AIMS Mathematics, 10(8): 18716—18730.
AIMS Mathematics DOI: 10.3934/math.2025836

Received: 15 April 2025

Revised: 12 August 2025

Accepted: 13 August 2025

Published: 18 August 2025
https://www.aimspress.com/journal/Math

Research article

A simplified approach to solve hesitant fuzzy linear programming

problem with hesitant decision variables and right-hand-side values

Raina Ahuja', Meraj Ali Khan?, Parul Tomar®*, Amit Kumar!, S. S. Appadoo* and Ibrahim Al-
Dayel?

I Department of Mathematics, Thapar Institute of Engineering & Technology (Deemed to be
University), Patiala, Punjab, India

Department of Mathematics and Statistics, College of Science, Imam Mohammad Ibn Saud Islamic
University, Riyadh, Saudi Arabia

Department of Mathematics, Marwadi University, Rajkot, Gujrat, India

Department of Supply Chain Management, Asper School of Business, University of Manitoba,
Winnipeg, Canada

* Correspondence: Email: parul1003tomar@gmail.com.

Abstract: An approach (a generalization of the classical simplex algorithm) is proposed to solve
hesitant fuzzy linear programming problems (HFLPPs). In this paper, we pointed out that much
computational effort is required to solve HFLPPs by the existing approach. Moreover, to reduce the
computational efforts, an alternative approach is proposed to solve HFLPPs. Furthermore, some other
advantages of the proposed alternative approach (PrAlApp) over the existing approach are discussed.
Finally, an existing HFLPP is solved by the PrAlApp.

Keywords: simplex algorithm; hesitant fuzzy linear programming problem (HFLPP); trapezoidal
hesitant fuzzy number (THFN)
Mathematics Subject Classification: 03E72, 94D05, 90B50

1. Introduction

Torra [1] proposed the concept of hesitant fuzzy set (HFS) by generalizing the concept of fuzzy
set [2]. Ranjbar et al. [3] pointed out that in a HFS, each element is represented by a non-negative real
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number belonging to the closed interval 0 to 1. However, it is more realistic to represent each element
of a HFS by a fuzzy number instead of a real number belonging to the closed interval 0 to 1. Hence,
Ranjbar et al. [3] proposed a new type of HFS (named as THFN) by representing each element of a
HFS with a trapezoidal fuzzy number. Ranjbar et al. [3] also proposed arithmetic operations of
trapezoidal hesitant fuzzy numbers (THFNs) by generalizing the existing arithmetic operations of
hesitant fuzzy sets [1] with the help of existing arithmetic operations of trapezoidal fuzzy numbers [4].
Furthermore, Ranjbar et al. [3] proposed an approach to solve the HFLPP (P,).

Problem (P;)

Maximize (¥}, & x;)
Subject to
n

2

X% 0,j=12..,n

I3

Qu

l-jxj < i!i = 1, e, m,

where, &,b;, @ (j=12,..,n,i=12,..,m) are THFNs and x; is a real number.

Ranjbar et al. [5] pointed out that much computational effort is required to apply the existing
arithmetic operations of THFNs [4]. Moreover, to reduce the computational efforts, Ranjbar et al. [5]
proposed new arithmetic operations of THFNs. Furthermore, Ranjbar et al. [5] suggested to use their
proposed arithmetic operations to evaluate the value of the objective function of the HFLPP (P;)
corresponding to the existing optimal solution (OS) [3] of the HFLPP (P,).

Ranjbar et al. [6] claimed that no method is proposed in the literature to solve the HFLPP (P,).

Problem (P,)

Maximize (¥}-,(6%))
Subject to ~
Yi.(@%) <or=or=b,i=1,.,m,

%%0,j=12..n
where, &,%;,d;;,b;and 0 are THFNG.

Using the existing arithmetic operations of THFNs [5], Saghi et al. [7] proposed two approaches
to solve the HFLPP (P;).

Problem (P3)

Maximize (X7-; (&x;))

Subject to

;‘21 a;jx; < or =or 2 b;,i =12,..,m;

xi70,j=12,..,n,
where, 5]- isa THFN and b;, a;; are real numbers.

Ahuja and Kumar [8] pointed out that if in the HFLPP (P;), the cardinality of all the hesitant
fuzzy numbers, 5]-, j=1,2,...,nis not the same. Then, Saghi et al.’s [7] approach fails to find the
correct THFN (representing the optimal value of a HFLPP). Ahuja and Kumar [8] also discussed the
reasons for the failure of Saghi et al.’s [7] approach. Furthermore, to overcome this limitation, Ahuja
and Kumar [8] proposed a new approach (named as Mehar approach) to solve the HFLPP (P;).

Saghi et al. [9] proposed an approach to solve the HFLPP (P,).

AIMS Mathematics Volume 10, Issue 8, 18716—-18730.
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Problem (P,)

Maximize(Y}-1(c;%;))

Subject to

Siay% < byi=12,..,m;

%5%0,j=12.,n,

where, ﬁj, l:)i are THFNs and ¢;, a;; are real numbers.

In this paper, it is pointed out that much computational is required to solve the HFLPP (P,) by Saghi
et al.’s [9] approach. Also, to reduce computational efforts, an alternative approach is proposed to solve
the HFLPP (P,). Furthermore, to illustrate the PrAlApp, an existing HFLPP is solved by the PrAlApp.

This paper is organized as follows. In section 2, some basic definitions are discussed. In Section 3, an
existing method, used in Saghi et al.’s [9] approach to compare THFNSs, is discussed. In Section 4, a

method, used in Saghi et al.’s [9] approach to evaluate k,A; + k,A,, where k;,k, are real numbers

and A;, A, are THFNS, is discussed. In Section 5, Saghi et al.’s [9] approach is discussed. In Section 6,
an alternative approach is proposed to solve the HFLPP (P,). In Section 7, the origin of the PrAlApp
is discussed. In Section 8, an existing HFLPP is solved by the PrAlApp. In Section 9, advantages of
the PrAlApp over Saghi et al.’s [9] approach are discussed. In Section 10, we conclude the paper.

2. Preliminaries

Some basic definitions are presented this section.
Definition 2.1. [1] The set A= {0, fpgr (), pae (%), o puan () PD:x € X,0 S pjn(x) < 1,0 <
usz(x) <1,..,0 < pgn(x) < 13}, defined on the universal set X, is said to be a HFS, where
pzi(x),i = 1,2,...,n represents the degree of satisfaction of the i*" expert for x € A. If the universal
set X is a discrete set, then the HFS A is said to be a discrete HFS. While, if the universal set X is
a continuous set, then the HFS A is said to be a continuous HFS.

For example, the statement “real numbers close to 3” may be represented by the HFS, A=
{O, {ugi (), paz(x)}:x € R}, where pzi(x) and pz2(x) represents the degree of satisfaction of

the first and second decision-maker, respectively, for x € A and are defined as

1<x<3 "1—‘;,1Sx<2.5

1 x=3 1, 25<x<35
un(x) =<5’ and piz(x) =<’ -
4 52—x,3<xs5 4 51—5" 35<x<5

0, elsewhere 0, elsewhere

Definition 2.2. [3] A continuous HFS A= {0, {ugi (), paz (x), oo, uzr (x)}): x € X} issaidto be a
HFN if the following properties are satisfied.

(i) A%, A2, ..., AP are fuzzy numbers.

(i) N, {x € Xipgi(x) 2 1} = 0.

Furthermore, if A%, A?,..., AP are trapezoidal fuzzy numbers, then A= {(x, {uz(x),

Wiz (%), ..., uzp(x)}): x € X} is said to be a THFN.

AIMS Mathematics Volume 10, Issue 8, 18716—-18730.
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3. Existing method for comparing THFNs

Our aim of this paper is to propose an alternative approach for solving the HFLPP (P,). To
achieve this aim, there is a need to discuss the method used in Saghi et al.’s [9]approach for comparing
THFNSs. Thus, the same is discussed in this section.

Let A= {(a111' A112, 0113, A114), (@121, Q122, A123, A124), -on) (a1p1' A1p2, A1p3, a1p4)} and
A, = {(azn; A212,A213, A214), (A221, A222, A223, A224), -, (a2q1' Azq2,02q3) a2q4)} be two THFNs
with cardinality p and q respectively Then, A; and A, canbe compared as follows.

Step 1: Eval R ) 1(a1]1+a1]2+a1]3+a1]4) and R ¥l 1(a2]1+a2]2+a2]3+a2]4)
] valuate ( ) s (Az) p”

Step 2:Check that %t (4,) > % (4;) or % (4,) <R (4;) or ®(4;) =% (4,).

Case (i): If m(ﬁl) >R 52), then A, > A,.

Case (ii): If R (51) <R (ﬁz), then A; < A,.

Case (iii): If m(ﬁl) =R (ﬁz), then A, ~ A,.

4. Saghi et al.’s expressions to evaluate klzl + kzzz

To apply Saghi et al.’s [9] approach, there is a need to evaluate kljl + sziz, where /Tl =
{(a111; A112,A113, A114), (Q121, Q122, G123, A124)) o) (alpl' A1p2, A1p3, a1p4)}, A; = {(az11, az12,
a213, a214), (a221, a222, a223, a224), ey (azpl, azpz, a2p3, a2p4)} are two THFNS and kll k2 are two
real numbers.

Saghi et al. [9] have used expressions (1)—(4) to evaluate k1A1 + kZA2
kyAy + kyAy = {(ky @111 + k@11, kaQaap + Koa10, ke @iz + kaGor3, ka@aag + kaGors),

(k1@121 + k0221, k1Q125 + k20022, k10123 + kapp3K 0124 + kpaz24), .. (klalpl + kzazpp
ki@upz + kaGap2, ki@ips + Kaaps, ka@ipst kyGyps) }ifky =0,k > 0. (1)

kyAy + kyAy = {(ky @111 + koGo1a, ka@uao + KoGa13,k1 @iist kaGora, ky@ias + Kaa11),

(k1121 + k2Qp24, k1Q125 + KpG023, k10123 + kaap2p, k1G24 + K20521), .., (klalpl + k2a2p4

Ky @z + Kaapa, by s + Kalapz, ke s + kyp1)}ifky = 0,k, < 0. Q)
k1A1 + szz = {(k1a114 + k20311, k1a113 + kG312, k1G112+ k2Qp13, k1a411 + k2a514),
(k1@124 + kaap21, k1G123 + k1Gg22, k1G127 + kpapp3, kG121 + Kpa524), - (k1a1p4- +
k2a2p11k1a1p3 + k2a2p21k1a1p2 + k2a2p3»k1a1p1+ k2a2p4)} if k; <0, kz = 0. 3)

k1A1 + szz = {(k1a114 + k2a214, k1113 + k2Q313, K111+ kG312, k1111 + k2a311),

(k1ai24 + kpap24, k10123 + k1G323, k10127 + k0322, k10151 + kp0021), ..., (k1a1p4— +
kyazpa, k1G1ps + KaQop3, k1 Q1po + kalgp2, kiap,+ kzazpl)} if k;, <0,k, <0. 4)
Saghi et al. [9] pointed out that expressions (1)—(4) can be used only if the cardinality of /il is
equal to the cardinality of A ». Therefore, if the cardinality of jl is not equal to the cardinality of jz,
then, to evaluate klfil + kzjz, there is a need to change the cardinality of /Tl from s to t if s<
t orthere is aneed to change the cardinality of Az from t to s if t <s,where s and t represent

the cardinality of A1 and A,, respectively.
The following method is used in Saghi et al.’s [9] approach to achieve the same.
Evaluate maximum {s, t}.

AIMS Mathematics Volume 10, Issue 8, 18716—-18730.
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Case (i): If s>t . Then, evaluate maximum {(az11 + Gz12 + Az13 + A214),(A221 + Agp +
Az23F A24), o, (Qe1 + Qopz + Agp3 + Agpa) }-
Let maximum {(az11 + @212 + @213 + @214),(a221 + Az22 + 223+ Az24), -, (Age1 +

Ar¢o + Are3 + a2t4)} = (aZkl + Ark2 + ark3 + a2k4) . Thel’l, increase the Cardinality Of A:2 by

repeating (Azx1, Azk2, A2k3, Azka) (S —t) times in Az ie., Az = {(az11, 212, 213, A214),

(az21, Q222 A223, A224), s (Aze1) Aze2) A2e3s Azea), (Azk1,02k2) A2k3s Azkea)s (A2k1,02k2) A2k3) Azkea),

..., (s —t) times, ..., (Azx1, A2k2) Aok3) Aoka) }-

Case (ii): If s <t . Then, evaluate maximum {(a;;; + @112 + A113 + A114), (@121 + Q122 +
A123F A124), vy (A1 + A1sp + Ags3 + Ag54) )

Let maximum {(ay11 + Gq12 + Q113 + a114),(A121 + Ar2p + Q123 Aq24), oy (ars1 + aisp +

Q153 + A154)} = (Q1p1 + A1z + Qg3 + A1pa) . Then, increase the cardinality of A; by repeating
(A1k1, Q12> A1kss Arka) (E—8) timesin Ay ie., Ay = {(a111, 112, 113, A114),

(@121, A122, A123, Q124), -, (A151, Q152 Q1535 A1sa)s (Ak1s A1kzs A1kess Arka)s (A1k1s A1kzs g
A1a), -, (S — t) times, ..., (A1p1, A1z, A1k3, A1ga) }-

5. Saghi et al.’s approach

Saghi et al. [9] proposed an approach for solving HFLPP (P,) by incorporating the following
modification in the classical simplex algorithm.
(i) Use the method discussed in Section 4 to evaluate the value of k,A; + k,A4,.
(i1) Use the method discussed in Section 3 to compare THFNS.
To illustrate Saghi et al.’s [9] approach, the existing HFLPP (Ps) [6, Section 5, Example 1] is solved
by Saghi et al.’s [9] approach.

Problem (Pg)

Maximize (4%, + 5%, + 9%; + 11%,)

Subject to

¥ + %, + X3 + %, < {(10,14,16,20), (12,15,15,20), (8,13,18,24)},

7%, + 5%, + 3%; + 2%, < {(35,70,90,120), (40,80,90,120)},

3%, + 4%, + 10%; + 15%, < {(70,100,100,130), (80,95,110,140)},

%, %0 %0, %0 = 0.

Using Saghi et al.’s [9] approach, the existing HFLPP (Ps) can be solved as follows.

Upon introducing slack variables X5, %g, and %, solving the HFLPP (Ps) is equivalent to solving the
HFLPP (Py).

Problem (Pg)

Maximize (4%, + 5%, + 9% + 11%, + 0% + 0%, + 0%;)

Subject to

¥+ %, + %3 + %, + %5 =~ {(10,14,16,20), (12,15,15,20), (8,13,18,24)},

7%, + 5%, + 3%; + 2%, + ¥ ~ {(35,70,90,120), (40,80,90,120)},

3%, + 4%, + 10%; + 15%, + ¥, ~ {(70,100,100,130), (80,95,110,140)},

%y, %y, B R %o, Ry %y = 0.

Upon considering ¥s, ¥4, and %, as basic variables, the initial simplex table (Table 1) is obtained.

AIMS Mathematics Volume 10, Issue 8, 18716—-18730.
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Table 1. Initial simplex table [6, Section 5, Table 3].

B s B | R | % | B |5 |5 % RHS
Zi—C¢ | —-4|-5|-9|-11|0]0]0
s 11|11 ]1|0]0 {(10,14,16,20), (12,15,15,20), (8,13,18,24)}
% 7153 2 [o|]1]o0 {(35,70,90,120), (40,80,90,120)}
%, 34|10 15][0]0]1 {(70,100,100,130), (80,95,110,140)}
Since, minimum{z,; — ¢;,2, — Cy,23 — C3,24 — C4} = Z, — €, = —11 is not a non-negative

real number, the obtained solution is not an OS, and variable X, is the entering variable.
52((10.14,16,20),(12,15,15,20),
(8,13,18,24) R{(35,70,90,120),(40,80,90,120)}

1 ! 2

Furthermore, as minimum

)

55

185 645 55
Y which is corresponding to variable

} = minimum {—,—,—} =
12 16 8

${(70,100,100,130),(80,95,110,140)}
15
X,. Thus, X, is the leaving variable.

Upon considering ¥s, ¥4, and ¥, as basic variables, and using the row operations, the simplex
table (Table 2) is obtained.

The values of the last column of the simplex table (Table 2) are obtained as follows.
Q) {(70,100,100,130),(80,95,110,140)} __ {(70 100 100 @) (80 95 110 140)}
! 15 ~ Wi57 157157 15

{( 2 m ) (1810 22 )
i)  {(35, ;0 ;0 izog) (4038039031236)} 2 jg{g?;—" 3 ) (3220 -
(57000 120) (0g00.120) (5255 (055505
14 20 20 26)’<16 19 22

(i) {(10,1416,20),(12,1515,20),(813,1824)} - {(+, 2. 2. %), (£, 2.2
Z)} = {(10,14,16,20), (12,15,15,20), (8,13,18,24)} - { (. 2. 2. %)
(%’?’%'2_8)’ (136’139’232'238)} {(: 232 238'4-36) (2 233 236 434)’ (_g'g'

137373
3556)}
3'3/))

15’15’ 15’ 15

) ) ) )

)

-

AIMS Mathematics Volume 10, Issue 8, 18716—-18730.
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Table 2. Simplex table after first iteration.

Basic I~ '~ I~ I~ =~ =~ =~
variables X1 X, X3 | X4 | X5 | Xg X RHS
L 9| 31| 5 11
5-& |-Z|-=|-2|0o]o]o0| =
5/ 15| 3 15
(4 22 28 46\ /8 23 26 44
< 1 | 1 1 3’3’3’3 ’(E’?’?’?)‘
Xs sl =l 3% { ( 417 35 56
3’3’3’3
- 31675 ,1,]1 2 {(53 170 230 332) (64 196 232 328)
x — — J— — — — — — — —_— e —
6 5 | 15 | 3 15 3'’3’°3'3)'\3”3’"3"”3
- 3 4 | 10 1 14 20 20 26\ (16 19 22 28
x4’ - o= - 1 0 0 - {(_I_I_I_>J(_I_I_I_)}
15 | 15 | 15 15 3373’3 3’3’3’3
. .. 31 . .
Since, minimum{z; — cy,Zy — C3, 23 — C3} = Zy — C; = — s not a non-negative real

number, the obtained solution is not an OS, and variable ¥, is the entering variable.

53 170 230 332) (g 196 232 323)}
33’3’3 3’3’3’3 )'\3°3"'3"’3
11 ’ 67

/15 /15

)

Furthermore, as minimum

14 20 20 26 16 19 22 28
= T . 1525 8025 825 1525 S ) ) =
{( 333 Z) ( 3333 )} = minimum {— ,—, —} = ——, which is corresponding to variable Xs.
/15 132 ' 536 ' 32 132

Thus, ¥s is the leaving variable.
Upon considering X, X¢, and X, as basic variables and using the row operations, the simplex

table (Table 3) is obtained.
The values of the last column of the simplex table (Table 3) are obtained as follows.

(GEEDEE2(E55D)]  (f20 140 230\ (40 115 130 20 85 175
: =G 0TR) G5 w20

i = - 2282 20
() = 117777117 11 117 11’ 11 117117 11’
280)}
11 /)’
.. 53 170 230 332 64 196 232 328 67 20 140 230 40 115 130
(11) _l ) ) ) _l ) ) - - x _1101 ) ) _l ) IZO )
3’7 3 3 3 3’ 3 3 3 15 11 11’ 11 117 117 11

( 20 85 175 280)} . {(53 170 230 332) (64 196 232 328)} {(268 134 1876

117117 117 11 3’ 37’73 /)’\3”3’3"’3 33’ 37 33"’

3082) (536 1541 1742 268) ( 268 1139 2345 3752)} _ {( 833 2 37 1128)
] ) - T T - |

33 33’7 33 7 33’ 3 33’ 33 7 33 7 33

( 6 138 337 1024-) ( 1016 63 471 1292)}
J

8’_1_ . A A A

117117 11 11 7 11”11’ 11

.. ({14 20 20 26\ (16 19 22 28 4 20 140 230\ (40 115 130
(111) _J_’_’_ ) _’_’_’_ I X _’10’ ) ) _’ ) )20 )
3’3’3 15 11 11’11/’ \11’ 11’ 11

3’3’3’3 3

( 20 85 175 280)} _ {(14 20 20 26) (16 19 22 28)} {(16 8 112 184—)
117117 117 11 o 3’3’3’3/)’\3’3’3’3 33’37 33’33/’

(32 92 104 16) ( 16 68 140 224)}_ {( 10 36 4 90) (O 35 50 92)

33’33’3373/’ 33’33’ 337 33 117117 11/’ \ 117117117

( 16 23 58 108)}

11711711 112 /)
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Table 3. Simplex table after second iteration.

Basic ~ ~ ~ - ~ ~ -
Variable R e I R e I T e RHS
z oz 5 8 31
Zj— ¢ E 0 _H 0 H 0 E
20 140 230\ 40 115 130
=2 s st (@) T )
2 11 11 11 11 (_Q 85 175 @)
11711711 " 11
833 2 1128 138 337 1024
N P R S A ) (T (e )
6 11 11 11 11 (_ﬂ 63 471 @)
11 7 117117 11
10 36 90 35 50 92
P IR P U P S R (mmen) Canm
11 11 11 11 (_E E 5_8 @)
11°11°11" 11
Since, minimum{z,; — ¢;,2, — €4} = 23 —C3 = —% is not a non-negative real number, the

obtained solution is not an OS, and variable X3 is the entering variable.
20 140 230Y) (40 115 130 1036 . 90 355092
( m{(ﬁ’“"?’?)‘(ﬁ'?'?'zo)} m{(‘ﬁﬁ"‘ﬁ)'(o@ﬁ'ﬁ)} )

( 2085175 280) ( 16 23 58 108)
Furthermore, as minimum =

l T T |

305 85 85 . . . . I~ =~ . . .
{?’ E} = which is corresponding to variable X,, then X, is the leaving variable.

Upon considering %,, %4, and ¥; as basic variables and using the row operations, the simplex table
(Table 4) is obtained.

11'11° 11’11 11°11°11° 11

Table 4. Simplex table after third iteration [6, Section 5, Table 4].

Basic ~ = | = - - - -
Variables | X1 | X2 | X3 | Xa | X5 | X6 | X7 RHS
I~ = 1 2
2= G 1010 3 - | 0| =
3 3 | 3 3
( c20 65) ( 10 20 55 20)
by Th1lo| 220 2 ot 3’773\ 37376"
2 6 6| 3 6 ( 1010 85 80)
) 3 ) 6 ) 3
229 104 44 101 296
7 >lolol 2| 41 (_7'2'7'108>'(_68’?’T' 3)
oo 13 3|73 3 ( 280 13 139 124
3' 33"
5,22\ (, 3525 46
3 R P P R N U (_5' "3 )( 'K’?’?)
: 6 3 6 ( 8 23 29 18)
3' 6 ) 3 )

AIMS Mathematics Volume 10, Issue 8, 18716—-18730.
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The values of the last column of the simplex table (Table 4) are obtained as follows.
{( 10 36 90) ( 3550 92) ( 16 23 58 108

Q) —ate (0 (ean)) _[(_5 6 2 15) (0,3 35 25 46\ ( 8 23 29
/11 N 3’ 6’3’3)'\ 376’3’

18)}.

i) [(=838 _2 5p 1128 (0138 337 1024) (1016 _ 63 471 1292)) , 4
(in) {(_511 2 3_2 2(_5 i 11 }31 231;9) ( 11 _181£11__11 )}% X
{( 3’6’3’15)’(0'6’3'3)’( 36’ 18)} {( 11’ 32, ) (—68,

138 337 1024) ( 1016 63 471 1292)}+{( 20 24 8 60) (0 70 100 184) ( 32
11’117 11 )’ 1177 11”711’ 11 33’11’3’11)’ 33’ 33’ 33 33’
46 116 72 229 104 44 101 296 280 13 139

) = (50275 108), (c68 55, 5), (<52, - 5.5 124))
337 33’11 37’3 3 3’

.. 20 140 230 40 115 130 20 85 175 280 5 5 35
(111) {(_; 10; ) ) (_) ) )20)1( )} - {(__l 1_1 )l(ol_r
11 11 ° 11 117 11 ° 11 11 11 11 11 11 3 3 6
25 46 8 23 29 20 140 230 40 115 130 20 85 175 280
T Gl L (ek )
373 376’ 11 11 11 117 117 11 117117 11 © 11
25 30 10 75 175 125 230 40 115 14—5 90 20 65 10
- __I_I_I_ 0_ oo ? oo ) = _5'_510'_ "\ T S
11°11° 3 66 ° 33 ° 33 33 66 33 11 3 3 3

23_0 55 20) ( 10,22 10 865 830)}.

Since, in Table 4, the Value of z; — ¢; corresponding to each non-basic variable ﬁj 1S a non-
negative real number, the obtained OS is fl = {(0,0,0,0), (0,0,0,0), (0, 0 0,0)}, %, =

(52 102). (2.2 2 00), (02 £ 5= (502.15). (0225

(—g 5 &= 18)} x4—{(000 0), (0000) (0000)} x5—{(0000) (0,0,0,0,(0,0,0,0)},

3’6’
To={(-2,22,108),(-68, 2,5, 2%) (- 22, - 2,22 124)} and = {(0,0,0,0),
(O)O)O)O)’ (0'0'0’0)}'
6. PrAlApp

From Section 5, to solve the HFLPP (P,) by Saghi et al.’s [9] approach, there is a need to use
arithmetic operations of THFNs. Moreover, since much computational effort is required to apply
arithmetic operations of THFNSs, it is difficult to solve the HFLPP (P,) corresponding to large-scaled
real-life problems. To reduce the computational efforts, an alternative approach is proposed to solve
the HFLPP (P,).

The steps of the PrAlApp are as follows.

Step 1: Evaluate maxlmum {cardmallty of b } and go to Step 2.

<ism

Step 2: If maxlmum {cardmallty of b } = p, then check that the cardinality of each l:)i is p ornot.
<ism
Case (i): If the answer is yes, then find an OS x;, j = 1,2,...,n of the crisp linear programming

problem (CLPP) (P;).
Problem (P)

Maximize (Z;-‘zl(cjxj))

Subject to

Di=1aX) < ER(b) i=12,..,m

x20,j=12,..,n

Case (ii): If the answer is no, then find an OS x;, j = 1,2,...,n of the CLPP (Pg).

AIMS Mathematics Volume 10, Issue 8, 18716—-18730.
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Problem (Pg)

Maximize(Z}l:l(cjxj))

Subject to

Z}Ll a;jxj <R (Zi’),i =12,..,m

Xj 2 0,j=12,..,n,

where,

B l:)l-, if cardinality ofl:)i isp,
' Ej, if cardinality ofzi is q (less than p)

The trapezoidal number Ej is obtained by increasing the cardinality of Zl- from g to p by the
method discussed in Section 4.

Step 3: If x; = y;,j = 1,2,...,n, then evaluate a THFN %; = {(x;11, Xi12, Xi13, Xi14), (Xi21, Xi22
xi23,xi24),...,(xipl,xipz,xip3,xip4)} having cardinality p such that S.R()?j) = y;. The evaluated
values of X;,j = 1,2, ...,n represents an OS of the HFLPP (Py).

Step 4: Use the following steps to find unique optimal solution of the HFLPP (P,).
Step 4(a): Construct the optimal basis matrix B.
Step 4(b): Evaluate the multiplicative inverse of the matrix B i.e., B71.

Step 4(c): Evaluate the optimal solution matrix B~! x EL' .
7. Origin of the PrAlApp

The origin of the PrAlApp is as follows.
Step 1: To find an OS of the HFLPP (P,) is equivalent to finding an OS of the HFLPP (Py).

Problem (Pg)

Maximize (X}-,(c;%))

Subject to

50,j=12.,

Step 2: If the cardinality of b; is 6;, then, as discussed in Section 4, b; — b; = (:), where 0 =
{(0,0,0,0),(0,0,0,0),..., 6; times, ..., (0,0,0,0)}. Thus, to find an OS of the HFLPP (P;) is equivalent
to finding an OS of the HFLPP (P;,).

;-lzl aijfj - bi < bi - bi,i = 1,2, e, M,
n.

Problem (Pqg)

Maximize (¥}-,(c;%;))

Subject to

aU§J - Ei < (),l = 1,2, e, m,;

% %0,j=12..,n

Step 3: As discussed in Section 4, Y.7_, a;;%; — b; can be evaluated only if the cardinality of each %;

n
j=1

and each b; is the same. Also, as the cardinality of each fj is unknown, the cardinality of each fj

may be considered mczlximum {cardinality of l:;i } Furthermore, if the cardinality of each gi is not
<ism

equal to mczlximum {cardinality of gi }, then each l:)l- can be replaced by gi’, where l:n’ is defined
<ism
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in Problem (Pg). Hence, to find an OS of the HFLPP (P;,) is equivalent to finding an OS of the
HFLPP (Py,).

Problem (Pq)

Maximize (¥}-,(c;%))

Subject to

S ay% — b <0,i=12,..,m

5»0j=12.,n

Step 4: Using the comparing method, discussed in Section 3, to find an OS of the HFLPP (P,;) is
equivalent to finding an OS of the CLPP (P,,).

Problem (P4;)

Maximize (ER (Z;‘zl(cjﬁj)))

Subject to

R (X, ay% —b') <Rv(0),i=12,..,m;

®(%) 2R (0),j=12,..n.

Step 5: Using the relations (%(Z?zl(cja?j))) =27 (cj X ER(%)),ER( Ty aiX; — l:)l-') =
=1 aij‘ﬁ(ﬁj) - R (I;l-'), and R ((:)) = 0 to find an OS of the CLPP (P;,) is equivalent to finding
an OS of the CLPP (P,3).

Problem (P43)

Maximize (27}:1 (cj X m(a%,)))

Subject to

Sy ayR(%) - R (b)) < 0,i=12,.,m;

R(EF)=0,=12..,n

Step 6: Assuming ER()?]) = xj, to find an OS of the CLPP (P;3) is equivalent to finding an OS of the
CLPP (Pg).

8. Illustrative example

Saghi et al. [9] solved the HFLPP (Ps) to illustrate their proposed approach. In this section, the
same HFLPP is solved by the PrAIApp.
Using the PrAlApp, optimal solutions of the HFLPP (Ps) can be obtained as follows.
Step 1: Since, the cardinality of l:)1 = {(10,14,16,20),(12,15,15,20), (8,13,18,24)},
132 = {(35,70,90,120), (40,80,90,120)}, and 53 = {(70,100,100,130), (80,95,110,140)} is 3,2
and 2 respectively, then malxsiirégum {cardinality of Zi } = maximum{3, 2,2} = 3.
Step 2: Since, the cardinality of each Zi isnot 3, then, according to Case (i1) of Step 2 of the PrAlApp,

there is a need to find an OS of the CLPP (P;5), which is obtained by substituting
185

R{(10,14,16,20), (12,15,15,20), (8,13,18,24)} = —, R{(35,70,90,120), (40,80,90,120),
(40,80,90,120)} = % and % {(70,100,100,130), (80,95,110,140), (80,95,110,140)} =%0 in
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the CLPP (P14).
Problem (Pq4)

Maximize (4x; + 5x, + 9x3 + 11x,)

Subject to

X, + %, + x5 + x, < R{(10,14,16,20), (12,15,15,20), (8,13,18,24)},

7x, + 5x, + 3x5 + 2x, < R{(35,70,90,120), (40,80,90,120), (40,80,90,120)},

3x; + 4x, + 10x3 + 15x, < R{(70,100,100,130), (80,95,110,140),(80,95,110,140)},

X1, X9,X3,X4 =0,

where, {(35,70,90,120), (40,80,90,120), (40,80,90,120)} and {(70,100,100,130), (80,95,
110,140), (80,95,110,140)} is obtained by increasing the cardinality of {(35,70,90,120),
(40,80,90,120)}, and {(70,100,100,130),(80,95,110,140)}, respectively, from 2 to 3 with the
method discussed in Section 4.

Problem (P5)

Maximize (4x; + 5x, + 9x5 + 11x,)

Subject to

185
x1+ x2+ x3+x4SEJ

7x1 + 5x; + 3x3 +2x4 < %,

3%, + 4x; + 1003 + 15%, <

X1, X2, X3, %4 = 0.

It can be verified that x; = 0,x, = 100,x3 = 85,x, = 0,x5 = 0, x4 = 220, and x;, = 0 are
OS’s of the CLPP (P;5), where xs,xq, and x; are slack variables corresponding to the first, second,
and third constraint, respectively, of the CLPP (P;5).

Step 3: Since x; =0,x, =100,x3 =85,x, =0,x5 = 0,xs = 220,x, =0 , and
malxi_rréum {cardinality of b; } = maximum{3,2,2} = 3, then, according to Step 3 of the
<i<

PrAlApp, there is a need to find THFNs X,,X,, X3, X,, X5, X4, and X, having cardinality 3, such that
I~ I~ 100 = 85 I~ = = 220 ~
R(E)=0%R(%)="720F) =2 w(K) =0% (%) = 0% (956) =" and % (xZ) =0.
It is pertinent to mention that infinite numbers of such X;,X,, X3, X4, X5, X, and X, can be
obtained. Some are as follows:

N = 10 20 55 20 65
() % = {(0,0,0,0),(0,0,0,0), (0,000} % = {(-3.2.%2,20),(-5.3,10,F),

(10222 2)) 5 = (<36, 215) (- 2.2 2.18), (02,2 2) 5, -
{(0,0,0,0), (0,0,0,0), (0,0,0,0)}, X5 = {(0,0,0,0), (0,0,0,0), (0,0,0,0)}, ¢ = { -

2,%3,108), (- %2, - 2,22, 124), (=68, 5, 55, 20) fand %, = {(0,0,00),

(0,0,0,0), (0,0,0,0)}.

3

(i) %, = {(0,0,0,0), (0,0,0,0), (0,0,0,0)}, %, = {(2,4,6,7), (4,10,12,14), (4,10,12,15)},
%; ={(2,3,4,8),(4,5,9,10),(7,10,11,12)}, %, = {(0,0,0,0), (0,0,0,0), (0,0,0,0)}, ¥s =
{(0,0,0,0), (0,0,0,0), (0,0,0,0)}, % = {(5,15,19,24), (8,17,20,24), (10,20,25,33)}
{(0,0,0,0), (0,0,0,0), (0,0,0,0)} and %, = {(0,0,0,0),(0,0,0,0), (0,0,0,0)}.

(iii) ¥; = {(0,0,0,0), (0,0,0,0), (0,0,0,0)}, ¥, = {(2,4,9,10), (3,7,10,14), (6,10,12,13)},
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%3 =1{(3,5,6,7),(1,5,7,10),(2,8,12,19)}, %, = {(0,0,0,0), (0,0,0,0), (0,0,0,0)}, %5 =
{(0,0,0,0), (0,0,0,0), (0,0,0,0)}, %, = {(12,15,16,17), (15,15,20,20), (9,18,28,35)}
and ¥, = {(0,0,0,0),(0,0,0,0), (0,0,0,0)}.

According to Step 3 of the PrAlApp, (i), (ii), and (iii) represents optimal solutions of the HFLPP (Ps).
Step 4: According to Step 4 of the PrAlApp, the unique optimal solution of the HFLPP (Ps) can be
obtained as follows.

Step 4(a): From the obtained optimal solution x; = 0,x, = 100,x3 =85,x4, = 0,x5 = 0,x5 =

53—5,x7 =0, x,,x3, and x4 are optimal basic variables. Therefore, the optimal basis matrix B =
1 1 0

5 3 1].

4 10 O

Step 4(b): It can be verified that the multiplicative inverse of the optimal basis matrix B is B! =
5
> 0 —

I_l
l
—
Wil
©
(@]
I~
—_—

Rzz ><n Rzz

Step 4(c): The optimal solution matrix l

Il
—_—
| I

win w|
[e) =
AR WK
—
X

{(10,14,16,20), (12,15,15,20), (8,13,18,24)}
{(35,70,90,120), (40,80,90,120), (40,80,90,120)} | =
{(70,100,100,130), (80,95,110,140),(80,95,110,140)}

(-52105) (-2.2.2.0) (-102.2,2)
205 10 50 95 272 256 33
(=525 100), (- 60:??%)'(—?—; 22 116)
{(—2’6'%15)'(0'%?2—6)'( s 18)}

Hence, %, ={(—?,2,5,20),(—5,?,10,63) ( 10,2,%, ?)};%6 =

{(—ﬁ 2, 100) (—:ﬁ,—g,@,116),(—60,39—5,2)} and %5 ={(-2,6%2,

3° 3 3
19,(-3.2.2.10).(02.2.%)

9. Advantages of the PrAlApp over Saghi et al.’s approach

It is better to solve the HFLPP (P,) by the PrAlApp compared to Saghi et al.’s [9] approach due
to the following reasons.

(i) Less computational efforts are required to solve the HFLPP (P,) by the PrAlApp compared to
Saghi et al.’s [9] approach.

(ii) In the PrAlApp, an OS of the HFLPP (P,) is obtained with the help of an OS of the CLPP (Pg).
Since existing tools like MATLAB, TORA, MAPLE, and LINGO can be used to find an OS of
the CLPP (Pg), the HFLPP (P,) corresponding to large-scaled real-life problems can be easily
solved by the PrAlApp.

(iii) Ifthere exist an OS of the HFLPP (P,), then, there will exist an infinite number of optimal solutions
of the HFLPP (P,). All these infinite number of optimal solutions can be obtained by the PrAlApp.
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If a unique OS exists, then the HFLPP (P,) is obtained by Saghi et al.’s [9] approach.
10. Conclusions

An alternative approach is proposed to solve the HFLPP (P,). Also, it is pointed out that it is
better to use the PrAlApp compared to Saghi et al.’s [9] approach. Furthermore, to illustrate the
PrAlApp, an existing HFLPP is solved by the PrAlApp. It is pertinent to mention that neither Saghi et
al.’s [9] approach nor the PrAlApp can be used to fully solve HFLPPs. To propose an approach to fully
solve HFLPPs may be considered a challenging, open research problem.
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