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1. Introduction

Fractional calculus, which extends classical differentiation and integration to non-integer orders,
has emerged as a powerful framework for modeling a wide variety of complex phenomena in physics,
engineering, and applied mathematics [3,20,28]. Its origins can be traced back to the pioneering ideas
of Leibniz, Euler, Laplace, Lacroix, and Fourier, who speculated about the meaning of derivatives of
arbitrary order. The first rigorous application was by N. H. Abel (1823), who employed fractional
integration to solve an integral equation arising from the tautochrone problem—a landmark in the
history of fractional calculus. This was followed by foundational contributions from Liouville (1832),
Griinwald (1867), Riemann (posthumously published in 1892), and Letnikov (1868—1872), which
established the theoretical underpinnings of the subject [29, 32].

Fractional derivatives have proved particularly effective in describing systems with memory effects,
hereditary properties, and anomalous diffusion, often outperforming integer-order models. For
example, Riewe [30, 31] extended the calculus of variations to fractional derivatives in order to
better capture nonconservative mechanical systems. In another domain, fractional Laplace—Beltrami
operators naturally arise in mathematical physics, notably in relativistic quantum mechanics and
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geometric analysis [2,4,13,14,19,26,27]. These operators are closely linked to pure-jump stochastic
processes, serving as infinitesimal generators of stable Lévy processes—a connection elegantly
developed in Bertoin’s monograph [6]. Moreover, Feynman’s path integral formulation has been
extended to this probabilistic framework via Lévy processes [25].

In this work, we study the fractional powers of the one-dimensional Jacobi-Laplacian, a second-
order differential operator defined on the interval (0, co) as

1 d
&= A, p(x) dx

(Anp(x) %), (1.1)

where the weight function A, g(x) is given by
Aqp(x) = 2% (sinh x)***! (cosh x)#*!, pi=a+B+1.

Equivalently,
2

dx?
For the parameters @ > S > —%, the operator —%,; is formally self-adjoint in the Hilbert

space LZ(Aa,ﬁ(x) dx) of square-integrable functions with respect to the measure A, g(x) dx on (0, c0).
We define

Zyp = — + [a + 1) coth(x) + 2B + 1) tanh(x)]%. (1.2)

D,p:= {u € LQ(AQ,B(x) dx) | u, u' are absolutely continuous on every compact subset of (0, o),

Zop(u) € LZ(Aaﬁ(x) dx), lil})l+ X2y (x) =0 }

The operator .Z, 5, endowed with the domain D, g, is self-adjoint and has a simple, continuous spectrum
covering [p?, ), as established in the Jacobi setting in [17, §2] and further detailed in [12] within the
framework of weighted Sturm—Liouville theory. This spectral structure underlies the Fourier—Jacobi
transform, which emerges from the spectral decomposition of —.7, 5; see Koornwinder [23]. The
harmonic analysis associated with .Z, 5 has been extensively developed since the 1970s, largely owing
to the pioneering work of M. F. Jensen and T. H. Koornwinder [18,22,23]. Their contributions laid the
foundation for a robust theoretical framework that integrates convolution structures, heat and Poisson
semigroups, and a wide range of integral transforms. Building on this foundation, B. Salem and
Dachraoui [34] conducted a detailed study of pseudo-differential operators associated with the Jacobi
differential operator, introducing novel symbol classes adapted to this setting and proving continuity
results on certain subspaces of the Schwartz space. They also derived integral representations and
obtained sharp L!-norm inequalities by exploiting the dual convolution structure of Jacobi functions.
Extending this work, Ben Salem and Samaali [33] explored the spectral theory of the Fourier—Jacobi
transform, defining fractional powers (-7, 3)* via spectral calculus (see Definition 3.12). For a broader
perspective on the spectral methods for fractional operators; see [35]. More recently, analogous
results have been established for a wider class of operators, including second-order differential and
partial differential operators of the Bessel type [7], Bessel-Laplacian operators [8, 9], and fractional
Dunkl-Laplacians [10].

In the present work, we introduce a novel singular—integral representation for the fractional one-
dimensional Jacobi—Laplacian .Z,, 5, formulated within the framework of the generalized translation
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operator and the Jacobi heat kernel. For the special parameters @ = %(p —1)and 8 = %(q - 1),
with p > g > 0, the operator .Z, 4 coincides with the radial part of the Laplace—Beltrami operator on
Riemannian symmetric spaces of the noncompact type and rank one [22]. Fractional-order operators
on Riemannian manifolds have been widely studied (see, e.g., [2,4, 5] and the references therein),
with particular emphasis on the fractional powers of the Laplacian on hyperbolic spaces. While the
functional calculus provides a natural definition in this context, Banica et al. [5] proposed an alternative
characterization as a Dirichlet-to-Neumann map for a degenerate elliptic extension problem, in the
spirit of the celebrated Caffarelli—Silvestre construction [11].

The principal result of this paper is stated in Theorem 2.3, which asserts that for every f € Cyp(R)
and 0 < s < 1, the fractional operator (-7, 3)" admits the singular—integral representation

N

(eI = 57—

fo [f(x) = TSP F] WP () dy, (1.3)

where T\ is the generalized translation operator associated with %, z and

E)
tl+s

Wi (y) 1= Agp(y) f dr,
0
with Ef“’ﬂ )(y) denoting the Jacobi heat kernel.

Theorem 2.3 exhibits several genuinely new features: (i) The singular—integral representation (1.3)
is, to the best of our knowledge, entirely new and has not appeared previously in the literature. (ii) Both
the generalized translation operator T and the kernel w'™” are intrinsically linked to the operator
Z,p, in contrast to Bessel or Bessel-Laplacian fractional analog, where the generalized translation
is specific to those operators. Moreover, the formula (1.3) holds for the full parameter range @ >
B> —%, thereby extending beyond the restrictions commonly found in the Jacobi fractional Laplacian
literature (see, e.g., [2,5]). (iii) The proof employs a two—regime integrability analysis (Lemma 3.3), a
technical ingredient absent from earlier studies of the Laplacian or Laplace—Bessel settings.

As in the case of the classical fractional Laplacian (see, e.g., [24]), one can also obtain for (—.%,4)°
alternative representations, such as a Bochner-type formula derived directly from the Lévy—Khintchine
identity in Lemma 3.3, or an extension problem in the spirit of Banica et al. [S]. However, since these
follow readily from our framework, we restrict our attention here to the singular—integral formulation,
leaving such equivalent descriptions to the reader.

2. Notation and main result

For 4 € C, the Jacobi function x — go;“’ﬂ '(x) is defined as the unique solution to the following
boundary value problem:
Lopu(x) = =(2 + p?) u(x), 2.1)

subject to the initial conditions:
w0 =1, u'(0)=0.

By substituting z = —sinh®x into the first equation of problem (2.1), we obtain the standard
hypergeometric differential equation (cf. [15, 2.1(1)]), which reads as follow:
d*u du
Z(1 —z)d—Z2+(c—(a+b+ 1)z)d—z—abu:0,
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with the parameter:

1 1
azi(p—i/l), b:—(p+i/l), c=a+l.

Hence, if @ ¢ {—1,-2,-3, ...}, the function go(“ﬁ )(x) can be expressed in the form
@D (x) = F (Y= id), 3o +id): a + 15 —sinh’(x)), x> 0. (2.2)

Here, F(a,b;c;z) denotes the unique analytic continuation (for z ¢ [1,00)) of the Gauss
hypergeometric series
@i b
(o) k! =7

lz| <1,

where a,b,c € C, ¢ ¢ —N, and (a)y is the Pochhammer symbol, defined as
(=1, (@r:=aa+1)---(a+k-1), fork>1.

For A ¢ {—i,—2i,-3i,...}, a second linearly independent solution of Eq (2.1) (see [15, 2.9(9)]) is
given by:

7P (x) = 2sinh(x))*? F (Y- +f+1-id), Ja+B+1-i); 1 ik —(sinhx)7?).
This solution is characterized by the asymptotic behavior
¢ P (x) = e P"(1 + 0(1)) asx > co.

One can show that
¢ (0 = P B () + O =) 6P (), (2:3)

where it
PATEDN (e + 1
R p——— CU L (2.4)
IGl +i)rGla - +id)

For special values of @ and 3, the Jacobi functions go(aB ) (x) are interpreted as spherical functions on
non-compact Riemannian symmetric spaces of rank one. For further details, the reader is referred to
the insightful survey by T. H. Koornwinder [22].

Let Cy(R) be the class of all even and infinitely differentiable functions on R with compact support.
The Fourier—Jacobi transform (also called the Jacobi transform) is defined for a function f € Cy(R)

by [18]

Fas () = f 69 (3) £(x) Agp(x) dx.
0
In particular ¥_; > _1,»f is the Fourier cosine function transform
7'~—1/2,—1/2(f)(/1) = f cos(Ax) f(x)dx.
0
We recall the inversion formula

1
Fas@W) = fo g P (x) —— | aﬁu)lz,
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and the Plancherel formula

dAa

f P Aup(0dx = o f Fasl DO T

It is worth noting that the factor |c(,ﬁ(/l)|2 appearing in the Plancherel formula is computed using

the identity
n

A sinh(zrd)”
Let <7 be the class of even entire, and rapidly decreasing functions of the exponential type, that is,
g € o/ if and only if g is even and entire, and, for all n € N, B, K, > 0 exists such that for all 1 € C

T(iA) T(=id) =

lg(D] < Ky(1 + AP, (2.5)

Theorem 2.1. [23] For all &, € C, the mapping f v+ F,5(f) is a bijection from Cy(R) onto < .

The generalized translation operator was introduced by Flensted-Jensen and Koornwinder [18,
Formula (5.1)], and is defined as

TP = [ SO KD A 2.6)
0
where the kernel K(x, y, z) is explicitly given by
r 1
@+ D) (cosh x coshy coshz)* ™!

r(3)r(e+3) 2.7)
X (sinh x sinhy sinh2)>*(1 - B)*T ,F (@ + B, @ = B; a + 1; 1(1 - B)),

K(x,y,2) = 27%

with
B= cosh? x + cosh? y + cosh® z — 1. (2.8)
2 cosh x coshy coshz

The kernel K(x,y, z) has compact support given by
supp(K) ={z€R, : |x—y|<z<x+y}

Furthermore, the Jacobi function satisfies the following product formula [22]:

Pa(x) @a(y) = fo Pa(2) K(x,y,2) Aap(2) dz, (2.9)

which plays a fundamental role in the harmonic analysis associated with the Jacobi—Laplacian.
Finally, as shown in [22], the generalized translation operator satisfies the following Fourier—Jacobi
transform relation:

Fap(TE I = 2(3) Fapf (). (2.10)

In [22, Sections 7.1 and 7.2], several properties of the generalized Jacobi translation
were established
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) T(()“"B) f = fforevery f € LP (R+, Aaﬁ(x)dx), with 1 < p < co.
o If f € Cy(R), then T} f € Cy(R).
e Forall feL” (R+, Amﬁ(x)dx), with 1 < p < oo, the following inequality holds:

||T}{a,ﬁ)f||L]}(R+’ A(,,/;(x)dx) < ||f||Lp(R+, Aa’ﬁ(.x)dx)' (2-11)

Next, we recall the Gaussian kernel associated with the operator %, ; and summarize some of its
essential properties needed in what follows.
For ¢t > 0, define the Gaussian kernel as

dAa

TR (2.12)

a, a R
Ef“P(x) := E ’ﬁ)(t,X)=f e pa(x)
0

The associated kernel E@A)(t, x,y) is defined via the generalized translation operator ij’ﬂ as
EP(,x,y) := TEPE ().

For each + > 0, the Jacobi-type heat kernel E;a’ﬁ )(x) is an even, strictly positive, and C*-smooth
function on R. Moreover, it satisfies the following fundamental identities (see [1, Theorem II.2 and
Corollary III.1] and [16,36]):

f EP ) Agp)dx =1, Fog(EP) (D) = e, (2.13)
0

Here, the first identity expresses the conservation of mass in the Jacobi setting, while the second
characterizes the kernel as the Fourier-Jacobi transform of the heat semigroup e™%«#). The heat
semigroup (H,),»o associated with .%,, 4 is defined for f € Z)(R) by

Hof ) = f(9,  Hof(x) = fo E“P(1,x,3) f0) Aus()dy, 15 0. 2.14)

This operator extends to a bounded operator on L”(R; A, g(x)dx) for all 1 < p < co. Additionally,
H,f > 0 whenever f > 0.

In [21], the following pointwise estimate of the Gaussian kernel is established.

Theorem 2.2. Let @ > > —%, a # —1/2, and x > 0. Then the heat kernel Efa’ﬁ )(x) satisfies the
following estimate:

2 2
Ef"P(x) < e P (L4 14 207721+ ),

where f =< g means that constants Cy,C, > 0 exist such that
C1 g < f < C2 8.

We now recall the definition and some useful properties of the modified Bessel function of the
second kind. For a ¢ Z, the function K, (x) is defined by [37]

T
Ko(x) = 2 sin(an) (I_o(x) = 1,(x)), (2.15)
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where /,(x) denotes the modified Bessel function of the first kind, given by the series expansion:

I(x) = i __ (x)zm, x>0, (2.16)

ey n'lNa+n+1) 2

An integral representation of K, (x), valid for R(x) > 0, is

00 Xz
K,(x) = 27172x@ f e le w17 g, (2.17)
0

The asymptotic behavior of K,(x) is characterized as follows:

e As x — oo, the function exhibits exponential decay

K,(x) ~ \/g e (2.18)

e As x — 0", the behavior depends on the value of «

27T (a)x™?, ifa >0,

Ko(x) ~ (2.19)

X

2)—)/, ifa =0,

—log(

where vy is an Euler—Mascheroni-type constant defined by

)1
= lim |1 1= =+ —=)dx 220
Y nL“;( Og”+;k] j;(x+LxJ) g (220

A natural approach to defining the fractional powers of the operator —.%,, 4 is via the generalized Fourier
transform. For a parameter 0 < s < 1, we define the fractional power operator (-.%, 5)* as a pseudo-
differential operator within the framework of generalized Fourier—Jacobi analysis. To ensure the well-
posedness of this operator, we first introduce a suitable fractional Sobolev-type space

dAa
o 2 2, 22 o 2
H, = { f € LRy, Agp(x) dx) ‘ A2 +pY)2PF ) e L (R+, —27r|c(/1)|2)} . (2.21)

For any f € H,, the fractional relativistic Bessel operator is then defined by
(-Zop) " f = Forg (2 + ) Fuf ). (2.22)

It is well known that the space Cy(R) of continuous functions with compact support is dense in the
Hilbert space H;.

The following theorem constitutes a central result of this work, providing a singular integral
representation for the fractional powers of the Jacobi-Laplacian.
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Theorem 2.3. Let @ > 8 > —%, and let 0 < s < 1. Then, for every f € Co(R), the fractional

operator (=%, g)* admits the singular—integral representation

S

(~Zep)'f O = 57

where the weight kernel WP )(y) is given explicitly by

X = @By
W P(y) = Aa,ﬁ(y)f(; tﬂT dt,
and Ef”’ﬂ '(y) denotes the Jacobi heat kernel.

3. Proof of the main result

fo /() = T9 ()] WP (y) dy,

(2.23)

(2.24)

Before presenting the proof of the main theorem, we first develop several auxiliary lemmas that will
be essential for the subsequent analysis. The proof itself will be given in this section, where we restrict
our attention to the case @ > 5§ > —% with a # —%. The remaining case will be treated separately in

Section 4.

Lemma 3.1. Let f € C*(R) be an even function. Then for all x > 0, we have

Jx) = f(0) + fo FOx, &) Lopf(€) Aupl§) dE,

where

X dn
9P(x, &) = f , 0<é<a
& Aa,ﬁ(n)

Proof. Since f € C*(R), we have

£ - £(0) = fo &) de.

Noting that

, d Y dn ,
= -z : : A(I 9
re=-% (L Aa,ﬁm)) F©) - Aug®)

we integrate by parts to obtain

J) = f(0) = fo 3O(x, &) Lo p [(€) Aap(€) dE.

(@:B)

Lemma 3.2. The Jacobi function ¢, (x) possesses the following properties:

(i) |0 < 1,
(i) 1= (P (x) < L2 + p?)a2.
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Proof. The first assertion (i) is a special case of a known result (see [18, p. 248]); its proof is given
in [17, p. 153, Lemma 11]. Mentioning this fact does not affect the novelty of the paper.

(ii) Since ¢ (x) € C*(R) and is even, by Lemma 3.1 and Eq (2.1), we have

@prr_ 2o [ A1 wp
0, (x)=(@ +P)f0f§A—aﬁ(n)% (&) Ay p(&) dé.

Since A, 5(x) 20 for all x > 0, the weight function A, s(x) is non-decreasing. Hence, forany 0 < ¢ <7,
we have

Aa,,B(‘f) < Aa,ﬁ(n)-

Using this monotonicity property, we obtain the following estimate:
- <@g [ f @)l di de.

Applying property (i), [¢'"”(&)| < 1, we deduce
N X X 1
G0 <@gy [ [ dndg= 50400
0 J¢

This completes the proof. O

Lemma 3.3. Let 0 < s < 1, and let 1 € R with 2> + p> # 0. Then the following integral
representation holds:

— (‘1 B aﬁ
+ dx, 3.1
(2 +p°) = F(l— 5 (X) (x)dx (3.1)
where the weight function w2 (x) is given by
00 E(aﬁ)(x)
W) = Agg(x) fo D (3.2)

Proof. We begin by recalling a classical identity involving the Gamma function, obtained via
integration by parts:

f l,—(l+s)(1 _ e—t(/12+pz))d — rda S)(/P )5, O0<s<l. (3.3)
0

On the other hand, by the spectral representation of the heat semigroup (see Eq (2.13)), we have the
following for every t > 0:

- e_[(/12+p2) _ f Ega,ﬁ)(x) (1 _ ‘pflaﬁ)(x)) Aaﬁ(x) dx.
0

Multiplying both sides by ~!** and integrating over ¢ € (0, o0), we obtain

s 2,2 (aﬁ)(x) @p)
f l_( +5) (1 _ e—l(/l +p ) f f t1+s SO/la/, (X)) Aa,ﬁ(-x) d.x dt
0
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Multiplying both sides by =" and integrating over ¢ € (0, o), we obtain

< 2.2 E(aﬁ)(x) @,
ﬁ 0+ (1 _ i@ +p) f f — e @ ﬁ)(x)) Aqp(x)dxdt.

The interchange of the order of integration is justified by the Fubini—Tonelli theorem, since the
integrand is non-negative for all > 0 and x > 0. Specifically, we use the facts that

E;“’ﬂ 'X)>0 and 1- go(f’ﬁ)(x) >0,

as established in [1, Theorem II.2] and part (i) of Lemma 3.2. So, the integrand in the above
double integral
E(aﬁ)
t (X) (1

T (1= 607@) Awg(x)

is positive for all # > 0 and x > 0, and hence the Fubini—Tonelli theorem ensures the validity of the
interchange in the order of integration.
Comparing this result with (3.3), we deduce the desired representation:

(X +p7)" = 00(x)) e (x) dx,

I'aa-s)

where the weight function w*(x) is given by

00 E(aﬁ)(x)
wP(x) = Aaﬂ(x)j; tt1+s dt

This concludes the proof. O

From Theorem 2.2, an elementary computation gives the following result.
Lemma 34. Leta > > —%. Then the function E;a’ﬁ (%) satisfies the following upper bounds:

o Ifa >3, then

|
o |+ Dzl ifr < x4+ 1,
E;mﬁ)(x) < e—pzt—px—ﬂ .

D=

re, ift>x+1.

(Q'B)(X) < (X+ 1)(1+2 £ 1 —p t—px——'

Lemma 3.5. Let @ > B> —1 witha # -1, and let 0 < s < 1. Then

00 xz
f S W) d < oo,
0o X

where w(aﬁ )(x) denotes the fractional weight associated with the Jacobi-type heat kernel, as defined in
Eq (3.2).
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Proof. We treat the two parameter ranges @ > % and -5 < a <

Case 1. (@ > 3) From Lemma 3.2, we have

oo (@,fB) x+1 (a,B) oo ()
E X E X E X
f t ( )dt :f t ( )dl‘-l-f t ( )dt
tl+s t1+s t1+s
0 0 x+1

2

a+1/2 —px s €_p2t_ﬂ
S(x+ D)/ =e™” ——dt
0

1 1
2 2°

t2+s+(l

2

—pX * e‘pz’_fTr
te 1+s+1/2 dr.
x+1 t

Extending both integrals above to (0, o) for an upper bound gives

00 E((lﬁ)(x) 00 e—pzt—% 00 e—pzt—%
L dr < (x + 1) 2ex dt + e " —dt.
0 t1+s 0 t2+s+af 0 tl+s+1/2

By the integral representation of the modified Bessel function of the second kind K, (see (2.17)),
we deduce

00 (0!,,3)
E7 () atl Kissra(pX) Kyi1/2(px)
/2 —pxDMl+sta —px Bs+1/
j(: t1+s dt S (X + 1) € x1+s+oz te xs+1/2

Hence,

(x + 1)(z+1/2

WP (x) S Ay p(x)e ™ (3.4)

Kii0(px) Ks+1/2(,0x)]

x1+s+a xs+1/2

Case 2. (—% <a< %) In this range, the behavior of w(s“’ﬁ )(x) is dominated by the second term in (3.4).
From Lemma 3.4 and similar estimates, we have

—px K1/2(0x)

w*(x) < A, p(x)e 12

3.5)
Using the asymptotic behavior of the modified Bessel function K,(x) both near infinity Eq (2.18) and
near zero Eq (2.19), together with the asymptotics of A, g(x)

2a+1

Agp(x) ~ x asx — 07, App(x) ~ e as x — oo,

the bounds in (3.4) and (3.5) imply that

w*P(x) < asx — 0", w*P(x) <

as x — oo,

x2s+1 xs+1

Under the given conditions on s, it follows that

00 x2
f o w*P(x) dx < 0.
0o X

Now to the proof of Theorem 2.3.

AIMS Mathematics Volume 10, Issue 8, 18641-18659.



18652

Proof of Theorem 2.3. Let f € Co(R). We first demonstrate that the integral on the right-hand side
of (2.23) is well-defined. To this end, we split the integral into two parts as follow

f |f(x) = TP Fo)| WP oy dy = 0y + s,
0

where we define
1 00
A:fb@—ﬁ%@h@@@,b:fVm—WWMWme
0 1

Using the representation of the generalized translation operator TP given in (2.11) and applying the
inversion formula for the Jacobi transform, we have

a ” @, /l
10 =T0250) = [P0 (1= 7 0) Fanf ) s
By Lemma 3.2, we obtain the following estimate:
(@,B) 2
1f(x) =T fO) < y f (2 + ) Fapf (D 555 omlc (/l)|2 (3.6)

Using the asymptotic estimate from [18], we have
leag(DI =< (1+ A as A — +oo,

we deduce that an integer ny € N exists such that

C f 1 dai -
= (o¢]
7 )y (1+ 22+ p2yo 2xlc(A)P

Since f € Cy(R), the Paley—Wiener theorem for the Jacobi transform (see [23]) implies that 7, 5 f € <7,
the space of rapidly decreasing functions. Therefore, a constant A > 0 exists such that

A
|ﬁﬂf(/l)| = 1+ 22 +p2)n0+l :

Combining these estimates, we obtain

]‘M?+p)V@JMN < ACy < 0.

dA
2nje(DPF ~
As a result, the estimate
() - TEO )] < SACH?

holds for all x,y > 0.
Therefore

| 1
1
L:fVm—WWmWW®@S¢%ffWWWW
0 0

Finally, from Lemma 3.5, we conclude that J; < co.
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For J,, we use the fact that f € Cy(R), along with the bound |Tff"ﬁ ) SO £ ||flleo- It follows that

1f(x) = TP fFO)I < 21l fllo- (3.7)

Since the weight function w\ (@f )(y) is integrable over the interval (1, o), we conclude that J, < co.
Thus, the integral on the right-hand side of (2.23) is finite, and the formula is well-defined.
Applying the generalized Fourier transform to both sides of (2.23), and using Lemma 3.3 together

with the symmetry relation 7" f(y) = Ty(“’ﬁ ) f(x), we deduce, by the identity

Fap (TP £) ) = ¢P0) T f ),

that
a - _ 7(ap) (a.,p)
fa,ﬁ[lr(_s)l f {£00 = T® fo)} ws (y)dy} @)
(aﬁ) (aﬁ) ar
(IF( 9 (y) ) dy) Fapf (D)

= (2 +p% a,ﬁf ().

To complete the proof, it remains to justify the interchange of the Jacobi transform and the integral
in the equation above. Specifically, we need to show that

X f |fC) = TP f)| WP () dy € L'(R., Ag p(x) d). (3.8)
0
Applying Lemma 3.1 to the function y T)(C“’ﬂ ) f(), and noting that T)(C“’ﬁ ) f(0) = f(x), we obtain
y
TOOS0) = £ + [ 0P T L0 4,6 (3.9)
0

Since the operator TP commutes with Zop and TP f(y) is symmetric in its variables x and vy, it
follows from (2.11) that

1L TP fllne., agpany = ITEP Log Pl anpan < NLopf i, agpan-

Combining this estimate with (3.9) and using the monotonicity property of A, g, namely

Aa,ﬁ(f) < Aa,ﬁ(n) for 0 < ‘f < ,

we deduce
y
If = TP FODniw, iy g < ||$a,ﬁf||Ll(R+,A,,ﬁdx)f VP(y, &) Agp(&) dé
0

1-Zep . .a Ag p dx) y

l\.)l'—k
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In view of (3.7), we therefore conclude that

jﬁ|u>—r9@fomum&AM¢nw?@004y

0

1
ﬂwwmmwmffwmwﬂ
0

+mmmwmwa®@

1

< 00,
which justifies the interchange of the Jacobi transform with the integral. O
4. Examples
4.1. The case « = = —%
An important special case arises when a = 8 = —%. In this setting, the Jacobi—Laplacian simplifies

drastically and coincides with the standard second-order Laplacian on the real line:

Consequently, its fractional powers reproduce the well-known (even) fractional Laplacian on R. More
precisely, for 0 < s < 1, the operator

2 2 2
(= Lapap)” =(- Ly

is defined as a pseudo-differential operator with the symbol A°. In the case of an even function f : R —
R, one has

Fol (- L) fl) = 2 Fof), 220,

where ¥, denotes the cosine Fourier transform:

Fef) = fw f(x) cos(Ax) dx.
0

Furthermore, a singular integral representation derived from its Fourier symbol is given by [7]

(- )s/zf( ) = r'a+ S) (,Ts f f(x) xf()’)
a2 o

where 7', denotes the even translation operator, defined as

Sfx+y)+ fx- y)

Tof0) = .
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4.2. The case of a = 3 and B = -1
In the case of @ = % and 8 = —%, the unique solution to the boundary value problem
d’u du )
) + tanh(x) I =—"+1Du,

u@ =1, u'0)=0

is explicitly given by
sin(Ax)

, ifA#0,
12712 () = Asinhx |

a
Pa

—, ifA1=0.
sinh x
The associated Fourier—Jacobi transform pair is

Fap-12f() = 4 f (0@ >P(x) sinh?(x) dx,
0

. @.1)
=5 f Fottm f D @21 () 2 .
0

The generalized translation operator T2 V2 £(4) is given by

X+y

f(u) sinhudu.

[x=]

T2 ¢y =
* o) 2 sinh x sinhy

The heat kernel Et(l/ =12 () corresponding to this setting is

1 X 2

E(1/2,—1/2) X) = - .e
! %) 2+/n 32 sinhx

Indeed, from (2.13) and the inversion formula for the Jacobi function transform (4.1), we have

_ | _
EIR12) ) = ﬂf D U212 2 g
0

e—[

- -2
= — Ax) AdA.
27 sinh x fo ¢ sin(dx)

Using the classical identity (see Watson [37, Chapters 12 and 13])

© vl —p2f2 _ a
L J(at) e P dt = (2p2)v+le

v 2

W RO > -1,

and the known formula
2 \12
Jl/z(x) = (—) sin X,
X
where J,(x) is the Bessel function of the first kind, we obtain

1 X 2

. - e 4t .
2+/m13/2 sinhx

1/2,-1/2
E§ / / )(x) —
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The associated density function w(sl/ 21 2)(x), defined by (2.24), is given by

1/2,-1/2
L))

“E
(1/2,-1/2) — iah2
wy (x) = 4sinh (x)‘[0 e dt
2
! inh ) —e_t_% d
= 2\/7_szm X | e t

2s+%
CWr

where K, (x) is the modified Bessel function of the second kind.

.
x*"2sinh x KH% (%),

Corollary 4.1. Let 0 < s < 1, and suppose that f € D(R), the space of smooth functions with compact
support. Then

2 N 00
(_% ~ 2 tanh(x) %) £ = 9(5) [ {0 = TR ) il )

where:

o TU/E12D f(y) is the generalized translation operator

X+y

TV f(y) = f(u) sinh u du.

2sinh x sinhy

lx=yl

e The weight function wil/z=l 2)(y), involving the modified Bessel function K JEE is given by
2

1/2,-1/2 [T M
w212 (y) =y sinhy K5 (7).
e The normalization constant y(s) is

3
s+ ) s

A T

5. Conclusions

In this work, we have investigated fractional powers of the one-dimensional Jacobi-Laplacian .Z, 4
and developed a novel singular integral representation based on harmonic analysis techniques adapted
to the Jacobi setting. Building on the Fourier—Jacobi transform and the generalized translation operator,
we have established an explicit formula for (—.%, 5)*/%, thereby extending the classical framework of
fractional operators to this family of second-order differential operators with nontrivial weights.

Our approach complements existing definitions via spectral calculus and pseudo-differential
operator theory, offering a more transparent, kernel-based interpretation of fractional Jacobi operators.
The proposed representation paves the way for further analysis of mapping properties, boundedness
results, and potential applications to evolution equations with memory effects on noncompact
Riemannian symmetric spaces and related geometries.

Future research directions include the following:

AIMS Mathematics Volume 10, Issue 8, 18641-18659.
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e Extending the current results to higher-dimensional Jacobi settings and more general rank-one
symmetric spaces.

e Investigating numerical methods for solving equations driven by fractional Jacobi operators.

e Exploring connections between the singular integral formulation, the extension problem a la
Caffarelli-Silvestre, and probabilistic representations via Lévy processes.

Use of Generative-Al tools declaration

The author declares that he has not used Artificial Intelligence (Al) tools in the creation of
this article.

Acknowledgments

This research is supported by the Ongoing Research Funding Program (ORF-2025-974), King Saud
University, Riyadh, Saudi Arabia.

Conflict of interest

The author declares that there are no conflicts of interest regarding the publication of this work.

References

1. A. Achour, K. Trimeche, La g-fonction de Littlewood—Paley associée a un opérateur différentiel
singulier sur (0, 00), Ann. 1. Fourier, 33 (1983), 203—-226. https://doi.org/10.5802/aif.946

2. D. A. Orén, A. Cérdoba, A. D. Martinez, Integral representation for fractional Laplace-Beltrami
operators, Adv. Math., 328 (2018), 436—445. https://doi.org/10.1016/j.aim.2018.01.014

3. R. L. Bagley, P. J. Torvik, A theoretical basis for the application of fractional calculus to
viscoelasticity, J. Rheol., 27 (1983), 201-210. https://doi.org/10.1122/1.549724

4. V. Banica, The nonlinear Schrédinger equation on hyperbolic space, Commun. Part. Diff. Eq., 32
(2007), 1643-1677. https://doi.org/10.1080/03605300600854332

5. V. Banica, M. D. M. Gonzélez, M. Sdez, Some constructions for the fractional Laplacian on
noncompact manifolds, Rev. Mat. Iberoam., 31 (2015), 681-712. https://doi.org/10.4171/rmi/850

J. Bertoin, Lévy processes, Cambridge: Cambridge University Press, 121 (1996).

F. Bouzeffour, M. Garayev, On the fractional Bessel operator, Integr. Transf. Spec. F., 33 (2022),
230-246. https://doi.org/10.1080/10652469.2021.1925268

8. B. Halouani, F. Bouzeffour, On the fractional Laplace—Bessel operator, AIMS Math., 9 (2024),
21524-21537. https://doi.org/10.3934/math.20241045

9. F. Bouzeffour, On the generalized fractional Laplace-Bessel operator, Georgian Math. J., 32
(2025), 371-379. https://doi.org/10.1515/gmj-2024-2074

10. F. Bouzeffour, W. Jedidi, On the fractional Dunkl-Laplacian, Fract. Calc. Appl. Anal., 27 (2024),
433-457. https://doi.org/10.1007/s13540-023-00225-5

AIMS Mathematics Volume 10, Issue 8, 18641-18659.


https://dx.doi.org/https://doi.org/10.5802/aif.946
https://dx.doi.org/https://doi.org/10.1016/j.aim.2018.01.014
https://dx.doi.org/https://doi.org/10.1122/1.549724
https://dx.doi.org/https://doi.org/10.1080/03605300600854332
https://dx.doi.org/https://doi.org/10.4171/rmi/850
https://dx.doi.org/https://doi.org/10.1080/10652469.2021.1925268
https://dx.doi.org/https://doi.org/10.3934/math.20241045
https://dx.doi.org/https://doi.org/10.1515/gmj-2024-2074
https://dx.doi.org/https://doi.org/10.1007/s13540-023-00225-5

18658

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

L. A. Caffarelli, L. E. Silvestre, An extension problem related to the fractional Laplacian, Commun.
Part. Diff. Eq., 32 (2007), 1245-1260. https://doi.org/10.1080/03605300600987306

H. Chébli, Théoreme de Paley—Wiener associé a un opérateur différentiel singulier sur (0, c0), J.
Equ. Aux Derives Partielles, 1979, 1-19.

R. Carmona, W. Masters, B. Simon, Relativistic Schrodinger operators: Asymptotic behavior
of the eigenfunctions, J. Funct. Anal., 91 (1990), 11-142. https://doi.org/10.1016/0022-
1236(90)90049-Q

I. Daubechies, E. H. Lieb, One-electron relativistic molecules with Coulomb interaction, Commun.
Math. Phys., 90 (1983), 497-510. https://doi.org/10.1007/BF01216181

A. Erdélyi, W. Magnus, F. Oberhettinger, F. G. Tricomi, Higher transcendental functions, New
York: McGraw-Hill, 1953.

A. Fitouhi, Heat polynomials for a singular differential operator on (0, o), Constr. Approx., §
(1989), 241-270. https://doi.org/10.1007/BF01889609

M. FE. Jensen, Paley-Wiener type theorems for a differential operator connected with symmetric
spaces, Ark. Mat., 10 (1972), 143—-162. https://doi.org/10.1007/BF02384806

M. F. Jensen, T. H. Koornwinder, The convolution structure for Jacobi function expansions, Ark.
Mat., 11 (1973), 245-262. https://doi.org/10.1007/BF02388521

R. L. Frank, E. H. Lieb, R. Seiringer, Stability of relativistic matter with magnetic fields
for nuclear charges up to the critical value, Commun. Math. Phys., 275 (2007), 479-489.
https://doi.org/10.1007/s00220-007-0307-2

R. Hilfer, Applications of fractional calculus in physics, Singapore: World Scientific, 2000.

T. Kawazoe, J. Liu, Heat kernel and Hardy’s theorem for Jacobi transform, Chinese Ann. Math. B,
24 (2003), 359-366. https://doi.org/10.1142/S0252959903000360

T. H. Koornwinder, Jacobi functions and analysis on noncompact semisimple Lie groups, In:
Special functions: Group theoretical aspects and applications, Dordrecht: Springer, 1984.

T. H. Koornwinder, A new proof of a Paley—Wiener type theorem for the Jacobi transform, Ark.
Mat., 13 (1975), 145-159. https://doi.org/10.1007/BF02386203

M. Kwasnicki, Ten equivalent definitions of the fractional Laplace operator, Fract. Calc. Appl.
Anal., 20 (2017), 7-51. https://doi.org/10.1515/fca-2017-0002

N. Laskin, Fractional Schrédinger equation, Phys. Rev. E, 66 (2002), 7.
https://doi.org/10.1103/PhysRevE.66.056108

E. H. Lieb, H. T. Yau, The Chandrasekhar theory of stellar collapse as the limit of quantum
mechanics, Commun. Math. Phys., 112 (1987), 147-174. https://doi.org/10.1007/BF01217684

E. H. Lieb, H. T. Yau, The stability and instability of relativistic matter, Commun. Math. Phys., 118
(1989), 177-213. https://doi.org/10.1007/BF01218577

C. A. Monje, Y. Chen, B. M. Vinagre, D. Xue, V. Feliu, Fractional-order systems and controls:
Fundamentals and applications, Springer, 2010. https://doi.org/10.1007/978-1-84996-335-0

L. Petras, Fractional-order nonlinear systems: Modeling, analysis and simulation, Springer, 2011.
https://doi.org/10.1007/978-3-642-18101-6

AIMS Mathematics Volume 10, Issue 8, 18641-18659.


https://dx.doi.org/https://doi.org/10.1080/03605300600987306
https://dx.doi.org/https://doi.org/10.1016/0022-1236(90)90049-Q
https://dx.doi.org/https://doi.org/10.1016/0022-1236(90)90049-Q
https://dx.doi.org/https://doi.org/10.1007/BF01216181
https://dx.doi.org/https://doi.org/10.1007/BF01889609
https://dx.doi.org/https://doi.org/10.1007/BF02384806
https://dx.doi.org/https://doi.org/10.1007/BF02388521
https://dx.doi.org/https://doi.org/10.1007/s00220-007-0307-2
https://dx.doi.org/https://doi.org/10.1142/S0252959903000360
https://dx.doi.org/https://doi.org/10.1007/BF02386203
https://dx.doi.org/https://doi.org/10.1515/fca-2017-0002
https://dx.doi.org/https://doi.org/10.1103/PhysRevE.66.056108
https://dx.doi.org/https://doi.org/10.1007/BF01217684
https://dx.doi.org/https://doi.org/10.1007/BF01218577
https://dx.doi.org/https://doi.org/10.1007/978-1-84996-335-0
https://dx.doi.org/https://doi.org/10.1007/978-3-642-18101-6

18659

30.

31.

32.

33.

34.

35.

36.
37.

F. Riewe, Nonconservative Lagrangian and Hamiltonian mechanics, Phys. Rev. E, 53 (1996), 1890—
1899. https://doi.org/10.1103/PhysRevE.53.1890

F. Riewe, Mechanics with fractional derivatives, Phys. Rev. E, 55 (1997), 3581-3592.
https://doi.org/10.1103/PhysRevE.55.3581

B. Ross, The development of fractional calculus 1695-1900, Hist. Math., 4 (1975), 75-89.
https://doi.org/10.1016/0315-0860(77)90039-8

N. B. Salem ,A. Dachraoui, Pseudo-differential operators associated with the Jacobi differential
operator, J. Math. Anal. Appl., 220 (1998), 365-381. https://doi.org/10.1006/jmaa.1997.5891

N. B. Salem, T. Samaali, Hilbert transform and related topics associated with the differential Jacobi
operator on (0, +00), Positivity, 15 (2011), 221-240. https://doi.org/10.1007/s11117-010-0061-0

P. R. Stinga, J. L. Torrea, Extension problem and Harnack’s inequality for
some fractional operators, Commun. Part. Diff. Eq., 35 (2010), 2092-2122.
https://doi.org/10.1080/03605301003735680

K. Trimeche, Generalized wavelets and hypergroups, New York: Gordon & Breach, 1997.

G. N. Watson, A treatise on the theory of Bessel functions, Cambridge: Cambridge University
Press, 1922.

©2025 the Author(s), licensee AIMS Press. This
is an open access article distributed under the

QEH% AIMS Press

terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 10, Issue 8, 18641-18659.


https://dx.doi.org/https://doi.org/10.1103/PhysRevE.53.1890
https://dx.doi.org/https://doi.org/10.1103/PhysRevE.55.3581
https://dx.doi.org/https://doi.org/10.1016/0315-0860(77)90039-8
https://dx.doi.org/https://doi.org/10.1006/jmaa.1997.5891
https://dx.doi.org/https://doi.org/10.1007/s11117-010-0061-0
https://dx.doi.org/https://doi.org/10.1080/03605301003735680
https://creativecommons.org/licenses/by/4.0

	Introduction
	Notation and main result
	Proof of the main result
	Examples
	The case = = -12
	The case of  = 12  and  = -12 

	Conclusions

