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(a(r)(u′(r))m)′ = b(r)um(φ(r))

where m ∈ (0, 1). We develop several key monotonicity results for Kneser solutions and use these
properties to derive criteria for the elimination of bounded nonoscillatory solutions. Our approach
extends known techniques from linear differential equations to the half-linear case, providing new
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1. Introduction

This paper investigates the qualitative behavior of solutions to the second-order half-linear
differential equation with delayed argument:(

a(r)(u′(r))m)′
= b(r)um(φ(r)). (1.1)

Throughout this paper, we assume the following:

(H1) m ∈ (0, 1) is the ratio of two positive odd integers;

(H2) a, b ∈ C([r0,∞)) with a(r) > 0 and b(r) > 0 for all r ≥ r0;
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(H3) φ ∈ C1([r0,∞)) satisfies φ(r) < r, φ′(r) > 0, and limr→∞ φ(r) = ∞;

(H4) The integral A(r) =
∫ r

r0

1
a1/m(s) ds diverges as r → ∞, i.e., the equation is in canonical form.

A function u such that u ∈ C1([Tu,∞)) and a(r)(u′(r))m ∈ C1([Tu,∞)) for some Tu ≥ r0 is called
a proper solution of Eq (1.1) if u(r) satisfies (1.1) for all r ≥ Tu, with sup{|u(r)| : r ≥ T } > 0 for
some T ≥ Tu. Throughout this paper, we work under the assumption that such solutions exist for
r ≥ r0. We classify a proper solution as oscillatory when it possesses zeros at arbitrarily large values
in [Tu,∞), and nonoscillatory otherwise. We say Eq (1.1) is oscillatory if it admits only oscillatory
proper solutions.

It is well known that every nonoscillatory solution u(r) of (1.1) satisfies one of the following
conditions:

(i) u(r)u(i)(r) > 0,

(ii) (−1)iu(r)u(i)(r) > 0

for all sufficiently large r and integer i such that 0 ≤ i ≤ 2.
A central object of interest in this paper is the class of nonoscillatory solutions u(r) of (1.1) that

satisfy condition (ii), where (−1)iu(r)u(i)(r) > 0 for 0 ≤ i ≤ 2. These are commonly referred to as
Kneser solutions in the literature. Due to the homogeneity property of Eq (1.1), if u(r) is a solution,
then −u(r) is also a solution. This symmetry allows us to restrict our analysis to positive Kneser
solutions without loss of generality.

The qualitative theory of differential equations with deviating arguments has attracted considerable
research interest due to its theoretical importance and broad applications in various scientific fields.
Within this field, second-order half-linear differential equations are of particular interest as they
effectively generalize linear equations while preserving crucial structural properties, most notably the
homogeneity of the solution space. Comprehensive research on the oscillation and asymptotic
behavior of solutions to half-linear functional differential equations has been documented in
numerous studies [1, 6], building upon foundational work for linear equations.

Foundational contributions in this area include the results of Koplatadze and Chanturia [5], who
proved that the equation

u′′(r) = b(r)u(φ(r)), φ(r) ≤ r

has no Kneser solutions under the assumptions

lim sup
r→∞

∫ r

φ(r)
(s − φ(s))b(s) ds > 1.

Similar nonexistence results for Kneser-type solutions were established for nonlinear cases by Kusano
and Lalli [7], who showed that the equation

(|u′(r)|m−1u′(r))′ = b(r)|u(φ(r))|m−1u(φ(r)), m > 0,

admits no such solutions provided

lim sup
r→∞

∫ r

φ(r)
(φ(r) − φ(s))mb(s) ds > 1.
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In parallel, researchers have developed various analytical techniques to study the qualitative
behavior of these equations. A common approach involves transforming second-order nonlinear or
neutral delay equations into first-order Riccati-type differential inequalities (see, e.g., [8–10]).
Notably, Bohner et al. [4] presented a comparison theorem linking the oscillation of second-order
neutral delay equations to that of associated first-order delay equations.

A significant recent advancement in this domain is due to Baculı́ková and Džurina [3], who derived
new oscillation criteria for Eq (1.1). Their work has expanded the existing theory, offering sharper
tools for analyzing solution behavior.

Most notably, Baculı́ková’s recent work [2] improved upon the criteria of Koplatadze and Chanturia
by introducing a novel approach to studying monotonic properties of nonoscillatory solutions. This
innovative approach introduced a degree-based classification for solutions and offered more refined
analytical tools to rule out bounded nonoscillatory solutions.

Motivated by the effectiveness of this monotonicity framework, our research extends and adapts
these monotonicity-based techniques from the linear case to the more general half-linear delay equation
context. We demonstrate that the concept of degree classification for nonoscillatory solutions and their
monotonic behavior can be successfully generalized to the half-linear setting. This extension enables
us to develop new oscillation criteria and enhance existing results in the field.

The paper is organized as follows: Section 2 presents essential preliminaries and foundational
assumptions. Section 3 establishes our main theoretical results on monotonic properties of solutions.
Section 4 provides illustrative examples that demonstrate the practical applicability of our theoretical
findings.

2. Preliminary results

In this section, we present several mathematical inequalities that will be used in our main results.

Lemma 2.1 (Power inequality). Let b ≥ 1 and A, B > 0. Then

(A + B)b ≥ Ab + Bb. (2.1)

Proof. We prove this inequality by considering the function f (r) = (1 + r)b − 1 − rb for r > 0. Taking
the derivative, we get

f ′(r) = b(1 + r)b−1 − brb−1.

Since b ≥ 1 and 1 + r > r for all r > 0, we have (1 + r)b−1 ≥ rb−1 when b ≥ 1. Therefore, f ′(r) ≥ 0
for all r > 0.

Since the derivative is non-negative, f is monotonically increasing on (0,∞). Given that f (0) = 0,
we conclude that f ≥ 0 for all points in (0,∞). This yields

(1 + r)b ≥ 1 + rb for all r > 0.

Setting r = B
A and multiplying both sides by Ab, we obtain

(A + B)b = Ab
(
1 +

B
A

)b

≥ Ab

(
1 +

(B
A

)b)
= Ab + Bb.

This completes the proof. □
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The following lemma presents a specialized form of Hölder’s inequality that will be crucial for our
subsequent analysis.

Lemma 2.2. Let m ∈ (0, 1) and f be a continuous function on [a, b] for 0 ≤ a < b. Then

(b − a)1−1/m
(∫ b

a
| f (r)|dr

)1/m

≤

∫ b

a
| f (r)|1/mdr. (2.2)

Proof. Let b = 1
m > 1 and q = 1

1−m > 1, so that 1
b +

1
q = 1. By the standard Hölder’s inequality, we have∫ b

a
| f (r)| · 1dr ≤

(∫ b

a
| f (r)|bdr

)1/b (∫ b

a
1qdr

)1/q

.

Simplifying, we obtain ∫ b

a
| f (r)|dr ≤

(∫ b

a
| f (r)|1/mdr

)m (∫ b

a
dr

)1−m

.

Since
∫ b

a
dr = b − a, we have∫ b

a
| f (r)|dr ≤

(∫ b

a
| f (r)|1/mdr

)m

(b − a)1−m.

Raising both sides to the power of 1/m, we obtain(∫ b

a
| f (r)|dr

)1/m

≤

(∫ b

a
| f (r)|1/mdr

)
(b − a)(1−m)/m.

Since (1 − m)/m = 1/m − 1, we have(∫ b

a
| f (r)|dr

)1/m

≤

(∫ b

a
| f (r)|1/mdr

)
(b − a)1/m−1.

Multiplying both sides by (b − a)1−1/m, we get the desired inequality

(b − a)1−1/m
(∫ b

a
| f (r)|dr

)1/m

≤

∫ b

a
| f (r)|1/mdr.

□

3. Main results

In this section, we establish our main results on monotonic properties of nonoscillatory solutions to
Eq (1.1).

Lemma 3.1. Let u(r) be a positive Kneser solution of Eq (1.1). Then

a(r)(u′(r))m < 0 (3.1)

for all sufficiently large r. Moreover,

lim
r→∞

a(r)(u′(r))m = 0. (3.2)
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Proof. Let u(r) be a positive Kneser solution of Eq (1.1), so u(r) > 0 and u′(r) < 0 for r ≥ r1 ≥ r0.
Since u′(r) < 0 for r ≥ r1 and (H1), we have (u′(r))m < 0 for r ≥ r1. By condition (H2), we know that
a(r) > 0 for r ≥ r0. Therefore,

a(r)(u′(r))m < 0

for all r ≥ r1.
To prove the second part, note that from Eq (1.1), we have

d
dr

[
a(r)(u′(r))m]

= b(r)u(φ(r))m.

Since b(r) > 0 and u(φ(r)) > 0 for r sufficiently large (due to u(r) > 0 and limr→∞ φ(r) = ∞), we
have

d
dr

[
a(r)(u′(r))m]

> 0

for all sufficiently large r.
Since a(r)(u′(r))m < 0 for all sufficiently large r (from the first part) and is increasing, it must have

a limit as r → ∞. Let
lim
r→∞

a(r)(u′(r))m = −c

where c ≥ 0.
We need to show that c = 0. Suppose, by contradiction, that c > 0. Then for sufficiently large r, we

have
a(r)(u′(r))m ≤ −c < 0.

This implies

u′(r) ≤ −c1/m
(

1
a(r)

)1/m

.

Integrating from r2 to r, we obtain

u(r) − u(r2) ≤ −c1/m
∫ r

r2

(
1

a(s)

)1/m

ds.

Then as r → ∞, the right-hand side tends to −∞ by condition (H4), which contradicts the fact that
u(r) > 0 for all r ≥ r1. Therefore, c = 0, and limr→∞ a(r)(u′(r))m = 0. □

To simplify our notation, we define the following auxiliary functions:

Λ(r) =

 1
a(r)

∫ φ−1(r)

r
b(s)ds

1/m

β(r) = exp
(∫ r

r1

Λ(s)ds
) (3.3)

where r1 ≥ r0 is an arbitrary but fixed constant.

Lemma 3.2. Let u(r) be a positive Kneser solution of Eq (1.1). Then

β(r)u(r) is a decreasing function (3.4)

for r ≥ r1.
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Proof. Let u(r) be a positive Kneser solution of Eq (1.1). Then integrating Eq (1.1) from r to ∞ (note
that φ−1 exists by (H3)), we have

−a(r)(u′(r))m =

∫ ∞

r
b(s)u(φ(s))mds

≥

∫ φ−1(r)

r
b(s)u(φ(s))mds

≥ u(r)m
∫ φ−1(r)

r
b(s)ds

which in view of (3.3) we have
u′(r) + u(r)Λ(r) ≤ 0.

Using the standard methods of calculus, it is easy to verify that for any r1 ≥ r0

[u(r)β(r)]′ = [u(r)e
∫ r

r1
Λ(s)ds]′ = u′(r)e

∫ r
r1
Λ(s)ds

+ u(r)e
∫ r

r1
Λ(s)ds
Λ(r) ≤ 0

so we conclude that β(r)u(r) is decreasing function for r1 ≥ r0. □

Now we are ready to state our first theorem.

Theorem 3.3. If

lim sup
r→∞

β(r)(r − φ(r))1−1/m
[∫ r

φ(r)

b(s)
βm(φ(s))

∫ s

φ(r)

1
a(l)

dlds
]
> 1 (3.5)

then Eq (1.1) has no Kneser solutions.

Proof. Assume, to the contrary, that there exists a positive Kneser solution u(r) of Eq (1.1). By
integrating Eq (1.1) once from l to r, we obtain

−u′(l) ≥
(

1
a(l)

∫ r

l
b(s)um(φ(s))ds

)1/m

,

where r > l.
Integrating this inequality once more and applying Lemma 2.2, we derive

u(l) ≥
∫ r

l

(
1

a(k)

∫ r

k
b(s)um(φ(s))ds

)1/m

dk

≥ (r − l)1−1/m
(∫ r

l

1
a(k)

∫ r

k
b(s)um(φ(s))dsdk

)1/m

.

By changing the order of integration and using Lemma 3.2, we obtain

u(l) ≥ (r − l)1−1/m
(∫ r

l
b(s)um(φ(s))

∫ s

l

dk
a(k)

ds
)1/m

≥ (r − l)1−1/mu(φ(r))β(r)
(∫ r

l

b(s)
βm(φ(s))

∫ s

l

dk
a(k)

ds
)1/m

.
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Setting l = φ(r), we obtain

1 ≥ (r − φ(r))1−1/mβ(r)
(∫ r

φ(r)

b(s)
βm(φ(s))

∫ s

φ(r)

dk
a(k)

ds
)1/m

.

This contradicts our initial assumption, which completes the proof. □

For our next development, we need to establish the opposite monotonicity property for u(r). By
condition (H3), the inverse function φ−1(r) exists, which allows us to assume that there exists an
invertible function ψ ∈ C1([r0,∞)) satisfying

ψ(ψ(r)) = φ−1(r), (3.6)

and
φ(r) < ψ−1(r) < r < ψ(r) < φ−1(r) < φ−1(ψ(r)) ∀r. (9a)

To facilitate our analysis, we introduce the following auxiliary functions:

Λ1(r) = (φ−1(r) − r)1−1/mβ(ψ−1(r))
(∫ ψ(r)

r

b(s)
βm(φ(s))

∫ s

r

dk
a(k)

ds
)1/m

Λ2(r) = (φ−1(r) − r)1−1/mβ(r)

∫ φ−1(r)

ψ(r)

b(s)
βm(φ(s))

∫ s

r

dk
a(k)

ds

1/m

Λ3(r) = (φ−1(r) − r)1−1/mβ(ψ(r))

∫ φ−1(ψ(r))

φ−1(r)

b(s)
βm(φ(s))

∫ s

r

dk
a(k)

ds

1/m

.

(3.7)

When Λ2(r) < 1, we define the normalized functions

Λ∗1(r) =
Λ1(r)

1 − Λ2(r)

Λ∗3(r) =
Λ3(r)

1 − Λ2(r)
.

(3.8)

Lemma 3.4. Assume that there exists a function ψ(r) ∈ C1([r0,∞)) satisfying (3.6) and u(r) is a positive
Kneser solution of Eq (1.1). Then

u(φ(r)) ≤
1 − Λ∗3(ψ−1(r))Λ∗1(r) − Λ∗1(ψ(r))Λ∗3(r)

Λ∗1(r)Λ∗1(ψ−1(r))
u(r). (3.9)

Proof. Let u(r) be a positive Kneser solution of Eq (1.1). By integrating Eq (1.1) from r to l, we obtain

−u′(r) ≥
(

1
a(r)

∫ l

r
b(s)um(φ(s))ds

)1/m

.

Integrating this inequality once more, applying Lemma 2.2, and changing the order of integration,
we derive
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u(r) ≥ (l − r)1−1/m
(∫ l

r

1
a(k)

∫ l

k
b(s)um(φ(s))dsdk

)1/m

= (l − r)1−1/m
(∫ l

r
b(s)um(φ(s))

∫ s

r

dk
a(k)

ds
)1/m

.

Using assumption (9a), we have

u(r) ≥(φ−1(ψ(r)) − r)1−1/m

∫ φ−1(ψ(r))

r
b(s)um(φ(s))

∫ s

r

dk
a(k)

ds

1/m

=(φ−1(ψ(r)) − r)1−1/m
{∫ ψ(r)

r
b(s)um(φ(s))

∫ s

r

dk
a(k)

ds

+

∫ φ−1(r)

ψ(r)
b(s)um(φ(s))

∫ s

r

dk
a(k)

ds

+

∫ φ−1(ψ(r))

φ−1(r)
b(s)um(φ(s))

∫ s

r

dk
a(k)

ds
}1/m

.

Using that β(r)u(r) is decreasing and Lemma 3.2, we have

u(r) ≥(φ−1(ψ(r)) − r)1−1/mu(ψ−1(r))β(ψ−1(r))
[∫ ψ(r)

r

b(s)
βm(φ(s))

∫ s

r

dk
a(k)

ds
]1/m

+ (φ−1(ψ(r)) − r)1−1/mu(r)β(r)

∫ φ−1(r)

ψ(r)

b(s)
βm(φ(s))

∫ s

r

dk
a(k)

ds

1/m

+ (φ−1(ψ(r)) − r)1−1/mu(ψ(r))β(ψ(r))

∫ φ−1(ψ(r))

φ−1(r)

b(s)
βm(φ(s))

∫ s

r

dk
a(k)

ds

1/m

.

Substituting the auxiliary functions defined earlier, we have

u(r) ≥ Λ1(r)u(ψ−1(r)) + Λ2(r)u(r) + Λ3(r)u(ψ(r)).

When Λ2(r) < 1, this inequality can be rearranged as

u(r) ≥ Λ∗1(r)u(ψ−1(r)) + Λ∗3(r)u(ψ(r)). (3.10)

When we replace r by ψ−1(r) in Eq (3.10), we obtain

u(ψ−1(r)) ≥ Λ∗1(ψ−1(r))u(φ(r)) + Λ∗3(ψ−1(r))u(r). (3.11)

Similarly, setting r = ψ(r) yields

u(ψ(r)) ≥ Λ∗1(ψ(r))u(r) + Λ∗3(ψ(r))u(φ−1(r)). (3.12)
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Substituting Eqs (3.11) and (3.12) into (3.10), we derive

u(r) ≥ Λ∗1(r)Λ∗1(ψ−1(r))u(φ(r)) + Λ∗1(r)Λ∗3(ψ−1(r))u(r) + Λ∗3(r)Λ∗1(ψ(r))u(r).

Rearranging terms, we conclude that

u(φ(r)) ≤
1 − Λ∗3(ψ−1(r))Λ∗1(r) − Λ∗1(ψ(r))Λ∗3(r)

Λ∗1(r)Λ∗1(ψ−1(r))
u(r).

The proof is complete. □

For the remainder of this paper, we shall assume that there exist positive constants Λ∗i , i = 1, 3 such
that

Λ∗i (r) ≥ Λ∗i . (3.13)

The following oscillation criteria are direct consequences of Lemma 3.4.

Corollary 3.5. If lim supr→∞Λ2(r) > 1, then Eq (1.1) has no Kneser solutions.

Corollary 3.6. Let condition (3.13) hold, and suppose there exists a function ψ(r) ∈ C1([r0,∞))
satisfying (3.6). If u(r) is a positive Kneser solution of Eq (1.1), then

u(φ(r)) ≤
1 − 2Λ∗1Λ

∗
3

(Λ∗1)2 u(r). (3.14)

We now establish the opposite monotonicity property for Kneser solutions. To accomplish this, we
introduce the following auxiliary functions:

Φ(r) =
1 − 2Λ∗1Λ

∗
3

(Λ∗1)2

β(r)
a1/m(r)

(∫ ∞

r

b(s)
βm(s)

ds
)1/m

σ(r) = exp
(∫ r

r1

Φ(s)ds
) (3.15)

where r1 ≥ r0 is an arbitrary constant and the improper integral is assumed to be convergent.

Lemma 3.7. Let condition (3.13) hold, and suppose there exists a function ψ(r) ∈ C1([r0,∞))
satisfying (3.6). If u(r) is a positive Kneser solution of Eq (1.1), then

σ(r)u(r) is an increasing function (3.16)

for r ≥ r1.

Proof. Let u(r) be a positive Kneser solution of Eq (1.1). By integrating Eq (1.1) from r to ∞, we
obtain

−a(r)(u′(r))m =

∫ ∞

r
b(s)u(φ(s))mds ≤

∫ ∞

r
b(s)

(
1 − 2Λ∗1Λ

∗
3

(Λ∗1)2

)m

um(s)ds.

Using Lemma 3.2, this inequality leads to

−u′(r) ≤
1 − 2Λ∗1Λ

∗
3

(Λ∗1)2

u(r)β(r)
a1/m(r)

(∫ ∞

r

b(s)
βm(s)

ds
)1/m

= Φ(r)u(r).

From this differential inequality, we can conclude that σ(r)u(r) is an increasing function for r ≥ r1,
which completes the proof. □
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We now present our second main result, which provides a more comprehensive criterion for the
non-existence of Kneser solutions.

Theorem 3.8. Let condition (3.13) hold, and suppose there exists a function ψ(r) ∈ C1([r0,∞))
satisfying (3.6). If

lim sup
r→∞

{ (
r − φ(r)1−1/m

)
β(φ(r))

[∫ r

φ(r)

b(s)
βm(φ(s))

∫ s

φ(r)

dk
a(k)

ds
]1/m

+
(
r − φ(r)1−1/m

)
σ(φ(r))

[∫ ∞

φ(r)

b(s)ds
σm(φ(s))

∫ r

φ(r)

dk
a(k)

]1/m

+ σ(φ(r))
∫ ∞

φ(r)

1
a1/m(k)

(∫ ∞

k

b(s)
σm(s)

ds
)1/m

dk
}
> 1,

(3.17)

then Eq (1.1) has no Kneser solutions.

Proof. Assume, to the contrary, that u(r) is a positive Kneser solution of Eq (1.1). By integrating
Eq (1.1) from l to∞, we obtain

−u′(l) ≥
(

1
a(l)

∫ ∞

l
b(s)um(φ(s))ds

)1/m

. (3.18)

Integrating this inequality once more, we derive

u(l) ≥
∫ ∞

l

(
1

a(k)

∫ ∞

k
b(s)um(φ(s))ds

)1/m

dk

=

∫ r

l

(
1

a(k)

∫ ∞

k
b(s)um(φ(s))ds

)1/m

dk +
∫ ∞

r

(
1

a(k)

∫ ∞

k
b(s)um(φ(s))ds

)1/m

dk.

Applying Lemma 2.2, we obtain

u(l) ≥(r − l)1−1/m
(∫ r

l

1
a(k)

∫ ∞

k
b(s)um(φ(s))dsdk

)1/m

+

∫ ∞

r

(
1

a(k)

∫ ∞

k
b(s)um(φ(s))ds

)1/m

dk

u(l) ≥(r − l)1−1/m
(∫ r

l

1
a(k)

∫ r

k
b(s)um(φ(s))dsdk

)1/m

+ (r − l)1−1/m
(∫ r

l

1
a(k)

∫ ∞

r
b(s)um(φ(s))dsdk

)1/m

+

∫ ∞

r

(
1

a(k)

∫ ∞

k
b(s)um(φ(s))ds

)1/m

dk.

By changing the order of integration and utilizing the fact that β(r)u(r) is a decreasing function while
σ(r)u(r) is an increasing function, we derive

u(l) ≥(r − l)1−1/m
(∫ r

l
b(s)um(φ(s))

∫ s

l

dk
a(k)

ds
)1/m
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+ (r − l)1−1/m
(∫ ∞

r
b(s)um(φ(s))ds

∫ r

l

dk
a(k)

)1/m

+

∫ ∞

r

(
1

a(k)

∫ ∞

k
b(s)um(φ(s))ds

)1/m

dk

u(l) ≥(r − l)1−1/mu(φ(r))β(φ(r))
(∫ r

l

b(s)
βm(φ(s))

∫ s

l

dk
a(k)

ds
)1/m

+ (r − l)1−1/mσ(φ(r))u(φ(r))
(∫ ∞

r

b(s)ds
σm(φ(s))

∫ r

l

dk
a(k)

)1/m

+ σ(φ(r))u(φ(r))
∫ ∞

r

(
1

a(k)

∫ ∞

k

b(s)ds
σm(s)

)1/m

dk.

When we replace l by φ(r), we have

1 ≥(r − φ(r))1−1/mβ(φ(r))
(∫ r

φ(r)

b(s)
βm(φ(s))

∫ s

φ(r)

dk
a(k)

ds
)1/m

+ (r − φ(r))1−1/mσ(φ(r))
(∫ ∞

r

b(s)ds
σm(φ(s))

∫ r

φ(r)

dk
a(k)

)1/m

+ σ(φ(r))
∫ ∞

r

(
1

a(k)

∫ ∞

k

b(s)ds
σm(s)

)1/m

dk.

This contradicts our initial assumption, which completes the proof. □

4. Example

To illustrate the applicability of our theoretical results, we consider a specific half-linear differential
equation with delay. This example demonstrates how our criteria can be used to determine conditions
under which all solutions are oscillatory.

Consider the half-linear differential equation with proportional delay

(
rκ

(
u′(r)

)m)′
=

b0

rm−κ+1 um(λr) (4.1)

where b0 > 0 is a parameter and λ ∈ (0, 1) is the delay coefficient.
This equation corresponds to our general form (1.1) with the following coefficient functions:

a(r) = rκ, b(r) = b0r−m−κ+1, φ(r) = λr, m ∈ (0, 1), κ ∈ (−1,m + 1).

To apply Theorem 3.8, we need to determine appropriate functions β(r) and σ(r). Based on the
structure of our equation, we set

Λ(r) =
A
r
, β(r) = rA, Φ(r) =

B
r
, σ(r) = rB
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where A and B are constants determined by

A = b1/m
0

[
1 − λm−κ

m − κ

]1/m

B =
1 − 2Λ∗1Λ

∗
3

(Λ∗1)2

[
b0

m(A + 1) − κ

]1/m

.

The auxiliary constants Λ1, Λ2, and Λ3 are given by

Λ1 =
b1/m

0

(
λ−3/2 − 1

)1− 1
m

λA/2(κ − 1)1/m

 λm(A+1)−1
2 − 1

m(A + 1) − 1
−

λ
m(A+1)−κ

2 − 1
m(A + 1) − κ

1/m

Λ2 =
b1/m

0

(
λ−3/2 − 1

)1− 1
m

λA(κ − 1)1/m

λm(A+1)−1 − λ
m(A+1)−1

2

m(A + 1) − 1
−
λm(A+1)−κ − λ

m(A+1)−κ
2

m(A + 1) − κ

1/m

Λ3 =
b1/m

0

(
λ−3/2 − 1

)1− 1
m

λ3A/2(κ − 1)1/m

λm(A+1)−1
2/3 − λm(A+1)−1

m(A + 1) − 1
−
λ

m(A+1)−κ
2/3 − λm(A+1)−κ

m(A + 1) − κ

1/m

.

By applying the expressions above to the criteria established in Theorems 3.3 and 3.8, we derive
the following explicit conditions.

From Theorem 3.3, we obtain the criterion

b1/m
0 (1 − λ)1− 1

m

(κ − 1)1/m

[
λ1−m(A+1) − λ1−κ

m(A + 1) − κ
+

1 − λ1−m(A+1)

m(A + 1) − 1

]1/m

> 1. (4.2)

When we set λ = 0.5, m = 0.9, and κ = 0.5, numerical computation reveals that inequality (4.2) is
satisfied when b0 ≥ 2.8869. According to Theorem 3.3, this ensures the absence of Kneser solutions
to Eq (1.1) for these specific parameter values.

Correspondingly, the criterion derived from Theorem 3.8 is expressed as

b1/m
0 (1 − λ)1− 1

m

(κ − 1)1/m

[
λ1−m(A+1) − λ1−κ

m(A + 1) − κ
+

1 − λ1−m(A+1)

m(A + 1) − 1
+

λ1−κ − 1
m(B + 1) − κ

]1/m

+
b1/m

0

B(m(B + 1) − κ)1/m > 1.

(4.3)

Using the identical parameter configuration (λ = 0.5,m = 0.9, κ = 0.5), our numerical analysis
demonstrates that inequality (4.3) holds when b0 ≥ 2.6092. This result, in conjunction with
Theorem 3.8, confirms the non-existence of Kneser solutions to Eq (1.1) under these parameter
constraints.

Our numerical comparison shows that Theorem 3.8 provides better results than Theorem 3.3,
requiring less restrictive conditions. Specifically, Theorem 3.8 establishes the non-existence of Kneser
solutions under a less restrictive threshold (b0 ≥ 2.6092) compared to the more stringent requirement
of Theorem 3.3 (b0 ≥ 2.8869). This represents a significant enhancement in the oscillation criteria for
half-linear differential equations with delay.
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5. Conclusions

In this paper, we have investigated the qualitative behavior of solutions to second-order half-linear
differential equations with deviating arguments. By extending and generalizing monotonicity-based
techniques from the linear case, we developed new oscillation and nonoscillation criteria for
half-linear equations with delay. Our approach accommodates a broader class of delay functions and
nonlinearities, resulting in sharper and less restrictive conditions for the non-existence of Kneser
solutions.

Through both theoretical analysis and examples, we demonstrated that our new criteria improve
upon existing results in the literature, offering a more comprehensive understanding of the asymptotic
properties of such equations. These findings not only unify and strengthen previous theorems but also
open new avenues for further research in the qualitative theory of functional differential equations with
delay.

Future work may explore the extension of these methods to more general classes of nonlinear
equations, systems with multiple delays, or equations with variable exponents and more complex
boundary conditions.
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4. M. Bohner, S. R. Grace, I. Jadlovská, Oscillation criteria for second-order neutral
delay differential equations, Electron. J. Qual. Theory Differ. Equ., 2017 (2017), 60.
https://doi.org/10.14232/ejqtde.2017.1.60

5. T. A. Chanturia, R. Koplatadze, On oscillatory properties of differential equations with deviating
arguments, Tbilisi: Tbilisi University Press, 1977.

6. I. T. Kiguradze, T. A. Chanturia, Asymptotic properties of solutions of nonautonomous ordinary
differential equations, Dordrecht: Springer, 1993. https://doi.org/10.1007/978-94-011-1808-8

7. T. Kusano, B. S. Lalli, On oscillation of half-linear functional-differential equations with deviating
arguments, Hiroshima Math. J., 24 (1994), 549–563. https://doi.org/10.32917/hmj/1206127926

8. T. Li, Y. V. Rogovchenko, Oscillation of second-order neutral differential equations, Math. Nachr.,
288 (2015), 1150–1162. https://doi.org/10.1002/mana.201300029
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