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Abstract: In this paper, we investigate analytical approximations for foreign equity options under a
stochastic volatility model with fast mean reversion. Foreign equity options are financial derivatives
whose payoffs are determined by the price of an underlying asset and the foreign exchange rate, and
they involve two currencies where the currency of the actual payoff differs from the currency of the
underlying asset. We consider a stochastic volatility model to capture key stylized facts observed in
financial markets, such as volatility clustering and the volatility smile, by modeling the volatilities
of both the foreign asset and the exchange rate as rapidly mean-reverting processes. Specifically, we
employ asymptotic expansion techniques to derive analytical pricing formulas for two types of options:
Option struck in foreign currency and option struck in the domestic currency. This methodology
provides accurate price approximations without complex numerical methods. Additionally, we provide
some examples to show the importance of model parameters in foreign equity option pricing.
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1. Introduction

Since the growth of global financial markets and trade liberalization, the foreign exchange risk
arising from foreign equity price fluctuations has become an important concern for investors. To
manage both the foreign exchange risk and equity fluctuation risk, foreign equity options have been
proposed by industry practitioners and academic researchers. A foreign equity option is a financial
derivative whose payoff is determined by the price of an underlying asset and the foreign exchange
rate. In other words, there are two kinds of currencies involved, and the currency of the actual payoff
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differs from the currency of the underlying asset of a foreign equity option.

The advantage of foreign equity options, which consist of a combination of a foreign asset and an
exchange rate, is to provide various flexible ways for investors to manage multidimensional risk in
international markets. These instruments allow investors to gain exposure to foreign assets without
bearing the exchange rate uncertainty at maturity in some cases, or with specific exchange rate
exposures tailored to their risk management needs. For foreign equity option pricing, the dynamics of
the underlying asset and the exchange rate should be assumed. Early works considered the
Black—Scholes model for the dynamics, assuming that underlying assets follow geometric Brownian
motions [1,2]. Under the Black—Scholes model, Kwok and Wong [3] studied some exotic foreign
equity options including path-dependent options. However, it is well known that the classical
Black—Scholes model does not depict some features of actual financial data. Specifically, the
Black—Scholes model cannot explain the volatility smile or skew of actual data and the asymmetric
leptokurtic features in asset pricing [4, 5]. Stochastic volatility (SV) models offer several crucial
advantages over the classical Black—Scholes framework. First, SV models can reproduce the volatility
smile effect observed in market option prices, where the implied volatilities vary across strike prices
and maturities, a phenomenon that the constant volatility Black—Scholes model fails to capture.
Second, empirical studies have shown that asset returns exhibit volatility clustering, where periods of
high volatility tend to be followed by high volatility and vice versa, which SV models naturally
accommodate through mean-reverting volatility processes. Third, SV models generate more realistic
return distributions with heavier tails and excess kurtosis, better matching the empirical properties of
financial data. Finally, the correlation between asset returns and volatility changes, known as the
leverage effect, can be incorporated in SV models but is absent in the Black—Scholes framework.
These advantages make SV models particularly suitable for pricing path-dependent and exotic
options, including foreign equity options where accurate modeling of the volatility dynamics is
essential for capturing the complex interactions between equity and currency risks.

To overcome these problems, there have been many extended studies for the valuation of foreign
equity options with models such as SV models, jump-diffusion models, regime-switching models, and
others. Huang and Hung [6] extended the Black—Scholes model with jumps and studied the valuation
of foreign equity options when the underlying assets follow a multi-dimensional Lévy process. Xu et
al. [7] dealt with foreign equity option pricing under SV with double jumps. Sun and Xu [8] considered
the time-changed Lévy processes as SV model and used the characteristic function approach to obtain
the foreign equity option prices. We also contribute to the development of foreign equity option pricing
models with SV model.

More sophisticated SV models have been proposed to better capture market dynamics. The
seminal work by Heston [9] introduced a tractable stochastic volatility framework with closed-form
solutions for European options, including currency derivatives. Extending Heston’s approach, several
studies have applied SV models to foreign equity options, offering improvements in capturing market
dynamics. For instance, Dimitroff et al. [4] analyzed foreign equity options within Heston’s SV
framework, although their model assumed constant correlation, thereby restricting flexibility.
Subsequently, Lee [10] provided explicit pricing formulas under a double square-root SV setting,
incorporating more realistic volatility dynamics. Recent advances in option pricing have extended
beyond basic SV models to incorporate multiple sources of risk and market frictions. He et al. [11]
developed a closed-form solution for European options under Heston’s model that additionally
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accounts for credit and liquidity risks, demonstrating how market imperfections can significantly
impact option values. The literature has also seen significant progress in regime-switching models. He
et al. [12] present a closed-form formula for European options that combines SV with
regime-switching and stochastic market liquidity. Their approach highlights the importance of
capturing structural changes in market conditions, which can be especially pronounced in foreign
exchange (FX) markets during periods of economic uncertainty.

In addition to volatility modeling, recent literature has emphasized the importance of modeling the
dynamic correlation between the underlying asset and FX rates. Ma [13] and Teng et al. [14] introduced
stochastic correlation into foreign equity option pricing, enhancing realism at the expense of requiring
more complex numerical methods. Similarly, Kim et al. [15] considered fat-tailed distributions and
asymmetric dependence, while Pellegrino [16] further developed stochastic correlation models within
SV frameworks.

This pursuit of greater realism, however, comes with critical trade-off. The increased complexity of
these models often results in numerical challenges and substantial computational costs. An elegant
solution to this dilemma is the asymptotic expansion methodology for SV models with fast
mean-reverting volatility, pioneered by Fouque et al. [17, 18]. This approach provides highly accurate
analytical approximations for option prices, offering significant computational speed advantages over
numerical methods. Despite its proven success for standard European options, its application to the
two-factor pricing problem of foreign equity options, particularly under a framework that allows for
correlation among all sources of risk, remains underexplored in the literature.

The motivation for employing a dual-factor, fast mean-reverting SV framework is strongly rooted in
empirical evidence. High-frequency data studies report that both equity index and FX rate volatilities
exhibit extremely rapid decay. For instance, [19] estimate a volatility half-life of only 2-5 trading days
for the S&P 500, while [20] document a similarly short horizon for USD/JPY realized volatility. Such
findings lend strong support to a fast mean-reverting specification (i.e., € < 1). Furthermore, the short-
run interaction between equity and FX volatilities is known to materially affect the payoffs of quanto
derivatives, making it essential to model them jointly within a correlated framework.

This paper advances this line of research by presenting a comprehensive and tractable solution.
While the existing multiscale literature has provided foundational tools, its application to foreign
equity options has often been limited to simple quanto drift adjustments or corrections within a
single-factor Heston-type framework. Our primary contribution is to derive the first closed-form O(¢)
pricing formula for a foreign equity option under a dual fast mean-reverting SV model that
incorporates a full cross-correlation structure. We extend Fouque’s single-factor expansion to this
cross-correlated dual-SV setting, obtaining compact correction operators that systematically embed
the complex interactions between the equity and FX volatilities. The result is a highly accurate,
computationally efficient, and practitioner-oriented pricing tool that captures the essential dynamics
of foreign equity options, thereby filling a gap in the literature.

This paper proceeds as follows. Section 2 introduces the mathematical framework for our two-factor
fast mean-reverting SV model and provides the detailed derivation of our asymptotic approximation
formula. Numerical results demonstrating the accuracy and efficiency of our method are presented in
Section 3. Finally, Section 4 summarizes our findings and offers directions for future research.
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2. Model

In this section, we present the dual-factor fast mean-reverting volatility model for foreign equity
options. We adopt this framework, developed by Fouque et al. [21] using singular perturbation
methods, as an extension to the classic geometric Brownian motion-based quanto specification of [3].
The central idea of this model is that volatility reverts rapidly to its mean level over the lifetime of a
derivative contract. This property is widely recognized for its ability to capture key empirical market
phenomena, such as the smile and skew of volatility, which simpler models cannot explain. To
describe the foreign equity option, let S, be the price of equity in foreign currency and let F; be the
foreign currency exchange rate, representing the value of one unit of foreign currency in terms of the
domestic currency. Accordingly, the price of the equity in the domestic currency is given by
S7 = F,S,. Following [21], we consider the dynamics of S, and F,, along with their volatility-driving
processes Y2 and Y7, respectively:

ds, = p,S dt + g, (Y¥) S AWy, 2.1)

dF, = uFdt + g7 (YF) FdWY, (2.2)
k v, -

dy$ == (m, - Y§)d + V2 a7z, (2.3)
€ €
k V2v,

F_ " _ yF J 5F
ayf == (mp—¥[)dr + 7 dZF . (2.4)

Here, u, and pu are the constant drift rates of S, and F, respectively. The volatilities g (Y,S) and

8f (Y,F ) are functions driven by the Ornstein—-Uhlenbeck (OU) processes Y® and Y/, respectively. The
small parameter € > 0 signifies the fast mean-reverting property of these volatility processes. For the
OU processes Y? and Y/, k, and k, are the parameters governing the speed of mean reversion to their
respective long-term means, m, and m,. The terms v, and v, represent the constant volatilities (or vol-
of-vol) of these OU processes. The overall rates of mean reversion are thus k;/€ and k;/e. While the
equity and FX processes are modeled by stochastic differential equations with the same structure for
analytical tractability, it is important to emphasize that their dynamics are driven by distinct sets of
parameters. This allows the model to flexibly capture the unique characteristics of each market (such
as different drift rates, long-term volatility levels, and mean-reversion speeds) through the separate
parameterizations for the S, and F, processes. The Wiener processes W3, W¥, Z5, and ZF are assumed
to have the following instantaneous correlation structure:

(AW, dW)) = pydt, (aW!,dZ) = pudt, (dWS.dZ[) = pydt.

All other pairwise correlations of dW*,dW?,dZ5, and dZF are assumed to be zero.
In this study, we consider two types of quanto options.

(1) Foreign equity call option struck in the foreign currency
Terminal payoff function : P (s, f) = f(s - Kf)+ . (2.5)
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(2) Foreign equity call options struck in the domestic currency
Terminal payoff function : A (s, f) = (fs — K,)" . (2.6)

Here, K, and K, are the strike prices in the foreign and domestic currency, respectively. Option (1)
involves exercising the foreign equity in foreign currency and then converting the proceeds to the
domestic currency, whereas Option (2) involves converting the foreign equity to domestic currency first
and then exercising the option. To deal with these two types of quanto options, we need to consider
two risk-neutral measures: The domestic risk-neutral measure @, and the foreign risk-neutral measure
Qy, respectively.

First, let 62., 6%, and 6% denote the drift rates of S}, S, and F, under Q,, respectively. It is obvious
that 6”51* = ry —q and 65’, = rq — 1y, Where r; and r; are the domestic and foreign risk-free rate,
respectively, and ¢ is the dividend yield of the asset. Using the relation S; = F,S, and applying Ito’s
lemma, we obtain

54. = 6% + 04 + pysas (V) g7 (YF).

The drift rate of S, is then given by
6? = rf_q_psfgs(yts)gf(YtF)'

Moreover, using the quanto—prewashing technique introduced by [3] and [22], we obtain the drift
rates of S}, S, and F, under Q; (see Appendix 4 for a derivation):

5§* =i’d—q+g§(YtF)+psfgS(YfS)gf(Yf)’
6§ =rr—q,

5*£:rd—rf+g§'(YtF).

Therefore, the dynamics of S, and F, are defined differently under Q; and Q;. For example, the
dynamics in (2.1)—(2.4) under Q, are given by

ds, = 64Sdt + g, (Y?) S dW; 2.7)
dF, = 6} Fdt + g (Y] ) FdW], (2.8)
k V2v V2v
s _ | %s S s ad (vS 5 1S
dy’ = l? (my - ¥7) - 7 AL (Y, )} dt + 7 dzs, (2.9)
k V2v V2v
F _ | F S ad (yF f F
dyF = ?(mf—y, )- 7 AL (Y])|dt + =z (2.10)

Next, let P¢ be the price of a foreign equity option. By the fundamental theorem of asset pricing, P¢
is given by

)25 (l, 5, f’ ys,yf) — EQ; [e—ri(T—t)h(i) (ST’ FT)| S, =3y, Ft = f, Y;g = Vs YtF = yf] ,

for i € {f,d}, where fori = f, (Qy, ry, h'") is used with A" from (2.5), and for i = d, (Qy, r4, ") is
used with A9 from (2.6).
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From the Feynman—Kac theorem, P¢ satisfies the following partial differential equations (PDEs):

LP(t.5. f.yeyr) =0, (2.11)
P(T.s5, f.yeys) = hP (s, 1),

where
o= 11:0 N le(i) - L0
€ Ve ! ’
and
0 0 (92 (92
= ks s~ Vs - — + saa +
Lo = ky(ms =y 6y (ms =) dy; v dy? re oy
1 1 1 02
() —V2v,A! (ys ‘/_Vf/\ (yf)— + V2v,p,8, (ys)S + V2vipre; ()’f)fm
8 0 2 1 0?
(i) _ i i 2 2
L) = o+ g5 + 0 f—f Egs(m o358y Y 37 +psfgs<ys>gf(y,«) f 557 ="

Here, for each type i € {f,d}, A§ and AL are the market prices of risk, §; and &% are the drift rates
of S, and F, under the risk neutral measure Q;, respectively, and 7 is the identity operator.
We now expand P¢ in powers of /e

P = Py+ VePy + Pyt (2.12)

where P is the leading-order term and Pﬁ := +/eP, is the first-order correction term. We utilize the
asymptotic method developed in [21] to establish the following theorem regarding the accuracy of this
approximation.

Theorem 1. Assume that the partial derivatives of PE(t, s, f,ys,ys) with respect to ys and y; do not
grow exponentially as ys or yy goes to infinity. Then, there is a positive constant C, independent of €,
such that for a sufficiently small € > 0, we have

P (1,5, £y037) = (Po @5, £) + P (1,5, )| < Cellnel. 2.13)

Proof. The proof of this theorem, which relies on arguments similar to those in [17] and [18], will be
provided at the end of Section 2. O

This theorem indicates that the option price P¢ can be effectively approximated by the sum of the
leading-order term P, and the first-order correction term P¢, with an error of order € |In €|. Building
upon this result, we proceed to explicitly calculate the leading-order term P, for the two types of
quanto options considered. This calculation is crucial, as P, captures the primary contribution to the
option price, with the correction term Pi refining the approximation.

Theorem 2. The leading order term Py in (2.13) for the two types of quanto options is given as follows.
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(1) For the option struck in the foreign currency (Type (f))
Po(t,s, f) = f|se "N (d)) = Ke " TN (d)],
where N(-) is the standard normal cumulative distribution function, and

anif+(rf—q+%6'§)(T—t)
d = ,
o NT —t

d=d -0, VT —t.

(2) For the option struck in the domestic currency (Type (d))
Po(t,s, ) = sfe " ""N (b)) — Kze"""N (by),
where

InsL+(ra—q+ 162 (T -1

b, = , (2.14)
. NT -t

b,=b—-0.NT —t.

The averaged parameters used in the expressions for Py above are defined as:

Ts = {8 09, (2.15)
7= (&2 () 2.16)

_ Psf\8s (ys) 8f (yf

Psf = < == )> (2.17)
sOf

07 =) + 2Py 030y + 55 (2.18)

Here, (-) denotes the expectation with respect to the invariant distribution(s) of the stochastic
volatility process(es) Y3 (and YF).

Proof. Inserting the expansion (2.12) to (2.11), the following equation is obtained:

ELOPO + \i/z (LoPy + LPo) + (LoPy + LYPy + LI'Po) + Ve (LoPs + LVPy + LYPy) +--- = 0.

(2.19)

This substitution yields a series of equations by collecting terms of the same order in +e.

Specifically, the term of order O(e~!) gives the equation éLOPO = 0, which implies LyPy = 0. For this

equation to have a non-trivial solution P, that does not grow exponentially in the variables y; and y;

(which would be undesirable in a practical context, as it implies unbounded option prices), we must
assume that Py is independent of y; and yy, i.e., Py = Py(t, s, ).

Proceeding to the terms of order O(e~'/?) in (2.19), we obtain the equation LyP; + L(li)Po = 0. Since

Py is independent of y, and y, the operator £ which contains derivatives with respect to y, and Vs
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acting on Py, yields L(li)Po = (. Thus, the equation reduces to LyP; = 0. For the same reason as for P,
we conclude that P, is also independent of y, and y;, i.e., Py = Pi(t, s, f).
Next, collecting the terms of order O(1) in (2.19) and noting that L(li)Pl = 0, we have the following
equation for P;:
LoPy + LYPy = 0. (2.20)

This is a Poisson equation for P, with respect to the operator £,. For Eq (2.20) to have a solution,
a solvability condition must be satisfied. This condition states that the expectation of —£(2i)Po with
respect to the invariant distribution ®(y;,, ys) of the two-dimensional process (Yf , YF) is zero. That is,
<£§)Po> = 0, where the angle brackets () denote this expectation.

Since Y¥ and Y/ are assumed to be independent OU processes, their joint invariant distribution
D(y,, yy) is the product of their respective individual invariant distributions. Each individual invariant
distribution for an OU process is a normal distribution. Therefore, the invariant distribution @ is given

by:
2
(Yj - mj)

N T ’
J

O (yuyf)

1
11
J=s.f ,271_

Since P, does not depend on y, and y;, the solvability condition <£(2i)P0> = 0 becomes
(LYY Po(t. 5. f) = 0. This yields the following PDE for P;

<2 _ 2
where V= vj/kj.

(LYPy(t.5.f) =0, (2.21)
PO(Ta S,f) = h(i) (S’f),

for each option type i € {f,d}, where h?(s, f) is the terminal payoff function for the i-th type of option,
as defined in Eqgs (2.5) and (2.6). Here, the averaged operator (L(Zi)> for each of the two option types is
as follows.

For i = f (option struck in the foreign currency)

O\ _ =
<£2 >— Ey +(rf—q)s(§ +(rd—rf+0'f)f§
1_,,0% 1_ i
+ E(T?szaT + O'ff (')fz + Psr0 Ufsfa T —rel.
For i = d (option struck in the domestic currency)
0 o 0 0
<L(2d)> =% + (”f -4 —Psf'O'sUf) Sﬁ_ + (Fd - rf) fﬁ
1_,,0% 1_ i
+§0'§52[)T+ o-ff (')fz + Psf0 s 0'fsf(9 af—rdf.

Here, 7, 0, and p,s are the averaged volatility and correlation parameters defined in Eqs (2.15),
(2.16), and (2.17), respectively.
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Since the operator <L(2i) > for each type i can be considered a two-dimensional Black—Scholes-type
operator, and the pricing formulas for quanto options under such Black—Scholes frameworks are well—
established, we can directly obtain the leading-order term P, for each type of option, as provided in
Theorem 2. |

Having established the leading-order term P(, we now turn our attention to the correction term 137 .
This correction accounts for the effects of the SV that are not captured by the leading-order
approximation.

Theorem 3. The first-order correction term PT (= \eP,) in (2.13) for the two types of quanto options
(i € {f,d}) is derived as an explicit expression as follows.

(1) For the option struck in the foreign currency (Type (f))

Pi(t,s, 1) = (T =) HG Po (1,5, f),
where Py(t, s, f) is the leading-order term for the Type (f) option (from Theorem 2), and
He, == V. D} = (2V, + Vyp + W) D2
— (Vi + Vs + WP + WD) D,
—2(vy+ W) 1.

(2) For the option struck in domestic currency (Type (d))
pi (ta s, f) == (T - t) 7_{(ed)l—‘BS (ta Sf’ Kd’ ra, O_-*) s

where Igg is the Black—Scholes gamma for the corresponding underlying sf:

@ (by)

Ups (t, 513 Kay ra, 07) = e 1070 ———x, (2.22)
sfo.NT —t
where b, is defined as (2.14), and ¢(-) is the standard normal probability density function. The
operator 7—(&) is defined as:

HEy = (-WD - WD+ WD+ W) 221
- Ds (Vs - va) - Z)f (Vf - st) .

Here, the differential operators D and Z)}” are defined by

an
Dl = st —,
N os"
am
Dm = m
f f afm
for n,m € N. The group parameters appearing in the operators 7{&) and 7{(6 4 are given by
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V= _%Vsps (&5 09 ¢5. (0y)) (2.23)
V= _%prf (2 (v) 87 (7)) (2.24)

~V2e vsps<gv<y;> ¢sf(ys,yf)> (2.25)

- @vfpf <gf (vr) 8%%» (s yf)> : (2.26)
W = vs (A? 30 ¢, ) (2.27)
W = vf<A’)(yf)¢f( )) (2.28)
W = V2e vY<A( (¥s) sf(ys,yf)> (2.29)
WO = Ve, <A<>(yf) _¢sf(yy,yf)> (2.30)

for i € {f,d}. The functions ¢4(y,), ¢s(ys), and ¢sr(ys,ys) are solutions of the following Poisson
equations, respectively:

-£0¢s (YS) - gs (ys - 5, (231)
Loy (v7) = £ (yf) akar (2.32)
Lotur (Vo 7) = Psr8s 00) 87 (vr) — Bos T35 (2.33)

Proof. The derivation of the first-order correction term 13;’ begins with the terms of order O( v/€) in the
PDE expansion (2.19). This gives the following equation for Ps:

L()Pg, + L(li)Pg + .E(zi)Pl =0.
For this equation to have a solution Pj3, the following solvability condition must hold:
(LPPy) + (L)) P =0. (2.34)

Recall from (2.20) that LyP, = —LS)PO. Since <.£(2i)> Py, = 0, this can be written as

LoP, = — (L(zi) - <.£(2')>) Py. The specific forms of P, for each option type i € {f,d}, involving the
functions ¢, ¢, and ¢, (solutions to Poisson equations (2.31)—(2.33)) and the integration constants
cs, ¢y, and ¢,y (Which depend on ¢, s, f but are independent of y,, ys), are given by

For i = f (foreign currency strike)

- (£(2f) _ <£(2f)>) P,

AIMS Mathematics Volume 10, Issue 8, 18997-19017.



19007

-1 =2 9 1.5 =2 282
—-£{(&00) - 57+ 5 <gs 00-0) 2

2
f
1 2 A T (T 82
+ (&5 () -a7) P 6f2 +(pos8s 087 (v7) = Purdsd) sf asaf}PO

6 0 82
= —— (¢ () + ¢ (8,5, ) 82 520 - %(‘ﬁf()’f) +cr (1, S,f))(Zfai}O 2(,)—]02)
(92
—(bsy (vor7) + €3 (1. 5.1)) s 8s§;’ (2.35)
For i = d (domestic currency strike)
= —L,' (£ - (L") Po
1 o o 1., o\ o2 07
= _‘EO {(_prgs (yv) 8f (yf) + pro-so_f) Sa + E (gx (y;) - O'S) s @
2 2
+% (8? (}’f) - 0_']20) 2;—]@2 + (psfgs (rs) 8¢ (Yf) —l_)st_'sO_'f) Sfafaf} Py
2
= L0+ e Z Lo () + o) gas
2
= (bsr (yor37) + €or 5. 1) (s gsg); - s%), (2.36)

The terms ¢y, ¢y, and ¢ in the expressions for P, (corresponding to each option type i € {f, d}) are
functions of integration that depend only on (¢, s, f). Since the operator L(li) involves derivatives with
respect to y, and yy, these ¢ terms, being independent of y, and y;, do not contribute to <L(li)P(2i)> after
the averaging (-) is performed; for this reason, the explicit type-dependent superscripts on c;, cf, and
csy were omitted.

Note that ¢, and ¢, are functions of a single variable (y; and y, respectively). This simplification
arises from the spectral theory for the operator £, and the assumed independence of the OU processes
Y5 and Y¥. For a detailed argument, we refer to [23].

From the solvability condition (2.34), we have <.£(2i)>P1 = —<Lﬁi)P2>. Multiplying by +/e and
substituting P, in (2.35) and (2.36) leads to the following PDE for Pf:

(LYPS (1. 5. f) = HGPo (1,5, f)
PS(T,s,f)=0
where
Hy == (W, D]+ Wi'D.Dy)
- (W) (20, + D}) + WD,D)
- D, (VD + VD, Dy)
- D (V; (2D + DY) + V1, DDy)
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and
Hey =— (WD + W (D,D; - D))
- (WD} + W' (0,0, - D,))
- D,(V, D!+ Vy (DD - D))
- Dy (VD5 + Vy, (D,Ds - D))

Since the operators O’ and Z);1 1s commutative, the two-dimensional Black—Scholes operator <£(2i)>
and 7-{5.) are also commutative. Therefore, we can deduce the explicit form of 13‘]" given by

p?(l‘,s,f) = —(T—t)?‘{(ei)P()(t,S,f),

because P (T, s, f) = 0 and

(LY PS5, ) = (LD) (= (T = ) H Py (1.5, 1)
= HEPo (1,5, f) = (T = ) (L)) HEPo (1,5, f)
= HE,Py (¢, 5, f) = (T = ) HE (LY) Po (1. 5., f)
= HEPo (1, 5, /).

So, the explicit formula for the first-order correction term Pf for each type of option (i € {f,d}) is
as follows:

(1) For the option of Type (f) with the payoff A" (S, Fy) = Fr (ST -K f)+: Since we can rewrite

Po(t,s, f) = fCgs (t, 5Ky, 04,1y, q) , where Cps(t, s; K, 0, r, q) denotes the Black—Scholes call
price with the strike K, the volatility o, the interest rate r, and the dividend yield ¢, the following
formulas hold:

DPy =Py, D3Py =0.

Therefore,
Hiyy == ViDi = (2Vs + Vir + W) D
(Vo Vi W+ W),
(v W)

(2) For the option of Type (d) with 19 (S, Fr) = (FrS7 — K,;)*: In this case, Py (t, s, f) is expressed
simply as Cgs (¢, sf; Ky, 0+, r4, q). Using the chain rule with v = sf, we have

(Dst - Ds) Py = =" f*Tps (1, sf3 Kar 14, 7)
DiPy = DyPy = s fTps (1, sf: Ka. 14,5,

where ['gg is the Black—Scholes Gamma in (2.22). Hence,

PT (t9 Saf) = _(T - t)‘}{(ed)rBS (t’ Sf; Kda rdao_-*)a
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where

€ _ (d) (d) (d) )\ 2 £2
HEy = (-W - W+ WD+ W) 221

— (Ve = Vi) Dy = (Vs = Vy,) Dy
O

Having derived the explicit formulas for both the leading-order term P, and the first-order correction
term F’i, we now return to provide the proof for Theorem 1, which establishes the accuracy of our
overall approximation Py + P.

Proof of Theorem 1. The argument for establishing the order of accuracy follows the general
framework of asymptotic analysis, as detailed in, for example, [18] and [24]. Recall that the price P¢
for a quanto option solves the PDE (2.11) with the terminal payoff A for each type i € {f, d}, which
is assumed to be continuous and piecewise smooth.

Let P€ = Py + 137 + €P, + € \€ePs. The remainder term R€ is then defined by:

RE = P — P, (2.37)

We assume that the payoff function A(s, f) for P€ and its derivatives are smooth and bounded.
Substituting P¢ = R + P¢ into LP¢ = 0 (from (2.11)) yields:

1 1 . ‘ ‘
0= LR+ _LoPoy+ —(LoP1 + LOPy) + (LoPy + LYPy + L Py)
€
+ Ve(LoPs + L'Py + LYP)) + e(LVPs + LYP, + VeL)Py). (2.38)
By construction, Py, Py, P,, and P; satisfy the following sequence of PDEs:

LoPy =0,

LoPy + LVPy =0,

LoPy + LPy+ LIPy =0,

LoPs+ LOP, + LIP = 0.

Using these relations, Eq (2.38) simplifies to:
LR+ eR} =0,

where % = L0, + L07s + NELP,
The terminal conditions are Po(T) = 1 and P{(T) = 0. Thus, the terminal condition for R is:

RE(T’ S, f,ys,)’f) = PE(T’ S, f’yS9yf) - PS(T9 S, f,)’s’y]‘)
= —€Py(T, s, f, Y5, y7) — € VeP3(T, s, f,y5, yp)-

By the Feynman—Kac formula, R can be represented as:

R = €BY e "(=Py(T, S1, Fr, Yy, Y] = VePy(T,Sr, Fr, Yy, Y1)

AIMS Mathematics Volume 10, Issue 8, 18997-19017.
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T
- f e (—€eR{(T, S+, Fo, Y2, Y)))dT
t

oL dr

SZ,FI7Y£S$Y[1::|7

where Q; is the appropriate risk-neutral measure and 7; is the corresponding risk-free rate of quanto
option type i € {f, d}.
Hence,

P —(Py + P)

S|R6|+|EP2+E\/EP3|

< C()G

for some constant Cy > 0. Thus, from this line of reasoning, |P¢ — (P + Pf)| appears to be O(e).
However, the standard European option payoffs 42”, while continuous, are not globally smooth. For
such piecewise smooth payoffs, as established in the singular perturbation literature (e.g., [17,21]), the
interaction of the fast—scale volatility with the non—smoothness of the payoff typically leads to an error
of order €| In €.

Therefore, for the continuous and piecewise smooth payoffs considered for the quanto options, the
approximation error is given by

P (6,5, £,3037) = (Po (&5, /) + P (1,5, )| < Cellne,

for some constant C > 0 that is independent of . O
3. Numerical illustration: The exponential QU volatility model

For a numerical illustration of our derived pricing formulas, we now specify a concrete form for
the volatility functions g,(¥?) and g/(¥}). We adopt an exponential OU (expOU) model, where the
volatilities are given by: ‘

g(¥)=e" and g,(¥)=e".

The dynamics of the underlying asset S, the exchange rate F,, and their respective volatility-driving
OU processes Y> and Y/ are thus specified as
dS, = S di + &% S, dW?,
V2v,

Ve
\/Evf

€

azs,

dys = k:(m— Y )dt +

_ ks

dyF = ?(mf— vf)de +

7"

These are the same dynamics as presented in (2.1)—(2.4), now with the explicit exponential form
for the volatility functions. Furthermore, for simplicity in illustrating the core effects of stochastic
volatility correlation, we assume that the market prices of volatility risk are zero, i.e., Ag) (vs) = 0 and
Ag)(yf) = 0 for both option types i € {f,d}. This assumption implies that all W-group parameters
(ng), W](f), WSZ, W](fz) defined in (2.23)—(2.30) become zero.
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3.1. Leading-order price Py and averaged parameters

The leading-order price Py for both option types is given by the formulas in Theorem 2. These
formulas depend on the averaged parameters o, 0, and p,y. For the specified expOU model, these
parameters are calculated (using the invariant normal distribution of ¥® and Y/, where ¥ v = vz/ k; for
j=s, f) as follows:

G, = exp{m, + 7. (3.1)
5’f = exp {mf + 175} , 3.2)
[_)sf = Psyf €Xp {—% (f/? + f/i)} . (3.3)

The term G2 = G2 + 2P ;050 ¢ + 0' is then readily computed for the Type (d) option. The explicit
formulas for Py(t, s, f) for Type (f) and Type (d) options remain as stated in Theorem 2, now using
these specific averaged parameters.

3.2. First-order correction IST and simplified operators

The first-order correction term Pf is given by the expressions in Theorem 3. With the assumption
of zero market prices of volatility risk (all W® parameters are zero), the operators 7-{(Ef) and 7-{(5 ;) from
Theorem 3 simplify considerably.

(1) For the Type (f) option (foreign currency strike), the correction term is
P(t, s, f) = = (T = DHPo (1,5, f)
where the simplified operator is
Hey = VD3 = (2V, + Vg O = (Vg + Vi) D, = 2V 1.
(2) For the Type (d) option (domestic currency strike), the correction term is
Pi(t, 5, f) = = (T =) HyUs (¢, 5f3 Ka, 14, 5)
where the simplified operator is
Hy = =Dy (Vs = Vir) = Dy (V= Vi)

The remaining group parameters Vi, Vi, Vs, and Vy, in these simplified operators, under the
expOU model assumption, are derived from their general definitions in (2.23)—(2.30). These specific
calculations yield:

Ve { 5 2} 272
V,= psexpy3m;+ v ¢ le” = 1), (3.4)
\/_VS 2 ( )
Ve { 5 } 27
Vi = prexpi3ms+ =V, le”7 — 1 (3.5)
f \/_vf S FTRr ( )
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st =

\/ZP sPsf

 2epspys
v ~

exp {2ms +my+ %(2\75 + 173() + f/f} (ef’? _ 1),

exp {ms +2my + % (ﬂf + 29?) + 17?} (eﬁ - 1).

(3.6)

(3.7)

With these specific formulas for the averaged parameters and group parameters, numerical tests can

be conducted. For the experiment, the baseline parameters are needed.

Table 1. Monte Carlo simulation results for Type (f) options.

Parameter Value Analytical MC Standard error Relative error
1 1.2294 1.2617 0.001 0.03
Ky 1.5 0.74414  0.75689 0.001 0.02
2 0.28458  0.29865 0.0008 0.05
1 0.28458  0.29783 0.0008 0.05
Fy 1.5 0.42687  0.44816 0.001 0.05
2 0.56916  0.59309 0.002 0.04

Table 2. Monte Carlo simulation results for Type (d) options.

Parameter Value Analytical MC Standard error Relative error
1 1.2488 1.2498 0.001 0.001
K, 1.5 0.77323  0.77204 0.001 0.001
2 0.32027  0.33743 0.001 0.05
1 0.32027  0.33673 0.001 0.05
Fo 1.5 1.3975 1.3974 0.001 0.001
2 2.4975 2.4936 0.002 0.02

051

1.6 18

(a) Price of the Type (f) option varying with F.

—Fp=1
- - F=12

1.6

18 2 22 24 26 28 3

)

(b) Price of the Type (d) option varying with Fj.

Figure 1. Option prices with respect to S for different F.

On the basis of the empirical results in Fouque et al. [21] and Giese [25], we choose the following
baseline parameters r; = 0.05,r, = 0.03,S0 = 22,Fy = 1,K; = K; = 2,q = O,m;, = my =

AIMS Mathematics
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—In10,k; = 1.5,kf = 2,vy = vy = 0.7,p, = psy = =0.6,p5 = 0.5,€ = 0.01, T = 1 unless otherwise
stated. From these parameters, we can determine the the group parameters as follows.

Vy =0.000149, V= -0.0000688, V= -0.0000301, V; = 0.0000164.

For the verification of the formulas, we carry out Monte Carlo (MC) simulations with the selected
parameters using the Euler scheme. The MC methods in these implements are based on 100,000
sample paths and a time-step of 1/252. We implement all experiments using MATLAB. Table 1
presents the computational results for the foreign equity call option struck in the foreign currency. In
Table 1, ‘Analytical’ is the values obtained by our formula and ‘MC’ is the benchmark values by MC
simulations. Relative error (RE) in Table 1 means the absolute difference between ‘Analytical’ and
‘MC’ divided by the benchmark values. Similarly, Table 2 presents the computational results for the
foreign equity call options struck in the domestic currency. These results show that our formulas are
accurate and efficient.

Figure 1 demonstrates how option prices vary with respect to the underlying asset price S for
different foreign exchange rates F. Several important observations can be made. Both option types
exhibit the characteristic convex relationship between the option price and the underlying asset price.
As F increases, option prices systematically increase for both types, with a more pronounced effect for
the domestic currency-struck option (type d). This illustrates the multiplicative effect of the exchange
rate in the pricing formula. The domestic currency option (type d) shows steeper price curves and
greater sensitivity to both Sy and F, compared with the foreign currency option (type f). This can be
attributed to the fact that Type (d) options with the payoff (fs — K,;)* in (2.6) incorporate the exchange
rate directly in the moneyness condition. In addition, we can find that the absolute price levels for Type
(d) options are notably higher than those for Type (f), particularly at higher values of F, demonstrating
the compounded effect of currency conversion on option valuation.

—F=1

—Fy=1 - - Fy=12
161 - - Fy=12] Fy=14| |
Fo=14

(a) Price of the Type (f) option varying with F. (b) Price of the Type (d) option varying with Fj.

Figure 2. Option prices with respect to Ky and K, for different Fj.

Figure 2 illustrates how option prices respond to changes in the strike prices Ky and K; across
different exchange rates. Expectably, both option types present the inverse relationship between the
strike price and the option’s value. The vertical separation between price curves for different F, values
remains relatively constant across strikes for Type (f) options, whereas for Type (d) options, this
separation increases at lower strike values. This indicates that the exchange rate effect interacts with

AIMS Mathematics Volume 10, Issue 8, 18997-19017.
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the moneyness condition differently for each option type. Additionally, we can see that the rate of
price decay as the strike increases appears to be more linear for Type (d) options, while Type (f)
options demonstrate a more pronounced curvature, particularly in the region where strikes transition
from in-the-money to out-of-the-money.

4. Concluding remarks

In this paper, we have developed analytical approximations for pricing foreign equity options under
a stochastic volatility model with fast mean reversion. To overcome the limitations of traditional Black—
Scholes models that fail to capture various features of actual financial data, we present a more accurate
pricing methodology by incorporating stochastic volatility into option pricing.

Through asymptotic expansion techniques, we explicitly derived the leading-order term and
first-order correction term for options struck in both foreign and domestic currencies. The
leading-order approximation provides intuitive and computationally efficient pricing formulas
resembling the classical Black—Scholes structure, while the correction term refines the approximation
by incorporating higher-order effects of stochastic volatility. The theoretical error bound in Theorem 1
ensures the robustness of the approximation under regular conditions. In addition, through numerical
examples, we find that options struck in the domestic currency exhibit greater sensitivity to exchange
rate changes compared with those struck in the foreign currency, demonstrating the compound effect
of currency conversion on option valuation.

This research can be extended in several promising directions. From a modeling perspective, the
framework could be enhanced to capture complex market phenomena by incorporating jump
processes, regime-switching behavior, or rough volatility dynamics. In addtion, future research
directions include empirical validation of our analytical approximations using real market data for
foreign equity options. Such empirical work would involve calibrating the model parameters to
specific currency pairs and equity indices, and comparing the model prices with observed market
prices. This would provide further validation of the practical applicability of our theoretical
framework.
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Supplementary

Quanto prewashing: Drift adjustments for the foreign risk-neutral measure
This appendix provides a self-contained derivation of the drift adjustments for the equity—FX

system, transforming it from the domestic risk-neutral measure @, to the foreign risk-neutral measure
Q. This procedure, known as quanto prewashing [3,22], is instrumental in simplifying the pricing of
derivatives on foreign assets. For notational convenience in this section, we let the stochastic volatility
functions be represented by constants, such that oy = gs(Y,S )andop =g f(YtF ).

For the reader’s convenience, we restate the system’s dynamics (2.7) and (2.8):

dS
S—t = dgdt + UdetS

t

dF
Tt = 5th+O'FthF,

t

with (dW?,dWF) = p,dr. Here, S, is the foreign asset price, F, is the exchange rate (domestic/foreign),
and oy, 0F are the measure-dependent drift terms.

With the domestic measure Qy, the standard no-arbitrage drifts are 6"F =ry—ryand 5‘51* =r;—q.

As mentioned in the main text, applying Itd’s lemma to the product S; = F,S, yields the drift for the
foreign asset, which includes the essential covariance adjustment term:

5 = 1~ g - pyscr.

This drift serves as the baseline before the change measure.
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We now change the numéraire to the foreign money market account, thereby moving to the foreign
risk-neutral measure Q;. By definition of Qy, the drift of the foreign asset S, must be 6§ =ry—gq.To
find the drift of F,, we consider the reciprocal rate F; = 1/F,. Its drift under Q; must be 6{;, =rp—1ryg.
Applying It6’s lemma to F, = 1/F] yields 5‘; = —(5J;, + 0%, which simplifies to:

5J;:—(rf—rd)+0'12p:rd—rf+0'12¢.

The term o2 arises purely from the Ito correction. Finally, the drift of the domestically-valued asset
S} under Q; is recalculated using the new component drifts:

6§* = 5]; +6{:+psf0'SO'F
=(rp—q) +(ra— 71+ TF) + psOsOF

2
=Tda=q+ 0 +pPsf0s0F.

In summary, the prewashed drift rates under @, which are used for pricing in the main text, are:

5 =ri—q
6§:rd—rf+0'12p
5§* = rd—q+0'12;+psf0'50'F
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