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Abstract: An approach (a generalization of the classical simplex algorithm) is proposed to solve 

hesitant fuzzy linear programming problems (HFLPPs). In this paper, we pointed out that much 

computational effort is required to solve HFLPPs by the existing approach. Moreover, to reduce the 

computational efforts, an alternative approach is proposed to solve HFLPPs. Furthermore, some other 

advantages of the proposed alternative approach (PrAlApp) over the existing approach are discussed. 

Finally, an existing HFLPP is solved by the PrAlApp. 
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1. Introduction  

Torra [1] proposed the concept of hesitant fuzzy set (HFS) by generalizing the concept of fuzzy 

set [2]. Ranjbar et al. [3] pointed out that in a HFS, each element is represented by a non-negative real 
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number belonging to the closed interval 0 to 1. However, it is more realistic to represent each element 

of a HFS by a fuzzy number instead of a real number belonging to the closed interval 0 to 1. Hence, 

Ranjbar et al. [3] proposed a new type of HFS (named as THFN) by representing each element of a 

HFS with a trapezoidal fuzzy number. Ranjbar et al. [3] also proposed arithmetic operations of 

trapezoidal hesitant fuzzy numbers (THFNs) by generalizing the existing arithmetic operations of 

hesitant fuzzy sets [1] with the help of existing arithmetic operations of trapezoidal fuzzy numbers [4]. 

Furthermore, Ranjbar et al. [3] proposed an approach to solve the HFLPP (𝑃1). 

Problem (𝑷𝟏) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 (∑ 𝑐̃̃𝑗
𝑛
𝑗=1 𝑥𝑗)  

𝑆𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 

∑𝑎̃̃𝑖𝑗𝑥𝑗

𝑛

𝑗=1

≼ 𝑏̃̃𝑖, 𝑖 = 1,… ,𝑚, 

𝑥𝑗 ≽ 0, 𝑗 = 1,2, … , 𝑛, 

where, 𝑐̃̃𝑗 , 𝑏̃̃𝑖, 𝑎̃̃𝑖𝑗 (𝑗 = 1,2, … , 𝑛, 𝑖 = 1,2, … ,𝑚) are THFNs and 𝑥𝑗 is a real number. 

Ranjbar et al. [5] pointed out that much computational effort is required to apply the existing 

arithmetic operations of THFNs [4]. Moreover, to reduce the computational efforts, Ranjbar et al. [5] 

proposed new arithmetic operations of THFNs. Furthermore, Ranjbar et al. [5] suggested to use their 

proposed arithmetic operations to evaluate the value of the objective function of the HFLPP (𝑃1) 
corresponding to the existing optimal solution (OS) [3] of the HFLPP (𝑃1).  

Ranjbar et al. [6] claimed that no method is proposed in the literature to solve the HFLPP (𝑃2).  

Problem (𝑷𝟐) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 (∑ (𝑐̃̃𝑗 𝑥̃̃𝑗)
𝑛
𝑗=1 )  

𝑆𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 

∑ (𝑎̃̃𝑖𝑗 𝑥̃̃𝑗)
𝑛
𝑗=1 ≼ 𝑜𝑟 = 𝑜𝑟 ≥ 𝑏̃̃𝑖, 𝑖 = 1,… ,𝑚,  

𝑥̃̃𝑗 ≽ 0̃̃ , 𝑗 = 1,2, … , 𝑛,  

where, 𝑐̃̃𝑗 , 𝑥̃̃𝑗 , 𝑎̃̃𝑖𝑗, 𝑏̃̃𝑖 and 0̃̃ are THFNs.  

Using the existing arithmetic operations of THFNs [5], Saghi et al. [7] proposed two approaches 

to solve the HFLPP (𝑃3). 

Problem (𝑷𝟑) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 (∑  (𝑐̃̃𝑗𝑥𝑗)
𝑛
𝑗=1  )  

𝑆𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 
∑ 𝑎𝑖𝑗𝑥𝑗
𝑛
𝑗=1 ≼ 𝑜𝑟 = 𝑜𝑟 ≥ 𝑏𝑖 , 𝑖 = 1,2, … ,𝑚;  

𝑥𝑗 ≽ 0, 𝑗 = 1,2, … , 𝑛, 

where, 𝑐̃̃𝑗  is a THFN and 𝑏𝑖, 𝑎𝑖𝑗 are real numbers. 

Ahuja and Kumar [8] pointed out that if in the HFLPP (𝑃3), the cardinality of all the hesitant 

fuzzy numbers, 𝑐̃̃𝑗, 𝑗 = 1,2, … , 𝑛 is not the same. Then, Saghi et al.’s [7] approach fails to find the 

correct THFN (representing the optimal value of a HFLPP). Ahuja and Kumar [8] also discussed the 

reasons for the failure of Saghi et al.’s [7] approach. Furthermore, to overcome this limitation, Ahuja 

and Kumar [8] proposed a new approach (named as Mehar approach) to solve the HFLPP (𝑃3). 
Saghi et al. [9] proposed an approach to solve the HFLPP (𝑃4). 
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Problem (𝑷𝟒) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒(∑ (𝑐𝑗 𝑥̃̃𝑗)
𝑛
𝑗=1 )  

𝑆𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 

∑ 𝑎𝑖𝑗 𝑥̃̃𝑗
𝑛
𝑗=1 ≼ 𝑏̃̃𝑖, 𝑖 = 1,2, … ,𝑚;  

𝑥̃̃𝑗 ≽ 0̃̃, 𝑗 = 1,2, … , 𝑛, 

where, 𝑥̃̃𝑗 , 𝑏̃̃𝑖 are THFNs and 𝑐𝑗 , 𝑎𝑖𝑗 are real numbers. 

In this paper, it is pointed out that much computational is required to solve the HFLPP (𝑃4) by Saghi 

et al.’s [9] approach. Also, to reduce computational efforts, an alternative approach is proposed to solve 

the HFLPP (𝑃4). Furthermore, to illustrate the PrAlApp, an existing HFLPP is solved by the PrAlApp. 

This paper is organized as follows. In section 2, some basic definitions are discussed. In Section 3, an 

existing method, used in Saghi et al.’s [9] approach to compare THFNs, is discussed. In Section 4, a 

method, used in Saghi et al.’s [9] approach to evaluate 𝑘1𝐴̃̃1 + 𝑘2𝐴̃̃2, where 𝑘1, 𝑘2 are real numbers 

and 𝐴̃̃1, 𝐴̃̃2 are THFNs, is discussed. In Section 5, Saghi et al.’s [9] approach is discussed. In Section 6, 

an alternative approach is proposed to solve the HFLPP (𝑃4). In Section 7, the origin of the PrAlApp 

is discussed. In Section 8, an existing HFLPP is solved by the PrAlApp. In Section 9, advantages of 

the PrAlApp over Saghi et al.’s [9] approach are discussed. In Section 10, we conclude the paper. 

2. Preliminaries 

Some basic definitions are presented this section. 

Definition 2.1. [1]  The set 𝐴̃̃ = {(𝑥, {𝜇𝐴̃1(𝑥), 𝜇𝐴̃2(𝑥),… , 𝜇𝐴̃𝑛(𝑥)}): 𝑥 ∈ 𝑋, 0 ≤ 𝜇𝐴̃1(𝑥) ≤ 1,0 ≤
𝜇𝐴̃2(𝑥) ≤ 1,… ,0 ≤ 𝜇𝐴̃𝑛(𝑥) ≤ 1},  defined on the universal set 𝑋 , is said to be a HFS, where 

𝜇𝐴̃𝑖(𝑥), 𝑖 = 1,2, … , 𝑛 represents the degree of satisfaction of the 𝑖𝑡ℎ expert for 𝑥 ∈ 𝐴̃̃. If the universal 

set 𝑋 is a discrete set, then the HFS 𝐴̃̃ is said to be a discrete HFS. While, if the universal set 𝑋 is 

a continuous set, then the HFS 𝐴̃̃ is said to be a continuous HFS. 

For example, the statement “real numbers close to 3” may be represented by the HFS, 𝐴̃̃ =
{(𝑥, {𝜇𝐴̃1(𝑥), 𝜇𝐴̃2(𝑥)}): 𝑥 ∈ ℝ} , where 𝜇𝐴̃1(𝑥)  and 𝜇𝐴̃2(𝑥)  represents the degree of satisfaction of 

the first and second decision-maker, respectively, for 𝑥 ∈ 𝐴̃̃ and are defined as  

𝜇𝐴̃1(𝑥) =

{
 
 

 
 
𝑥−1

2
, 1 ≤ 𝑥 < 3

1,         𝑥 = 3
5−𝑥

2
, 3 < 𝑥 ≤ 5

0,   𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒  

       and    𝜇𝐴̃2(𝑥) =

{
 
 

 
 
𝑥−1

1.5
, 1 ≤ 𝑥 < 2.5

1,   2.5 ≤ 𝑥 ≤ 3.5
5−𝑥

1.5
,   3.5 < 𝑥 ≤ 5

0,   𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒  

. 

Definition 2.2. [3] A continuous HFS 𝐴̃̃ = {(𝑥, {𝜇𝐴̃1(𝑥), 𝜇𝐴̃2(𝑥),… , 𝜇𝐴̃𝑝(𝑥)}): 𝑥 ∈ 𝑋} is said to be a 

HFN if the following properties are satisfied. 

(i) 𝐴̃1, 𝐴̃2, … , 𝐴̃𝑝 are fuzzy numbers. 

(ii) ∩𝑗=1
𝑝 {𝑥 ∈ 𝑋: 𝜇𝐴̃𝑗(𝑥) ≥ 1} ≠ ∅. 

Furthermore, if 𝐴̃1, 𝐴̃2, … , 𝐴̃𝑝 are trapezoidal fuzzy numbers, then 𝐴̃̃ = {(𝑥, {𝜇𝐴̃1(𝑥), 
𝜇𝐴̃2(𝑥),… , 𝜇𝐴̃𝑝(𝑥)}): 𝑥 ∈ 𝑋} is said to be a THFN. 
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3. Existing method for comparing THFNs 

Our aim of this paper is to propose an alternative approach for solving the HFLPP (𝑃4) . To 

achieve this aim, there is a need to discuss the method used in Saghi et al.’s [9]approach for comparing 

THFNs. Thus, the same is discussed in this section.  

Let 𝐴̃̃1 = {(𝑎111, 𝑎112, 𝑎113, 𝑎114), (𝑎121, 𝑎122, 𝑎123, 𝑎124),… , (𝑎1𝑝1, 𝑎1𝑝2, 𝑎1𝑝3, 𝑎1𝑝4)}  and 

𝐴̃̃2 = {(𝑎211, 𝑎212, 𝑎213, 𝑎214), (𝑎221, 𝑎222, 𝑎223, 𝑎224),… , (𝑎2𝑞1, 𝑎2𝑞2, 𝑎2𝑞3, 𝑎2𝑞4)}  be two THFNs 

with cardinality 𝑝 and 𝑞 respectively. Then, 𝐴̃̃1 and 𝐴̃̃2 can be compared as follows. 

Step 1:  Evaluate ℜ(𝐴̃̃1) =
∑ (𝑎1𝑗1+𝑎1𝑗2+𝑎1𝑗3+𝑎1𝑗4)
𝑝
𝑗=1

4𝑝
 and ℜ(𝐴̃̃2) =

∑ (𝑎2𝑗1+𝑎2𝑗2+𝑎2𝑗3+𝑎2𝑗4)
𝑞
𝑗=1

4𝑞
. 

Step 2: Check that ℜ(𝐴̃̃1) > ℜ(𝐴̃̃2) or ℜ(𝐴̃̃1) < ℜ(𝐴̃̃2) or ℜ(𝐴̃̃1) = ℜ(𝐴̃̃2). 

Case (i): If ℜ(𝐴̃̃1) > ℜ(𝐴̃̃2), then 𝐴̃̃1 ≻ 𝐴̃̃2. 

Case (ii): If ℜ(𝐴̃̃1) < ℜ(𝐴̃̃2), then 𝐴̃̃1 ≺ 𝐴̃̃2. 

Case (iii): If ℜ(𝐴̃̃1) = ℜ(𝐴̃̃2), then 𝐴̃̃1 ≈ 𝐴̃̃2. 

4. Saghi et al.’s expressions to evaluate 𝒌𝟏𝑨̃̃𝟏 + 𝒌𝟐𝑨̃̃𝟐 

To apply Saghi et al.’s [9] approach, there is a need to evaluate 𝑘1𝐴̃̃1 + 𝑘2𝐴̃̃2 , where 𝐴̃̃1 =

{(𝑎111, 𝑎112, 𝑎113, 𝑎114), (𝑎121, 𝑎122, 𝑎123, 𝑎124), … , (𝑎1𝑝1, 𝑎1𝑝2, 𝑎1𝑝3, 𝑎1𝑝4)}, 𝐴̃̃2 = {(𝑎211, 𝑎212, 

𝑎213, 𝑎214), (𝑎221, 𝑎222, 𝑎223, 𝑎224),… , (𝑎2𝑝1, 𝑎2𝑝2, 𝑎2𝑝3, 𝑎2𝑝4)} are two THFNs and 𝑘1, 𝑘2 are two 

real numbers.  

Saghi et al. [9] have used expressions (1)–(4) to evaluate 𝑘1𝐴̃̃1 + 𝑘2𝐴̃̃2. 

𝑘1𝐴̃̃1 + 𝑘2𝐴̃̃2 = {(𝑘1𝑎111 + 𝑘2𝑎211, 𝑘1𝑎112 + 𝑘2𝑎212, 𝑘1𝑎113 + 𝑘2𝑎213, 𝑘1𝑎114 +  𝑘2𝑎214),  
(𝑘1𝑎121 + 𝑘2𝑎221, 𝑘1𝑎122 + 𝑘2𝑎222, 𝑘1𝑎123 + 𝑘2𝑎223𝑘1𝑎124 + 𝑘2𝑎224), . . . , (𝑘1𝑎1𝑝1 + 𝑘2𝑎2𝑝1,  

𝑘1𝑎1𝑝2 + 𝑘2𝑎2𝑝2, 𝑘1𝑎1𝑝3 + 𝑘2𝑎2𝑝3, 𝑘1𝑎1𝑝4+ 𝑘2𝑎2𝑝4) } if 𝑘1 ≥ 0, 𝑘2 ≥ 0.       (1) 

𝑘1𝐴̃̃1 + 𝑘2𝐴̃̃2 = {(𝑘1𝑎111 + 𝑘2𝑎214, 𝑘1𝑎112 + 𝑘2𝑎213,𝑘1𝑎113+ 𝑘2𝑎212, 𝑘1𝑎114 + 𝑘2𝑎211), 
(𝑘1𝑎121 + 𝑘2𝑎224, 𝑘1𝑎122 + 𝑘2𝑎223, 𝑘1𝑎123 + 𝑘2𝑎222, 𝑘1𝑎124 + 𝑘2𝑎221), . . . , (𝑘1𝑎1𝑝1 + 𝑘2𝑎2𝑝4 

𝑘1𝑎1𝑝2 + 𝑘2𝑎2𝑝3, 𝑘1𝑎1𝑝3 + 𝑘2𝑎2𝑝2, 𝑘1𝑎1𝑝4 + 𝑘2𝑎2𝑝1)}if 𝑘1 ≥ 0, 𝑘2 ≤ 0.       (2) 

𝑘1𝐴̃̃1 + 𝑘2𝐴̃̃2 = {(𝑘1𝑎114 + 𝑘2𝑎211, 𝑘1𝑎113 + 𝑘2𝑎212, 𝑘1𝑎112+ 𝑘2𝑎213, 𝑘1𝑎111 + 𝑘2𝑎214), 
(𝑘1𝑎124 + 𝑘2𝑎221, 𝑘1𝑎123 + 𝑘1𝑎222, 𝑘1𝑎122 + 𝑘2𝑎223, 𝑘1𝑎121 + 𝑘2𝑎224),… , (𝑘1𝑎1𝑝4 + 

𝑘2𝑎2𝑝1, 𝑘1𝑎1𝑝3 + 𝑘2𝑎2𝑝2, 𝑘1𝑎1𝑝2 + 𝑘2𝑎2𝑝3, 𝑘1𝑎1𝑝1+ 𝑘2𝑎2𝑝4)} if 𝑘1 ≤ 0, 𝑘2 ≥ 0.     (3) 

𝑘1𝐴̃̃1 + 𝑘2𝐴̃̃2 = {(𝑘1𝑎114 + 𝑘2𝑎214, 𝑘1𝑎113 + 𝑘2𝑎213, 𝑘1𝑎112+ 𝑘2𝑎212, 𝑘1𝑎111 + 𝑘2𝑎211), 
(𝑘1𝑎124 + 𝑘2𝑎224, 𝑘1𝑎123 + 𝑘1𝑎223, 𝑘1𝑎122 + 𝑘2𝑎222, 𝑘1𝑎121 + 𝑘2𝑎221),… , (𝑘1𝑎1𝑝4 + 

𝑘2𝑎2𝑝4, 𝑘1𝑎1𝑝3 + 𝑘2𝑎2𝑝3, 𝑘1𝑎1𝑝2 + 𝑘2𝑎2𝑝2, 𝑘1𝑎1𝑝1+ 𝑘2𝑎2𝑝1)} if 𝑘1 ≤ 0, 𝑘2 ≤ 0.      (4) 

Saghi et al. [9] pointed out that expressions (1)–(4) can be used only if the cardinality of 𝐴̃̃1 is 

equal to the cardinality of 𝐴̃̃2. Therefore, if the cardinality of 𝐴̃̃1 is not equal to the cardinality of 𝐴̃̃2, 

then, to evaluate 𝑘1𝐴̃̃1 + 𝑘2𝐴̃̃2, there is a need to change the cardinality of 𝐴̃̃1 from 𝑠 to 𝑡 if 𝑠 <

𝑡 or there is a need to change the cardinality of 𝐴̃̃2 from 𝑡 to 𝑠 if 𝑡 < 𝑠, where 𝑠 and 𝑡 represent 

the cardinality of 𝐴̃̃1 and 𝐴̃̃2, respectively. 

The following method is used in Saghi et al.’s [9] approach to achieve the same. 

Evaluate 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 {𝑠, 𝑡}. 
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Case (i): If 𝑠 > 𝑡 . Then, evaluate 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 {(𝑎211 + 𝑎212 + 𝑎213 + 𝑎214),(𝑎221 + 𝑎222 +
𝑎223+ 𝑎224),… , (𝑎2𝑡1 + 𝑎2𝑡2 + 𝑎2𝑡3 + 𝑎2𝑡4)}. 
Let 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 {(𝑎211 + 𝑎212 + 𝑎213 + 𝑎214),(𝑎221 + 𝑎222 + 𝑎223+ 𝑎224),… , (𝑎2𝑡1 + 

𝑎2𝑡2 + 𝑎2𝑡3 + 𝑎2𝑡4)} = (𝑎2𝑘1 + 𝑎2𝑘2 + 𝑎2𝑘3 + 𝑎2𝑘4) . Then, increase the cardinality of 𝐴̃̃2  by 

repeating (𝑎2𝑘1, 𝑎2𝑘2, 𝑎2𝑘3, 𝑎2𝑘4) (𝑠 − 𝑡) times in 𝐴̃̃2 i.e., 𝐴̃̃2 = {(𝑎211, 𝑎212, 𝑎213, 𝑎214), 
(𝑎221, 𝑎222, 𝑎223, 𝑎224), … , (𝑎2𝑡1, 𝑎2𝑡2, 𝑎2𝑡3, 𝑎2𝑡4), (𝑎2𝑘1,𝑎2𝑘2, 𝑎2𝑘3, 𝑎2𝑘4), (𝑎2𝑘1,𝑎2𝑘2, 𝑎2𝑘3, 𝑎2𝑘4), 
. . . , (𝑠 − 𝑡) 𝑡𝑖𝑚𝑒𝑠,… , (𝑎2𝑘1, 𝑎2𝑘2, 𝑎2𝑘3, 𝑎2𝑘4)}. 
Case (ii): If 𝑠 < 𝑡 . Then, evaluate 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 {(𝑎111 + 𝑎112 + 𝑎113 + 𝑎114), (𝑎121 + 𝑎122 +
𝑎123+ 𝑎124), … , (𝑎1𝑠1 + 𝑎1𝑠2 + 𝑎1𝑠3 + 𝑎1𝑠4)}. 
Let 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 {(𝑎111 + 𝑎112 + 𝑎113 + 𝑎114),(𝑎121 + 𝑎122 + 𝑎123+ 𝑎124),… , (𝑎1𝑠1 + 𝑎1𝑠2 +

𝑎1𝑠3 + 𝑎1𝑠4)} = (𝑎1𝑘1 + 𝑎1𝑘2 + 𝑎1𝑘3 + 𝑎1𝑘4) . Then, increase the cardinality of 𝐴̃̃1  by repeating 

(𝑎1𝑘1, 𝑎1𝑘2, 𝑎1𝑘3, 𝑎1𝑘4) (𝑡 − 𝑠) times in 𝐴̃̃1 i.e., 𝐴̃̃1 = {(𝑎111, 𝑎112, 𝑎113, 𝑎114), 
(𝑎121, 𝑎122, 𝑎123, 𝑎124),… , (𝑎1𝑠1, 𝑎1𝑠2, 𝑎1𝑠3, 𝑎1𝑠4), (𝑎1𝑘1, 𝑎1𝑘2, 𝑎1𝑘3, 𝑎1𝑘4), (𝑎1𝑘1, 𝑎1𝑘2, 𝑎1𝑘3 

𝑎1𝑘4),… , (𝑠 − 𝑡) 𝑡𝑖𝑚𝑒𝑠,… , (𝑎1𝑘1, 𝑎1𝑘2, 𝑎1𝑘3, 𝑎1𝑘4)}. 

5. Saghi et al.’s approach 

Saghi et al. [9] proposed an approach for solving HFLPP (𝑃4) by incorporating the following 

modification in the classical simplex algorithm. 

(i) Use the method discussed in Section 4 to evaluate the value of 𝑘1𝐴̃̃1 + 𝑘2𝐴̃̃2. 

(ii) Use the method discussed in Section 3 to compare THFNs. 

To illustrate Saghi et al.’s [9] approach, the existing HFLPP (𝑃5) [6, Section 5, Example 1] is solved 

by Saghi et al.’s [9] approach. 

Problem (𝑷𝟓) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 (4𝑥̃̃1 + 5𝑥̃̃2 + 9𝑥̃̃3 + 11𝑥̃̃4)   

𝑆𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜                 

𝑥̃̃1 + 𝑥̃̃2 + 𝑥̃̃3 + 𝑥̃̃4 ≼ {(10,14,16,20), (12,15,15,20), (8,13,18,24)}, 
7𝑥̃̃1 +  5𝑥̃̃2 + 3𝑥̃̃3 + 2𝑥̃̃4 ≼ {(35,70,90,120), (40,80,90,120)}, 
3𝑥̃̃1 +  4𝑥̃̃2 +  10𝑥̃̃3 + 15𝑥̃̃4 ≼ {(70,100,100,130), (80,95,110,140)}, 

𝑥̃̃1, 𝑥̃̃2, 𝑥̃̃3, 𝑥̃̃4 ≽ 0̃̃.  

Using Saghi et al.’s [9] approach, the existing HFLPP (𝑃5) can be solved as follows. 

Upon introducing slack variables 𝑥̃̃5, 𝑥̃̃6, and 𝑥̃̃7, solving the HFLPP (𝑃5) is equivalent to solving the 

HFLPP (𝑃6). 

Problem (𝑷𝟔) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 (4𝑥̃̃1 +  5𝑥̃̃2 +  9𝑥̃̃3 + 11𝑥̃̃4 + 0𝑥̃̃5 + 0𝑥̃̃6 + 0𝑥̃̃7)  

𝑆𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜             

𝑥̃̃1 + 𝑥̃̃2 + 𝑥̃̃3 + 𝑥̃̃4 + 𝑥̃̃5 ≈ {(10,14,16,20), (12,15,15,20), (8,13,18,24)}, 
7𝑥̃̃1 +  5𝑥̃̃2 + 3𝑥̃̃3 + 2𝑥̃̃4 + 𝑥̃̃6 ≈ {(35,70,90,120), (40,80,90,120)}, 
3𝑥̃̃1 +  4𝑥̃̃2 +  10𝑥̃̃3 + 15𝑥̃̃4 + 𝑥̃̃7 ≈ {(70,100,100,130), (80,95,110,140)}, 

𝑥̃̃1, 𝑥̃̃2, 𝑥̃̃3, 𝑥̃̃4, 𝑥̃̃5, 𝑥̃̃6, 𝑥̃̃7 ≽ 0̃̃. 
Upon considering 𝑥̃̃5, 𝑥̃̃6, and 𝑥̃̃7 as basic variables, the initial simplex table (Table 1) is obtained. 
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Table 1. Initial simplex table [6, Section 5, Table 3]. 

Basic 

variables 
𝑥̃̃1 𝑥̃̃2 𝑥̃̃3 𝑥̃̃4 𝑥̃̃5 𝑥̃̃6 𝑥̃̃7 𝑅𝐻𝑆 

𝑧̃̃𝑗 − 𝑐̃̃𝑗 −4 −5 −9 −11 0 0 0  

𝑥̃̃5 1 1 1 1 1 0 0 {(10,14,16,20), (12,15,15,20), (8,13,18,24)} 

𝑥̃̃6 7 5 3 2 0 1 0 {(35,70,90,120), (40,80,90,120)} 

𝑥̃̃7 3 4 10 15 0 0 1 {(70,100,100,130), (80,95,110,140)} 

Since, 𝑚𝑖𝑛𝑖𝑚𝑢𝑚{𝑧1 − 𝑐1, 𝑧2 − 𝑐2, 𝑧3 − 𝑐3, 𝑧4 − 𝑐4} = 𝑧4 − 𝑐4 = −11  is not a non-negative 

real number, the obtained solution is not an OS, and variable 𝑥̃̃4 is the entering variable.  

Furthermore, as 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 {
ℜ{
(10,14,16,20),(12,15,15,20),

(8,13,18,24)
}

1
,
ℜ{(35,70,90,120),(40,80,90,120)}

2
, 

ℜ{(70,100,100,130),(80,95,110,140)}

15
} = 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 {

185

12
,
645

16
,
55

8
} =

55

8
 , which is corresponding to variable 

𝑥̃̃7. Thus, 𝑥̃̃7 is the leaving variable. 

Upon considering 𝑥̃̃5, 𝑥̃̃6, and 𝑥̃̃4 as basic variables, and using the row operations, the simplex 

table (Table 2) is obtained. 

The values of the last column of the simplex table (Table 2) are obtained as follows. 

(i) 
{(70,100,100,130),(80,95,110,140)}

15
= {(

70

15
,
100

15
,
100

15
,
130

15
) , (

80

15
,
95

15
,
110

15
,
140

15
)} 

= {(
14

3
,
20

3
,
20

3
,
26

3
) , (

16

3
,
19

3
,
22

3
,
28

3
)}.  

(ii) {(35,70,90,120), (40,80,90,120)} − 2 × {(
14

3
,
20

3
,
20

3
,
26

3
) , (

16

3
,
19

3
,
22

3
,
28

3
)} =

{(35,70,90,120), (40,80,90,120)} − {(
28

3
,
40

3
,
40

3
,
52

3
) , (

32

3
,
38

3
,
44

3
,
56

3
)} = 

{(
53

3
,
170

3
,
230

3
,
332

3
) , (

64

3
,
196

3
,
232

3
,
328

3
)}. 

(iii) {(10,14,16,20), (12,15,15,20), (8,13,18,24)} − {(
14

3
,
20

3
,
20

3
,
26

3
) , (

16

3
,
19

3
,
22

3
, 

28

3
)} = {(10,14,16,20), (12,15,15,20), (8,13,18,24)} − {(

14

3
,
20

3
,
20

3
,
26

3
) ,  

(
16

3
,
19

3
,
22

3
,
28

3
) , (

16

3
,
19

3
,
22

3
,
28

3
)} = {(

4

3
,
22

3
,
28

3
,
46

3
) , (

8

3
,
23

3
,
26

3
,
44

3
) , (−

4

3
,
17

3
,  

35

3
,
56

3
)}. 
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Table 2. Simplex table after first iteration. 

Since, 𝑚𝑖𝑛𝑖𝑚𝑢𝑚{𝑧1 − 𝑐1, 𝑧2 − 𝑐2, 𝑧3 − 𝑐3} = 𝑧2 − 𝑐2 = −
31

15
  is not a non-negative real 

number, the obtained solution is not an OS, and variable 𝑥̃̃2  is the entering variable.  

Furthermore, as 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 

{
 
 

 
 ℜ{

(
4

3
,
22

3
,
28

3
,
46

3
),(

8

3
,
23

3
,
26

3
,
44

3
),

(−
4

3
,
17

3
,
35

3
,
56

3
)

}

11
15⁄

,
ℜ{(

53

3
,
170

3
,
230

3
,
332

3
),(

64

3
,
196

3
,
232

3
,
328

3
)}

67
15⁄

,  

ℜ{(
14

3
,
20

3
,
20

3
,
26

3
),(

16

3
,
19

3
,
22

3
,
28

3
)}

4
15⁄

} = 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 {
1525

132
,
8025

536
,
825

32
} =

1525

132
, which is corresponding to variable 𝑥̃̃5. 

Thus, 𝑥̃̃5 is the leaving variable. 

Upon considering 𝑥̃̃2, 𝑥̃̃6, and 𝑥̃̃4 as basic variables and using the row operations, the simplex 

table (Table 3) is obtained. 

The values of the last column of the simplex table (Table 3) are obtained as follows. 

(i)  
{(
4

3
,
22

3
,
28

3
,
46

3
),(

8

3
,
23

3
,
26

3
,
44

3
),(−

4

3
,
17

3
,
35

3
,
56

3
)}

11

15

= {(
20

11
, 10,

140

11
,
230

11
) , (

40

11
,
115

11
,
130

11
, 20) , (−

20

11
,
85

11
,
175

11
, 

280

11
)}.  

(ii)  {(
53

3
,
170

3
,
230

3
,
332

3
) , (

64

3
,
196

3
,
232

3
,
328

3
)} − 

67

15
 × {(

20

11
, 10,

140

11
,
230

11
) , (

40

11
,
115

11
,
130

11
, 20) , 

(−
20

11
,
85

11
,
175

11
,
280

11
)} = {(

53

3
,
170

3
,
230

3
,
332

3
) , (

64

3
,
196

3
,
232

3
,
328

3
)} − {(

268

33
,
134

3
,
1876

33
,  

3082

33
) , (

536

33
,
1541

33
,
1742

33
,
268

3
) , (−

268

33
,
1139

33
,
2345

33
,
3752

33
)} = {(−

833

11
, −

2

11
, 32,

1128

11
) ,  

(−68,
138

11
,
337

11
,
1024

11
) , (−

1016

11
, −

63

11
,
471

11
,
1292

11
)}. 

(iii) {(
14

3
,
20

3
,
20

3
,
26

3
) , (

16

3
,
19

3
,
22

3
,
28

3
)} −

4

15
 × {(

20

11
, 10,

140

11
,
230

11
) , (

40

11
,
115

11
,
130

11
, 20), 

(−
20

11
,
85

11
,
175

11
,
280

11
)} = {(

14

3
,
20

3
,
20

3
,
26

3
) , (

16

3
,
19

3
,
22

3
,
28

3
)} − {(

16

33
,
8

3
,
112

33
,
184

33
) ,  

(
32

33
,
92

33
,
104

33
,
16

3
) , (−

16

33
,
68

33
,
140

33
,
224

33
)} = {(−

10

11
,
36

11
, 4,

90

11
) , (0,

35

11
,
50

11
,
92

11
) ,  

(−
16

11
,
23

11
,
58

11
,
108

11
)}.  

 

 

Basic 

variables 
𝑥̃̃1 𝑥̃̃2 𝑥̃̃3 𝑥̃̃4 𝑥̃̃5 𝑥̃̃6 𝑥̃̃7 𝑅𝐻𝑆 

𝑧̃̃𝑗 − 𝑐̃̃𝑗 −
9

5
 −

31

15
 −

5

3
 0 0 0 

11

15
  

𝑥̃̃5 
4

5
 

11

15
 

1

3
 0 1 0 −

1

15
 {

(
4

3
,
22

3
,
28

3
,
46

3
) , (

8

3
,
23

3
,
26

3
,
44

3
) ,

(−
4

3
,
17

3
,
35

3
,
56

3
)

} 

𝑥̃̃6 
33

5
 

67

15
 

5

3
 0 0 1 −

2

15
 {(

53

3
,
170

3
,
230

3
,
332

3
) , (

64

3
,
196

3
,
232

3
,
328

3
)} 

𝑥̃̃4 
3

15
 

4

15
 

10

15
 1 0 0 

1

15
 {(

14

3
,
20

3
,
20

3
,
26

3
) , (

16

3
,
19

3
,
22

3
,
28

3
)} 
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Table 3. Simplex table after second iteration. 

Since, 𝑚𝑖𝑛𝑖𝑚𝑢𝑚{𝑧1 − 𝑐1, 𝑧4 − 𝑐4} = 𝑧3 − 𝑐3 = −
8

11
  is not a non-negative real number, the 

obtained solution is not an OS, and variable 𝑥̃̃3 is the entering variable.  

Furthermore, as 𝑚𝑖𝑛𝑖𝑚𝑢𝑚

{
 
 

 
 ℜ{

(
20

11
,10,

140

11
,
230

11
),(

40

11
,
115

11
,
130

11
,20)

(−
20

11
,
85

11
,
175

11
,
280

11
)

}

5
11⁄

,

ℜ{
(−

10

11
,
36

11
,4,
90

11
),(0,

35

11
,
50

11
,
92

11
)

(−
16

11
,
23

11
,
58

11
,
108

11
)

} 

6
11⁄

}
 
 

 
 

=  

{
305

12
,
85

12
} =

85

12
, which is corresponding to variable 𝑥̃̃4, then 𝑥̃̃4 is the leaving variable. 

Upon considering 𝑥̃̃2, 𝑥̃̃6, and 𝑥̃̃3 as basic variables and using the row operations, the simplex table 

(Table 4) is obtained. 

Table 4. Simplex table after third iteration [6, Section 5, Table 4]. 

Basic 

Variable 
𝑥̃̃1 𝑥̃̃2 𝑥̃̃3 𝑥̃̃4 𝑥̃̃5 𝑥̃̃6 𝑥̃̃7 𝑅𝐻𝑆 

𝑧̃̃𝑗 − 𝑐̃̃𝑗 
5

11
 0 −

8

11
 0 

31

11
 0 

6

11
  

𝑥̃̃2 
12

11
 1 

5

11
 0 

15

11
 0 −

1

11
 {

(
20

11
, 10,

140

11
,
230

11
) , (

40

11
,
115

11
,
130

11
, 20)

(−
20

11
,
85

11
,
175

11
,
280

11
)

} 

𝑥̃̃6 
19

11
 0 −

4

11
 0 −

67

11
 1 

3

11
 {

(−
833

11
,−

2

11
, 32,

1128

11
) , (−68,

138

11
,
337

11
,
1024

11
)

(−
1016

11
,−
63

11
,
471

11
,
1292

11
)

} 

𝑥̃̃4 −
1

11
 0 

6

11
 1 −

4

11
 
0 

 

1

11
 {

(−
10

11
,
36

11
, 4,
90

11
) , (0,

35

11
,
50

11
,
92

11
)

(−
16

11
,
23

11
,
58

11
,
108

11
)

} 

Basic 

Variables 
𝑥̃̃1 𝑥̃̃2 𝑥̃̃3 𝑥̃̃4 𝑥̃̃5 𝑥̃̃6 𝑥̃̃7 𝑅𝐻𝑆 

𝑧̃̃𝑗 − 𝑐̃̃𝑗 
1

3
 0 0 

4

3
 

7

3
 0 

2

3
  

𝑥̃̃2 
7

6
 1 0 −

5

6
 

5

3
 0 −

1

6
 {

(−5,
20

3
, 10,

65

3
) , (−

10

3
,
20

3
,
55

6
, 20)

(−10,
10

3
,
85

6
,
80

3
)

} 

𝑥̃̃6 
5

3
 0 0 

2

3
 −

19

3
 1 

1

3
 {

(−
229

3
, 2,
104

3
, 108) , (−68,

44

3
,
101

3
,
296

3
)

(−
280

3
, −
13

3
,
139

3
, 124)

} 

𝑥̃̃3 −
1

6
 0 1 

11

6
 −

2

3
 

0 

 

1

6
 {

(−
5

3
, 6,
22

3
, 15) , (0,

35

6
,
25

3
,
46

3
)

(−
8

3
,
23

6
,
29

3
, 18)

} 
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The values of the last column of the simplex table (Table 4) are obtained as follows. 

(i) 
{(−

10

11
,
36

11
,4,
90

11
),(0,

35

11
,
50

11
,
92

11
),(−

16

11
,
23

11
,
58

11
,
108

11
)}

6
11⁄

= {(−
5

3
, 6,

22

3
, 15) , (0,

35

6
,
25

3
,
46

3
) , (−

8

3
,
23

6
,
29

3
, 

18)}. 

(ii) {(−
833

11
, −

2

11
, 32,

1128

11
) , (−68,

138

11
,
337

11
,
1024

11
) , (−

1016

11
, −

63

11
,
471

11
,
1292

11
)} +

4

11
 × 

{(−
5

3
, 6,

22

3
, 15) , (0,

35

6
,
25

3
,
46

3
) , (−

8

3
,
23

6
,
29

3
, 18)} = {(−

833

11
, −

2

11
, 32,

1128

11
) , (−68,  

138

11
,
337

11
,
1024

11
) , (−

1016

11
, −

63

11
,
471

11
,
1292

11
)} + {(−

20

33
,
24

11
,
8

3
,
60

11
) , (0,

70

33
,
100

33
,
184

33
) , (−

32

33
,  

46

33
,
116

33
,
72

11
)} = {(−

229

3
, 2,

104

3
, 108) , (−68,

44

3
,
101

3
,
296

3
) , (−

280

3
, −

13

3
,
139

3
, 124)}. 

(iii)  {(
20

11
, 10,

140

11
,
230

11
) , (

40

11
,
115

11
,
130

11
, 20) , (−

20

11
,
85

11
,
175

11
,
280

11
)} −

5

11
 {(−

5

3
, 6,

22

3
, 15) , (0,

35

6
, 

25

3
,
46

3
) , (−

8

3
,
23

6
,
29

3
, 18)} = {(

20

11
, 10,

140

11
,
230

11
) , (

40

11
,
115

11
,
130

11
, 20) , (−

20

11
,
85

11
,
175

11
,
280

11
)}  

−{(−
25

11
,
30

11
,
10

3
,
75

11
) , (0,

175

66
,
125

33
,
230

33
) , (−

40

33
,
115

66
, 
145

33
,
90

11
)} = {(−5,

20

3
, 10,

65

3
) , (−

10

3
, 

20

3
,
55

6
, 20) , (−10,

10

3
,
85

6
,
80

3
)}.  

Since, in Table 4, the value of 𝑧𝑗 − 𝑐𝑗 corresponding to each non-basic variable 𝑥̃̃𝑗 is a non-

negative real number, the obtained OS is 𝑥̃̃1 = {(0,0,0,0), (0,0,0,0), (0,0,0,0)}, 𝑥̃̃2 = 

{(−5,
20

3
, 10,

65

3
) , (−

10

3
,
20

3
,
55

6
, 20) , (−10,

10

3
,
85

6
,
80

3
)} , 𝑥̃̃3 = {(−

5

3
, 6,

22

3
, 15) , (0,

35

6
,
25

3
,
46

3
)  

(−
8

3
,
23

6
,
29

3
, 18)} , 𝑥̃̃4 = {(0,0,0, 0), (0,0,0,0), (0,0,0,0)}, 𝑥̃̃5 = {(0,0,0,0), (0,0,0,0),(0,0,0,0)},  

𝑥̃̃6 = {(−
229

3
, 2,

104

3
, 108) , (−68,

44

3
,
101

3
,
296

3
) , (−

280

3
, −

13

3
,
139

3
, 124)} and 𝑥̃̃7 = {(0,0,0,0), 

(0,0,0,0), (0,0,0,0)}. 

6. PrAlApp 

From Section 5, to solve the HFLPP (𝑃4) by Saghi et al.’s [9] approach, there is a need to use 

arithmetic operations of THFNs. Moreover, since much computational effort is required to apply 

arithmetic operations of THFNs, it is difficult to solve the HFLPP (𝑃4) corresponding to large-scaled 

real-life problems. To reduce the computational efforts, an alternative approach is proposed to solve 

the HFLPP (𝑃4).  

The steps of the PrAlApp are as follows. 

Step 1: Evaluate 𝑚𝑎𝑥𝑖𝑚𝑢𝑚
1≤𝑖≤𝑚

{𝑐𝑎𝑟𝑑𝑖𝑛𝑎𝑙𝑖𝑡𝑦 𝑜𝑓 𝑏̃̃𝑖 } and go to Step 2. 

Step 2: If 𝑚𝑎𝑥𝑖𝑚𝑢𝑚
1≤𝑖≤𝑚

{𝑐𝑎𝑟𝑑𝑖𝑛𝑎𝑙𝑖𝑡𝑦 𝑜𝑓 𝑏̃̃𝑖 } = 𝑝, then check that the cardinality of each 𝑏̃̃𝑖 is 𝑝 or not. 

Case (i): If the answer is yes, then find an OS 𝑥𝑗, 𝑗 = 1,2, … , 𝑛 of the crisp linear programming 

problem (CLPP) (𝑃7).  

Problem (𝑷𝟕) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 (∑ (𝑐𝑗𝑥𝑗)
𝑛
𝑗=1 )  

𝑆𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 

∑ 𝑎𝑖𝑗𝑥𝑗
𝑛
𝑗=1 ≤ ℜ(𝑏̃̃𝑖) , 𝑖 = 1,2, … ,𝑚;  

𝑥𝑗 ≥ 0, 𝑗 = 1,2, … , 𝑛. 

Case (ii): If the answer is no, then find an OS 𝑥𝑗 , 𝑗 = 1,2, … , 𝑛 of the CLPP (𝑃8). 
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Problem (𝑷𝟖) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒(∑ (𝑐𝑗𝑥𝑗)
𝑛
𝑗=1 )  

𝑆𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 

∑ 𝑎𝑖𝑗𝑥𝑗
𝑛
𝑗=1 ≤ ℜ(𝑏̃̃𝑖′) , 𝑖 = 1,2, … ,𝑚;  

𝑥𝑗 ≥ 0, 𝑗 = 1,2, … , 𝑛, 

where,  

𝑏̃̃𝑖
′ = {

𝑏̃̃𝑖, 𝑖𝑓 𝑐𝑎𝑟𝑑𝑖𝑛𝑎𝑙𝑖𝑡𝑦 𝑜𝑓𝑏̃̃𝑖 𝑖𝑠 𝑝,

𝑏̃̃𝑗 , 𝑖𝑓 𝑐𝑎𝑟𝑑𝑖𝑛𝑎𝑙𝑖𝑡𝑦 𝑜𝑓𝑏̃̃𝑖 𝑖𝑠 𝑞 (𝑙𝑒𝑠𝑠 𝑡ℎ𝑎𝑛 𝑝)
 

The trapezoidal number 𝑏̃̃𝑗  is obtained by increasing the cardinality of 𝑏̃̃𝑖  from 𝑞  to 𝑝  by the 

method discussed in Section 4.  

Step 3: If 𝑥𝑗 = 𝛾𝑗 , 𝑗 = 1,2, … , 𝑛, then evaluate a THFN 𝑥̃̃𝑗 = {(𝑥𝑖11, 𝑥𝑖12, 𝑥𝑖13, 𝑥𝑖14), (𝑥𝑖21, 𝑥𝑖22 

𝑥𝑖23, 𝑥𝑖24), . . . , (𝑥𝑖𝑝1, 𝑥𝑖𝑝2, 𝑥𝑖𝑝3, 𝑥𝑖𝑝4)}  having cardinality 𝑝  such that ℜ(𝑥̃̃𝑗) = 𝛾𝑗 . The evaluated 

values of 𝑥̃̃𝑗 , 𝑗 = 1,2, … , 𝑛 represents an OS of the HFLPP (𝑃4).  

Step 4: Use the following steps to find unique optimal solution of the HFLPP (𝑃4). 
Step 4(a): Construct the optimal basis matrix 𝐵. 

Step 4(b): Evaluate the multiplicative inverse of the matrix 𝐵 i.e., 𝐵−1. 

Step 4(c): Evaluate the optimal solution matrix 𝐵−1 × 𝑏̃̃𝑖
′. 

7. Origin of the PrAlApp 

The origin of the PrAlApp is as follows. 

Step 1: To find an OS of the HFLPP (𝑃4) is equivalent to finding an OS of the HFLPP (𝑃9). 

Problem (𝑷𝟗) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 (∑ (𝑐𝑗 𝑥̃̃𝑗)
𝑛
𝑗=1 )  

𝑆𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 

∑ 𝑎𝑖𝑗 𝑥̃̃𝑗
𝑛
𝑗=1 − 𝑏̃̃𝑖 ≼ 𝑏̃̃𝑖 − 𝑏̃̃𝑖, 𝑖 = 1,2, … ,𝑚;  

𝑥̃̃𝑗 ≽ 0̃̃, 𝑗 = 1,2, … , 𝑛. 

Step 2: If the cardinality of 𝑏̃̃𝑖 is 𝜃𝑖, then, as discussed in Section 4, 𝑏̃̃𝑖 − 𝑏̃̃𝑖  = 0̃̃, where 0̃̃ = 

{(0,0,0,0), (0,0,0,0), . . ., 𝜃𝑖  𝑡𝑖𝑚𝑒𝑠, … , (0,0,0,0)}. Thus, to find an OS of the HFLPP (𝑃9) is equivalent 

to finding an OS of the HFLPP (𝑃10). 

Problem (𝑷𝟏𝟎) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 (∑ (𝑐𝑗 𝑥̃̃𝑗)
𝑛
𝑗=1 )  

𝑆𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 

∑ 𝑎𝑖𝑗 𝑥̃̃𝑗
𝑛
𝑗=1 − 𝑏̃̃𝑖 ≼ 0̃̃, 𝑖 = 1,2, … ,𝑚;  

𝑥̃̃𝑗 ≽ 0̃̃, 𝑗 = 1,2, … , 𝑛. 

Step 3: As discussed in Section 4, ∑ 𝑎𝑖𝑗 𝑥̃̃𝑗
𝑛
𝑗=1 − 𝑏̃̃𝑖 can be evaluated only if the cardinality of each 𝑥̃̃𝑗 

and each 𝑏̃̃𝑖 is the same. Also, as the cardinality of each 𝑥̃̃𝑗 is unknown, the cardinality of each 𝑥̃̃𝑗 

may be considered 𝑚𝑎𝑥𝑖𝑚𝑢𝑚
1≤𝑖≤𝑚

{𝑐𝑎𝑟𝑑𝑖𝑛𝑎𝑙𝑖𝑡𝑦 𝑜𝑓 𝑏̃̃𝑖 }. Furthermore, if the cardinality of each 𝑏̃̃𝑖 is not 

equal to 𝑚𝑎𝑥𝑖𝑚𝑢𝑚
1≤𝑖≤𝑚

{𝑐𝑎𝑟𝑑𝑖𝑛𝑎𝑙𝑖𝑡𝑦 𝑜𝑓 𝑏̃̃𝑖 }, then each 𝑏̃̃𝑖 can be replaced by 𝑏̃̃𝑖’, where 𝑏̃̃𝑖′ is defined 



18726 

AIMS Mathematics  Volume 10, Issue 8, 18716–18730. 

in Problem (𝑃8). Hence, to find an OS of the HFLPP (𝑃10) is equivalent to finding an OS of the 

HFLPP (𝑃11). 

Problem (𝑷𝟏𝟏) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 (∑ (𝑐𝑗 𝑥̃̃𝑗)
𝑛
𝑗=1 )  

𝑆𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 

∑ 𝑎𝑖𝑗 𝑥̃̃𝑗
𝑛
𝑗=1 − 𝑏̃̃𝑖′ ≼ 0̃̃, 𝑖 = 1,2, … ,𝑚;  

𝑥̃̃𝑗 ≽ 0̃̃, 𝑗 = 1,2, … , 𝑛. 

Step 4: Using the comparing method, discussed in Section 3, to find an OS of the HFLPP (𝑃11) is 

equivalent to finding an OS of the CLPP (𝑃12). 

Problem (𝑷𝟏𝟐) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 (ℜ (∑ (𝑐𝑗 𝑥̃̃𝑗)
𝑛
𝑗=1 ))  

𝑆𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 

ℜ(∑ 𝑎𝑖𝑗 𝑥̃̃𝑗
𝑛
𝑗=1 − 𝑏̃̃𝑖′) ≤ ℜ(0̃̃) , 𝑖 = 1,2, … ,𝑚;  

ℜ(𝑥̃̃𝑗) ≥ ℜ(0̃̃) , 𝑗 = 1,2, … , 𝑛. 

Step 5: Using the relations (ℜ(∑ (𝑐𝑗 𝑥̃̃𝑗)
𝑛
𝑗=1 )) = ∑ (𝑐𝑗 × ℜ(𝑥̃̃𝑗))

𝑛
𝑗=1 , ℜ (∑ 𝑎𝑖𝑗 𝑥̃̃𝑗

𝑛
𝑗=1 − 𝑏̃̃𝑖′) =

∑ 𝑎𝑖𝑗ℜ(𝑥̃̃𝑗)
𝑛
𝑗=1 −ℜ(𝑏̃̃𝑖′), and ℜ(0̃̃) = 0 to find an OS of the CLPP (𝑃12) is equivalent to finding 

an OS of the CLPP (𝑃13). 

Problem (𝑷𝟏𝟑) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 (∑ (𝑐𝑗 ×ℜ(𝑥̃̃𝑗))
𝑛
𝑗=1 )  

𝑆𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 

∑ 𝑎𝑖𝑗ℜ(𝑥̃̃𝑗)
𝑛
𝑗=1 −ℜ(𝑏̃̃𝑖′) ≤ 0, 𝑖 = 1,2, … ,𝑚;  

ℜ(𝑥̃̃𝑗) ≥ 0, 𝑗 = 1,2, … , 𝑛. 

Step 6: Assuming ℜ(𝑥̃̃𝑗) = 𝑥𝑗, to find an OS of the CLPP (𝑃13) is equivalent to finding an OS of the 

CLPP (𝑃8). 

8. Illustrative example 

Saghi et al. [9] solved the HFLPP (𝑃5) to illustrate their proposed approach. In this section, the 

same HFLPP is solved by the PrAlApp. 

Using the PrAlApp, optimal solutions of the HFLPP (𝑃5) can be obtained as follows. 

Step 1: Since, the cardinality of 𝑏̃̃1 = {(10,14,16,20), (12,15,15,20), (8,13,18,24)}, 

𝑏̃̃2 = {(35,70,90,120), (40,80,90,120)} , and 𝑏̃̃3 = {(70,100,100,130), (80,95,110,140)}  is 3, 2 

and 2 respectively, then 𝑚𝑎𝑥𝑖𝑚𝑢𝑚
1≤𝑖≤3

{𝑐𝑎𝑟𝑑𝑖𝑛𝑎𝑙𝑖𝑡𝑦 𝑜𝑓 𝑏̃̃𝑖 } = 𝑚𝑎𝑥𝑖𝑚𝑢𝑚{3, 2, 2} = 3. 

Step 2: Since, the cardinality of each 𝑏̃̃𝑖 is not 3, then, according to Case (ii) of Step 2 of the PrAlApp, 

there is a need to find an OS of the CLPP (𝑃15) , which is obtained by substituting 

ℜ{(10,14,16,20), (12,15,15,20), (8,13,18,24)} =
185

12
, ℜ{(35,70,90,120), (40,80,90,120), 

(40,80,90,120)} =
975

12
 , and ℜ {(70,100,100,130), (80,95,110,140), (80,95,110,140)} =

1250

12
  in 
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the CLPP (𝑃14). 

Problem (𝑷𝟏𝟒)  

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 (4𝑥1 +  5𝑥2 +  9𝑥3 + 11𝑥4)  
𝑆𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜                 

𝑥1 + 𝑥2 + 𝑥3 + 𝑥4 ≤ ℜ{(10,14,16,20), (12,15,15,20), (8,13,18,24)}, 
7𝑥1 +  5𝑥2 + 3𝑥3 + 2𝑥4 ≤ ℜ{(35,70,90,120), (40,80,90,120), (40,80,90,120)}, 
3𝑥1 +  4𝑥2 +  10𝑥3 + 15𝑥4 ≤ ℜ{(70,100,100,130), (80,95,110,140),(80,95,110,140)}, 
𝑥1, 𝑥2, 𝑥3, 𝑥4 ≥ 0, 
where, {(35,70,90,120), (40,80,90,120), (40,80,90,120)} and {(70,100,100,130), (80,95, 
110,140), (80,95,110,140)} is obtained by increasing the cardinality of {(35,70,90,120), 
(40,80,90,120)} , and {(70,100,100,130), (80,95,110,140)} , respectively, from 2 to 3 with the 

method discussed in Section 4. 

Problem (𝑷𝟏𝟓) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 (4𝑥1 +  5𝑥2 +  9𝑥3 + 11𝑥4)  
𝑆𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜                 

𝑥1 + 𝑥2 + 𝑥3 + 𝑥4 ≤
185

12
,  

7𝑥1 +  5𝑥2 + 3𝑥3 + 2𝑥4 ≤
975

12
,  

3𝑥1 +  4𝑥2 +  10𝑥3 + 15𝑥4 ≤
1250

12
,  

𝑥1, 𝑥2, 𝑥3, 𝑥4 ≥ 0.  

It can be verified that 𝑥1 = 0, 𝑥2 = 100, 𝑥3 = 85, 𝑥4 = 0, 𝑥5 = 0, 𝑥6 = 220 , and 𝑥7 = 0  are 

OS’s of the CLPP (𝑃15), where 𝑥5, 𝑥6, and 𝑥7 are slack variables corresponding to the first, second, 

and third constraint, respectively, of the CLPP (𝑃15). 
Step 3: Since 𝑥1 = 0, 𝑥2 = 100, 𝑥3 = 85, 𝑥4 = 0, 𝑥5 = 0, 𝑥6 = 220, 𝑥7 = 0 , and 

𝑚𝑎𝑥𝑖𝑚𝑢𝑚
1≤𝑖≤3

{𝑐𝑎𝑟𝑑𝑖𝑛𝑎𝑙𝑖𝑡𝑦 𝑜𝑓 𝑏̃̃𝑖 } = 𝑚𝑎𝑥𝑖𝑚𝑢𝑚{3, 2, 2 } = 3 , then, according to Step 3 of the 

PrAlApp, there is a need to find THFNs 𝑥̃̃1, 𝑥̃̃2, 𝑥̃̃3, 𝑥̃̃4, 𝑥̃̃5, 𝑥̃̃6, and 𝑥̃̃7 having cardinality 3, such that 

ℜ (𝑥̃̃1) = 0,ℜ (𝑥̃̃2) =
100

12
, ℜ (𝑥̃̃3) =

85

12
, ℜ (𝑥̃̃4) = 0,ℜ (𝑥̃̃5) = 0,ℜ (𝑥̃̃6) =

220

12
, and ℜ (𝑥̃̃7) = 0. 

It is pertinent to mention that infinite numbers of such 𝑥̃̃1, 𝑥̃̃2, 𝑥̃̃3,  𝑥̃̃4, 𝑥̃̃5, 𝑥̃̃6 , and 𝑥̃̃7  can be 

obtained. Some are as follows: 

(i) 𝑥̃̃1 = {(0,0,0,0), (0,0,0,0), (0,0,0,0)}, 𝑥̃̃2 = {(−
10

3
,
20

3
,
55

6
, 20) , (−5,

20

3
, 10,

65

3
) , 

(−10,
10

3
,
85

6
,
80

3
)} , 𝑥̃̃3 = {(−

5

3
, 6,

22

3
, 15) , (−

8

3
,
23

6
,
29

3
, 18) , (0,

35

6
,
25

3
,
46

3
)} 𝑥̃̃4 =  

{(0,0,0,0), (0,0,0,0), (0,0,0,0)}, 𝑥̃̃5 = {(0,0,0,0), (0,0,0,0), (0,0,0,0)}, 𝑥̃̃6 = {(−
229

3
  

2,
104

3
, 108) , (−

280

3
, −

13

3
,
139

3
, 124) , (−68,

44

3
,
101

3
,
296

3
)} and 𝑥̃̃7 = {(0,0,0,0), 

(0,0,0,0), (0,0,0,0)}. 
 

(ii) 𝑥̃̃1 = {(0,0,0,0), (0,0,0,0), (0,0,0,0)}, 𝑥̃̃2 = {(2,4,6,7), (4,10,12,14), (4,10,12,15)}, 
𝑥̃̃3 = {(2,3,4,8), (4,5,9,10), (7,10,11,12)}, 𝑥̃̃4 = {(0,0,0,0), (0,0,0,0), (0,0,0,0)}, 𝑥̃̃5 = 

{(0,0,0,0), (0,0,0,0), (0,0,0,0)}, 𝑥̃̃6 = {(5,15,19,24), (8,17,20,24), (10,20,25,33)} 
{(0,0,0,0), (0,0,0,0), (0,0,0,0)} and 𝑥̃̃7 = {(0,0,0,0), (0,0,0,0), (0,0,0,0)}. 

 

(iii) 𝑥̃̃1 = {(0,0,0,0), (0,0,0,0), (0,0,0,0)}, 𝑥̃̃2 = {(2,4,9,10), (3,7,10,14), (6,10,12,13)}, 
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𝑥̃̃3 = {(3,5,6,7), (1,5,7,10), (2,8,12,19)}, 𝑥̃̃4 = {(0,0,0,0), (0,0,0,0), (0,0,0,0)}, 𝑥̃̃5 = 

{(0,0,0,0), (0,0,0,0), (0,0,0,0)}, 𝑥̃̃6 = {(12,15,16,17), (15,15,20,20), (9,18,28,35)} 
and 𝑥̃̃7 = {(0,0,0,0), (0,0,0,0), (0,0,0,0)}. 

According to Step 3 of the PrAlApp, (i), (ii), and (iii) represents optimal solutions of the HFLPP (𝑃5). 
Step 4: According to Step 4 of the PrAlApp, the unique optimal solution of the HFLPP (𝑃5) can be 

obtained as follows. 

Step 4(a): From the obtained optimal solution 𝑥1 = 0, 𝑥2 = 100, 𝑥3 = 85, 𝑥4 = 0, 𝑥5 = 0, 𝑥6 =
55

3
, 𝑥7 = 0 , 𝑥2, 𝑥3 , and 𝑥6  are optimal basic variables. Therefore, the optimal basis matrix 𝐵 =

[
1 1 0
5 3 1
4 10 0

]. 

Step 4(b): It can be verified that the multiplicative inverse of the optimal basis matrix 𝐵 is 𝐵−1 =

[
 
 
 
 

5

3
0 −

1

6

−
19

3
1

1

3

−
2

3
0

1

6 ]
 
 
 
 

. 

Step 4(c): The optimal solution matrix [

𝑥̃̃2
𝑥̃̃6
𝑥̃̃3

] = 𝐵−1 × 𝑏̃̃𝑖
′ =

[
 
 
 
 

5

3
0 −

1

6

−
19

3
1

1

3

−
2

3
0

1

6 ]
 
 
 
 

× 

 [

{(10,14,16,20), (12,15,15,20), (8,13,18,24)}
{(35,70,90,120), (40,80,90,120), (40,80,90,120)}

{(70,100,100,130), (80,95,110,140),(80,95,110,140)}
] = 

[
 
 
 
 {(−5,

20

3
, 10,

65

3
) , (−

10

3
,
20

3
,
55

6
, 20) , (−10,

10

3
,
85

6
,
80

3
)}

{(−
205

3
, 2,

104

3
, 100) , (−60,

50

3
,
95

3
,
272

3
) , (−

256

3
, −

7

3
,
133

3
, 116)}

{(−
5

3
, 6,

22

3
, 15) , (0,

35

6
,
25

3
,
46

3
) , (−

8

3
,
23

6
,
29

3
, 18)} ]

 
 
 
 

  

Hence, 𝑥̃̃2 = {(−
10

3
,
20

3
,
55

6
, 20) , (−5,

20

3
, 10,

65

3
) , (−10,

10

3
,
85

6
,
80

3
)} , 𝑥̃̃6 = 

{(−
205

3
, 2 ,

104

3
, 100) (−

256

3
, −

7

3
,
133

3
, 116) , (−60,

50

3
,
95

3
,
272

3
)} and 𝑥̃̃3 = {(−

5

3
, 6,

22

3
, 

15), (−
8

3
,
23

6
,
29

3
, 18) , (0,

35

6
,
25

3
,
46

3
)}. 

9. Advantages of the PrAlApp over Saghi et al.’s approach 

It is better to solve the HFLPP (𝑃4) by the PrAlApp compared to Saghi et al.’s [9] approach due 

to the following reasons. 

(i) Less computational efforts are required to solve the HFLPP (𝑃4) by the PrAlApp compared to 

Saghi et al.’s [9] approach. 

(ii) In the PrAlApp, an OS of the HFLPP (𝑃4) is obtained with the help of an OS of the CLPP (𝑃8). 
Since existing tools like MATLAB, TORA, MAPLE, and LINGO can be used to find an OS of 

the CLPP (𝑃8), the HFLPP (𝑃4) corresponding to large-scaled real-life problems can be easily 

solved by the PrAlApp.  

(iii) If there exist an OS of the HFLPP (𝑃4), then, there will exist an infinite number of optimal solutions 

of the HFLPP (𝑃4). All these infinite number of optimal solutions can be obtained by the PrAlApp. 



18729 

AIMS Mathematics  Volume 10, Issue 8, 18716–18730. 

If a unique OS exists, then the HFLPP (𝑃4) is obtained by Saghi et al.’s [9] approach. 

10. Conclusions 

An alternative approach is proposed to solve the HFLPP (𝑃4). Also, it is pointed out that it is 

better to use the PrAlApp compared to Saghi et al.’s [9] approach. Furthermore, to illustrate the 

PrAlApp, an existing HFLPP is solved by the PrAlApp. It is pertinent to mention that neither Saghi et 

al.’s [9] approach nor the PrAlApp can be used to fully solve HFLPPs. To propose an approach to fully 

solve HFLPPs may be considered a challenging, open research problem.  
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