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Abstract: In this paper, a stochastic Kawasaki disease model was investigated. First, it was
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probability density function around a quasi-equilibrium point through the four-dimensional Fokker-
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findings.
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1. Introduction

Kawasaki disease (KD) is an acute self-limited febrile systemic vasculitis that occurs predominantly
in infants and young children. KD is reported to be the leading cause of acquired heart disease
in children in developed countries and has now been researched worldwide [1,2]. It is unfortunate
that, at present, there is no clear pathogenesis for KD, and no specific or sensitive biomarkers exist
for KD, making diagnosis and treatment challenging [3]. Some researchers suggest that the cross
reaction between external infection and organ tissue composition is the cause of KD, thereby causing
an immune imbalance and the generation of multiple cytokines [4]. Qiang et al. [5] recently presented
the following mathematical model for analyzing the interaction between important cytokines and
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endothelial cells in the lesion area of patients with KD:

dE. _  kVOEQ®) _
E =r+ 1 n V(l‘) k]E(t)P(f) dlE(t),
dv

— = khEW®P®) — d,V(0),
P (1.1)

(il—(tj = k3E(Z)P(Z‘) + k4V(t) - dBC(t)’
dpP
L = kscw - auro.

Here, E(¢), V(t), C(t) and P(t) represent concentrations of normal endothelial cells, vascular endothelial
growth factors, activated adhesion factors/chemokines and inflammatory factors in the lesion area
at time t in the acute stage of patients with Kawasaki disease, respectively. k;(j = 1,2,...,6),
d;(i = 1,2,3,4) and r are positive parameters of model (1.1), and their descriptions are given in

Table 1. The basic reproduction number of the deterministic model (1.1) is given by Ry = %
Table 1. Biological meanings and units of the parameters.

Parameter Biological meanings Unit
r Proliferation rate of normal endothelial cells pg/ml/day
d, Apoptosis rate of normal endothelial cells /day
dy Hydrolytic rate of endothelial growth factors /day
d; Hydrolytic rate of adhesion factors and chemokines /day
dy Hydrolytic rate of inflammatory factors /day
ky The rate of injury of endothelial cells

caused by inflammatory factors pg/ml/day
ky Production rate of endothelial growth factors

caused by inflammatory factors pg/ml/day
k3 Production rate of activated adhesion factors and chemokines

caused by inflammatory factors pg/ml/day
ky Production rate of activated adhesion factors and chemokines

caused by endothelial growth factors pg/ml/day
ks Production rate of inflammatory factors by

increasing abnormally activated immune cells /day
ke Proliferation rate of endothelial cells

promoted by endothelial growth factors /day

On the other hand, environmental noises are commonly thought to be damaging, resulting in

dynamical disorder [6,7].

It is worth noting that noises also make a positive contribution to the

dynamics of complex nonlinear systems, particularly in biomathematics and interdisciplinary physical
models, such as loss-induced phenomena, information processing in biochemical signaling systems
and so on [8—13]. Environmental perturbations, like climate changes, habitats, health habits, medical
quality, etc., are obvious factors that influence the evolution of KD over time. In order to accommodate
some random factors, Chen et al. [14] incorporated white noise and color noise into model (1.1),
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as well as took into account the existence of the ergodic stationary distribution of a stochastic KD
model. In comparison with [14], we give the exact expression of the probability density function
of model (1.2) with white noise, around the quasi-equilibrium point by solving the four-dimensional
Fokker-Planck equation. This is the key aim of the paper. Thus, we introduce multiplicative white noise
into the deterministic KD model to establish a stochastic KD model and study its dynamic behavior.
Corresponding to the deterministic model (1.1), the stochastic system takes the following form:

ke V(1)E(?)
1+ V()

dV(r) = (sz(t)P(t) _ a’2V(t))dt + o, V()dBa(),

dE(t) = (r + — kK EGP(f) - a’lE(t))dt + o E(O)dB (b),

(1.2)
dC() = (k3E(t)P(l) + ks V(1) = d3C(t))dt + 03 C(1)dBs(1),

dP(t) = (k5C(t) - d4P(t))dt + o P(£)dB, (1),

where Bi(t), B,(t), B3(t) and B4(f) are mutually independent standard Browntain motions and 0','2 >0
represent the intensity of white noise B;(¢) (i = 1,2, 3,4), respectively.

The rest of this paper is organized as follows. In Section 2, we demonstrate that the stochastic
system (1.2) has a unique global positive solution for any positive initial value. In Section 3, we
investigate the existence of a unique stationary distribution to the stochastic model (1.2). In Section 4,
we give the precise expression of the probability density function. In Section 5, numerical simulations
are given to confirm our analytical findings.

2. Existence and uniqueness of the global positive solution

Throughout the paper, based on the condition (H) in Ref. [5], we also assume that k¢ < d;.

Theorem 2.1. For any initial value (E(0), V(0),C(0), P(0)) € R%, there exists a unique solution
(E(1), V(1),C(1), P(t)) to system (1.2) on t > 0 and the solution will remain in Ri with probability

one, namely, (E(t), V(t),C(t), P(t)) € Rﬁ for allt > 0 almost surely (a.s.).

Proof. Since the coefficients of system (1.2) are locally Lipschitz continuous, thus there is a unique
local solution (E(2), V(1), C(1), P(t)) on t € [0,7,) for any initial value (E(0), V(0), C(0), P(0)) € R%,
where 7, is an explosion time. We verify that this solution is global, i.e., 79) = co. Let nyp > 1 be
sufficiently large such that £(0), V(0), C(0) and P(0) all lie within the interval [i, ngl. Forn > ny , we
define a stopping time by:

7, = inf{t € [0.79) : min{E(). V(5). C(t). P()} < % or max{E®). V(). C()., P(E)}} > n}

where throughout this paper we set inf() = co. Evidently, 7, is increasing as n — oo. Set 7o, =
lim,,_,., 7,, thus 7, < 7 a.s. If we show that 7, = oo a.s., then 7y = oo a.s., which means that
(E(1), V(1), C(1), P(t)) € R* as., forall r > 0. If 7, < oo, then there exists a pair of constants 7 > 0 and
£ € (0,1) such that

Plto, < T} > e&.
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Accordingly, there exists an integer n; > ng such that
P{r,<T}>¢e, VYn=n.
Based on the fact that u — 1 — Inu > 0, for any u > 0, we have
cou— 1 —1Incou = cou — (1 +Incy) — Inu > 0, for any ¢y > 0.

Now a non-negative C 2_function U(E, V, C, P) is constructed as
E

U(E, V,C, P) =FE—-e;—e In —+€2V—(1+1H€2)—1n V+€3C—(1+lIl€3)-11’lC+€4P—(1+11’1€4)—1HP,
€

where ey, e, €3, e4 are positive constants to be determined later. Applying It6’s formula to U, we have

dU = LUdr + 0'1(E - el)dB] + or(eV — 1)de + 03(e5C — l)ng + 0'4(€4P - 1)dB4,

where
keVE ro kgV 1
LU(E,V,C,P) = r+ 16+V—k1EP—d1E+e1(—E— 1 iv+k1p+d1+§o-%)+e2(szP—d2V)
ko EP 1 kiEP V 1
- 2v +dy + 503+ e(BEP + ki — dsC) - 3C —k46+d3+§o-§
ksC 1
+€4(k5C-d4P)—5T+d4+§O'i

IA

(elkl - €4d4)P + (€4k5 - e3d3)C + (e3k4 - ezdz)v + (€2k2 + €3k3 - kl)EP

1 1 1 1
+(k6—d1)E+l"+€1d1 +§€10'%+d2+50’%+d3+§0'§+d4+50'i.

Choose the parameters e, e, ez and e4 such that

€1k1 — €4d4 = 0,
€4k5 - €3d3 = 0,
€3k4 - €2d2 = O,

€2k2 + €3k3 - kl =0.

. . _ dydsdy _ kiky _ kidy
More precisely, we can obtain that e; = kot © = Thirkid’ € = Ghotod

By the assumption k¢ < d;, then we derive that

kidads
ks(koka+ksda)

and e4 =

1 1 1 1
LU(E,V,C,P)SI’-FEldl +§€10'%+d2+EO’%+d3+50’§+d4+50’i =K,

where K is a positive constant that is independence of E, V,C and P. The rest of this proof is mostly
similar to Theorem 2.1 of Liu and Jiang [14], so we therefore omit it here. O
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3. Stationary distribution

Let X(7) be a regular time-homogeneous Markov process in R” described by the following stochastic
differential equation:

dX(r) = fF((e)dt + > g (N)dB, (1),
r=1

The diffusion matrix is defined as follows: A(x) = (a;;(x)), a;j(x) = X)L, gi(x)g{(x), where X(1) is
nonsingular.

Lemma 3.1. ([15]) The A/{fzrkov process X(t) has a unique ergodic stationary distribution n(-), if there
exists a bounded domain D C R" with a regular boundary I" and

(T)) there is a positive number py such that ), a;j(x)6;0; > po | 8%, xe 5, 0 € R

ij=1
(T,) there is a non-negative C*- function V such that LV is negative for any x € R" \ D = DF.
Then for all x € R", it follows that

.1
p{ lim fo V(X(0)dt = fR n v(x):r(dx)},

where v(+) is an integral function with respect to the measure n(-).

Theorem 3.1. Suppose that Ry > 1, then for any initial value (E(0), V(0),C(0), P(0)) € Ri, the
system (1.2) has a unique stationary distribution n(-) and it has the ergodic property, where

s _ I"k3k5 " rk2k4k5
07 (d + %0‘%)(0,'3 + %O’%)(d4 + %0’3) (d + %O’%)(dg + %o%)(d3 + %0’%)(0,’4 + %0"21).

Proof. In order to prove Theorem 3.1, we only need to verify the conditions (7;) and (7,) in
Lemma 3.1. First, we verify that condition (75) holds. We define

VI(E,V,C,P) = —(ay +a)InE —c;Inv—InC — (b; + b)In P,

where ay, ay, by, by, ¢, are positive constants to be determined later. Making use of It6’s formula, we
get

r EP C 1 1
LVl = — alE - k3? - blkSF + al(dl + EO’%) + bl(d4 + 50’2)
r C kEP \% 1 1 1
- CIQE - bZkSF - CQT - k4E + az(dl + 50’%) + b2(d4 + 50’2) + C2(d2 + EO’%)
keV 1
— (@ + @)+ @+ ak P+ ds+ Eag

IA

1 1
— 3+[rksksaiby + ay(d) + 50’%) +by(dy + 50'42;) — 4yrksksksazbrcs + ax(dy + ) + ba(dy + 03)

1 1
+ C2(d2 + 50’%) +d3 + 50’% + (a; +Clz)k]P.
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Letting
}"k3k5 rk3k5
a = T 20 12y’ b = L2 Lo2)y2’
(di + 1oD)2(dy + 102) (di + 30)(dy + 307%)
rk2k4k5 b rk2k4k5
a2 = s = 5
(di + L022(dy + Lo2)(dy + 1072) (di + 303)(d> + LoD (ds + $072)?
rk2k4k5
&)

T+ S + SR + o)
We have that
rksks B rkokyks vdst 10‘% f (a4 akP
(di + 30H)ds+ 102 (di + 102)(dy + o2 (ds + 102 2
= —(ds + 10‘%)( rksks N rkykaks ) 1)
2N + 30 + 30+ 307)  (dy + (s + 503)(ds + 307)(ds + 30)

+ (a1 + az)klP

LV, < -

1
= —(d5 + Ea_%)(Rg - 1)+ (a; + a))k, P
= -1+ (Cl] + Clz)klp,

where A = (ds + 303)(R} — 1). We define the following C*-function W(E, V,C, P) :

1 d2k3 + 2koky d, d2d3 o+1
W=MV,~InE—InV—InC + ( E+V+ 204 P) ,
o E sy T T 2k, s~ T Ahks

where 6 > 0 is a constant satisfying

d, d 0
(dl—ké)/\Ez/\f/\d4]>5(0‘%V0‘§V0’§V0’i),

and M > O is a sufficiently large number satisfying the following condition

—MA+d <=2,
where .
A= (ds+ 5ag)(lag - 1)>0,
doks + 2koks  doks + 2kok d drd
B= sup {“+ M BTy Do) DD py
(EV.CP)er? 2kiky 2kiky 2k, 4ksks
e d2k3 + 2k2k4 d2 d2d3 0+1
(= FE+V+—C+—=P* }
2 2k ky 2k, 4ksks )
d, d 0
e= [(dl —kﬁ)/\—z/\—3/\d4]——(ava§v(r§\/a§),
2 2 2
and

1
d:B+d1+d2+d3+§(o-%+a§+o-§).

AIMS Mathematics Volume 10, Issue 8, 18680-18715.



18686

We easily notice that

lim inf W(E,V,C, P) = +oo0,
n—oo, (E,V,C,P)eR*\U,

where U, = (i,n) X (%,n) X (i,n) X (%,n). Let W(Ey, Vo, Cy, Py) be the minimal value point of
W(E,V,C, P). Then we can define a non-negative C 2_function V as follows:

V(E,V,C,P) = W(E, V,C, P) — W(Eo, Vo, Co, Py)

1 d2k3 + 2k2k4 d2 d2d3 0+1
=MV,—-InE-InV-InC + ( E+V+—C+ P)
! n n n 0+1 2k1k4 2k4 4k4k5
— W(Eo, Vo, Co, Po)

= MVI + V2 + V3 - W(EO’ VO’ C09 PO)a

where

1 d2k3 + 2k2k4 d2 d2d3 0+1
Vo= —IE—-InV-InC, Vs = ( E+V+2c4 P) .
2= eIy IS V=T 2kk, s Bhaks

By a direct calculation, we get

r szP kgEP

LVZS—E—T— +k1P+d1+d2+d3+%(a%+a'§+0'§)-
LV; = (%E +V+ Zd—];c + f;fljs P)H : {dzk;;ifzk“ r+ ]1(6}:6 — kiEP — d\E) + k,EP
v+ ;l—];(kﬁP FkV —diC) + f]jis (ksC — d4P)}
+ %9(—612]{32;2{2]‘415 +V+ ;—];c + ng p)"!
. [(—dzk;;]ffzk“ VoIE? + a3V + (%)zaicz + (%)%Pz]
< (—dzk;;ifzk“E +V+ 2d_k24C + flj:i; P)H{dzk;;£f2k4r — [(d = ke) A % A % A d4]
) (—dzk;;]ffzk“E +V+ %C + jlj:i; P)} + g(a'% VosVosVoy)
0+1
) (—dzk;;zfzk“E +V+ ;—];C + ;Zj:s P) ’
- e g v e ) (@ -k n g a g nal)
_ g(oﬁ Vo Vo3V 0121)] . (—de;;§f2k4E +V+ ;—];C + j;j; P)M
0+1
< B- g(—dzk;;sz“E +V+ ;_lic + ;ZZ P) ’
< B g[(dzkgzl-;]ffzh RS 4y (j_];)encen + (%)mlpeﬂ]’
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where
doks + 2koky  doks + 2kok d drd
B= sup {23 24r(23 M ve Loy ZSP)

(EV.C, PRt 2k ky 2k ky 2k, Aksks
B E d2k3 + 2k2k4E LV 4+ d, D2~ d2d3 P)9+l},

2 2k ks 2ky dkyks

_ d & 2 2 2 o
e =|(d; —ke) A /\2/\d4) (O'1V0'2\/O'3VO'4)>0,

2[(d1 —ke)/\‘?A‘?/\d4)] }

and 6 is a positive constant and satisfies the condition 0 < 6 < minq 1, —
(T|V0'2V0'3VO'4

From above analysis, we have

kEP kEP
LV <—MA+[Ma +a) +1kgPp- =222 5

1
+B+d1+d2+d3+§(af+o-§+o-§)

BTV
_ 5[(d2k32]:1]ff2k4 Y RO Lyl (2k4 asledmn (f]jﬁ; )e+1pe+1]

< — MA+[M(a; +ay) + 11k, P — % - "2—51) - ]“TEP - Z[(—dzk;;zfzk“ YT 4 o
+ (251;4)9+1C9+1 + (:’Zijs Jo+1 ot
B Z[(%)HHEHH IRV (2d—];)9+1C9+1 + (%)(mpen] +d,

where

1
d:B+d1+d2+d3+§(o-f+a§+o-§).

Define a bounded closed set as follows:

1 1 1 1
={(E.V.C,P)eR}: e<E<—,e<P<—,€<V<—5,e<C<=l)
€ € E €

where € > 0 is a sufficiently small parameter such that

—£+Fs—1, 3.1)
< ! 3.2)

“S M(a +ay) + Tk, '

—%+F§—1, (3.3)

—%+F§—1, (3.4)
e dyks + 2koky 0+1

_ g F Lok F<-1, 35
1" ohke ) TFE (3.5)
e dody 4

- = F< -1 .
4(4k4k58) + F <-1, (3.6)
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e 1

S F -l (3.7)
e d

T4 2k4283‘)9+1 +F<-1 (3.8)

where F is a positive constant which will be given explicitly in expression (3.9). For convenience, we
can divide (E, V,C, P) € R? \ D into eight domains:

D, ={(E,V,C,P)eR}: 0<E<e}), Dy={(E,V,C,P)eR}: 0< P <&},
D; ={(E,V,C,P)eR!: 0<V <&, E>e P> &)
D,={(E,V,C,P)eR} : 0<C<é&,E>¢ P>g}

1 1
Ds={(E,V,C,P)eR}: E> -}, Dg={(E,V,C,P) eRY: P> -},
E E

1
D;={(E,V,C,P)ER} : V> =},
&
1
Dy ={(E,V,C,P)eR}: C> =}
&

Then, we will show that
8
LV(E,V,C,P)< -1, for (E,V,C,P)eR{\D =|_| D
i=1

Case 1. If (E, V,C, P) € D, we can obtain that

LV < —é + [M(ay + ay) + 11k, P
2

e[ doks + 2kyky 6+1 6+1 6+1 d 6+1 ~6+1 dads
- | (E e 1% —) C YT
i T VG * ks

r
<-—=+F
E

)9+1P€+1 +d

ph
<-——+F
&

< -1, by (3.1),
where

d2k3 + 2k2k4 )9+1E9+1 + V9+1 + (2)9+1C9+1

e
F = sup {[M(al + a2) + 1]k1P - _[( 2k]k4 2k4

(E,V.C,P)eR% 4
d»rd;

ks

)9+1P9+1] n d}. 3.9)

Case 2. If (E,V,C, P) € D,, we have

LV < —-MA+[M(a; +ay)+ 11kiP+d
< -2+ [M(Cl] + az) + 1]k18
< -1, by (3.2).
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Case 3. If (E, V,C, P) € D3, one can derive that

kEP
LV < -2 1 [M(a) + @) + 11k, P
e d2k3+2k2k4 0+1 -0+1 6+1 d2 0+1 ~0+1 d2d3 0+1 po+1
——[(———————)"E" + VT + (=) C"T +(—=)"" P | +d
4 ( 2k1ky ) (2k4) (4k4k5)
< _szP F
\%
k
<-24F
£
< -1, by (3.3).
Case d. If (E,V,C, P) € D,, one can see that
ksEP e[ daks + 2koky 6+1 0+1 6+1 d> 0+1 ~0+1 dard; 6+1 ph+1
LV < - - —|(———)"ETT+ VT + (=) T+ (—=)"'P
N C 4 2k ky ) (2k4) (4k4k5)
+[M(a, +ay) + 11kiP + d
< kEP P F
- C
ks
<-—+F
&
< -1, by (3.4).
Case 5. If (E, V,C, P) € Ds, it follows that
e drks + 2kyky 0+1 po+1 _ € doks + 2kaky 0+1 0+1 0+1 d 0+1 ~0+1 dads 0+1 pb+1
LV < ——(——— - —|(————)"E"" + VT (=) CTT + (—=)"'P
4( 2kiky ) 4 ( 2kiky ) (2k4) (4k4k5)

+[M(a; +ax) + 11kiP +d
e drky + 2k2k4

< 0+1 F
=3 oke ) T
< -1, by (3.5).
Case 6. If (E, V,C, P) € D¢, we have
e dyd; 0+1 po+1 € daks + 2kaky 0+1 6+1 6+1 dy O+1 ~6+1 dod; 0+1 pb+1
LV ——(——)"P" - |(——————)" ET + V" +(—)"CT +(——)"P
4(4k4k5) 4 ( 2k ky ) (2k4) (4k4k5)
+[M(a, +ay) + 11kiP+d
e dds 4.,
——(—— F
= G
< -1, by (3.6).
Case 7. If (E, V,C, P) € D7, we derive
e e d2k3 + 2k2k4 dz d2d3
LV < __Vf)+1 _ - H+1E6+1 + V6+1 +(—= 0+1C6+1 + 6+1P0+1
T4 4 ( 2k ky ) (2k4) (4k4k5)
+[M(a, +ay) + 11kiP+d
1
< —Zm + F
< -1, by (3.7).
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Case 8. If (E,V,C, P) € Dsg, one can see that

e d, 0 e d2k3 + 2koky d, d2d3
LV < —— +1C6+1 _ - 9+1E9+1 + V9+1 + (= 9+1C9+1 + 9+1P9+1
4(2k ) 4 ( 2k ky ) (2k4) (4k4k5)
+ [M(al +ay)+ 1JkiP+d
0+1
—= F
= 4(2k A
< -1, by (3.8).

Consequently, there exists a sufficiently small ¢ satisfying
LV(E,V,C,P) < -1, forall (E,V,C,P)eR:\D.

Thus the condition (7,) in Lemma 3.1 holds. In addition, the corresponding diffusion matrix of
system (1.2) is described as

A = diag(oiE?, 03V?, 03C?, 0y P?).
Then there exists a positive constant My = ming yc pepcps {01 E*, 05V?, 03C?, 03 P2} such that

4
D G{E,V.C.P)5i6; = 01E*8] + V76 + 03C°6% + 03P, = My | 6 T,

ij=1

for any (E,V,C,P) € D and 6 = (01, 0,,03,04) € Rﬁ. This means that the condition (7)) in Lemma 3.1
also holds. According to Lemma 3.1, we can get that system (1.2) has a unique stationary distribution
which is ergodic. The proof is complete. O

4. Probability density function

From the results in Theorem 3.1, we obtain that the stochastic solution follows a unique stationary
distribution 7(-) which has the ergodicity property. In this section, we try our best to derive the explicit
expression of the density function with respect to 7(-)

First, let u; = InE, u, = InV, u3 = InC, uy = InP, then by It6’s formula, system (1.2) is
transformed into the following form:

ez

dul = (re_u1 + - k16u4 - ml)dt + O'IdBl(t),

I + e

dity = (ke — mz)dt + 0By (),

4.1)

(k3e"1+"4-"3 ket — m3)dt + o5dBs (D),

el _ m4)dt + 04dBy(1),

where m; = d; + % (i = 1,2,3,4),

AIMS Mathematics Volume 10, Issue 8, 18680-18715.
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Let R} = rhs(kokytmaks) - RS > 1, which is the same Ry in (1.1), when oy = 0, = 03 = 04 = 0.
mipmomsmgq * * . .
Then there is a unique quasi-endemic equilibrium P* = (E*, V*,C*, P*) = (e"1, e"2, "3, e"+) which is

determined by the following equation:

—ut k6 u; ut
re " + - — ke —m; =0,
1 +e" : :
e
wi+ul -l _
k' —my = 0, (4.2)

wi+ul -k us—u’ _
ke 1T 4 kgt —my = 0,

k5€u§—uz — Ny = 0.
Therefore, in view of (4.2), we can obtain that

rk2k6 - mlmzkle + rmlkz(R(S) - 1) + \/A_l

2m1m2k1R3 ’
Ay = [rhkoks — mymak RS + rmika(Ry — D]? + drmimok koR(RS — 1),
¥ _ momsmy ,  _ koky + m2k3 V*,P* _ ﬁc* _ k5(k2k4 +m2k3) Ve
ks(koky + moks) msk my kymsmy

Let x; = wp—u; (k = 1,2, 3,4), we therefore derive the following linearized equation of system (4.1):

dx; = (=anx; + apx; — ayxy)de + 01dB, (1),

dx; = (ax1x1 — a1 X2 + ax x4)dt + 0,dB,(1), 43)
dx; = (az1x) + asxy — asxs + az xg)dr + 03dBs (1),

dxg = (as3x3 — ag3x4)dt + +04dBy(2),

where .
k6 e

. a
(1+ )2

asy = k3€u'+u4_u3 >0, azp = k46u2_u3 >0,a33 =az +az >0, ay = k5€u3_u4 > 0.

al re " > 0,ap, = 14 = kle”4 >0,ay = kzeuiﬂl“_uz > 0,

Next, we give three lemmas to determine the positive definiteness or semi-positive definiteness of a
four-dimensional matrix.

Lemma 4.1. ([16]) For the algebraic equation A% + AoZo + ZoAg = 0, where Ay = diag(1,0,0,0) and
X is a real symmetric matrix, the standard matrix is

T TT2 T3 T4
A 1 0 0 0
O =
0 1 0 0
0 0 1 0
Ift,>0,73>0, 74 >0and 717,713 — T§ - Tfu > 0, then X is a positive definite matrix, where
TT3—T|T4 O _ T3 0
2(‘1'11'21'3—‘1'%—1'%7'4) 2(‘1’1‘1’2‘1’3—‘(’%—7’%7’4)
0 __w 0 P S B
Z _ 2(711'21'3—7'%—1'%1'4) 2(1'11'27'3—%—1'%74)
0 — _ T3 O T 0
2(T1T2T3—T§—T%T4) 2(1'11'21'3—7%—1'%14)
0 _ 7| 0 TIT2—T3
2TITaT3—T2-TiTy) 214(T1 T2 T3~ T3 —TIT4)

Here Ay in this form is called the standard R, matrix.
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Lemma 4.2. ([16]) For the algebraic equation Ag + ByQy + QoBg = 0, where Ay = diag(1,0,0,0) and
Q is a real symmetric matrix, the standard matrix is

N N2 —N3 —MN4
1 0 0 0
Bo=lo 1 0o o
0 0 0 ns

Ifn >0, n3 >0, nim, —n3 > 0, then the matrix Q) is a semi-positive definite matrix, which follows

m 0 _ 1
2(mm2-m3) | 2(mm2-m3)
Q= 0 2(mima—m3) 0 0 .
-1 0 —m
2(mm—n3) 2n3(mim2—n3)
0 0 0 0

Lemma 4.3. ([16]) For the algebraic equation A(z) +Co® + GOCS = 0, where Ao = diag(1,0,0,0) and
Oy is a real symmetric matrix, the standard matrix is

& -6 -5 &
1 0 0 0
“=lo 0 & &
0 0 & &

If& >0, & > 0, then the matrix O is a semi-positive definite matrix, which follows

1

% (1) 00
®0 = 0 2.{:1{:2 O O .

0 0 00

0 0 00

Theorem 4.1. If R) > 1, then the stationary solution (E(t), V(t), C(2), P(t)) of system (1.2) around P*
follows a unique log-normal probability density ®(E, V, C, P), which takes the form:

-Lan %,m %l %,m P—’l)z—](ln %,m %l %,m P—’l)T

O(E,V,C,P) = 2n) 3 2(E-V-C-P)e ,

where the covariance matrix £ = X + X, + X3 + X4 IS a positive definite matrix, ¥, %,, 23, and X4 are

defined as follows:

(@ wiw201)’ (J3J2d1) ™ Zol(J3 10D 7T, if wi #0, wy, #0,
21 = {(@wi101)(Jaod ) Qs d D', if wi#0,w, =0,
(as1as01)’ (JeJsJ) " Qol(Jes1) ', if wi =0,
[~ass(anas + asazn)o2’ (JoJs7) ™ Zol(Jods I T, if w3 =0,
% = (anzanos) (Judiods?) ™ (I diodsJ) ', if ws#0, wy =0,
(a3a3wa02)*(J12J10JsJ7) " Zol(J12d10dsd7) 17, if wi#0, wy #0,
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2 - —IqT ,
5. - (—a14a4303) " (J15J14J13) " ul(J1sJ1aJ13) " 17, if ws =0,
3= 2 -1 —1T )
(a14a43ws503) (J16J14J13) " Zol(J16J14013) " 17, if ws #0,
2 . “I4T .
(a3104) (J19J18J17)” O1[(J19d18J17) " 1, if we=w7; =0,
2 - —IqT .
(az1w704) (Ja1J20J18J17) " Qs[(J21J20J18017) " 17, if we=0,w7 #£0,
2 -1 “IqT -
2y = q(anas + anan)weos] (JndigJ17)” Zol(UndigJ17)" 1", if we #0,w7 =0,
2 -1 —1.T .
(a31w604) (Joad23J18J17) " Qe[ (J2aJ23J18J17) " 17 if we #0,w7 #0,wg =0,
2 -1 “IqT .
(az1wewso4) (JosJa3J13J17) ™ Zol(JasJazJisJi7) " 17, if we #0,w7 #0,wg #0,
where
aszasg az1ass(ass — ass) aplanas + axn(an — as)l
wy =dasz — » W2 = dg3 + » W3 = — > )
as anwi az,
2
a2as3 TN ari(ax —ay) anay, axiazs(az; — ayp)
wg = w3 —(as + ) (an+ ), Ws = ay1 + —— 5 W6 = ) )
dzy a3 a4 agy as,
adiaaz; — a14a31 t apariasz; + ajudaazy — a14a310433 anudsy arazzwy w7
wy = ) »Wg = dpp+t + +(au—an)—,
as asy az We We

and the matrices Jy, ... Ja, Q1,...,Q¢, O are defined in the following proof.
PrOOf Let X = (XI, X2, X3, x4)T’ B(t) = (Bl(t)a B2(t)’ B3(t)’ B4(t))T7 A= diag(o-l’ 02,03, 0-4) and

—dap  anp 0 —dig
ar —djy 0 as
A= s
asg dasz —dzz 4z
0 0 ay -—ag

then, we can rewrite model (4.3) as:
dX(r) = AX(r)dr + AdB(z).

In view of the theory of Gardiner et al. [17], the corresponding density function ®(x;, x,, x3, x4) of
the quasi-stationary distribution of model (4.3) can be described by the four-dimensional Fokker-Plank
equation:

4
o 0°D(z(0), t 0
Z 7% 0—1[( an Xy — apxy — ajsxs)P] + %[(amxl — a1 Xy + ay x4) D]

i=

(9 0
+ 0—[(031)61 + axnx; — azx; + azx,) P + a—[(6143x3 — as3x4)P] =
X3 X4

By the relevant results of Roozen [18], ®(xy, x,, x3, x4) can be derived as

-1 T
D(x1, X2, X3, X4) = qoe 7 (X1.%2,X3,%4) Q(x1,X2,X3,X4) ,
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where ¢ 1s a constant which is determined by j@ D(x1, x2, X3, x4)dx;dx,dxsdx, = 1. The real symmetry
matrix Q satisfies the following algebraic equation:

OAN’Q+ATQ+0A=0.
If Q is positive definite, then it is invertible. We denote Q~! = X, then we equivalently obtain
A*+AZ+32A" =0. (4.4)
In addition, we can calculate that the corresponding constants
i, S |
qo = 2m) 7[x| 2.

By the finite independent superposition principle [17], Eq (4.4) is equivalent to the sum of the following
four algebraic sub-equations:

A7 +AY +SAT =0, i=1,2,3,4,
where
Ay = diag(01,0,0,0), A, = diag(0,0,,0,0),
A3 = diag(0,0,03,0), Ay = diag(0,0,0,0,),
=%+ + %+ %, A= AT+ A+ AT +AL

In order to obtain the positive definiteness of X, we define the characteristic equation of matrix A as
QOA(/U = /14 + ‘l']/l3 + Tz/lz + T3+ T4 = 0, (45)
where

Ty =ap +ay +az +as, 72 = ax(an —ap) +azz(an + ax) + asz(a + ax + as),

T3 = agax(an — app) + aglaz(an — ap) + anas + ajuas ], 74 = (a1s — an)azazags.

According to the expressions of E*, V*,C*, P* and R} > 1, we can prove that 7; > 0,73 > 0,74 >
0, 7170 > 73, T1(T2T3 — T1T4) — T% > 0, which implies that all the roots of characteristic equation (4.5)
have negative real-parts and so the matrix A is a Hurwitz matrix. In view of the related theory of
matrix’s similar transformation, we known that the corresponding characteristic equations are still
similarity invariant after a series of elementary transformations on A, and there exists a unique standard
R, matrix of A.

Now, we prove the positive definiteness of X by solving Eq (4.4).

Step 1. We first consider the algebraic equation

AT+ AT +2,AT = 0. (4.6)

Let A} = JAJ;!, where the elimination matrix J is given by

1 0 00
0 1 00
h=lo — 1 of
azl
0 0 01
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Direct calculation leads to that

—dpp  ap 0 —ajg
A = ary  —dz 0 ]
1 — B
0 Wi —das33 0
asiaq3
0 = a3 —ag

as3asi

where wy = as3 — ol

azy

Subcase (1.1) If w; # 0. Let A, = J,AJ; ! where the elimination J, is given by

1 0 0 0
01 0 0
27100 1 of
0 0 _ 431443
wiasg
Then
—dpp  ap ——m:;ilv?“ ayg
A, = az; —adj —aﬁ“ as ,
0 wq —das3 0
0 0 %) —ay43

az1as43(asz3—as3)

where wy = auz + e

Subcase (1.1.1) If w; # 0, w, # 0. Let P, = J3A,J7!, where the standardized transformation

matrix J; takes the form

2 3
apwiwy  —wiwa(az + ass + ag3) walag, + aszass + asz(as) + ag)] —ay; + axwinwy

I = 0 wiw, —wa(as3 + as3) ay;
3 =
0 0 W —as3
0 0 0 1
By direct computation we have
—T1 —Tp —T3 —T4
1 0 0 0
P=lo 1 0 of
0 0 1 0

where 7y, 75, T3 and 74 are the same as above. Then we can transform Eq (4.6) into
(32D 32D + Pil(J30)E1(J30201) 1+ [(J3 20 )E1(J3 00D 1P = 0,
ie., Aj+PZ+ZP] =0,

where X = Ql_z(.]3.]2.]1 )21 (J3 L)Y, 01 = ayywiwyor. According to Lemma 4.1, we can obtain that the
matrix X is positive definite whose explicite form is

T2T3—T|T4 O _ T3 0
2(t1 7273 —T%—T%TU 2(T17273 —T%—T%‘M)

0 T 0 .
P 2(T1T2T3—T:2‘—T%T4) 2(T1T2T3—T§—T%T4)

0= o— & 0 — 0

2(T1T2T3—T§—T%T4) 2(T]T2T3—T§—T%T4)
0 _ T 0 TIT2—T3
2(T171273 —T% —‘r% T4) 274(T1 7273 —T% —7%74)
AIMS Mathematics Volume 10, Issue 8, 18680-18715.
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Therefore the matrix X; = 0*(J3J,J,) "' Zo[(J3J2J1)~']7 is also positive definite.
Subcase (1.1.2) If w;, # 0, w, = 0. Let P, = J4A,J;!, where the standardized transformation
matrix J4 takes the form

2
anwy —wi(aar +as3) azy +azdsz anwg

J, = 0 w1 —das33 0
7o 0 1 0
0 0 0 1

Then we obtain
—nMi —M2 —1M3 —Ta

1 0 0 0
P2=1 1 0 0 |’
0 0 0 -—ag

where 711 = az3 — axi(=1 + wy), N2 = asiasz — aziasz, Mz = 0, N4 = aziaiw,. Therefore, we have
(JaJ2 DA (T4 2 )T + Pal(Jad2dDE1(Jadad )]+ [(JaJ2d DE1(Jad2d )T TPS = 0,

e, Aj+PQQ +Q P, =0,

where Q; = Q;Z(J4J2J1)21(J4J2J1)T, 0, = aywioy. By Lemma 4.2, we obtain the semi-positive
definite matrix €; with explicit form as

n2 _ 1
2(m1m12—m3) (1) 2(mmi2—ms) 0
Q, = 0 2(mmz2—n13) 0
1 _ 1 0 711 0 .
2(uimz2-ms3) 2m3(mimz—ms)
0 0

Thus, the matrix X, = 03(J4J2J1) ' Qi[(JsJ2J1)7']" is also semi-positive definite. And a constant v,
exists satisfying

2>

S O O O
S O O O
o O O O

1
0
0
0

Subcase (1.2) If w; = 0. Let Ay = JsA,J-', where

1 000 —dai an —ai4 0

_ 01 00 _ ajy —d ajy 0
JS B 0 001 ’ A3 B 0 % —ay3 ags
0010 0 0 0 -—as

Let P; = JsA3Jg !, where the standardized transformation matrix Jg is given by

2
as a4z —asz|aqs — az;“ asziags + 614213 —asz3d4z — 6142;3
Jo = 0 arns —dy3 g3
0 0 1 0
0 0 0 1
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By simple computation, we obtain

=21 —Mn —1N23 —12u

1 0 0 0
Ps=1 9 1 0 0o

0 0 0 —as33

where
M1 = apn + ax + a3, M = —apa — (—ax +az)ag + ay(ax + ass),
2
M3 = —auslanax — asaz; + an(—ax + azi)l, m4 = —agzl(an — an)ax — (an + az)ass + assl.
So Eq (4.6) can be equivalently transformed into the following form:

(JsJsTDAT(JsJ5J)" + P3[(J6J5J)E1(JeJsT) 1+ [(JeJsJ)E1(JsIsT) 1PS = 0,

ie, Aj+P3Q+OPF =0,

where Q, = Q§2(16J5J1 )21 (JeJsJ)T, 03 = azjagzo;. By Lemma 4.2, we obtain that the matrix €, is
semi-positive definite whose explicit form is

2 _ 1
2(n21m22-123) (1) 2(n211m22-123) 0
Q, = 0 2(1m211722—1123) 0 0
SR — 0 —m gl
2(m21m22-123) 2m23(17211m22—1123)
0 0 0 0

Hence, the matrix X; = 03(JoJ5J1) "' Qu[(J6JsJ1) 1" is also semi-positive definite. Also, a constant v,
exists satisfying

1 00O
0 00O
12200 9 0 of
0 00O
Step 2. Consider the algebraic equation
Aj + AT, + 2,AT = 0. (4.7

Let A, = J;AJS!, where

01 00 -ay 0 az  az

100 1 0 lan -—ax az  as

=10 0 0 1" M7 o apy  —ay; 0
1 00O apn 0 —adi4 —ajl

Let As = JgA4J3!, where the elimination Js takes the form

1 0 00
0 1 00

BB=lo o 1 ol
0 -2 0 1
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Direct calculation leads to that

appazy
-a —== a a
21 o aw 21 21
12431
Ae = azp  —, o7 T a3 asg asg
s =
0 as3 —a43 0 ’

apas] apadasy
0 w3 —Ai4— —, - —an T

as asz

__anplapazi+az (a1 —ass)]

where ws =

a3
Subcase (2.1) If w3 = 0. Let Py = JoAsJy ! where the standardized transformation matrix Jy is
given by

—ag(anaz; + ajsaz,) Jo(1) Jo(2) Jo(3)
0 _ag(apasi+auan)  (anasi+aisan)lapa tanlan+as)]  (@pas+anazn)®
Jo = 432 a5 a5,
—g, — G2d31 _g,, — @rai |’
0 0 ay am ag am
0 0 0 1
and
(1) = (anaz1 + anas)ag(an + ass + aqs)
.]9( ) - s
asp
2 2
_ (anasi + aisaz){(anas + anazn)” + anaslanas + (an + asaz] + a3,a;,}
Jo(2) = — 3 ,
asz,
3 2
. (apas1 + anas)’ + az1az,(anas; + ajuaz)ags
Jo(3) = — 3 .
asz

By direct computation we have

1 0 0 0
Pi=lo 1 0 o
0O 0 1 0

Then, Eq (4.7) can be equivalently transformed into the following form:
(JoJs A (JoJsJ7)" + Py[(JoJsJ7)Za(JodsI )" ] + [(JodgJ7)Za(JodsJ7) 1P] = 0,

thatis, A+ P42+ ZoP} = 0.

According to Lemma 4.1, this means that the matrix X, is positive definite which takes the form

ToT3—T1T4 0 _ 73 0
2(T1T2T3—T§—T%T4) 2(T|T2T3—T§—T%T4)
73 T
0 2_12 0 - : 2_2
= 271 T2T3—T5—T{T4) 2(T1T2T3—T5—T{T4)
0 — _ T3 O Tl 0 ’
2(‘[1‘(’27’3—7%—7'%7’4) 2(7’1‘1’2‘1’3—7’%—7%‘1’4)
Tl 717273
0 ——=— 0

2(T171273 -3 —‘r%m) 214(T1 7273 —T% —T%T4)

where
Yo = 0,2 (JoJsJ)Za(JoJs 1), 04 = —ass(anaz; + ajsaz)o.
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Thus, the matrix
Ty = 03(JoJs 7)ol (Jods 1) T"

is also positive definite.
Subcase (2.2) If w3 # 0. Let A6 = .]1()A5J_1 where

10°
10 0 O —ay) i ar + 42 ay
ajnasz| : 431W3
Jio = 01 0 0 A = asyp Tan asz aszy + Tan as)
10 = 6 — ;
00 1 of 0 ays —ay3 0 ’
00 -3 1 0 0 Wy —ai— 424

ass asn

— ajzdaszi ajdszi\ wi
and wy = w3 — (a4 + — (ay + d2duyrs
wy = w3 — (a4 + =.5) — (an + =252

Subcase (2.2.1) If w3 # 0,ws = 0. Let Ps = J11AgJ 1‘11 , Where the standardized transformation matrix
Ji1 1s given by

apa 2 2
apazn as(T.oF —ass) —dagy A +azi(as +ws)  azds
Jii = 0 ass —as3 0
1=
0 0 1 0
0 0 0 1
By simple computation, we obtain
=31 TN 133 —1134
P 1 0 0 0
710 1 0 0 ’
0 0 0 —qq — 4
1~ e
where
_anaz —axn(ay + az + ds3)
7731 - - ’
asp
3 aplax(as) + ax) + azias;]
M3 = —a31043 + a33as43 + azi(asz + as3) — P —azws,
32
apass(az; + az)
M3 = —ani| P + (az1 + azx — azz)ags + (az + an)wsl,
£y
2
a12a31

M4 = —agz[—anaz — + azi(az + az)].

asz
So Eq (4.7) can be equivalently transformed into the following form:

(J11J10d8I)AS (11 J10ds7) + Ps[(J11 0109897 Z0(J11J10d8d7)" ] + [(J11d10d8d7) Z2(J11J10d8d7) 1PE = 0,
ie., A+ PsQ;+ Q3P =0,

where Q3 = Q;z(.]l1J10.]gJ7)22(J11J10J8J7)T, 05 = A43A3207. By Lemma 42, we obtain that the matrix
Q3 is semi-positive definite whose explicit form is

732 _ |
2(1731m32-133) (1) 2(731m32-1133) 0
Q5 = 0 2(n31m32-1133) 0 0
3 _ 1 0 31 0 :
2(n31m32-133) 2n33(31m32—133)
0 0 0 0
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Hence, the matrix X, = Q%(J11J10J8J7)_1Q3[(J11J10J8J7)_1]T is also semi-positive definite. Also, a
constant v; exists satisfying

2o >V
00 0O
Subcase (2.2.2) If ws # 0, w4 # 0. Let Pg = J12A6J1‘21, where elimination matrix Jy; is given by
anapws —apwslan + as; + ags) Jiz(D) J12(2)
0 AW _ walapasi+an(an+an)l  (@pasi+aiian)
_ 43W4 s p
Jio = 0 326112031 >
Wy —an T .,
0 0 0 1
where
2 2 21,2
(D) walaj,az, + apasan(2an + ag) + aylay, + ayas + ass(as) + ag) + azwsl)
Jllh) = 2 )
a3
3
. _ (anas +anasz)
.]12(2) = - 3 + azjagzwy.
as

By direct computation we have

1 0 0 0
Pe=lo 1 0 o
0O 0 1 0

Then, Eq (4.7) can be equivalently transformed into the following form:
A(z) + P6ZO +20P£ = O,

where X, = Qé(]lz.]lo.]g.]ﬂ_lz:()[(J12J10J8J7)_1]T, O = A32043W407, and X, is positive definite by
Lemma 4.1.
Step 3. Consider the algebraic equation

Aj+AZ; + AT =0, (4.8)
Let A; = Ji3AJ;;, where
O 0 1 0 —as3 asy asy asy
00 01 ays —ay3 0 0
=11 0 0 oY= o —ai —apn  an
0100 0 d; ax —dag

- o O O
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Direct calculation leads to that

aszazy

—daszz a3 ast — .. asn
Ao = a4z —d43 0 0
710 —ai4 —dp — —alazfl aps ’
ana
0 0 Ws —dy + %
2
_ @mi(ai—ay) _ 4124,
where ws = ap; + ™ a
Subcase (3.1) If ws = 0. Let P; = J15AgJ4, where
+ 2
—a14a43 apax + apa) + ass) (W) —ap(ay; +asy)
_ _ __apay
Jis = 0 ais an — .. ap ,
0 0 1 0
0 0 0 1
N4 ~Na2 —T43 —M44
p 1 0 0 0
1o 1 0 0 ’
0 0 0 —d) + —a'azliz'
with
_anay +a(an +as; + as)
Na1 = ,
as
anay (ass + as)
Na2 = —(az1 — aszz)ass + ay(azs + azs) + ,
aig
anay (as — asz)
N4z = —ag[—asaz + azaz + ap(az —as) + P 1,
14
a’,a? a’,a, (=2ay, + a3 + as3)
_ 12421 12421 21 33 43
Nu = ———— — anax(ay — ass) + anuazndss + ap(as + az — ass)dss - -
ay ais
In the meanwhile, Eq (4.8) can be equivalent transformed into
A(2)+P7Q4 -i-.§24P;w =0,
where Q4 = Q7_2(J15]14]13)23(]]5]]4]13)T, O7 = —A14043073. From Lemma 4.2 we have that 94 18 semi-
positive definite and
1742 _ 1
2(741m42-143) (1) 2(a1m42-143) 0
Q= 0 2(na1m42-143) 0 0
SR — 0 —m_ gl
2(na1n42-143) 2n43(41m42—143)
0 0 0 0

Thus, the matrix 23 = 02(J15J14J13) "' Qu[(J15J14J13) 7' 1" is also semi-positive definite. Also, a constant
v4 exists satisfying

\g|

w

v

<

N
S O O O
o O O O
S - O O
o O O O
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Subcase (3.2) If ws # 0. Let Pg = Ji6AsJ;,, where Jj¢ is given by

—apasws  Jie(1) J16(2) J16(3)

I 0 —aiws  —(an +a)ws (=1 +2)%a3, + apws
o= 0 0 Ws —ay; + 4201 ’
0 0 0 1

—T1 —T2 —T3 —T4

1 0 0 0
Ps=lo 1 0o of

0 0 1 0

with
Ji6(1) = wslainaz — anain + ajs(an + ax + ass)l,

1 2 2
J16(2) = - ws{(anaw + anan)lanay + (a2 + a1g)ag — aznanl + (—auan + anan)” + andws),

ajy

3 2
Ji6(3) = —aT[(aMazl — @1a12)” + apdpws(anas + anax + 2asa — 2az1a12)).
14

Similarity, we transformed Eq (4.8) into the following equation:
Aj + PyZo + ZoP; = 0,

where Xy = ng(JK,JMJB)Zg[(J16J14J13)]T and pg = ajyaszwsos. From Lemma 4.1 we can obtain that
%, is definite and so the matrix 23 = p3(J16J14J13) ' Zo[(J16J12J13) "' 1” is also positive definite. Also, a
positive constant vs exists satisfying

00 0O
00O0O
23 > Vs 0010 .
0 00O
Step 4. Consider the algebraic equation
Aj+AZ, + AT = 0. (4.9)
Let Ag = J17AJ},, where
00 01 —ay3 ass 0 0
_ 0010 _|an  —asz as asi
I = 010 o) Ay = any 0 -—ay an
1 000 —ai4 0 ap —dap;
LetAjg=J 18A9J1_81, where the elimination J;g is given by
1 0 00
Jue 0O 1 00
=10 —% 1 0}
a0 1

asy
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Direct calculation leads to that

—ay as3 0 0
A = az;  —asz + az;in —ay 21331 asi
0 We —%l“ 0 ’
0 w7y app + d1ad3 —ap + ays

asy

where

2

_ayax(az — as) _a11a14a3) — A1,a31 + A1202103] + (14021032 — A14031033

W6 - 2 ’ W7 - 2 .
as as

Subcase (4.1) If wg = 0, w; = 0. Let Py = J19A1oJ 1‘91, where elimination matrix Jy9 is given by

ajzla
asz —asz + 2;3132 —dis azx; as
7 0 1 0O O
19 =
0 0 1 0}/
0 0 0 1
-t —én —£13 —€14
1 0 0 0
Py = 0 0 __aas3 0 5
O aa
0 0 app + % —dajp; + ayq
with
£ = axaz — azi(ai + azs + dus)
1n=- ,
asg
_ a1az;
& = —ag[—as +az + - ass],
asg
ar1ass
&13 = —apaz —anlayy — + as3),
asg
14 = —azi(—ay + ays + ass).

Then, Eq (4.9) can be equivalently transformed into the following form:
A3+ Py®, +O,P] =0,

where
0, = 05 (J19J18J17)Z4(J1901817)" 5 00 = a31074.

In view of Lemma 4.3 we get that ®,; is semi-positive definite whose explicit form is as follows:

1
T (1) 00
O, = 0 211612 00
0 0 00
0 0 00
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Thus, the matrix £y = 03(J190J18J17)"'@1(J19J15J17) "' 1" is also semi-positive definite. Also, a
positive constant v exists satisfying

00O0@O0
00 0O
>
242%10 0 0 0
0001
Subcase (4.2) If we = 0,w7 # 0. Let Ay; = Jo0A 0/, , Where
1 000 —ay3 as3 0 0
0100 ay  —ax;t % — a4 as ass
Joo = , A = ) _ ai4azy
00 01 0 wry ay +ay ap+ .
0010 0 0 0 — 2145

asy

Let Pyp = J21AnJ; 11, where the standardized transformed matrix J;; is given by

az1a3 2 (a12a31+a14a32)(—a11a31+a14431—A21433)
anwy wi(=an + =°F —az3) (an —aws)” +anw; apwy + s
31
a14a3)
Joi = 0 w7 —ap t+ais an + ==
21 — 31 B
0 0 1
0 0 0 1

—Ns1 —MNs2 —MNs3 154
1 0 0 0

P =
“7lo 1 0 o |
0 0 0 __ @133
asy
: _ _ anaxn-az(an+azs+as) — 11,2 2

with n75; = — o s 52 = —g-lajas + ananas + au(—anaxn + azas) + (a3, + azaxn -

2 _ an(an-ain)-arasm+asi(ai4—asi+ass)] —
az1as3)ass — andasi(ais + azs + ds) + az;wil, sz = o — 3144307, M54 =
_ (appas; +al4a3z){a21u33 [—az1(a14+az3)+azi(ann+asz)]-aziagslazi (—ais+azi —azz)+azi (032+a33)]}+a§1032(—a21033 +a31a43)wy

3
a3

In the meanwhile, Eq (4.9) can be transformed into the following equivalent form:
A(Q) + P1oQs + Q5P{O =0,

where
Qs = 05°(Jo1J20J18017)Z4(Ja1 20 18017)" 5 09 = az w0y,

In view of Lemma 4.2, we obtain that the matrix €5 is semi-positive definite whose explicit form is as
follows:

1752 _ |
2(1751m52-153) (1) 2(n51m52-153) 0
Q- = 0 2(n51m52-153) 0 0
ST L TR
2(n51m52-153) 2n53(Ms1m52—N53)
0 0 0 0
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Thus, the matrix 24 = 05(J21J20J15J17) ' Qs[(J21J20J15J17) 7' 1" is also semi-positive definite. Also, a
constant v; exists satisfying

0 00O
00O0O0
> .
2ZV110 0 0 0
0001
Subcase (4.3) If we # 0, w; = 0. Let Py = JnAoJ;, , where
(a12a31 + a1sa3)we J2o(1) J22(2) J22(3)
P 0 (a12 + al;3tll32)w6 (012431+al46132)(_al;§11331+al4431_3216133) (ar —6114)2
2 0 0 app + % —ap + ays ’
0 0 0 1
T —T2 T3 T4
1 0 0 0
Pu=lo 1 0 of
0 0 1 0

and
we(anas) + aaxn)[(ayasz; — azas + (ax + azy)assl

2
asz;

Jo(l) = -

9

Jn(2) = %(6112031 + 61146132)[61%161%1 + ai‘a%l — ajsaasjazs + a§1a§3
31
+ ayia3(—2a14a31 + az1as3) + a3,a3wel,
J2(3) = (a1 + a1a)’ + (anasi + aiaaz)w.
Then, Eq (4.9) is transformed into
A+ P 2+ ZoPL = 0.

Therefore 24 = 07,(J22J18J17) ' Zol(J2J18J17) ' 17, where 019 = (a12a31 +a1aa32)weors. Finally we know
that X, is positive definite.
Subcase (4.4) If We # 0, wy # 0. Let A12 = J23A10J2_31, where

1 0 0 0 —ay3 aqs 0 0
az1aszz az|w
Jor = 0 1 0 0 Ao = as —azz + a ays azp + MI/67 asy
23 — 00 1 ol’ 12 — 0 We _ @433 0 »
asy
wy
00 e 0 0 0 wg —ay +au

: _ ai4a3 | a21433w7 _ w1
with wg = app + =52 + 225+ (ayy — an)yl.

Subcase (4.4.1j Ifws #0,w7 #0,wg = 0. Let Py = JoyApJ;, 41, where the standardized transformed
matrix J4 is given by

_ lawaszi—az1a3+(az1+azi)azzlwe

2 2
D193 +
23 aWe + dz W7 d3We

asWe @
Dy=| Y We T 0
0 1 0
0 0 0 1
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Direct calculation leads to that

N1 —MNe2 —MN63 —Te4
|1 0 o 0
12 0 1 0 0 ’
0 0 0 —ap +au
with
_ax(an —az) — as(ais + ass + as)
Ne1 = — >
asg
Ly,
N2 = N ayaxnazz — a14a31(a21a33 + aziags) + aziazi[azass — as(ass + as)]
31

2
+ a3, [—aszass + anwe + azi(ass + W7)]},

1
— 2 2
Ne3 = ——-assl—awanasiass + a3 asas3 + azasi(as — as)ass + az (anws + aziwy)l,
31

—azwe(—an + as + ass).

Ne4

Then we can transform Eq (4.9) into the following equivalent form:

A% + PpQe + Q6P{2 =0,

where
762 _ 1
2(n61m62-163) (]) 2(ne1m62—163) 0
Q = 0 2(n61M62—163) 0 0
6 _ 1 0 161 ol
2(n61m62-163) 2163 (1761762 —163)
0 0 0 0

Further, we can obtain the matrix
Yy = 01, (Joadn318017) Qe[ (Joad 23 J18017) 7,

where 011 = a3;ws04 and the semi-positive definite of X, is obtained by Lemma 4.2. Also, there exists
a constant vg such that

24> vy

S O O O
o O O O
S O O O
- O O O

Subcase (4.4.2) If wg # 0, w; # 0, wg # 0. Let P13 = J25A12J2_51, where

azwewg  jas(1) J25(2) J25(3)
Jos = 0 wews  ws(—ai +ais — <) (an - ais)*
0 0 wg —dp +as
0 0 0 1
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with
) wewslaiaz — azaz + (ax + azp)ass]
Jas(1) = — ,
asg
aziazs3(ay1az; — a1saz; + az ass)

. 2
J2s(2) = wgl(an —as)” + + anws + azwyl,

a3,
Jj2s(3) = (=an + a1s)’ + az wews.
Next, the algebraic Eq (4.9) is transformed into
A} + Pi3Zo + ZoPL, = 0.
The specific form of X, is

X4 = Q%Q(JZSJ23J18J17)_120[(J25J23J18J17)_1]T’

where 01, = az;wegwgo4. Then by Lemma 4.1, the positive definiteness of X, is verified. Now we are
in the position to prove the matrix X = X; + X, + 23 + 24 is a positive definite matrix. If w; = 0, w3 #
0, ws =0, ws =0, wg =0 and w; # 0, the covariance matrix

=2+ + 23+ 2
1 00O

>V + V3

o o = O
=l el eNe)
o o o O
o - O O
=l el o)
o o oo
-_ o O O

0
0 00O 0
00O00O 0
0 00O 0

Then the probability density function ®(xy, x,, x3, X4) can be expressed in the following form:

D(x1, X2, X3, X4) = (2) 2JE[ 72720 ()

£

Considering the transformation (xy, x5, x3,x4) = (In &, In 3, In &, In &

density function of model (1.2):

), we have the following from

St Eon Feon Gon Byslan Lrom o Gom BT

O(E,V,C,P) = 2n) X 2(E-V-C-P) e

5. Extinction

Define ) ) )
2k4k2 r 1 . d2 0-2 d3 0-3 0-4
- (-l 0§ 4+ e §)
0\, Mgtk 3™ 2 T2 2 Tt
and

H() = il—k;V(t) +C(1) + ;—];P(t).
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Theorem 5.1. Assume that RE < 0, then for any initial value (E(0), V(0), C(0), P(0)) € R* the solution

(E@), V(1), é(t), P(t)) of system (1.2) will follow:
lim sup ¥ <0, a.s.,

—o0

which means that the KD disease of system (1.2) will die out with probability 1

Proof. Employing Itd’s formula to In H(¢), one has
2k4ksy d; dsydy I (2ksa 5.0 5,0 ,d30 5.5
dnH® = {52+ k)EP- kV——C——P}d——{— V2 4 3C 4 (50 P
n H(r) A\ 4 3 4 > 2k i (=)o o3 +(2k5) o
2ky4
h 2 de(t)+%dB3(t)+

dy

P
dBy4(1)

+
ik (k4V+ d*C+"*d4P)(2k4V+C+ s P)
< ( 172 +k3)Edt— dr
% (%v +C+ ﬂp)
1 ( 2k
- 2H2{(—4)2 o3V + 03C* + (—)2 2P2}dt
2k4 o5C ﬁ 4P
+ dB, (1) + TdB:;(l‘) + dB4(1)
Ui 2 | dio d3ds
kqk =V +3C +—P 1 (2k
< (B vk T e SR04 3C (3 i
2 (%V +C+Lp
& ks
2ky dg
o,V C o4 P
+ L 4B + %d&(t) + 57 40
Dkyk 1 2k \2(dy O d, o2
= ( S k3)Edt - [(—4) (—2 + —2)V2 + (—3 + —3)C2
dZ 2k C ds p d2 2 2 2 2
d—ZV +C + T
2ky d;
d 2 - =0, V C 3
+ ( 3 ) (d4 + —)Pz]dt + 22" 4B+ BEdBn + 2 dBy(r)
ks H
2 2
(”4) V224 ( 5) P
From (a+ b+ ¢)> < 3@ + b> + %), (a > 0,b > 0,c > 0), we have — a L Then
(ﬂv+c+ﬁp)
& s
Dkyky 1 d o2 d o> o2 Ligr,
dIn H(p) g( kg)Edt _ - mln{ 2, 2B 75 4y —4}dt + dB, (1)
5 3 2 " 202 T 2 H
s (5.1)
o3C 2 74P
7dB3(t) dB,(f).

From the first equation of system (1.2), we have
GE < |r = (di = ke E|ar + o BB,
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For the stochastic differential equation with the initial value E(0) = E (0),
dE = [r - (d1 k6) ] + o EdB),

and we have tlirg % fot E(s)ds =5
So

t

.1 1 (M=
tll)rg " | E(s)ds < tlig " | E(s)ds = e

Integrating (5.1) from O to ¢, and dividing by ¢ on both sides, it can be seen that

InH() InHQO N 1 | PR .
t() t() (;22 k;) fE(S)ds—gmln{Ez_|.72 §+73,d4+74}dt

; % o, P
21 f X ng(t)+ f —ng(t) ! f ”‘SZ dB. ().
0

Next, by the strong of large numbers, one derives

2 2

2k40' Vv 1 Lo, P
lim — dB,(f) = hm —ng(t) = lim — dB.(f) = 0. (5.2)

t—oo f 0 t—oo 0

From (5.1) and (5.2), we can deduce that

. In H(¢) (2k4k2 ) r | - {dz o, dy 05 04}

1 < ths)- —omin 2+ 2285 g 2

e U A A A e S R T R )
= R{.

If R} <0, then
lim P(#) =0, a.s.

t—00

6. Numerical simulation

Using the well-known high-order numerical method of Milstein [19], we get the discretization
equation of system (1.2):

ke ViE o?
16+kvk - klEkPk - dlEk]At + O-IEk VAtgl,k + lek(élz,k — I)At,
k

Ek+1 = Ek + [r +
o2
Vier = Vi + [kZEkPk - dzvk]Af + o Vi VALl + TZVk(fzz,k - Dat,

0% 2
Ciri1 = Cr + [k3EkPk + k4Vk — d3Ck]At + 03Cy \/A_l§3,k + Tck(é/lk - I)Al,

2
o
Piy = P+ [kSCk — dyPi|at + oy Py N Aty + 74Pk(§ik - At

where (i, (i = 1,2,3,4; k=1,2...,n) are independent Gaussian random variables N(0, 1).
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Example 6.1. Let (E(0), V(0), C(0), P(0)) = (0.5,2.5,0.5,2.5). We choose r = 2,k; = 2,k; = 0.5, k4 =
0.5,k6 = 0.4,k2 = 3,k5 = 0.3,0'1 =0 =03 =04 = 015,d1 = dz = 1,d3 = 0.6,d4 = 0.8. Direct
calculation leads to
) rksks rkakyks
Ro = (d, + l0'2)(a,’ + l0'2)(41 + l0'2) i (d + l0'2)(d + l0'2)(d + l0'2)(a/’ + l0'2)
LT3 PRE3 T 30384 T 50y WL T U2 T 30 U3 T 503864 T 50y

= 2.4855.

Then from Theorem 4.1 we can conclude that system (1.2) admits a global positive stationary solution
on R?, see Figure 1.

—Stochastic solution
—— Deferministic solution

0 ! I ! ! !
0 1 2 3 4 5 [} 7 8 9 10 3 04 05 06 07 08 08 1 Al 1213

Timet w10t Histograms and marginal density functions of £(t)

— Stochastic solution
—— Determinisic soluion

I
0 1 2 3 4 5 [} 7 8 9 10 1 15 2 25 3 38
Timet w10t Histograms and marginal density functions of V()

0 I I I ! |
1 2 3 4 5 [} 7 8 9 10 0 05 1 15 2 25 3 35 4 45

Time t w10t Histograms &nd marginal density functions of C(t)
2 100
— Stachastic solution 4
15 —— Deterministic solution
mew MMMWMWWW f «www

0 ! ! ! | | | ]
5 6 7 8 9 1(} 0 02 02 06 08 1 12 14 16 18

Time t w0t Histograms and marginal density functions of P(t)

Figure 1. Graphs on the left show the trajectory of the stochastic system and the deterministic
system under perturbation oy = 0, = 03 = o4 = 0.05, and graphs on the right show
histograms and marginal density functions of the solution.

Example 6.2. We obtain quasi-stable equilibrium
Q" =(E",V",C", P") =(0.8037,2.1179,2.3490, 0.8795), R; = 2.4855.

Furthermore, we have w; = 0.5109,w, = 0.7541, w3z = —0.3705,ws = —0.9945, ws = 0.1264, we =
—22.6266,w; = 37.1546,wg = —0.0147. Thus from Theorem 4.1, we calculate the specific expression

AIMS Mathematics Volume 10, Issue 8, 18680-18715.
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of the covariance matrix:

2 = (anwiw201) (3201 Zol(J3 L J) T + (asasnwao2)* (Jind10ds 7)) Zol (121008 07) 1"
+ (a14a43ws03) (J16J14J13) " Zol(J16J14013) "
+ [(ainas1 + auas)weoal*(JaaJ1sJ17) " Zol(J2J1sd17) ' 1"
0.0017 -3.1610e™* =7.7961¢* —0.0016
-3.1610e* 0.0015 6.7900e™*  7.7383¢7*

~-7.7961e™*  6.7900¢~* 0.0022 0.0014
-0.0016  7.7383¢7* 0.0014 0.0027

Then the corresponding marginal density functions of E, V, C, P are separately given as follows:

Do = 1 _(lnl:;;rgéz%)z Do = 1 _(mvg%gm)?
EZ 01034 VT 0097av¢ O

O, = 1 _% O, = 1 _(1nP0+8(,)152334)2
c=o11s2ct TP To0a201P°

See the right-hand figures of Figure 1. We also plot the marginal density functions and the frequency
histogram fitting curves of E, V, Pand C. See Figure 2.
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0 Histogram fitting curve with 4000000 points n Histogram fitting curve with 4000000 peints
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0 | ) 0 | | | | | |
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4r 10r
== Histogram fitiing curve with 1000000 points === Histogram fiting curve with 1000000 peints
35r === Histogram fitting curv with 2000000 points === Histogram fiting curve with 2000000 peints
Histogram fitting curve with 4000000 points 8k Histogram fitting curve with 4000000 peints
3t === Margin density ‘unction $2(C)$ === argin density function $¢(°)§
25 5t
2t
15 i
1t
2k
05 |
0 . . . ) . . . . . )
0 05 1 15 2 25 3 35 4 45 5 0 02 04 06 08 1 2 14 g 18 2

Figure 2. Blue, red, yellow lines represent the frequency histogram fitting curves of
E,V,Pand C at the iteration times equal to 1000000,2000000 and 4000000, respectively.
Purple lines represent the theoretical marginal density functions E(¢), V(t), P(¢) and C(¢).

Example 6.3. We choose r = 1,k; = 0.3,k; = 0.1,ky = 0.2,ks = 0.2,d, = 2,dy = 0.8,04 = 0.5, then
from Theorem 5.1 we have

ks r 1 . (& 03 dy O3 o2
RE:(— )——— {_ ) s }:_'1 :
0 4 +k3d1_k6 3mm 2+2 2+—2 d4+2 0.1083 <0

We can conclude that KD disease of system (1.2) will disappear, see Figure 3.
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Sorasic
Delmisicsobion

Figure 3. Blue and red lines represent the deterministic solution and stochastic solution of
P, wherer = 1,k; =03,k; =0.1,ky =0.2,kg =0.2,d, = 2,d, = 0.8, 04, = 0.5.

7. Conclusions

This paper is concerned with the stochastic Kawasaki disease. First, we proved that the global
positive solution of model (1.2) is unique. Next, we obtained sufficient conditions for the ergodic
stationary distribution. More importantly, we gave the local normal probability density function around
the quasi-endemic equilibrium of system (1.2), by solving the corresponding Fokker-Planck equation.
Finally, several numerical simulations were provided to verify our analytical results.
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