
https://www.aimspress.com/journal/Math

AIMS Mathematics, 10(8): 18603–18626.
DOI:10.3934/math.2025831
Received: 22 April 2025
Revised: 24 July 2025
Accepted: 04 August 2025
Published: 18 August 2025

Research article

Accelerated over-relaxation heavy-ball hard thresholding pursuit for
compressive sensing

Xinyu Diao1, Zhongfeng Sun1, Jingyong Tang2 and Jinchuan Zhou1,∗

1 School of Mathematics and Statistics, Shandong University of Technology, Zibo 255000, China
2 School of Mathematics and Statistics, Xinyang Normal University, Xinyang 464000, China

* Correspondence: Email: jinchuanzhou@163.com.

Abstract: In this paper, we propose a novel algorithm, called Accelerated Over-Relaxation Heavy-
Ball Hard Threshold Pursuit (AOR-HBHTP), for solving compressive sensing problems. The
algorithm incorporates the Accelerated Over-Relaxation technique and Heavy-Ball momentum into
the Hard Threshold Pursuit framework. Theoretical results include establishing convergence analysis
and providing an estimation of the number of iteration steps. We show that, as long as the measurement
matrix satisfies the restricted isometry property, AOR-HBHTP can successfully recover unknown
signals within a number of iterations proportional to the sparsity level. The upper bound on the number
of iterations is uniform in the sense that it does not depend on any unknown special-signal information.
In numerical experiments, we evaluate recovery capability, success rate, and runtime of AOR-HBHTP
by using Phase Transition Curve, Algorithm Selection Map, and Signal-to-Noise Ratio. The promising
numerical results demonstrate the effectiveness of AOR-HBHTP in recovering sparse signals.
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1. Introduction

The compressive sensing problem aims to recover a sparse signal x ∈ RN from the following linear
measurement:

y = Ax + e, (1.1)

where A ∈ Rm×N represents the measurement matrix, and e denotes the measurement error. A
fundamental requirement in compressive sensing is that m (the number of measurements) is much
smaller than N (the length of signals). Thus, problem (1.1) becomes an underdetermined system of
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linear equations. To recover the unknown signal from the above measurement, it is typically necessary
to impose a special structure on the signal, such as sparsity. This leads to the following mathematical
model for solving (1.1)

min f (x) :=
1
2
‖y − Ax‖2, s.t. ‖x‖0 ≤ s, (1.2)

where s is a predefined sparsity degree, and ‖x‖ and ‖x‖0 denote the 2-norm and the zero-norm,
respectively. Since the zero-norm represents the number of nonzero elements in the vector x, the
constraint ‖x‖0 ≤ s indicates that x is an s-sparse vector. Due to the presence of the zero-norm, problem
(1.2) is both nonsmooth and nonconvex, which creates significant challenges in designing numerical
methods for solving (1.2).

The widely-used algorithms for solving compressive sensing problems can be roughly categorized
into three groups, including optimization methods, greedy methods, and thresholding-based methods;
see [1–3] and references therein for more information. We first recall a simple yet highly effective hard
thresholding algorithm, known as Hard Threshold Pursuit (HTP [4]), which enhances the Iterative Hard
Thresholding (IHT [5]) algorithm by incorporating an orthogonal projection strategy. The iterative
steps of HTP are given as follows:

un+1 := xn − α∇ f (xn), (1.3a)
S n+1 := Ls(un+1), (1.3b)
xn+1 := arg min

{
‖y − Az‖ : supp(z) ⊆ S n+1}, (1.3c)

where Ls(un+1) denotes the set of indices corresponding to the s largest entries of un+1, and supp(x)
represents the support set of x, defined as supp(x) := {i | xi , 0, i = 1, . . . ,N}. In the above iterative
scheme, the first step (1.3a) computes a descent direction, the second step (1.3b) is used to ensure
feasibility by selecting the support set, and the third step (1.3c) performs an unbiased optimization
to find a more suitable vector over the index set obtained in step (1.3b). In the above algorithm
framework, the sparsity level s is assumed to be known a priori. However, several researchers have
investigated scenarios where the sparsity level is unknown; see [6–8]. Other related work includes
hyperinterpolation [9, 10], non-negative sparse signal recovery [11], tensor completion [12–14], low-
rank matrix recovery [15], and non-convex approximation methods [16, 17], etc.

Recently, first-order methods, which rely solely on gradient information without involving
any second-order derivatives, have garnered significant attention due to their high efficiency and
adaptability in solving large-scale data-driven applications. Their appeal lies in low computational
cost while achieving high performance. However, the classic gradient descent method exhibits
sawtooth oscillations when solving ill-posed problems, leading to very slow convergence speeds. To
overcome this drawback, various acceleration techniques have been introduced, such as Heavy-ball
methods [18–20] and Nesterov accelerated gradient methods [21–23], among others. The well-known
heavy-ball update rule is given by

un+1 = xn − α∇ f (xn) + γ(xn − xn−1). (1.4)

The key difference between (1.3a) and (1.4) is the addition of a momentum term xn − xn−1. This
modification enables Heavy-ball (HB) methods to update the iterative process by storing and utilizing
information from previous points.
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Global convergence properties of HB methods have been well-established; see [19, 24, 25]. For
a function that is µ-strong convex and L-smooth, the convergence rate of HB methods for solving
min f (x) is of the order 1 −O(µ/L) [26], which is the same as that of gradient descent. In other words,
although HB methods have demonstrated performance benefits over standard gradient-based methods,
their theoretical convergence rate remains unchanged. Goujaud et al. [27] showed that HB method fails
to achieve an accelerated convergence rate even for smooth and strongly convex optimization problems.
Therefore, to improve convergence speed, we have to make appropriate modifications to HB methods
beyond simply adjusting the coefficients in (1.4). More recently, a significant breakthrough in this area
was achieved in [28], where the authors propose a variant of HB in the form of

xn+1 = xn − α(2∇ f (xn) − ∇ f (xn−1)) + γ(xn − xn−1). (1.5)

Here, an over-relaxation strategy is applied by introducing a perturbation ∇ f (xn)−∇ f (xn−1) to ∇ f (xn);
i.e., the gradient term is modified from ∇ f (xn) to its approximation 2∇ f (xn)−∇ f (xn−1). For this reason,
the authors refer to the above method (1.5) as the Accelerated Over-Relaxation Heavy-Ball (AOR-HB)
method. They prove that this modification successfully enables the algorithm to achieve the optimal
linear convergence rate of 1−O(

√
µ/L). Furthermore, by discretizing an ordinary differential equation

known as the HB-saddle flow, the AOR-HB algorithm is extended from solving convex programming
problems to a special class of nonconvex programming problems, specifically, min-max problems with
bilinear coupling, while maintaining optimal iteration complexity.

A question arises: As a significant theoretical development in heavy-ball type algorithms, can the
AOR-HB method be further extended to solve other nonconvex optimization problems? Our primary
target of this paper is to provide an affirmative answer by applying AOR-HB to solve compressive
sensing problems (1.2), which are nonconvex and nonsmooth due to the presence of the zero-norm.
Taking into account the special structure of compressive sensing problems (1.2), it needs to incorporate
a Hard Thresholding Index Operator Ls to ensure the sparsity of iteration points. For simplicity, we
just present the iterative active set in our algorithms as follows:

Sn+1 = Ls
(
xn − α∇ f (xn) − β

(
∇ f (xn) − ∇ f (xn−1)

)︸                    ︷︷                    ︸
over−relaxation

+γ
(
xn − xn−1)︸      ︷︷      ︸
heavy−ball

)
. (1.6)

In (1.6), two types of momentum terms are combined to correct the gradient descent direction: A
gradient-based term (the first term ∇ f (xn) − ∇ f (xn−1), referred to as over-relaxation momentum), and
a variable-based momentum term (the second term xn − xn−1, referred to as heavy-ball momentum).
If we set α = β, the search direction in (1.6) coincides with (1.5); if β = 0, our algorithm reduces to
the Heavy-ball Hard Thresholding Pursuit (HBHTP [29]). The parameters used in various algorithms
mentioned above are summarized in Table 1.

Table 1. Comparison of parameters in different first-order methods.

Algorithms Step-size: α Over-Relaxation: β Heavy-Ball: γ Hard Thresholding: Ls

Gradient Descent X 7 7 7

HB X 7 X 7

AOR-HB X X X 7

HBHTP X 7 X X
AOR-HBHTP X X X X
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The contributions of this paper are twofold: (i) Design a novel algorithm called AOR-HBHTP by
incorporating the Accelerated Over-Relaxation technique and Heavy-Ball momentum into the Hard
Threshold Pursuit framework; and (ii) establish a signal-independent upper bound on the number of
iterations. Main works include the following aspects.

i) Theory analysis. We establish the global convergence of AOR-HBHTP under the assumption that
the measurement matrix satisfies the restricted isometry property (RIP). We further obtain an estimate
of the number of iterative steps. The upper bound on the number of iterations is proportional to the
sparsity level, and hence has a uniform property in the sense that it does not depend on any special
signal information. This result is new even for HBHTP, because the estimation obtained in [29] requires
prior knowledge of the size of the signal to be recovered, which restricts its practical applicability
because the target signal’s information is typically unknown in advance.

ii) Numerical experiments. We compare AOR-HBHTP with six other popular algorithms:
IHT, HTP, Compressive Sampling Matching Pursuit (CoSaMP [30]), Subspace Pursuit (SP [31]),
HBHTP [29] and Enhanced Dynamic Orthogonal Matching Pursuit (EDOMP [32]) in both synthetic
and real-world signals. Our numerical results demonstrate that, regardless of the presence of noise,
AOR-HBHTP exhibits significant advantages in both recovery accuracy and runtime. Specifically, the
added over-relaxation term enhances the algorithm’s robustness by mitigating the issue of excessive
oscillation during the iterative process. The observations from Phase Transition Curve (PTC),
Algorithm Section Map (ASM), and Signal-to-Noise Ratio (SNR) indicate that both the over-relaxation
technique and the heavy-ball momentum are effective acceleration strategies to improve the numerical
performance of algorithms.

The notations used in this paper are standard. For a given index set S ⊂ {1, 2, . . . , n}, let |S | denote
the cardinality of S , and let S̄ denote the complement of S . For a fixed vector x ∈ RN , xS is obtained
by retaining the elements of x indexed in S and setting the remaining elements to zero. The transpose
of a matrix A is denoted as AT . For a scalar t, btc denotes the largest integer that does not exceed t. For
two sets C and D, denote by C 4D := (C\D)∪ (D\C) their symmetric difference. The structure of this
paper is as follows: The proposed AOR-HBHTP algorithm is introduced in Section 2. In Section 3 we
discuss the convergence analysis and address the estimation of iteration steps in Section 4. Numerical
experiments are reported in Section 5. Conclusions are drawn Section 6.

2. Algorithm: AOR-HBHTP

Algorithm 1 Heavy-ball Hard Thresholding Pursuit (HBHTP).
Input: A measurement matrix A, a measurement vector y, a sparsity level s, and two nonnegative
parameters α, γ. The iterative steps are given as follows:

(1) Initialization: Start from two s-sparse vectors x0, x1 ∈ Rn. Typically x0 = x1 = 0.
(2) Iteration: Repeat the following steps until a stopping criterion is met.

Gradient step: un+1 := xn + αAT (y − Axn) + γ(xn − xn−1),
Support selection: S n+1 := Ls(un+1),
Projection step: xn+1 := arg min

z

{
‖y − Az‖ : supp(z) ⊆ S n+1}.

Output: The s-sparse vector x̄.
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As shown above, HBHTP involves two parameters α and γ. When γ is set to zero, HBHTP reduces
to the classical HTP. To enhance the performance of HBHTP, we incorporate not only the gradient
information of the current point xn but also that of the previous point xn−1.

Algorithm 2 Accelerated Over-Relaxation Heavy-Ball Hard Thresholding Pursuit (AOR-HBHTP).
Input: A measurement matrix A, a measurement vector y, a sparsity level s, and three nonnegative
parameters α, β, γ. The iterative steps are given as follows:

(1) Initialization: Start from two s-sparse vectors x0, x1 ∈ Rn, typically x0 = x1 = 0.
(2) Iteration: Repeat the following steps until a stopping criterion is met.

Gradient step: un+1 := xn+αAT (y−Axn)−β
[
AT (Axn−y)−AT (Axn−1−y)

]
+γ(xn−xn−1),

Support selection: S n+1 := Ls(un+1),
Projection step: xn+1 := arg min

z

{
‖y − Az‖ : supp(z) ⊆ S n+1}.

Output: The s-sparse vector x̄.

3. Convergence analysis

In this section, we analyze convergence property of the AOR-HBHTP algorithm using the Restricted
Isometry Property (RIP), one of the important analytical tools for studying theories and algorithms in
the field of compressive sensing. To begin, we first recall the definition of RIP.

Definition 3.1. [4] The restricted isometry constant (RIC) of order s for a measurement matrix A ∈
Rm×N with m � N, denoted by δs, is defined as the smallest number δ ≥ 0 such that

(1 − δ)‖z‖2 ≤ ‖Az‖2 ≤ (1 + δ)‖z‖2,

for every s-sparse vector z ∈ RN (i.e., ‖z‖0 ≤ s). If such a constant δs exists, matrix A is said to satisfy
the restricted isometry property (RIP) of order s.

It is easy to see that δt ≤ δs, whenever t ≤ s; see [2]. Several basic inequalities related to RIP will
be frequently utilized in the subsequent convergence analysis of AOR-HBHTP.

Lemma 3.1. [4] Let v ∈ RN , u ∈ Rm, U ⊆ {1, 2, ...,N} be an index set, and t be a positive integer.
Then, the following inequalities hold:

(1) ‖((I − AT A)v)U‖ ≤ δt‖v‖, whenever | U ∪ supp(v) |≤ t.
(2) ‖(AT u)U‖ ≤

√
1 + δt‖u‖, whenever | U |≤ t.

Lemma 3.2. [29] Suppose that the non-negative sequence {wn} for n = 0, 1, ... satisfies

wn+1 ≤ b̂wn + ĉwn−1 + d̂,

where b̂, ĉ, d̂ ≥ 0 and b̂ + ĉ < 1. Then,

wn ≤ θn−1[w1 + (θ − b̂)w0] +
d̂

1 − θ
,

with θ := b̂+

√
b̂2+4̂c
2 < 1.
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With these preparations, we are now in a position to prove the convergence of AOR-HBHTP.

Theorem 3.1. Suppose that the RIC, δ3s, of the measurement matrix A satisfies

δ3s <
1
√

3
≈ 0.577.

Choose parameters α, β, γ such that one of the following two cases(I) :
1
η̂
−δ3s

1+δ3s
≤ β <

1
η̂
−δ3s

2δ3s
,

δ3s−
1
η̂
+(1+δ3s)β

1−δ3s
< γ < β,

1+2βδ3s−
1
η̂

1−δ3s
< α <

1
η̂
+1−2(δ3s+1)β+2γ

1+δ3s
,

(II) : 0 ≤ β <
1
η̂
−δ3s

2δ3s
, β < γ <

−δ3s+
1
η̂
+(1−δ3s)β

1+δ3s
,

1+2βδ3s−
1
η̂
+2γ−2β

1−δ3s
< α <

1
η̂
+1−2βδ3s

1+δ3s
,

(3.1)

where η̂ :=
√

2
1−δ2

3s
. Then, the iterative sequence {xn} generated by AOR-HBHTP with y = Ax + e

satisfies

‖xn − xS ‖2 ≤ θ
n−1

(
‖x1 − xS ‖ + (θ − b̂)‖x0 − xS ‖

)
+ τ̂‖e′‖2, (3.2)

where S := Ls(x), θ := b̂+

√
b̂2+4̂c
2 , b̂ := η̂

(
|1 − α − β + γ| + (α + β)δ3s

)
, ĉ := η̂(βδ3s + |β − γ|),

τ̂ := 1
1−θ

(
αη̂
√

1 + δ2s +
√

1+δs
1−δ2s

)
, and e′ := AxS̄ + e.

Proof. According to [4], we know

‖xn+1 − xS ‖ ≤
1√

1 − δ2
2s

‖(xn+1 − xS )S n+1‖ +

√
1 + δs

1 − δ2s
‖e′‖. (3.3)

Since S n+1 = Ls(un+1), then
‖
(
un+1)

S ‖
2 ≤ ‖

(
un+1)

S n+1‖
2.

Simultaneously eliminating ‖
(
un+1)

S∩S n+1‖
2 from both sides of this inequality yields

‖
(
un+1)

S \S n+1‖ ≤ ‖
(
un+1)

S n+1\S ‖. (3.4)

For (3.4), the left-hand side is

‖
(
un+1)

S \S n+1‖ = ‖
(
un+1 − xS + xS − xn+1)

S \S n+1‖

≥ ‖
(
xn+1 − xS

)
S \S n+1‖ − ‖

(
un+1 − xS

)
S \S n+1‖

= ‖
(
xn+1 − xS

)
S n+1‖ − ‖

(
un+1 − xS

)
S \S n+1‖,

and the right-hand side is
‖
(
un+1)

S n+1\S ‖ = ‖
(
un+1 − xs

)
S n+1\S ‖.

Therefore, the inequality (3.4) can be rewritten as

‖
(
xn+1 − xs

)
S n+1‖ − ‖

(
un+1 − xs

)
S \S n+1‖ ≤ ‖

(
un+1 − xs

)
S n+1\S ‖. (3.5)

Note that y = Ax + e = A(xS + xS̄ ) + e = AxS + e′. Hence,

un+1 − xS = xn − xS + αAT A(xS − xn) − βAT A(xn − xn−1) + γ(xn − xn−1) + αAT (AxS̄ + e)
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= (1−α−β+γ)(xn−xS )+(α+β)(I−AT A)(xn−xS )−β(I−AT A)(xn+1−xS )+(β−γ)(xn+1−xS )+αAT e′.

It implies

‖
(
xn+1 − xS

)
S n+1‖ − ‖

(
un+1 − xS

)
S \S n+1‖

≥‖
(
xn+1 − xS

)
S n+1‖ − ‖

(
(1 − α − β + γ)(xn − xS ) + (α + β)(I − A>A)(xn − xS )

− β(I − A>A)(xn−1 − xS ) + (β − γ)(xn−1 − xS )
)

S \S n+1
‖ − α‖

(
A>e′

)
S \S n+1‖,

and

‖
(
un+1 − xS

)
S n+1\S ‖

≤‖
(
(1 − α − β + γ)(xn − xS ) + (α + β)(I − A>A)(xn − xS ) − β(I − A>A)(xn−1 − xS )

+ (β − γ)(xn−1 − xS )
)

S n+1\S
‖ + α‖

(
A>e′

)
S n+1\S ‖.

It then follows from (3.5) that

‖
(
xn+1 − xS

)
S n+1‖

≤‖
(
un+1 − xS

)
S \S n+1‖ + ‖

(
un+1 − xs

)
S n+1\S ‖

≤
√

2‖
(
un+1 − xS

)
S4S n+1‖

≤
√

2
[
‖
(
(1 − α − β + γ)(xn − xS ) + (α + β)(I − A>A)(xn − xS ) − β(I − A>A)(xn−1 − xS )

+ (β − γ)(xn−1 − xS )
)

S n+14S ‖ + α‖
(
A>e′

)
S n+14S ‖

]
≤
√

2
[(
|1 − α − β + γ| + (α + β)δ3s

)
‖xn − xS ‖ +

(
βδ3s + |β − γ|

)
‖xn−1 − xS ‖ + α

√
1 + δ2s‖e′‖

]
, (3.6)

where in the last step we use the facts that |supp(xn − xS )| ∪ (S4S n+1)| ≤ 3s and |supp(xn−1 − xS )| ∪
(S4S n+1)| ≤ 3s by Lemma 3.1. Substituting (3.6) into (3.3) yields

‖xn+1 − xS ‖

≤
1

√
1 − δ2s

‖
(
xn+1 − xS

)
S n+1‖ +

√
1 + δs
√

1 − δ2s
‖e′‖

≤

√
2

1 − δ2
2s

[(
|1 − α − β + γ| + (α + β)δ3s

)
‖xn − xS ‖ +

(
βδ3s + |β − γ|

)
‖xn−1 − xS ‖

+ α
√

1 + δ2s‖e′‖
]

+

√
1 + δs
√

1 − δ2s
‖e′‖

=

√
2

1 − δ2
2s

[(
|1 − α − β + γ| + (α + β)δ3s

)
‖xn − xS ‖ +

(
βδ3s + |β − γ|

)
‖xn−1 − xS ‖

]

+

α
√

2(1 + δ2s)√
1 − δ2

2s

+

√
1 + δs
√

1 − δ2s

 ‖e′‖
= b̂‖xn − xS ‖ + ĉ‖xn−1 − xS ‖ + (1 − θ)̂τ‖e′‖, (3.7)
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where b̂, ĉ, and τ̂ are given in Theorem 3.1.
To establish the convergence of iterative sequence {xn}, according to Lemma 3.2, it needs to

ensure that b̂ + ĉ < 1. This can be achieved by restricting the range of parameters α, β, γ. Since

δ2s ≤ δ3s<1/
√

3 ≈ 0.577 by assumption, then
√

2δ3s <
√

1 − δ2
3s ≤

√
1 − δ2

2s =
√

2/̂η, which

implies 0<1/̂η − δ3s and 0 <
1
η̂
−δ3s

1+δ3s
<

1
η̂
−δ3s

2δ3s
. This ensures that two ranges of β in (3.1) are

well-defined. Furthermore, from the conditions (1/η̂ − δ3s)/(1 + δ3s) ≤ β < (1/η̂ − δ3s)/(2δ3s)
or 0 ≤ β < (1/η̂ − δ3s)/(2δ3s), we know that parameters α, γ given in (3.1) are also well-defined.
Let us now discuss the following two cases based on the ranges of α and γ specified in (3.1).

Case (i). If (α, γ) satisfies case (I) in (3.1), then β > γ. We further consider the following two subcases.
(i)-1. α ≤ 1 − β + γ. In this case

b̂ = η̂
[
|1 − α − β + γ| + (α + β)δ3s

]
= η̂

[
1 − α − β + γ + (α + β)δ3s

]
= η̂

[
1 − (1 − δ3s)α − (1 − δ3s)β + γ

]
< η̂

[
1 − (1 + 2βδ3s −

1
η̂

) − (1 − δ3s)β + γ

]
= 1 − η̂(βδ3s + β − γ) = 1 − η̂(βδ3s + |β − γ|) = 1 − ĉ,

where the inequality comes from the fact that α > (1 + 2βδ3s −
1
η̂
)/(1 − δ3s).

(i)-2. α > 1 − β + γ. In this case

b̂ = η̂
[
|1 − α − β + γ| + (α + β)δ3s

]
= η̂

[
− 1 + α + β − γ + (α + β)δ3s

]
= η̂

[
− 1 + (1 + δ3s)α + (1 + δ3s)β − γ

]
< η̂

[
−1 +

(
1
η̂

+ 1 − 2 (δ3s + 1) β + 2γ
)

+ (1 + δ3s)β − γ
]

= 1 − η̂(βδ3s + β − γ) = 1 − η̂(βδ3s + |β − γ|) = 1 − ĉ,

where the inequality comes from the fact that α <
(1
η̂

+ 1 − 2 (δ3s + 1) β + 2γ
)
/(1 + δ3s).

Case (ii). If (α, γ) satisfies case (II) in (3.1), then β < γ. We further consider the following two
subcases.
(ii)-1. α ≤ 1 − β + γ. In this case

b̂ = η̂
[
|1 − α − β + γ| + (α + β)δ3s

]
= η̂

[
1 − α − β + γ + (α + β)δ3s

]
= η̂

[
1 − (1 − δ3s)α − (1 − δ3s)β + γ

]
< η̂

[
1 − (1 + 2βδ3s −

1
η̂

+ 2γ − 2β) − (1 − δ3s)β + γ

]
= 1 − η̂(βδ3s − β + γ) = 1 − η̂(βδ3s + |β − γ|) = 1 − ĉ,

where the inequality comes from the fact that α > (1 + 2βδ3s −
1
η̂

+ 2γ − 2β)/(1 − δ3s).
(ii)-2. α > 1 − β + γ. In this case

b̂ = η̂
[
|1 − α − β + γ| + (α + β)δ3s

]
= η̂

[
− 1 + α + β − γ + (α + β)δ3s

]
= η̂

[
− 1 + (1 + δ3s)α + (1 + δ3s)β − γ

]
< η̂

[
−1 +

(
1
η̂

+ 1 − 2βδ3s

)
+ (1 + δ3s)β − γ

]
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= 1 − η̂(βδ3s − β + γ) = 1 − η̂(βδ3s + |β − γ|) = 1 − ĉ,

where the inequality comes from the fact that α < (1
η̂

+ 1 − 2βδ3s)/(1 + δ3s).

In both cases, we have b̂ + ĉ < 1. Applying Lemma 3.2 to (3.7) yields the desired (3.2). This
completes the proof. �

4. Number of iterations

Inspired by the work in [33], in this section, we focus on deriving an estimate of the number of
iterations that exhibits a uniform property. The following lemma shows that the indices of nonzero
entries of x can be correctly captured by the support set S k.

Lemma 4.1. Let x ∈ RN be s-sparse and let S n+1 be the index set produced by AOR-HBHTP. Suppose
that S n+1 ∩ S n+2 contains the indices of p largest absolute entries of x. If there exist positive scalars
k, q such that

x∗p+q ≥ 2θk−1‖x∗{p+1,...,s}‖, (4.1)

where θ is given in Theorem 3.1, then S n+1+k ∩ S n+2+k contains the indices of p + q largest absolute
entries of x.

Proof. Let x∗ ∈ RN
+ be a rearrangement of |x|, satisfying x∗1 ≥ x∗2 ≥ ... ≥ x∗N ≥ 0. Denote by π

the permutation of {1, 2, ...,N}, satisfying |xπ( j)| = x∗j for j ∈ {1, 2, ...,N}. By assumption, we know
π({1, 2, ..., p}) ⊂ S n+1 ∩ S n+2. It needs us to prove

π({1, 2, ..., p + q}) ⊂ S n+1+k ∩ S n+2+k.

We first show that π({1, 2, ..., p + q}) ⊂ S n+1+k, i.e., |(un+1+k)π( j)| for j ∈ {1, ..., p + q} are among the s
largest values of |(un+1+k)i| for i ∈ {1, ...,N}. It is sufficient to prove

min
j∈{1,...,p+q}

|(un+1+k)π( j)| ≥ max
l∈S
|(un+1+k)l|, (4.2)

where S̄ := supp(x). For the simplicity of notations, let us denote

B(n, k) := (1−α−β+γ)(xn+k−x)+(α+β)(I−AT A)(xn+k−x)+(β−γ)(xn+k−1−x)−β(I−AT A)(xn+k−1−x).

Hence, un+1+k = x + B(n, k). Thus,

|(un+1+k)π( j)| = |(x + B(n, k))π( j)| ≥ |xπ( j)| − |B(n, k)π( j)|

≥ x∗p+q − |B(n, k)π( j)|, ∀ j ∈ {1, 2, · · · , p + q},

and
|un+1+k

l | = |(x + B(n, k))l| = |xl + B(n, k)l| = |B(n, k)l|, ∀l ∈ S̄ .

Therefore, (4.2) can be proven provided that we show

x∗p+q ≥ |(B)π( j)| + |(B)l|, ∀ j ∈ {1, ..., p + q} and l ∈ S . (4.3)
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Let

q :=
−̂b +

√
b̂2 + 4̂c

2
and θ := b̂ + q, (4.4)

where b̂, ĉ are given in Theorem 3.1. Then, θ < 1 by Lemma 3.2 and

(̂b + q)q = ĉ. (4.5)

Note that

b̂‖xn+k − x‖ + ĉ‖xn+k−1 − x‖ ≤ (̂b + q)‖xn+k − x‖ + (̂b + q)q‖xn+k−1 − x‖

= θ(‖xn+k − x‖ + q‖xn+k−1 − x‖). (4.6)

Hence,

‖xn+k − x‖ + q‖xn+k−1 − x‖ ≤ b̂‖xn+k−1 − x‖ + ĉ‖xn+k−2 − x‖ + q‖xn+k−1 − x‖

= (b̂ + q)‖xn+k−1 − x‖ + ĉ‖xn+k−2 − x‖

= (b̂ + q)‖xn+k−1 − x‖ + (b̂ + q)q‖xn+k−2 − x‖

= θ
(
‖xn+k−1 − x‖ + q‖xn+k−2 − x‖

)
,

where the first step follows from (3.7), the third step is due to (4.5), and the last step comes from the
fact that θ = b̂ + q by definition (4.4). This leads to

‖xn+k − x‖ + q‖xn+k−1 − x‖ ≤ θk−2(‖xn+2 − x‖ + q‖xn+1 − x‖
)
. (4.7)

Therefore,

|B(n, k)π( j)| + |B(n, k)l|

≤

√
2‖B(n, k){π( j),l}‖

2

=
√

2
∥∥∥∥[(1 − α − β + γ)(xn+k − x) + (α + β)(I − AT A)(xn+k − x) + (β − γ)(xn+k−1 − x)

−β(I − AT A)(xn+k−1 − x)
]
{π( j),l}

∥∥∥∥∥
≤
√

2
[
|1 − α − β + γ|‖(xn+k − x){π( j),l}‖ + (α + β)

∥∥∥[(I − AT A)(xn+k − x)
]
{π( j),l}

∥∥∥
+ |β − γ|‖(xn+k−1 − x){π( j),l}‖ + β

∥∥∥[(I − AT A)(xn+k−1 − x)
]
{π( j),l}

∥∥∥ ]
≤
√

2
[
|1 − α − β + γ|‖(xn+k − x)‖ + (α + β)δ2s+1‖xn+k − x‖ + |β − γ|‖xn+k−1 − x‖

+ βδ2s+1‖xn+k−1 − x‖
]

=
√

2
[(
|1 − α − β + γ| + (α + β)δ2s+1

)
‖(xn+k − x)‖ +

(
|β − γ| + βδ2s+1

)
‖xn+k−1 − x‖

]
≤
√

2
[(
|1 − α − β + γ| + (α + β)δ3s

)
‖(xn+k − x)‖ +

(
|β − γ| + βδ3s

)
‖xn+k−1 − x‖

]
=

√
2
η̂

(̂
b‖xn+k − x‖ + ĉ‖xn+k−1 − x‖

)
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18613

≤

√
2
η̂
θ
(
‖xn+k − x‖ + q‖xn+k−1 − x‖

)
≤

√
2
η̂
θk−1

(
‖xn+2 − x‖ + q‖xn+1 − x‖

)
, (4.8)

where the fourth step comes from Lemma 3.1 since |supp(xn+k−x)∪{π( j), l}| ≤ 2s+1 and |supp(xn+k−1−

x) ∪ {π( j), l}| ≤ 2s + 1, the seventh step follows from the definition of b̂, ĉ, η̂ given in Theorem 3.1, the
eighth step is due to (4.6), and the last step comes from (4.7).

According to (3.3), we have

√
2
η̂
θk−1(‖xn+2 − xS ‖ + q‖xn+1 − xS ‖

)
≤

√
2
η̂
θk−1

 1√
1 − δ2

2s

‖xS n+2‖ +
q√

1 − δ2
2s

‖xS n+1‖


= θk−1(‖xS n+2‖ + q‖xS n+1‖

)
, (4.9)

where the last step is due to η̂ :=
√

2/(1 − δ2
3s) by Theorem 3.1. Because π{1, 2, ..., p} ⊂ S n+1 ∩ S n+2,

then S n+1 ⊂ π{1, 2, ..., p} and S n+2 ⊂ π{1, 2, ..., p}. Hence, it follows from (4.8) and (4.9) that

|B(n, k)π( j)| + |B(n, k)l| ≤ θ
k−1(‖xS n+2‖ + q‖xS n+1‖

)
≤ θk−1(‖xπ{1,2,...,p}‖ + q‖xπ{1,2,...,p}‖

)
= θk−1(1 + q)‖x∗{p+1,...,s}‖ ≤ 2θk−1‖x∗{p+1,...,s}‖ ≤ x∗p+q,

where the fourth step follows from the fact that q = θ− b̂ < θ < 1 by (4.4) and Lemma 3.2, and the last
step is due to (4.1). Hence, (4.3) holds, which further implies (4.2). This proves π({1, 2, ..., p + q}) ⊂
S n+1+k. Note that the assumption (4.1) still holds if k is replaced by k + 1. By following a similar
argument, we can obtain π({1, 2, ..., p + q}) ⊂ S n+1+(k+1) = S n+k+2. Putting these two results together
yields π({1, 2, ..., p + q}) ⊂ S n+1+k ∩ S n+2+k. This completes the proof. �

The following result provides an estimate of the number of iterative steps. It is important to note
that the established upper bound is uniform in the sense that it is proportional to the sparsity level, and
independent of the specific shape of the unknown signal to be recovered.

Theorem 4.1. Let c0 > 2 be a given positive integer, and define t0 := 1
2

(
1
16

) 1
c0−1 and η̂ :=

√
2

1−δ2
3s

.

Suppose that the RIC of the matrix A ∈ Rm×N satisfies

δ3s ≤

√√√√√√√ (
1

16

) 2
c0−1

8 +
(

1
16

) 2
c0−1

. (4.10)

Furthermore, choose parameters α, β, γ such that one of the following two cases(I) :
t0
η̂
−δ3s

1+δ3s
≤ β <

t0
η̂
−δ3s

2δ3s
,

δ3s−
t0
η̂

+(1+δ3s)β

1−δ3s
< γ < β,

1+2βδ3s−
t0
η̂

1−δ3s
< α <

t0
η̂

+1−2(δ3s+1)β+2γ

1+δ3s
,

(II) : 0 ≤ β <
t0
η̂
−δ3s

2δ3s
, β < γ <

−δ3s+
t0
η̂

+(1−δ3s)β

1+δ3s
,

1+2βδ3s−
t0
η̂

+2γ−2β

1−δ3s
< α <

t0
η̂

+1−2βδ3s

1+δ3s
.

(4.11)

Then, every s-sparse vector x ∈ RN can be recovered from the measurement y = Ax via a number n̄ of
iterations of AOR-HBHTP with

n̄ ≤ c0s.
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Proof. According to the ranges of δ3s and α, β, γ given in (4.10) and (4.11), we can obtain

b̂ + ĉ <
1
2
·

(
1

16

) 1
c0−1

= t0 <
1
2
, (4.12)

by following a similar argument as in Theorem 3.1. Consequently the iterative sequence {xn} generated
by AOR-HBHTP converges. Recalling the definition of θ given in Lemma 3.2, it follows from (4.12)
that

θ2 =

 b̂ +
√

b̂2 + 4ĉ
2


2

≤ b̂2 + 2ĉ ≤ 2(b̂ + ĉ) <
(

1
16

) 1
c0−1

. (4.13)

As shown in Lemma 4.1, let π be the permutation of {1, 2, ...,N} satisfying |xπ( j)| = x∗j for all j ∈
{1, 2, ...,N}. First choose ζ ∈ (0, 1) and let q0 := 0. Consider a special partition of the support set
supp(x) as follows: There exists a positive integer r ≤ s such that Q1 ∪Q2 ∪ · · · ∪Qr = supp(x), where

Qi := π
(
{qi−1 + 1, ..., qi}

)
,

and qi denotes the maximum index satisfying qi ≥ qi−1 + 1 and x∗qi
≥
√
ζx∗qi−1+1. For i = 1, · · · , r, define

ki := 1 +

 ln
[

4
ζ

(
|Qi| + ζ |Qi+1| + · · · + ζr−i|Qr|

)]
ln 1

θ2

 . (4.14)

Let Q0 := φ and k0 := 0. We now claim that

Q0 ∪ Q1 ∪ Q2 ∪ ... ∪ Qi ⊂ S k0+k1+...+ki ∩ S k0+k1+...+ki+1, ∀i = 0, 1, 2, ..., r. (4.15)

Indeed, as if i=0, (4.15) holds trivially due to Q0 = ∅. Now assume that (4.15) holds as i = 0, 1, · · · ,
r − 1. Recall that x∗qi+1 <

√
ζx∗qi−1+1. Hence,

‖xQi‖
2 + ‖xQi+1‖

2... + ‖xQr‖
2 ≤(x∗qi−1+1)2|Qi| + (x∗qi+1)2|Qi+1| + ... + (x∗qr−1+1)2|Qr|

≤(x∗qi−1+1)2[|Qi| + ζ |Qi+1| + ... + ζr−i|Qr|
]
. (4.16)

Combining (4.14) and (4.16) together yields

4θ2(ki−1)(‖xQi‖
2 + ‖xQi+1‖

2... + ‖xQr‖
2) ≤4θ2(ki−1)(x∗qi−1+1)2

[
|Qi| + ζ |Qi+1| + ... + ζr−i|Qr|

]
=

4
ζ
θ2(ki−1)

[
|Qi| + ζ |Qi+1| + ... + ζr−i|Qr|

]( √
ζx∗qi−1+1

)2

≤
( √

ζx∗qi−1+1
)2
≤ (x∗qi

)2.

Therefore,

x∗qi
≥ 2θki−1

√
‖xQi‖

2 + ‖xQi+1‖
2... + ‖xQr‖

2 = 2θki−1‖(xqi−1+1, · · · , xqr )‖.

Thus, by Lemma 4.1, we have

π{1, 2, · · · , qi} ⊂ S k0+k1+...+ki ∩ S k0+k1+...+ki+1.
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Since π{1, 2, · · · , qi} = Q0 ∪ Q1 ∪ ... ∪ Qi, then Q0 ∪ Q1 ∪ ... ∪ Qi ⊂ S k0+k1+...+ki ∩ S k0+k1+...+ki+1. Hence,
(4.15) holds true.

Note that the support set π({1, ..., s}) of x can be recovered in a number of iterations at most

n̄ =

r∑
i=1

ki ≤

r∑
i=1

[
1 + log 1

θ2

(
4
ζ

[
|Qi| + ζ |Qi+1| + ... + ζr−i|Qr|

])]
= r +

r∑
i=1

log 1
θ2

(
4
ζ

[
|Qi| + ζ |Qi+1| + ... + ζr−i|Qr|

])
.

Hence,

n̄ − r
r

ln
(

1
θ2

)
≤

r∑
i=1

1
r

ln
(
4
ζ

[
|Qi| + ζ |Qi+1| + ... + ζr−i|Qr|

])
≤ ln

 r∑
i=1

4
rζ

[
|Qi| + ζ |Qi+1| + ... + ζr−i|Qr|

]
= ln

(
4
rζ

[
|Q1| + (1 + ζ)|Q2| + ... + (1 + ζ + ... + ζr−1)|Qr|

])
≤ ln

(
4

rζ(1 − ζ)

[
|Q1| + |Q2| + ... + |Qr|

])
≤ ln

(
4s

rζ(1 − ζ)

)
, (4.17)

where the second step follows from the concavity of the logarithm and the last step comes from the
fact that |Q1|+ |Q2|+ ...+ |Qr| = |Q1 ∪Q2 ∪ · · · ∪Qr| = |supp(x)| ≤ s. Note that ln

(
4s

rζ(1−ζ)

)
for ζ ∈ (0, 1)

attains its minimum value if and only if ζ = 1
2 , and in this case the right hand of (4.17) is ln(16s/r).

Hence,

n̄ − r
s

ln
(

1
θ2

)
=

r
s
·

n̄ − r
r

ln
(

1
θ2

)
≤

r
s

ln
(
16s

r

)
=

ln (16s/r)
s/r

≤ ln(16),

where the last step is due to ln(16t)/t ≤ ln(16) for t ≥ 1. Thus,

n̄ ≤ r +
ln(16)

ln
(

1
θ2

) s ≤

1 +
ln(16)

ln
(

1
θ2

) s ≤ c0s,

where the second step is due to r ≤ s and the last step follows from the fact ln(16)/ ln(1/θ2) < c0 − 1
by (4.13). This completes the proof. �

5. Numerical experiments

All numerical experiments are performed on a PC equipped with a 13th Generation Intel(R)
Core(TM) i9-13900HX processor operating at 2.20 GHz and 16.0 GB of RAM..

For problem (1.2), the measurement matrix A ∈ Rm×N is selected as a Gaussian matrix. Each entry
of A is independently and identically distributed (i.i.d.), following a normal distribution N(0,m−1).
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This choice ensures that the RIP holds with high probability provided that m is sufficiently enough;
see [2, Chapter 9]. The sparse vector x ∈ RN is generated randomly. The positions of the non-zero
elements in x are determined by a uniform distribution, while the values at these positions are i.i.d. and
follow the normal distribution N(0, 1). The observation vector y is computed as y = Ax in noiseless
environments, and y = Ax + λe in noisy environments, where λ > 0 represents the noise level and
e ∈ Rm is a noise vector with entries i.i.d. from N(0,m−1).

We evaluate the performance of our proposed algorithm, AOR-HBHTP, against six widely
recognized algorithms: IHT, HTP, SP, CoSaMP, HBHTP, and EDOMP in terms of reconstruction
accuracy and computational efficiency. Experimental parameters are selected as follows: For IHT
and HTP, the parameter α is fixed to 1; for HBHTP, α = 1.7 and γ = 0.7 as suggested in [29]; for AOR-
HBHTP, α = 2.4, γ = 0.9, and β = 0.3. The maximum number of iterations for HTP, SP, CoSaMP,
HBHTP, and AOR-HBHTP is set to 50, while for EDOMP it is set to s. To address the issue of
lacking of pursuit steps, the maximum number of iterations for IHT is increased to 100. Initialization
for HBHTP and AOR-HBHTP begins with x1 = x0 = 0, while other iterative algorithms start from
x0 = 0. The recovery of an algorithm is regarded successful only if the iteration point xn+1 generated
by algorithm meets the criterion

‖xn+1 − x̄‖/‖x̄‖ ≤ 10−3, (5.1)

where x̄ represents the true solution.

5.1. Choices of parameters α, β, γ

For the AOR-HBHTP algorithm, the parameters are set as α = 2.4, β = 0.3, and γ = 0.9. These
values are determined through systematic evaluation under specific measurement matrix dimensions
N = 212 and m = b0.4Nc. The size of the measurement matrix A ∈ Rm×N directly affects parameter
selection, and different testing environments may lead to different parameter values. Figure 1 illustrates
the impact of individual parameters (α, β, γ) on the recovery performance of AOR-HBHTP.

(a) Effect of α (b) Effect of β (c) Effect of γ

Figure 1. Success rates of AOR-HBHTP with different parameters.

5.2. Comparison of numerical performance

In this section, all tests are conducted in the setting of N = 212 and m = b0.4Nc. Let ρ := s/m
represent the oversampling rate, where s ranges from 1 to 1291 with a step size of 10. For every fixed
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sparsity level ρ, 100 pairs (A, x̄) are randomly generated using the aforementioned method. The noise
level parameter λ is set to 0.02.

5.2.1. Recovery success rate

The recovery success rates of seven algorithms are reported in Figure 2, where Figures 2 (a) and (b)
illustrate the results in noiseless and noisy settings. In these figures, the horizontal axis represents the
oversampling rate ρ, while the vertical axis denotes the success rate. For each value of ρ, the algorithms
are applied to solve 100 randomly selected problems, and the number of successful recoveries is
recorded. Figure 2 shows that AOR-HBHTP outperforms the other six algorithms, regardless of the
presence of noise. This suggests that AOR-HBHTP exhibits a certain degree of robustness. In contrast,
the algorithm CoSaMP is highly sensitive to noise; for example, the success rate remains at 100% when
ρ = 0.3 under accurate measurements; however, the success rate drops to 0 at the same ρ = 0.3 under
inaccurate measurements. In summary, as the oversampling rate ρ increases, AOR-HBHTP maintains
a high accuracy recovery accuracy even when other algorithms fail.

(a) Accurate measurement (b) Inaccurate measurement
Figure 2. Comparison of success rates.

5.2.2. Average runtime

We focus our attention on comparing the average CPU time of these seven algorithms for signal
recovery problems under both accurate measurements and inaccurate measurements. Runtime is
measured only for algorithms exhibiting non-zero recovery success rates. Based on the observations
from Subsection 5.2.1, numerical results indicate that the recovery success rate of all algorithms
except IHT remains at 100% when ρ is less than 0.3, so we primarily consider the case where the
oversampling rate ρ is restricted to the interval (0, 0.3). This enables us to record the average CPU time
for experiments where all algorithms can successfully recover the signals.

Figure 3 illustrates that CoSaMP consumes more CPU time under noisy conditions than in the
noiseless case. The average CPU time spent by all algorithms gradually increases as the oversampling
rate ρ rises. Excluding IHT and CoSaMP, among the remaining five algorithms, EDOMP achieves
the longest runtime. As the value of ρ increases, our proposed algorithm AOR-HBHTP achieves the
second-shortest runtime, surpassed only by HTP. These results demonstrate that AOR-HBHTP exhibits
some advantages in terms of sparse signal recovery time as ρ increases. This highlights its efficiency
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and robustness in handling higher oversampling rates compared to other algorithms.

(a) Accurate measurement (b) Inaccurate measurement
Figure 3. Comparison of runtime.

5.3. Convergence behavior

We numerically investigate the convergence properties of the algorithms. For parameter values
N = 212, m = b0.4Nc, and s = b0.4mc, we record the relative errors between recovered signals and real
signals within 5 seconds. IHT and CoSaMP are excluded from Figure 4 because these two algorithms
fail to converge in this case.

Figure 4. Relative errors.

Figure 4 demonstrates that AOR-HBHTP achieves relatively smaller errors more rapidly than
all competing algorithms, confirming its enhanced convergence properties. While other algorithms
eventually attain acceptable relative errors, they require longer runtime.

5.4. Phase transition curve and algorithm selection map

Phase Transition Curve (PTC) and Algorithm Selection Map (ASM) are effective tools for
demonstrating the recovery capabilities of algorithms; see [34, 35] for more details. In the previous
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Section 5.2, we compare the recovery success rates and CPU times of algorithms for a fixed matrix
size m = b0.4Nc,N = 212. In this section, we introduce a variable δ to control the number of rows
m in order to investigate the performance of these algorithms under varying conditions. Here, the
number of columns is fixed at N = 212, while the number of rows m varies by setting m = bδNc, where
δ = {0.2, 0.25, 0.3, . . . , 0.8}.

For each value of m, we generate 50 groups of spare signals with s = bρmc, where ρ ranges from 0.02
to 1 with a step size of 0.02. The numerical results reflect the recovery ability of algorithms at different
sampling rates and sparsity levels. This helps us identify the strengths and limitations of each algorithm
across various scenarios.

5.4.1. Phase transition curve

The empirical Phase Transition Curve (PTC) presented in this section is a logistic regression curve
described based on a 50% success rate of the algorithms. The PTC of an algorithm divides the (δ,
ρ)-plane into two regions: Success and failure (see Figure 5). The area below the curve corresponds
to successful recovery, while the area above represents the opposite. For each value of δ, the ‘glmfit’
function is used to generate the logistic regression curve based on the success rates at different sparsity
degrees s. The recovery phase transition curve is drawn by applying a binary method to generate
an interval [smin, smax], following the same approach as in [29] except for substituting their logistic
regression approach with our ‘glmfit’ function.

Figure 5. Phase transition curve.

Recall that the EDOMP algorithm requires two hard thresholding and two orthogonal projections
per iteration, with its maximum number of iterations set to the sparsity level s. In comparison, other
algorithms typically involve only one hard thresholding and one orthogonal projection. As shown
in Figures 2 and 3, while EDOMP achieves higher success rates, its computational time increases
significantly with increasing δ = m/N and ρ = s/m, especially with increasing sparsity level s. Hence,
six algorithms excluding EDOMP are considered when plotting PTC.

The comparison of PTCs for these six algorithms is shown in Figure 5. It can be observed that
when δ ≤ 0.25, SP and HTP exhibit similar recovery phase transition curves, while HBHTP achieves
the highest curve. However, when δ ≥ 0.3, AOR-HBHTP attains the highest PTC, indicating that it
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outperforms the other five algorithms, particularly in scenarios with larger values of δ. In summary,
the comparison of PTCs provides a clear visualization of the algorithms’ recovery performance across
different undersampling rates δ. The superior performance of AOR-HBHTP at higher δ values
highlights its effectiveness and robustness, making it a preferred choice for sparse signal recovery
in certain scenarios.

5.4.2. Algorithm selection map

The Algorithm Selection Map (ASM) serves as a tool to determine the algorithm that consumes
the least average CPU time during the process of recovering sparse signals. To plot an ASM, we
test 50 random samples for each δ value using all algorithms across the phase space grid (δ, ρ), where
ρ := j/50 and j = 1, 2, ..., 50. Testing continues until the recovery success rate drops below 80%. The
algorithm that takes the least average CPU runtime is then marked on the map.

Figure 6 shows that for relatively large values of ρ, AOR-HBHTP is the fastest algorithm within
the range 0.3 ≤ δ ≤ 0.6, and HBHTP performs better at 0.2 ≤ δ ≤ 0.25, while EDOMP delivers
outstanding performance at 0.65 ≤ δ ≤ 0.8. Moreover, HTP emerges as the fastest algorithm for
cases with relatively small ρ. The ASM provides a comprehensive and intuitive overview of the
fastest algorithms under different combinations of undersampling rates δ and oversampling rates ρ. By
focusing on CPU runtime, it offers practical insights for selecting the most efficient algorithm tailored
to specific problem parameters.

Figure 6. Algorithm selection map.

After identifying the fastest algorithm, the ratio of the average CPU time of algorithms AOR-
HBHTP, EDOMP, HBHTP, HTP, SP, and CoSaMP relative to that of the fastest algorithm is displayed
in Figure 7(a)–(f), respectively.

Figures 7(a)–(c) indicate that for a fixed δ, as the value of ρ increases, the ratios of the algorithms
relative to the fastest one decrease. Specifically, the ratio of AOR-HBHTP is less than 2.2 in most
regions, whereas EDOMP and HBHTP are bounded by ratios of 8 and 6. By contrast, Figures 7(d)–(f)
show that as the value of ρ increases, the ratios for these algorithms increase. This phenomenon reveals
that AOR-HBHTP might work better when the sparsity level s is relatively high. Experimental results
show that AOR-HBHTP and HTP exhibit comparable computational efficiency, since their runtime
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ratio does not exceed 2.5 in most regions; however, HBHTP and SP typically consume at least four
times the minimum CPU time, while CoSaMP exhibit a significant tenfold increase in runtime.

(a) AOR-HBHTP (b) EDOMP (c) HBHTP

(d) HTP (e) SP (f) CoSaMP

Figure 7. The ratios of average time relative to the fastest algorithm.

5.5. Applications

To further validate the performance of the proposed algorithms on real-world signals, we employ
a seismic signal named seismic.asc from the PROMAX seismic data processing system developed
by Landmark Graphics Corporation, which can be loaded from https://apptestermc.github.io/Wavelab
850/index.html. The downloaded signal, denoted as the original signal X ∈ RN , is a one-dimensional
vector of length N = 1024. Under this sample length, the number of measurements is set to m =

d 1
2 Ne, and the sparsity level is chosen as s = d 4

9me. Each element of the measurement matrix A
is independently drawn from a normal distribution N(0,m−1). To obtain a sparse representation, we
employ a 7-level discrete wavelet transform using the sym7wavelet basis to yield an orthogonal wavelet
transform matrix W.

We first evaluate the sparsity properties of the original signal in the wavelet domain. Specifically,
the wavelet coefficient X′ is computed by multiplying the original signal X with the previously obtained
wavelet transform matrix W, i.e., X′ = WX. We then select the s coefficients in X′ with the largest
absolute values to form a sparse signal X′s, and treat the remaining n − s wavelet coefficients with
the smallest absolute values as noise e′. We employ signal recovery algorithms to obtain a sparse
coefficient, say X̃′s, from the measurement y = AX = AW−1WX = AW−1(X′s + e′) = AW−1X′s + e,
where e := AW−1e′. The final reconstructed signal X̂ is obtained through the inverse wavelet transform
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X̂ = W−1X̃′s. The quality of reconstructed signal X̂ is quantitatively measured using the Signal-to-Noise
Ratio (SNR) defined as

SNR = 10 log10

 ‖X‖22
‖X − X̂‖22

 .
The higher the SNR value, the better the reconstruction performance.

It should be particularly noted that in real-world scenarios, only the measurement vector y, the
measurement matrix A, wavelet transform matrix W, and prespecified sparsity level s are available,
whereas the prior knowledge of the true sparse representation of the original signal X is unknown.
Therefore, we replace the relative error-based stopping criterion (5.1) with a fixed computational time,
specifically requiring that the CPU runtime not exceed 0.5 seconds. The tested algorithms remain
numerically convergent trends within this specified time constraint under the given problem settings.

Figure 8 compares reconstruction results of five sparse signal recovery algorithms: HBHTP, AOR-
HBHTP, EDOMP, HTP, and SP. Here, CoSaMP and IHT are excluded from our comparison since
they fail to converge numerically under this specified experimental conditions. The Signal-to-Noise
Ratio (SNR) is adopted as the reconstruction quality metric. Each subplot in Table 2 displays the
waveform comparison between original signal (blue) and reconstructed signal (red). Numerical results
demonstrate that AOR-HBHTP achieves the highest SNR (29.01 dB), exceeding other algorithms.
Particularly, in both the signal peak and flat regions, the reconstructed waveform from AOR-HBHTP
is closest to the original signal, which demonstrates its capability in recovering real-world signals.

(a) Original Signal (b) AOR-HBHTP (c) EDOMP

(d) HBHTP (e) HTP (f) SP

Figure 8. Comparison of real-world signal recovery.
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Table 2. Comparison of SNR.

Algorithms Original Signal AOR-HBHTP EDOMP HBHTP HTP SP
SNR(dB) 37.67 29.01 27.96 26.57 22.61 20.25

6. Conclusions

We have developed a novel hard thresholding algorithm called AOR-HBHTP for solving sparse
signal recovery by incorporating the Accelerated Over-Relaxation (AOR) mechanism. By requiring the
measurement matrix to satisfy the Restricted Isometry Property (RIP), we establish the convergence
analysis of the algorithm and provide an estimate of the required iteration steps. Numerical experiments
illustrate that the adding over-relaxation term helps improve the recovery ability in the setting of
different levels of noise and sparsity, and make the algorithm more stable by mitigating the issue of
excessive oscillations during the iteration process. The AOR mechanism has opened an acceleration
strategy distinct from traditional heavy-ball momentum methods. Hence, it is worthwhile to further
investigate the extension of this technique to other hard/soft thresholding-type algorithms, aiming
to improve recovery capability and robustness in solving compressive sensing problems, and even
consider exploring its potential in areas beyond convex optimization problems. Moreover, there are
different analysis tools to study sparse signal recovery. Therefore, it is worth to further investigate how
to establish the convergence of our proposed algorithm using the mutual coherence property of the
measurement matrix.
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