critical diffusion
thresholds D̃m and D̃n delineate the transition from stability to instability, reflecting the competition
between stabilizing reactions and destabilizing diffusion.

2.3. Non-constant solutions

2.3.1. Non-existence of non-constant solutions

In the following, we discuss the non-constant solutions of system (1.4). First, we present a lemma
that will be used in the subsequent discussion. Readers can refer to [24].

Lemma 1. Let f ∈ C1
(
Ω × R

)
.

(1) Suppose ξ ∈ C2(Ω) ∩C1(Ω) satisfies

∆ξ + f (x, ξ) ≥ 0 in Ω,
∂ξ

∂ν
≤ 0 on ∂Ω.

If ξ attains its maximum at x0 ∈ Ω, then f (x0, ξ(x0)) ≥ 0.
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(2) Suppose ξ ∈ C2(Ω) ∩C1(Ω) satisfies

∆ξ + f (x, ξ) ≤ 0 in Ω,
∂ξ

∂ν
≥ 0 on ∂Ω.

If ξ attains its minimum at x0 ∈ Ω, then f (x0, ξ(x0)) ≤ 0.

Proposition 2. For any solution ξ = (m, n)T of system (2.1), the following bounds hold in Ω:

a
b + 1

≤ m ≤ a +
Dnb(a + b + 1)

Dmca
, (2.9)

b
(
1 + a +

Dnb(a+b+1)
Dmca

)
c
(
a +

Dnb(a+b+1)
Dmca

) ≤ n ≤
b(a + b + 1)

ca
. (2.10)

Proof. Let x0 ∈ Ω be a minimum point of m. By Lemma 1, the reaction term satisfies

a − (b + 1)m(x0) +
cm2(x0)

1 + m(x0)
n(x0) ≤ 0.

Since cm2(x0)
1+m(x0) > 0 and n(x0) > 0, we deduce

a − (b + 1)m(x0) ≤ 0 =⇒ m(x0) ≥
a

b + 1
.

Thus, m ≥ a
b+1 in Ω.

At a maximum point x1 ∈ Ω of n, Lemma 1 yields

bm(x1) −
cm2(x1)

1 + m(x1)
n(x1) ≥ 0 =⇒ n(x1) ≤

b(1 + m(x1))
cm(x1)

.

Define F(m) =
b(1+m)

cm , which is strictly decreasing (F′(m) = − b
cm2 < 0). At the minimal m = a

b+1 , F(m)
attains its maximum

F
( a
b + 1

)
=

b(a + b + 1)
ca

.

Hence, n ≤ b(a+b+1)
ca in Ω.

Define the weighted sum W = Dmm + Dnn. Adding the equations of (2.1),

−Dm∆m − Dn∆n = a − m.

This simplifies to −∆W = a − m. At a maximum point x2 ∈ Ω of W, Lemma 1 implies a − m(x2) ≤ 0,
so m(x2) ≥ a. Combining with the upper bound for n,

W(x2) = Dmm(x2) + Dnn(x2) ≤ Dma + Dn ·
b(a + b + 1)

ca
.

Thus,

m(x) ≤
1

Dm
W(x) ≤

1
Dm

W(x2) ≤ a +
Dnb(a + b + 1)

Dmca
, ∀x ∈ Ω.

AIMS Mathematics Volume 10, Issue 8, 19126–19146.



19135

At a minimum point x3 ∈ Ω of n, Lemma 1 gives

bm(x3) −
cm2(x3)

1 + m(x3)
n(x3) ≤ 0 =⇒ n(x3) ≥

b(1 + m(x3))
cm(x3)

.

Since F(m) is decreasing, substituting the upper bound m ≤ a +
Dnb(a+b+1)

Dmca yields

n ≥
b
(
1 + a +

Dnb(a+b+1)
Dmca

)
c
(
a +

Dnb(a+b+1)
Dmca

) .

The proof is complete. �

By employing standard elliptic regularity theory and applying the uniform bounds established in
Proposition 2, we derive the following result.

Proposition 3. Fix parameters a, b,Dm,Dn > 0. For any positive integer k ≥ 1, there exists a constant
C̃ = C̃(a, b,Dm,Dn, k,N,Ω) > 0, such that for all Dm ≥ Dm and 0 < Dn ≤ Dn, any solution ξ = (m, n)T

of system (2.1) satisfies
‖m‖Ck(Ω) + ‖n‖Ck(Ω) ≤ C̃.

In particular, all solutions ξ = (m, n)T belong to C∞(Ω) ×C∞(Ω).

Proof. By Proposition 2, there must exist a constant K̃(a, b,Dm,Dn) > 0 such that solution
ξ = (m, n)T satisfies

‖m‖L∞(Ω) + ‖n‖L∞(Ω) ≤ K̃(a, b,Dm,Dn).

The reaction terms f1 = a − (b + 1)m + cm2n
1+m and g1 = bm − cm2n

1+m are smooth, so there exists a constant
K̃1(K̃, a, b, c) > 0 such that

‖ f1‖L∞ + ‖g1‖L∞ ≤ K̃1(K̃, a, b, c).

Schauder estimates for the elliptic system −∆m = D−1
m f1,−∆n = D−1

n g1 with Neumann conditions
imply m, n ∈ C1,α(Ω) for some α ∈ (0, 1).

Since f1, g1 ∈ C∞ and m, n ∈ C1,α, the composition implies f1(m, n), g1(m, n) ∈ C1,α(Ω). Reapplying
Schauder estimates inductively yields

m, n ∈ Ck,α(Ω), ‖m‖Ck + ‖n‖Ck ≤ C̃(a, b,Dm,Dn, k,N,Ω)

for any k ≥ 1. The constant C̃ depends on K̃1 and Schauder constants at each bootstrap step. By the
embedding

⋂
k Ck,α = C∞, we conclude m, n ∈ C∞(Ω). The proof is complete. �

Proposition 4. Fix a, b,Dn > 0, and let {σk} ⊂ (0,∞) be a sequence with σk → ∞ as k → ∞.
If (mk, nk)T is a solution sequence of system (2.1) with Dm = σk, then as k → ∞,

(mk, nk)→
(
a,

b(1 + a)
ca

)
in C2(Ω) ×C2(Ω). (2.11)

AIMS Mathematics Volume 10, Issue 8, 19126–19146.



19136

Proof. By Proposition 3, the sequence {mk, nk} is bounded in C3(Ω) × C3(Ω). Thus, there exists a
subsequence (still denoted by {mk, nk}) converging to some (m∞, n∞) in C2(Ω) ×C2(Ω).

Dividing the mk-equation by σk and taking k → ∞, we obtain −∆m∞ = 0 in Ω,
∂m∞
∂ν

= 0 on ∂Ω.
(2.12)

By the maximum principle for harmonic functions with Neumann conditions, m∞ ≡ constant.
Combining this with the conservation law in the non-diffusive system (Theorem 3), we conclude
m∞ ≡ a.

The n∞-equation reduces to

− Dn∆n∞ = ab −
ca2

1 + a
n∞ in Ω,

∂n∞
∂ν

= 0 on ∂Ω. (2.13)

Multiplying both sides by ab − ca2

1+an∞ and integrating over Ω, we obtain

− Dn

∫
Ω

(
ab −

ca2

1 + a
n∞

)
∆n∞ dx =

∫
Ω

(
ab −

ca2

1 + a
n∞

)2

dx. (2.14)

Applying Green’s formula to the left-hand side, we get

− Dn

∫
Ω

(
ab −

ca2

1 + a
n∞

)
∆n∞ dx = −Dn ·

ca2

1 + a

∫
Ω

|∇n∞|2dx. (2.15)

Substituting back, we deduce

Dn ·
ca2

1 + a

∫
Ω

|∇n∞|2dx +

∫
Ω

(
ab −

ca2

1 + a
n∞

)2

dx = 0. (2.16)

Both terms are non-negative, implying

ab −
ca2

1 + a
n∞ ≡ 0 and ∇n∞ ≡ 0. (2.17)

Hence, n∞ ≡
b(1+a)

ca . The proof is complete. �

Theorem 4. (1) Let a, b,Dn > 0 be fixed. There exists Dm = Dm(a, b,Dn) > 0 such that for all
Dm > Dm, system (2.1) admits no non-constant solutions.
(2) Let a,Dm,Dn > 0 be fixed. There exists B = B(a,Dm,Dn) > 0 such that for all 0 < b < B,
system (2.1) admits no non-constant solutions.

Proof. We only need to prove conclusion (1), and the proof for conclusion (2) is similar.
Let (m, n)T be a steady-state solution of (2.1). Integrating both equations over Ω and summing,

we obtain ∫
Ω

m(x) dx = a|Ω|. (2.18)
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Define the function spaces

H2
n(Ω) =

{
l ∈ W2,2(Ω) :

∂l
∂ν

= 0
}
, L2

0(Ω) =

{
l ∈ L2(Ω) :

∫
Ω

l = 0
}
. (2.19)

Let l = m − a. By elliptic regularity and the integral constraint
∫

Ω
m(x) dx = a|Ω|, system (2.1) is

equivalent to 
−Dm∆l = a − (b + 1)(a + l) +

c(a + l)2

1 + a + l
n, x ∈ Ω,

−Dn∆n = b(a + l) −
c(a + l)2

1 + a + l
n, x ∈ Ω,

(2.20)

where l ∈ H2
n(Ω) ∩ L2

0(Ω) and n ∈ H2
n(Ω).

Let ε = 1
Dm

, and rewrite the system as
−∆l = ε

[
a − (b + 1)(a + l) +

c(a + l)2

1 + a + l
n
]
,

−Dn∆n = b(a + l) −
c(a + l)2

1 + a + l
n.

(2.21)

Define the nonlinear operator

P : R ×
(
H2

n(Ω) ∩ L2
0(Ω)

)
× H2

n(Ω)→ L2
0(Ω) × L2(Ω), (2.22)

P(ε, l, n) =


∆l + ε

(
a − (b + 1)(a + l) +

c(a + l)2

1 + a + l
n
)

Dn∆n + b(a + l) −
c(a + l)2

1 + a + l
n

 , (2.23)

and it is easy to know that solving (2.21) is equivalent to solving P(ε, l, n) = 0.
Obviously, (l, n)T =

(
0, b(1+a)

ca

)T
is the unique homogeneous solution to P(0, l, n) = 0. The Fréchet

derivative of P(ε, l, n) at
(
0, 0, b(1+a)

ca

)
is

J(l,n)P
(
0, 0,

b(1 + a)
ca

)
=

(
∆ 0
− b

1+a Dn∆ −
ca2

1+a

)
. (2.24)

This operator is invertible due to the ellipticity and spectral gap: The term − ca2

1+a < 0 ensures the
spectrum of Dn∆ −

ca2

1+a is strictly negative, and this property, combined with the triangular structure,
implies invertibility under Neumann boundary conditions.

By the implicit function theorem, there exists ε0 > 0 and a neighborhood Ur

(
0, b(1+a)

ca

)
in

(
H2

n(Ω) ∩ L2
0(Ω)

)
× H2

n(Ω) such that for ε ∈ [0, ε0], the only solution to P(ε, l, n) = 0

is (l, n)T =
(
0, b(1+a)

ca

)T
.

Let {Dmk} ⊂ (0,∞) with Dmk → ∞, and let (mk, nk)T be a solution sequence of (2.1) with Dm = Dmk .
Define lk = mk − a. By Proposition 4,

(lk, nk)→
(
0,

b(1 + a)
ca

)
in C2(Ω) ×C2(Ω).
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For sufficiently large k,
(

1
Dmk

, lk, nk

)
lies in [0, ε0] × Ur, forcing (lk, nk) =

(
0, b(1+a)

ca

)
. Thus, there must

exist Dm = Dm(a, b,Dn) > 0 such that system (2.1) has no nonconstant solutions when Dm > Dm. The
proof is complete. �

From Theorem 4, we know that when the activator’s diffusion rate Dm exceeds a threshold Dm, rapid
diffusion of the activator homogenizes its concentration across the domain, preventing localized self-
amplification. While when b falls below a threshold B, the activator’s self-enhancement is too weak to
overcome diffusion, or the inhibitor’s production is inadequate to establish long-range suppression.

2.3.2. Existence of non-constant solutions

Having rigorously established parameter regimes where nonconstant steady states are
mathematically excluded, thereby describing critical constraints for spatial homogeneity, we now turn
to the complementary question of existence. Specifically, we will identify conditions under which
spatially heterogeneous solutions emerge in system (2.1).

Let X+ =
{
ξ = (m, n)T ∈ X : m, n > 0

}
. Consider the elliptic system

− ∆ξ = Y(ξ), ξ ∈ X+, (2.25)

where the nonlinear reaction term is defined as

Y(ξ) =


1

Dm

(
a − (b + 1)m +

cm2

1 + m
n
)

1
Dn

(
bm −

cm2

1 + m
n
)

 . (2.26)

The eigenvalues of the operator I − ∆ are 1 − λk. If λk , 1 for all k, then I − ∆ is invertible.
Let (I − ∆)−1 denote its inverse, a bounded linear operator.

The steady-state Eq (2.25) can be rewritten as

(I − ∆)ξ = Y(ξ) + ξ ⇐⇒ ξ = (I − ∆)−1(Y(ξ) + ξ). (2.27)

We define the nonlinear operator

L(ξ) = ξ −
[
(I − ∆)−1(Y(ξ) + ξ)

]
= 0, ξ ∈ X+. (2.28)

The homogeneous steady state ξ0 =
(
a, b(1+a)

ca

)T
satisfies L(ξ0) = 0.

The Fréchet derivative of L at ξ0 is

∇L(ξ0) = I − (I − ∆)−1(I + C),

where C = ∇Y(ξ0) is the Jacobian matrix

C =


b − a − 1
Dm(1 + a)

ca2

Dm(1 + a)

−
b

Dn(1 + a)
−

ca2

Dn(1 + a)

 .
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The Leray-Schauder index of the operator L at the homogeneous steady state ξ0 is defined as [25]

index(L, ξ0) = (−1)γ,

where γ denotes the algebraic count of negative eigenvalues of the Fréchet derivative ∇L(ξ0).
With the spectral decomposition (2.3), Xk represents an invariant subspace under ∇L(ξ0). The

Fréchet derivative ∇L(ξ0) has a spectral decomposition linked to the Laplacian eigenvalues {λk}
∞
k=0

with Neumann boundary conditions. Specifically, its eigenvalues κ satisfy that

κ is an eigenvalue of ∇L(ξ0) ⇐⇒ κ is an eigenvalue of (λk + 1)−1(λkI −C).

Consequently, ∇L(ξ0) is invertible if and only if the matrix λkI −C is invertible for all k ≥ 0.
Define the determinant function

Z(a, b,Dm,Dn, λ) = det(λI −C). (2.29)

Explicitly

Z(a, b,Dm,Dn, λ) = λ2 −

[
b − a − 1
Dm(1 + a)

−
ca2

Dn(1 + a)

]
λ +

ca2

DmDn(1 + a)
.

Then λkI − C is invertible if and only if Z(λk) , 0. The algebraic count γ of negative eigenvalues of
∇L(ξ0) is

γ =
∑
k≥0

Z(a,b,Dm,Dn,λk)<0

ς (λk) , (2.30)

where ς (λk) is the multiplicity of λk.
Through calculation, we can see that if the inequality

b
1 + a

>

1 +

√
Dm

Dn
·

ca2

1 + a


2

holds, then Z = 0 has two positive roots

λ± =
1
2
%(a, b,Dm,Dn) ±

√
%(a, b,Dm,Dn)2 − 4

ca2

DmDn(1 + a)
,

where %(a, b,Dm,Dn) = b−a−1
Dm(1+a) −

ca2

Dn(1+a) .
Similar to the method used in [17, 26], we can get the following result.

Theorem 5. Assume the inequality

b
1 + a

>

1 +

√
Dm

Dn
·

ca2

1 + a


2

(2.31)

holds. Furthermore, suppose there exists i > j ≥ 0 such that: (1) λ j < λ− < λ j+1 and
λi < λ+ < λi+1, and (2) the total multiplicity

∑i
k= j+1 ς(λk) is odd, and system (2.1) admits at least

one non-constant solution.
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Proof. The proof employs topological degree theory. The eigenvalue interval (λ j, λi] in condition (1)
defines the summation range k = j + 1 to i for γ =

∑i
k= j+1 ς(λk) in index(L, ξ0) = (−1)γ. Condition (2)

then guarantees γ is odd, yielding index(L, ξ0) = −1.
By Theorem 4, for Dm > Dm, system (2.1) possesses no non-constant solutions, and the determinant

function Z(a, b,Dm,Dn, λ) > 0 for all λ ≥ 0.
In addition, from Proposition 3, there exist constants C1,C2 > 0, depending on a, b,Dm,Dn, such

that for any Dm ≥ Dm, all solutions ξ = (m, n)T of (2.1) satisfy

C1 < m, n < C2 in Ω.

Define the admissible set

K =
{
(ξ, η) ∈ C(Ω) ×C(Ω) : C1 < m, n < C2 in Ω

}
.

Construct a homotopy map P : [0, 1] × K → C(Ω) ×C(Ω) as

P(t, ξ) = (−∆ + I)−1

m +

(
1−t
Dm

+ t
Dm

) (
a − (b + 1)m + cm2

1+mn
)

n + 1
Dn

(
bm − cm2

1+mn
)  . (2.32)

Obviously, the non-constant solution of (2.1) corresponds to the fixed point of P(t, ·) within K . By
Proposition 3 and the definition of K , P(t, ·) has no fixed points on ∂K for t ∈ [0, 1]. Thus, the Leray-
Schauder degree deg (I − P(t, ·),K , 0) is well-defined. If system (2.1) has no non-constant solutions,
then by (2.30) we deduce

deg (I − P(1, ·),K , 0) = index(L, ξ0) = (−1)
∑i

k= j+1 ς(λk) = −1,

where ξ0 =
(
a, b(1+a)

ca

)T
. However, by the homotopy invariance of the topological degree,

deg (I − P(1, ·),K , 0) = deg (I − P(0, ·),K , 0) .

For P(0, ·), the homogeneous equilibrium ξ0 is its only fixed point. Since Z(a, b,Dm,Dn, λ) > 0 for
all λ ≥ 0, we derive

deg (I − P(0, ·),K , 0) = index(I − P(0, ·), ξ0) = 1.

This contradiction implies the existence of at least one non-constant solution for system (2.1). The
proof is complete. �

3. Numerical simulations

This section presents numerical simulations to validate the theoretical results established in the
preceding analysis. All simulations were conducted on a one-dimensional spatial domain Ω = (0, 1)
subject to homogeneous Neumann boundary conditions (∂m/∂x = ∂n/∂x = 0 at x = 0, 1), representing
a closed reaction-diffusion system with conserved total mass.

First, we select model parameters a = 1, b = 3, c = 2, Dm = 0.1, and Dn = 0.1, which satisfy
the stability criteria ca2 = 2 > b − a − 1 = 1 and λ1 > 0 > b−a−1

Dm(1+a) −
ca2

Dn(1+a) = −5. Initial
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conditions are prescribed as spatially perturbed versions of the homogeneous steady state ξ0 = (1, 3)T ,
incorporating sinusoidal disturbances of ±10% amplitude while maintaining compatibility with the
Neumann boundary constraints. Figure 1 demonstrates rapid temporal convergence of m(x, t) and
n(x, t) to the uniform equilibrium ξ0 within t = 15 time units, accompanied by complete spatial
homogenization. This behavior corroborates Theorem 2, confirming that the stability threshold
λ1 >

b−a−1
Dm(1+a) −

ca2

Dn(1+a) accurately predicts the system’s asymptotic behavior under perturbations. From
a biological perspective, these results underscore the inherent stability of the reactant equilibrium in
a fully mixed chemical reaction system, where diffusive transport and reaction kinetics collaborate to
restore spatial homogeneity despite initial heterogeneous disturbances.

Figure 1. The uniform asymptotical stability of the homogeneous steady state ξ0 of
system (1.4).

To examine pattern formation dynamics, we maintain the reaction parameters a = 1, b = 3,
and c = 2 (satisfying ca2 = 2 > b − a − 1 = 1) while adjusting the diffusion coefficients to Dm = 0.01
and Dn = 1.0. For comparison, Figure 2(a) displays the solution curves of the corresponding non-
diffusive system, confirming global asymptotic stability of the homogeneous steady state ξ0 = (1, 3)T

and validating the local stability analysis presented in Theorem 3. In contrast, the diffusive system with
spatially perturbed initial conditions (m0(x) = 1 + 0.1 sin(πx) + 0.05 sin(2πx) + 0.02 cos(3πx) and n0(x)
with similar perturbations) exhibits markedly different behavior. As shown in Figure 2(b), pronounced
spatial heterogeneity emerges and persists in both m(x, t) and n(x, t) by t = 100. Quantitative analysis
reveals substantial spatial variation with coefficients of variation CVm = 0.76 and CVn = 0.027,
where m(x) varies dramatically from approximately 0.4 to 2.7 across the spatial domain while
n(x) exhibits a complementary gradient from 2.65 to 2.85. These significant deviations from the
homogeneous equilibrium provide conclusive evidence of diffusion-driven instability characteristics
of turing pattern formation.
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Figure 2. Diffusion-driven instability. (a) The stability of the homogeneous steady state for
the non-diffusive system; (b) spatial heterogeneity of the diffusive system.

Subsequently, we conduct systematic numerical investigations across multiple parameter regimes to
validate Theorem 4, elucidating the intricate relationship between model coefficients and spatial pattern
emergence. With b = 3 held constant, we examine the effect of varying the diffusion coefficient Dm on
pattern suppression. At Dm = 0.5, modest deviations from the homogeneous steady state ξ0 = (1, 3)T

are observed, quantified by standard deviations stdm = 0.0052 and stdn = 0.0240, indicating weak
spatial fluctuations. Upon increasing Dm to 10, both concentration profiles m(x) and n(x) approach
the uniform state with negligible spatial variations (stdm ≈ 0, stdn ≈ 0), as illustrated in Figure 3(a).
This behavior provides empirical confirmation of the theoretical prediction regarding the existence of
a critical threshold Dm above which non-constant solutions are eliminated.

Conversely, with Dm = 0.1 fixed, we investigate the influence of the parameter b on pattern
formation intensity. At b = 50, pronounced spatial variations emerge (stdm = 0.7986, stdn = 1.9048),
reflecting strong Turing-type instability. As b decreases to 3, these spatial deviations are substantially
reduced (stdm = 0.0081, stdn = 0.0083), as demonstrated in Figure 3(b). This trend aligns
quantitatively with the theoretical framework of Theorem 4, which predicts the existence of a positive
threshold B below which pattern formation is inhibited.

Finally, we present comprehensive numerical validation of Theorem 5 concerning the existence
conditions for non-constant solutions. The parameter configuration a = 1.0, b = 20.0, c = 2.0,
Dm = 0.05, and Dn = 0.02 satisfies both requisite conditions of the theorem. First, the fundamental

inequality b
1+a >

(
1 +

√
Dm
Dn
· ca2

1+a

)2
is numerically verified, yielding 10.000 > 6.662. Second, the

spectral interval [λ−, λ+] = [2.5, 22.5] contains precisely one eigenvalue (λ1 ≈ 9.87) of the Neumann
Laplacian operator on Ω = (0, 1), thereby satisfying the odd multiplicity criterion.

The computed steady-state solutions presented in Figure 4(a) exhibit substantial spatial
heterogeneity, characterized by non-trivial coefficients of variation (cvm = 0.0366, cvn = 0.0155).
These significant deviations from the homogeneous equilibrium ξ0 = (1, 20)T provide conclusive
evidence for the existence of stable non-constant solutions. The corresponding eigenvalue analysis
in Figure 4(b) illustrates the spectral distribution of the Laplacian operator, where the critical bounds
λ− and λ+ delineate the destabilizing spectral region. The presence of a single eigenvalue λ1 within
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this interval triggers a bifurcation mechanism, in complete accordance with the odd multiplicity
requirement specified in Theorem 5.
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Figure 3. Diffusion-driven instability. (a) Impact of parameter Dm on the spatial pattern of
system (2.1); (b) impact of parameter b on the spatial pattern of system (2.1).
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Figure 4. Pattern formation analysis: (a) Spatial distribution of steady-state solutions m(x)
and n(x) exhibiting spatial heterogeneity; (b) eigenvalue spectrum showing the destabilizing
eigenvalue λ1 in the critical spectral region [λ−, λ+].
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4. Conclusions

This work presents a comprehensive theoretical and numerical analysis of pattern formation in a
Brusselator reaction-diffusion model with nonlinear inhibition. Through mathematical analysis and
numerical simulations, we have established key criteria that determine when spatial patterns emerge,
remain stable, or disappear in this system.

Our theoretical analysis shows that the interaction between diffusion and nonlinear reactions creates
complex dynamics that lead to pattern formation. Specifically, we found that the stability of uniform
steady states depends on the balance between diffusion effects (which tend to create uniformity)
and reaction mechanisms (which can create instability), as described by the critical conditions in
Theorems 2–5. The explicit stability criteria we derived allow us to predict when spatial patterns
will form or be eliminated.

From a theoretical chemistry viewpoint, our results demonstrate how self-organized spatial patterns
emerge in the Brusselator reaction-diffusion system. We revealed that Turing pattern formation is
critically dependent on both the ratio of diffusion coefficients and nonlinear reaction kinetics, indicating
that homogeneous chemical systems can spontaneously generate ordered spatial structures despite
initially uniform conditions.

The numerical simulations strongly support our theoretical predictions across different parameter
ranges. The agreement between theoretical criteria and computational results confirms that our
mathematical framework can reliably predict system behavior. Additionally, our systematic parameter
studies clearly show transitions between stable uniform states and complex spatial patterns, confirming
the threshold behavior predicted by theory.
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