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Abstract: Iterative methods for solving interval linear systems were presented in this paper. By
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two-parameter overrelaxation method (GITOR) was introduced, and the convergence analysis of the
proposed method was discussed. Specifically, if the coefficient matrices of the system are strictly
diagonally dominant (SDD) matrices, interval M-matrices, or interval H-matrices, the proposed
method converges under any initial approximation. Furthermore, an upper bound on the spectral
radius of the iterative matrices was provided for interval strictly diagonally dominant matrices. Finally,
numerical examples for each type of mentioned interval matrix were studied, demonstrating the
efficiency of the proposed method.
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1. Introduction

Many practical problems, such as uncertainty in engineering or design, global optimization, and
mathematical programming problems, can be reduced to solving interval linear systems (see [1-5]).
Due to the uncertainty of the data, the enclosure of the solution set plays a key role. However, solving
the best enclosure of the solution set is an NP-hard problem [6], so researchers have worked to develop
less costly methods to enclose the solution set rather than pursuing the optimal solution.

Various methods have been proposed to find an outer approximation of the solution set, such as
the interval Jacobi method, the interval Gauss-Seidel method, the Krawczyk method, the Bauer-Skeel
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method, and the Hansen-Bliek-Rohn method (see [3,7-11]). In [3, 12-16], the authors demonstrated

that the above methods may not produce the optimal enclosure. The aim of this paper is to develop the

iterative method and its convergence to solve interval linear systems with uncertain coefficients.
Consider the interval linear system

Ax = b, (1.1)

where A and b are the n X n real interval matrix and the n X 1 real interval vector, respectively. The
corresponding solution set is defined as

X(A,b) ={xeR";JA € ATbe b : Ax = b}.
The interval hull of the solution set X(A, b) is denoted by
OX := [inf(2(A, b)), sup(X(A, b))],

that is, the smallest interval enclosure of (A, b) with respect to inclusion.

In recent years, J. Chakravarty and M. Saha et al. in [17] and [18] have studied the convergence
of the generalized interval Jacobi, Gauss-Seidel, successive overrelaxation (SOR), and accelerated
overrelaxation (AOR) methods for interval linear systems. In the paper, the convergence of the
generalized two-parameter overrelaxation (TOR) method will be studied, when the coefficient matrices
of interval linear systems are interval strictly diagonally dominant matrices, interval M-matrices, or
interval H-matrices. Some numerical examples are then given to demonstrate the convergence results
obtained.

The structure of the paper is as follows: Section 2 provides notation and basic definitions related
to interval analysis and defines the various classes of interval matrices considered. A generalization of
the interval TOR method is presented in Section 3, along with a discussion of the convergence analysis
for the various classes of interval coefficient matrices. Section 4 presents numerical experiments on
the proposed method. Concluding remarks are provided in Section 5.

2. Notation and preliminaries

In this section, some definitions and notations are given. Intervals will be represented in boldface
type. Additionally, the lower and upper bounds of the intervals will be indicated by underline and
overline, respectively. We now list the symbols that are used often in the paper.

(1) R: The set of real numbers.
(i1) R": The set of n-dimensional real column vectors.
(iii) R™": The set of m X n real matrices.
(iv) x = [x,x]: Interval vector.
(v) A=A, A]: Interval matrix.
(vi) x;: i-th entry of an interval vector x.

(vii) A;j: (i, j)-th entry of an interval matrix A.
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(viii) A : Infimum of interval matrix A, A : Supremum of interval matrix A.
(ix) 2(A, b): The solution set of Ax = b where A € A and b € b.
(x) OZ: The interval hull of the solution set X(A, b).
(xi) A~!: The inverse of interval matrix A.
(xi1) IR: The set of real intervals.
(xiii) IR": The set of n-dimensional real column vectors.
(xiv) IR™": The set of m X n real interval matrices.
(xv) |A|: The magnitude of interval matrix A.
(xvi) (A): The comparison matrix of interval matrix A.
(xvii) 0(A): The spectrum of a square matrix A, that is, 07(A) is the set of all eigenvalues of A.

(xviil) p(A): Spectral radius of square matrix A, p(A) = max,ex(a) I1.

(xix) R, = (Rz,) E, = (EU) = (FU) U, = (Uz])
R; = ; IR;jl, E; = Z IEUI F;= Z IF;jl, U; = Z |U;jl.
jjil j¢l J;tz ]¢,

Next, we present the basic definitions and review the key properties of the interval matrices studied
in this paper. The interval matrix A is defined as

= (A =[AA]={aer™:A<A <A},

where A,Z € R™" are given, and A < A. The magnitude of A € IR™" is defined as |A| = max 4 |A| =
max(|A|, |A]). The comparison matrix of A € IR™" is the matrix (A) € R™" with entries

(A); =min{|A;| : A € Ay}, i=1,...,n
<A>U = _lAijla fori + ]

Definition 2.1. [3, 19] For any real intervals x = [x,x],y = [y_, y], interval addition, subtraction, and
multiplication are defined as

D) x+y=[x+y.x+)l;
(i) x —y =[x -y, x - yl;

(iii) The interval multiplication xy is displayed in the following table:

* y>0 y30 y<0
x>0 [xy,xy] [xy,xy] [xy, xy]
x30 [xy,%y] [min{xy, Xy}, max{xy, 5} [Xy,x]
x<0 [xy,xy] [xy,x] [xy, xy]
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Definition 2.2. [3,19] If A, B € IR™", addition, subtraction, and multiplication for interval matrices
are defined as

(1) AiB:DiAiB:AE_A,BEB}.
If A =[A,A], B = [B, B], then

A+B=[A+B,A+BlandA-B=[A-B,A-B|.
(i) AB=D{AB:AcA,B¢B).
If A = (A;j) and B = (B;;), then (AB);; = ¥/, AyBy;.
Proposition 2.3. [1,19] For A, B € IR and C € IR™?, the following properties hold:
(i) (A) = (A), for some A € A;
(ii) |AB| < |A||B;
(iii) (A = B) > (A) — |B|;
(iv) |Al - |B| < |A £ B| < |A| + |B];
(v) 1AC| = (A)IC].

Definition 2.4. [19] A matrix A € R™" is said to be a Z-matrix if off-diagonal entries A are non-
positive. A Z-matrix is called an M-matrix if it can be written as A = s/ — B, where s > p(B), the
spectral radius of B. From now on, we simply denote the non-singular M-matrix by M-matrix.

Theorem 2.5. [3,19] Let A € R™" be a Z-matrix. Then the following statements are equivalent:
(i) A is an M-matrix;
(ii) A7 > 0;

(iii) There exists u > 0 such that Au > 0.

Definition 2.6. [3] An interval M-matrix is a square interval matrix A € IR™" such that A; < 0, that
is, every element in A is non-positive, for all i # k and Au > 0 for some positive vector u € R".

Theorem 2.7. [3,19] Let A, B € IR™". Then the following statements hold:

(i) If A is an interval M-matrix and B C A, then B is an interval M-matrix. In particular, each A € A
is an M-matrix.

(ii) A = [A, A] is an interval M-matrix if and only if A and A are M-matrices.
(iii) Every interval M-matrix A = [A, Al is regular with A~ = [Z_l,é_l] >0and A7 = (A)Y"\.

Definition 2.8. [3,19] An interval matrix A € IR™" is called an interval H-matrix if its comparison
matrix (A) is an M-matrix. Equivalently, we say that A is an interval H-matrix if and only if (A)u > 0
for some u > 0.

Theorem 2.9. [3] For an interval matrix A, we have that:
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(i) If A is an interval regular (lower/upper) triangular matrix, then A is an interval H-matrix.
(ii) If A is an interval H-matrix, then |A™'| < (A)~'. The equality holds if A is an interval M-matrix.

Definition 2.10. [3,19] Let A € IR™ and 0 ¢ A; for all i. Then A is called an interval strictly
diagonally dominant (SDD) matrix if its comparison matrix (A) is strictly diagonally dominant, that
is, if (A;;) > X 1141, for i # j.

Definition 2.11. [19] A splitting of a matrix A € R™" is defined as A = M — N, with non-singular M.
A splitting A = M — N of the matrix A is called

(i) regularif M~' > 0 and N > 0.
(ii) weak regular if M~! > 0 and M~'N > 0.
(ii1) M-splitting if M is an M-matrix and N > 0.
Proposition 2.12. [19]IfA, B € R™", and |A| < B, then p(A) < p(B).

Proposition 2.13. /3, 19] If A € R™" is a non-negative matrix, x > 0, and x # 0 such that Ax > ax,
for some a € R, then p(A) > a.

Theorem 2.14. [19] Let A be an M-matrix and let A = M — N be a regular or weak regular splitting
of A, and then p(M~'N) < 1.

Theorem 2.15. [19] Let A be an M-matrix and B > 0. Then A — B is an M-matrix if and only if
p(A7'B) < 1.

Theorem 2.16. [19] Let A = M — N be an M-splitting of A. Then p(M~'N) < 1 if and only if A is a
non-singular M-matrix.

Theorem 2.17. [3]If A € R™" is a non-negative matrix, then the spectral radius p(A) is an eigenvalue
of A, and there is a real, non-negative eigenvector x # 0 with Ax = p(A)x.

Theorem 2.18. [3,16] Let S,T : IR" — IR" be sublinear maps satisfying p(|S||T|) < 1. Then, for
every x € IR", the following statements hold:

(i) The equation
y=S8Sx+Ty)

has a unique solution y € IR".

(ii) For all starting vectors y, € IR", the iteration
Y= S+ Ty')
converges to the solution y of the equationy = S(x + Ty).

(iii) If y' C y°, then for all i > 1,

(iv) If y° C y!, then for all i > 1,
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3. Generalized interval TOR method

In 1983, J. Kuang ( [20]) proposed the two-parameter overrelaxation method (TOR) and discussed
the convergence under the assumption that the coefficient matrices are Hermitian positive definite
matrices and L-matrices. In [21], Zeng considered the convergence of the TOR method when the
coeflicient matrices are symmetric positive definite matrices, H-matrices, L-matrices, and irreducibly
diagonally dominant matrices. In [22], Martins et al. introduced the interval two-parameter
overrelaxation method (ITOR). When the coeflicient matrices belong to interval strictly diagonally
dominant matrices or interval H-matrices, some convergence conditions were obtained for interval
linear systems.

In this section, we introduce a generalization of the interval two-parameter overrelaxation method
(GITOR). By restricting the possible values of the parameters @ and 3, we discuss the convergence
properties of the GITOR method for interval strictly diagonally dominant (SDD) matrices, interval
M-matrices, and interval H-matrices. We also give an upper bound on the spectral radius of iterative
matrices for interval SDD-matrices. It is also shown that the spectral radius of iterative matrices of
the ITOR method is smaller than that of the GITOR method, and that the spectral radius of iterative
matrices decreases with increasing bandwidth.

Let A = [a;;,a;] € IR™. Consider an interval band matrix T, = [z j,?j] of 2m + 1 bandwidth,
which is characterized as o

Ti':{ laij, aij), ifli = jl < m;
! 0, elsewhere.

For 1 < m < n, the coefficient matrix A can be decomposed as
A=T,-E,-F,-U,,

where —U,, is a strictly upper triangular matrix, and —E,, and —F, are strictly lower triangular matrices.
Forall i > j, either E;; = —A;;and F;; = 0, or E;; = 0 and F;; = —A;;. Moreover, the interval matrices
T,,E,+F,, and U, can be expressed as

[@, anl oo larmers avmel 0]
Tm = [am+l,l ’ am+1,1] [an—m,na an—m,n] .
0 [ann-m>@nn-m] [an,n, an,n]
0 ... 0
—lami2,1> mi2.1]
Em + Fm = .o . >
_[an,l ’ an,l] o _[an—m—l,n’ an—m—l,n]
O _[al,m+2’ al,m+2] e T [al,n’ al,n]
Um =
O o _[an—m—l,na an—m—l,n]
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The GITOR iterative scheme to solve (1.1) is given as
xED = L, px® 4 f, 3.1)

where L, g = 2T,,—aE,, -BF,) '12-a-B)T,+(a+B)U,,+aF,+BE,] and f = (¢« +B)2T,,—aE,,—
BF,)~'b. It may be noticed that the scheme (3.1) corresponds to the following splitting of (a + 8)A:

((1’ +:8)A = (2Tm - a/Em _ﬁFm) - [(2 - _B)Tm + (Q’ +ﬁ)Um + a'Fm +BEm] .
Several common iterative methods can be used as special cases:

(1) For F,, = 0,a = 0,8 = 2, (3.1) is the generalized interval Jacobi method (G1J), where Ly, =
T,)U,+E,)and f =T,'b ;

(i) For F,, = 0,a = 2,8 = 0, (3.1) is the generalized interval Gauss-Seidel method (GIGS), where
LZ,O = (Tm - Em)_lUm and f = (Tm - Em)_lb;

(i) For F,, = 0, = 2w,B = 0, (3.1) is the generalized interval SOR method (GISOR), where
L2w,0 = (Tm - wEm)_l[(l - w)Tm + wUm] and f = w(Tm - wEm)_lb;

(iv) For F,, = 0,a = 2y,a + 8 = 2w, (3.1) is the generalized interval AOR method (GIAOR), where
LZy,2(w—7) = (Tm - ’yEm)_l [(1 - w)Tm + wUm + ((,U - Y)Em] and f = (U(Tm - yEm)_]b-

Next, we analyze the convergence of the GITOR method for interval coefficient matrices of various
types.

3.1. On the convergence of the GITOR method

In this section, we consider the splitting of (@ + §)A as
(a +:8)A =M, —N,,

with M,,, .= 2T, —aE, —BF, and N,, = 2-a-p)T, + (a+p)U, +aF, +BE,,.

Let L,s = |M;'|IN,|. It is known that the GITOR method converges if p(L,z) < 1 due to
Theorem 2.18. Since computing the inverse of the interval matrix is an NP-hard problem, we use
the matrix L, = (M,)"'IN,| to analyze the convergence of the GITOR method. The following
Theorem 3.1 provides a relation between the spectral radius of the iteration matrix ia,ﬁ = IM,;1 [|V,,.]
with L,, = (M,,)"'|N,,|.

Theorem 3.1. Let A be an interval H-matrix (or interval M-matrix), and then
(i) Z,Q,/g < I:m (the equality holds if A is an interval M-matrix),
(ii) p(Lag) < p(Ly).

Proof. Let A be an interval H-matrix. Then M,, is also an interval H-matrix, and from Theorem 2.9
we have that
Log = IMYIN,| < (M,)"'|N,| = L,.

By Theorem 2.12, p(L, ) < p(L,,) holds. O
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The following Theorem 3.2 gives an upper bound of the spectral radius p(L,,), and solves interval
linear systems for interval strictly diagonally dominant (SDD) matrices.

Theorem 3.2. Let A be an interval SDD-matrix with constant diagonals of order n. If |B|F; + |a|E; <
2T);, then

. 2 —a—-BIT|; + |+ BIU; + |o|F; + |BIE;
p(L,) < max — — .
! XT); — |BIF; — |alE;

Proof. Let A be an eigenvalue p(L,,). Choose x # 0 € R” such that
L,x = Ax
= (2T, — aE,, - BF,) 12— a-pB)T, + (a +BU,, + aF,, + BE,|x = Ax
= [2KT,) = 12— a = BIT,l — la + BIU,| — (el + ABDIF »| — (el + BDIE,|] x = 0

:[|D|—(2“'2_“_’3')|Rm|—(m_'“+ﬁ' )|Um|

20-2-a-p 12 -a-pl
+ 4 Ala| +
(el + A8l F, |- o + |B] E,||x =0,
21 -2 —a - Bl 21 -2 —a - B
Therefore 5 2 | | |
A+2-a—- a+
0=ID|- P iR, - AV,
20-2-a-p 20-2-a-p
la| + A|B] Aal + ||
- B |Fl — B |E,,|
21 -2 —a - Bl 21-2—-a -8
is singular which implies that Q is not an SDD-matrix. There exists an i € N such that
204+ 2 —a—-pl| ~ la + B ~
Dl <| iR+ Al
20-2-a-p 20-2-a-p
|| + 4|8 ~ Ala| + |6 N
| A+ | [t
20-2 —a - 20-2-a-pl

This is simplified to

2 = a = BI(Dal + R) + | + BIU; + |alF; + IBIE;

|4] < max - = — ,
! 2(|Diil = R;) — |BIF; — || E;
that is, _ B 3
~ 2—a-— Ti + + Ui + F,’ + E,’
o) < max| a - BT + la FI |f¥| 18] .
i 2T)i — |BIF; — |E;
O
Corollary 3.3. Let A be an interval SDD-matrix with constant diagonals of order n. If R =
D;'Ri,U; = D;'U,,E; = D;'E;, F; = D;,' F;, then
- 2—a-Bl+la+pU +alF; + |BE; + 12 — a — BIR;
oL, < maxl a@—pl+la+p i | i |,3|A 2 -a-pl _
' 2—|BIF; - |alE; — 2R;
Proof. By Theorem 3.2 this conclusion is evident. O
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Theorem 3.4. Let A be an interval SDD-matrix with constant diagonals of order n, and

4

1+max(ﬁ,~+l7‘\,~+£/::,~+1/€\,-)'

a>0,>0,0<a+p<

Then the GITOR method for solving (1.1) converges for any initial approximation.
Proof. We distinguish two cases:

1) 0<a+B<2.
Since A is an interval SDD-matrix, we have that D' A is also an interval SDD-matrix. Let A be
an eigenvalue p(L,,) and |1] > 1.

L,x=Ax
= 2T, — aoE,, —ﬁFm)_II(Z —a-B)T,+(@+p)U, +aF,, +BE,|x = Ax

= ( is singular.

Next, we analyze that Q is an SDD-matrix, which leads to a contradiction that Q is singular. We
just need to prove that

& <1’
21 -2+ a+p

b

‘2/1+2—a—,3 -
21-2+a+p

A
a/—-l_ﬁ <1
20 -2+ a+p

b

‘ a+ AB -
2-2+a+p
21+2—-a—-p| <[24-2 + a + S| holds, for 1 < —1;
@ + B <124 =2 + a + B is obvious.

Write A = re?, r > 1. Then

—AB+alf+RA-2+a+pP

= B> - 2rBacosf — @’ +4r* —4r2 —a —B)cosf + (2 — a — B)*
> —r’f = 2Ba -’ +4r —4rQ—a-B)+ (2 - a - p)’
=—B+a)Y+2r-Q2-a-p)7
=r-DR2-PBRFr-1+a)+B0+r]>0.

Similarly, it can be obtained that —|8 + Aa|> + |24 — 2 + « + B> > 0.
That is, p(Lap) < p(L,) < 1.

(i) a + B> 2.
By assuming that we have

4 4
a+pB< < —— forall i,

1+max(U;+ F;+E;+R) 1+U;+F;+E;+R,
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that is,
(@+p)(1+ Ui+ F,+E+R) <4
= (@+B-2)+(a+pB)U; +aF; +BE; + (@ +B - 2)R; < 2 — BF; — «E; — 2R,
2-a- U +|alF; + |BIE; + 2 — a - BR:

::mw{| a—pl+lo+BUs +lalF; +BE +2-a - p }<1

i

2 - |BIF; — |o|E; - 2R,

— — 1 1
where F; # 0, E; #0,0] < =, |o| < —=.
F.

i i

Hence p(L, ) < 1 by Theorem 3.2.

O

The following Theorem 3.5 presents a convergence analysis of the proposed method for interval
M-matrices.

Theorem 3.5. Let A be an interval M-matrix, and a, > 0, a + 8 < 2. Then the GITOR method for
solving (1.1) converges for any initial approximation.

Proof. Since A is an interval M-matrix, we have that M,, is also an interval M-matrix.

(M) = 2T,) — alEy| = BIFul,

INwl = 2 = a = B)Tu| + (@ +BUn| + a|F | + BIE,

so (M,,) is an M-matrix, that is, (M,,)"! > 0. Since |N,,| > 0, it can be seen from Definition 2.11 that
(M,,) — |N,,| is a regular splitting. Theorem 2.14 implies that p({M,,)"'|N,,|) < 1. By Theorem 2.9 we
have |[M,'| = (M,,)~". Hence, p(IM,,'IN,u]) = p((M,,) " INu]) < 1. m

The following Theorem 3.6 concerns a specific instance of interval M-matrices, comparing the
spectral radii of the GITOR iterative matrices for different bandwidths.

Theorem 3.6. Let A € IR™" be an interval M-matrix, and 0 < a,B < 2, a + B = 2, and the interval
matrices E,, and E, (F,, and F ) have the same elements but different dimensions. Ifi,k = (M) |Ny|,
fork = m, p, then p(L,,) < p(l:p) <l,form>p>1.

Proof. Let A be an interval M-matrix, and then (M,,) is an M-matrix, and f,p 1S a non-negative matrix.
By Theorem 2.17 we can choose an eigenvector x > 0 and x # O associated with the eigenvalue
A = p(L,). Then L,x = Ax, which implies (IN,| — A(M,))x = 0. Since (M,,)"! > 0, and |N,,| > 0,
it follows from Definition 2.11 that (M,,) — |N,,| is a regular splitting. Theorem 2.14 implies that

0<4 :p(ip) <1, forsome p. LetT, =D +R,, T, = D + R,,, and then
|Al = |D| + [R,| + |Ep| + |[Fp| + |Uy| = |D| + |Ryn| + |Ep| + |F | + Ui,
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which implies that R+ E + F + U = 0, where R = |R,| = |R,,| < 0, E = |E,| - |E,,| 2 0, F = |F,|—|F,| >
0,0 =|U,| - |U,| = 0. Then

L,x— Ax
= (2T, — aE,, — BF,,)"' (2U,, + BE,, + aF,,|x — A2T,, — aE,, — BF,,)x)
= (M) [2(|Up| —U)+ B+ A)(E,| — E) + (@ + AB)(F,| - F) = 2a((D) - (IR,| - R))] X
=(M,)" {IN,| - (M) - 20 + (B + A2)E + (a + AB)F + 2AR |} x
=(M,)" 2R + E+ F) - B+ A0)E - (¢ + AP)F - 2AR | x
=(M,)"' [(1 - DR + aE +2F - aF)|x <0,
that is, L,,x < Ax. By Theorem 2.13, p(L,) < 1 = p(L,) < 1. o

The next example illustrates the result of Theorem 3.6.
Example 3.7. Consider the example of an interval M-matrix
3 [-1,0] [-1,0] [-1,0] [-1,0]
A = [_170] [_1’0] 5 [_190] [_1,0] .
[-1,0] [-1,0] [-1,0] 6 [-1,0]
[-1,0] [-L,0] [-1,0] [-1,0] 7

If @ = 1.3, = 0.7, then p(L) = 0.6976. For p = 1,m = 2, we get p(L;) = 0.6417 < 1 and
p(L,) = 0.5547 < 1, that is, p(L,) < p(L;) < p(L) < 1, which shows that the above results hold.

The following Theorem 3.8 compares the spectral radius of the iterative matrices between the
GITOR and ITOR methods.

Theorem 3.8. Let A € IR™" be an interval M-matrix, and m > 1. If 0 < @, < 1, a + B < 1, then
p(L) < p(Ly).

Proof. Let L = (M)'|N|, where M := 2D — oE —BFand N :=Q2-a-6)D + (e +pB)U + aF + BE,
T,=D+R,,R,=R.+R +R.

Since A is an interval M-matrix, we have that (M) is an M-matrix, and L is a non-negative matrix.
By Theorem 2.17 we have that 3x > 0 associated with the eigenvalue A = p(L), such that Lx = Ax,
that is, A(M)x = |N|x.

Since (T,) = (D) — |R,|, IT| = |D| + R},
|U| = |U,,| + |IRY|, we have

(M) = 2T) — |@|lE,| = |BIF
= (M) - 2|R})| - 2 - @)|R};| - 2 - B)IR}|.
Hence (M,,) < (M), that is, (M)~ < (M,,)"". Then
INwl = 12 = = BITul + la + BIU| + ||| Fnl + |BIE.
= INI+ (2 ~2a - 2B)IR,| + 2~ a = 2BIR;| + (2~ 2 ~ B)IR, |,

| + IR}, + IR, |[E| = |E,| + [Ry|, IF| = |F,| +IR]],

that is, [N| < |N,,|. Hence, (M) 'IN| < (M,,)"'IN,,|, and by Theorem 2.12 we have that p(L) <
p(Ly). O
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Example 3.9. Consider the example of the interval M-matrix mentioned in Example 3.7. If @ =
0.5, = 0.4, then p(L) = 0.9107. For p = 1,m = 2, we get p(L;) = 1.5710 and p(L,) = 2.7891, that is,
p(L) < p(Ly), p(L) < p(L,), which shows that the above results hold.

Finally, we analyze the convergence of the proposed method for an interval H-matrix.

Theorem 3.10. Let A be an interval H-matrix. If @, > 0, and 0 < a + 8 < 2, then the GITOR method
for solving (1.1) converges for any initial approximation.

Proof. Since A is an interval H-matrix, we have that (A) is an M-matrix, and (M,,) is also an M-
matrix. By Definition 2.8, (M,,) is an H-matrix. According to Theorem 2.9, we have |M,!| < (M,,)~".
Consequently, (M,,) — |N,,| is a regular splitting. By Theorem 2.14, it follows that p((M,,)"'|N,,|) < 1.
Therefore, p(|M;,!|IN,.]) < p(M,,)"'IN,,]) < 1. O

4. Numerical illustration

In this section, numerical examples are provided to compare the convergence of the GITOR method
with the GIAOR, GISOR, GIGS, and GIJ methods for various types of interval matrices. Specifically,
numerical examples for interval SDD-matrices, interval M-matrices, and interval H-matrices will be
considered. All computations were performed on a computer equipped with an Intel(R) Core(TM) 15-
10210U CPU @ 1.60GHz 2.11 GHz processor and 16GB of RAM, and were implemented and tested
using MATLAB (2022b) with the interval toolbox INTLAB v12 [23]. The result intervals shown below
are accurate to four rounded digits, and the stopping criterion is chosen as ||gdist(x**D, x®)|| < 107°,
where qdist(x,y) := max{|x — y|, [x — Y|} denotes the distance metric between the intervals x = [x, X]
and y = [y, y]. In the case of x,§ € IR", then gdist(x,y) = [qdist(xy,y1),...,qdist(x,,y,)] € R", where
x; represents the i-th entry of the interval vector x.

We next give examples of various types of interval coefficient matrices and compare our proposed
method with the GIAOR, GISOR, GIGS, and GIJ methods in terms of the number of iterations, time
(in seconds), and 7y, = ||gdist(x**D, x)||, where x is the enclosure obtained using verifylss.

Example 4.1. Consider the interval linear system (1.1) for which the coefficient interval matrix is an
interval SDD-matrix with a constant diagonal, as in

4 [-1,1] 0 [-1,1] [-1,1] [-2,-1]

[-1,1] 4 [-1,1] [-1,1] 0 [-2,-1]
A=|[-1,1] 0 4 [-1,1] [-1,1]]andd =] [1,2]
[-1,1] [-1,1] 0 4 [-1,1] [4,5]
[-1,1] [-1,1] [-1,1] 0 4 [3,4]

It can be seen that A is not only an interval SDD-matrix but also an interval H-matrix. Then the
function verifylss from the package INTLAB yields the enclosure

[-2.8291,2.0791]
[-2.7752,2.0252]
x =[[-2.0925,2.8425] .
[-1.1791, 3.4291]
[-1.3618,3.1118]
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Take the initial guess xo = ([—4,4],[-4,4],[-4,4],[-4,4],[-4,4])T. For m = 3, the GITOR
method converges after 9 iterations, while the GIAOR, GISOR, GIGS, and GIJ methods converge
after 10, 9,9, and 14 iterations, respectively. The solution set enclosures of the above methods are as
follows in Table 1:

Table 1. Enclosure of the solution set for the interval SDD-matrix with m = 3.
GITOR (¢ =1.9,6=0.1) GIAOR (w=1,0=0.9) GISOR (w = 0.9)

[-2.8290,2.0790]
[-2.7751,2.0251]
[-2.0924,2.8424]
[-1.1790, 3.4290]
[-1.3616,3.1116]

[-2.8290,2.0790]
[-2.7751,2.0251]
[-2.0924,2.8424]
[-1.1790, 3.4290]
[-1.3617,3.1117]

[-2.8291,2.0791]
[-2.7753,2.0253]

x =[[-2.0926,2.8426]

[-1.1791,3.4291]
[-1.3618,3.1118]

GIG

S

Gl

[-2.8290,2.0790]
[-2.7751,2.0251]
[-2.0924,2.8424]
[-1.1790,3.4290]
[-1.3617,3.1117]

[-2.8290,2.0790]
[-2.7752,2.0252]
[-2.0925,2.8425]
[-1.1790,3.4290]
[-1.3617,3.1117]

From Table 1, it can be seen that in the case of the SDD-interval linear system, the enclosure

of the solution set obtained by the GITOR method is the tightest under the bandwidth of m = 3.
Table 2 compares the GITOR, GIAOR, GISOR, GIGS, and GIJ methods for different bandwidths
(taking m = 0, 1,2, 3) with an initial guess of xy = ([-4,4], [-4,4],[-4, 4], [-4,4], [-4,4]).
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Table 2. Performance comparison of iterative methods for the interval SDD-matrix with

m=0,1,2,3.

m Iterative method No. of iterations i Time in seconds
ITOR 28 3.6766 x 10~ 0.0897
IAOR 30 3.6811 x 10~ 0.0783

0 ISOR 27 3.6787 x 10~ 0.0654
IGS 27 3.6787 x 10~ 0.0555
1 47 3.6693 x 10~ 0.3794
GITOR 17 3.3103 x 107 0.0561
GIAOR 18 3.3789 x 107* 0.0597

1 GISOR 16 1.9362 x 1074 0.0640
GIGS 16 3.2242 x 107 0.0427
GlJ 34 3.6420 x 107 0.0741
GITOR 13 2.0163 x 107 0.0456
GIAOR 13 1.9413 x 107 0.0443

2 GISOR 12 8.6896 x 107> 0.0419
GIGS 12 2.1368 x 107 0.0324
GlJ 23 3.7416 x 107 0.0535
GITOR 9 2.2981 x 107 0.0343
GIAOR 10 2.0759 x 107 0.0410

3 GISOR 9 1.7419 x 1074 0.0329
GIGS 9 1.8889 x 1074 0.0292
GlJ 14 1.4363 x 107* 0.0603

From Table 2, it can be seen that for the interval SDD-matrix, the number of iterations, r;, and time
(in seconds) of the GITOR method decreases as the bandwidth m increases.

We now describe the change in the residual r;, with respect to the iteration for the SDD-interval linear
system. Figure 1 plots the residual against the iteration for the interval SDD-matrix with bandwidths
m=0,1,2,3, respectively.
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Figure 1. Residual vs. iteration plot for the interval SDD-matrix with m = 0, 1,2, 3.

o

Figure 1 shows that the rate of residual convergence accelerates significantly as the matrix
bandwidth increases. Specifically, the convergence performance of the GITOR iterative method is
significantly better than that of the ITOR method for this strictly diagonally dominated (SDD) interval
linear system. Among the five generalized iterative methods (GITOR, GIAOR, GISOR, GIGS, GIJ)
compared, the GITOR method has the best residual descent properties.

Example 4.2. Consider the interval linear system (1.1) for which the coefficient interval matrix is an
interval M-matrix, as in

3 [-1,0] [-1,0] [-1,0] [-1,0] [1,2]

[-1,0] 4 [-1,0] [-1,0] [-1,0] [1,2]
A=|[-1,0] [-1,0] 5 [-1,0] [-1,0]]andd = [1,2]
[-1,0] [-1,0] [-1,0] 6 [-1,0] [-1,1]
[-1,0] [-1,0] [-1,0] [-1,0] 7 [1,2]

Then the function verifylss from the package INTLAB yields the enclosure

x = ([-2.4237,4.0212],[-1.9746,3.2171], [-1.4825,2.6810], [-1.7564, 2.1551], [-1.2652,2.0107])".

Take the initial guess xo = ([-3,5],[(-3,5],[-3,5],[-3,5],[-3,5]). For m = 3, the GITOR
method converges after 11 iterations, while the GIAOR, GISOR, GIGS, and GIJ methods converge
after 12,11, 11, and 18 iterations, respectively. The solution set enclosures of the above methods are
as follows in Table 3:
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Table 3. Enclosure of the solution set for the interval M-matrix with m = 3.

GITOR (@ =1.9,6=0.1)

GIAOR (w=1,0=0.9)

GISOR (w =0.9)

[—2.4232,4.0208] [-2.4232,4.0208] [-2.4236,4.0211]
[-1.9742,3.2167] [-1.9742,3.2167] [-1.9745,3.2170]
[-1.4821,2.6805] x =|[[-1.4821,2.6805] x =[[-1.4824,2.6808]
[-1.7561,2.1547] [-1.7561,2.1547] [-1.7563,2.1550]
[-1.2649,2.0104] [-1.2649,2.0104] [-1.2651,2.0106]
S GIJ
[-2.4232,4.0208] [-2.4232,4.0207]
[-1.9742,3.2167] [-1.9741,3.2166]
[-1.4821,2.6805] x =|[[-1.4821,2.6805]
[-1.7561,2.1547] [-1.7561,2.1547]
[-1.2649,2.0104] [-1.2649,2.0104]

In this example of an M-linear system, we can see that the GIJ method produces the most
compact set of solutions for m = 3. Table 4 compares the GITOR, GIAOR, GISOR, GIGS,
and GIJ methods for different bandwidths (taking m = 0,1,2,3) with an initial guess of x, =
([-3,51,[-3,5],[-3,51,[-3,5],[-3,5D".

Table 4. Performance comparison of iterative methods for the interval M-matrix with m =

0,1,2,3.

m Iterative method No. of iterations T Time in seconds
ITOR 51 1.1x1073 0.1281
TAOR 53 1.1x1073 0.1203

0 ISOR 49 1.1x1073 0.1122
IGS 49 1.1x1073 0.0814
I 89 1.1x1073 0.1508
GITOR 33 1.1x1073 0.0884
GIAOR 35 1.1x1073 0.0788

1 GISOR 32 7.9904 x 10~ 0.0703
GIGS 32 1.1x1073 0.0604
Gl 58 1.1x1073 0.1343
GITOR 21 1.1x1073 0.0521
GIAOR 22 1.1x1073 0.0564

2 GISOR 20 5.7872 x 107 0.0516
GIGS 20 1.1x1073 0.0497
GlJ 34 1.0 x 1073 0.0643
GITOR 11 8.9016 x 10~ 0.0366
GIAOR 12 8.9073 x 10~ 0.0356

3 GISOR 11 2.7698 x 107 0.0330
GIGS 11 8.8996 x 10~ 0.0267
Gl 18 1.0 x 1073 0.0353
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From Table 4, it can be seen that for the interval M-matrix, the number of iterations, 7y, and time (in
seconds) of the GITOR method decreases as the bandwidth m increases.

We now describe the change in the residual r, with respect to the iteration for the M-interval linear
system. Figure 2 plots the residual against the iteration for the interval M-matrix with bandwidths
m=0,1,2,3, respectively.
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Figure 2. Residual vs. iteration plot for the interval M-matrix withm =0, 1, 2, 3.

Figure 2 shows that the rate of residual convergence accelerates dramatically as the matrix
bandwidth increases. Specifically, for this M-interval linear system, the GITOR iterative method
outperforms the ITOR method in terms of convergence. Among the five generalized iterative methods
analyzed (GITOR, GIAOR, GISOR, GIGS, and GlJ), the GITOR method has better residual descent
features.

Example 4.3. Consider the interval linear system (1.1) for which the coefficient interval matrix is an
interval H-matrix, as in

[4.5] [0.0] [-1.0] [-1,0] [~1,0.5]
o B L1 =11 | 102,031
A=101) 10.0] 451 =441 ™42 =1 10.1.02]
[0.1] [0.1] [0.0] [5.5] [-0.3,-0.2]

It can be seen that A is an interval H-matrix, but not an interval SDD-matrix. Then the function
verifylss from the package INTLAB yields the enclosure

[-0.3662,0.2511]
_1[-0.2573,0.3967]
~ [[-0.2660,0.3327] |

[-0.1912,0.0887]

Take the initial guess xo = ([-3,5],[-3,5],[-3,5],[-3,5])!. For m = 2, the GITOR method
converges after 7 iterations, while the GIAOR, GISOR, GIGS, and GIJ methods converge after 8,7, 7,
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and 12 iterations, respectively. The solution set enclosures of the above methods are as follows in
Table 5:

Table 5. Enclosure of the solution set for the interval H-matrix with m = 2.
GITOR (@ =1.9,8=0.1) GIAOR (w =1,0=0.9) GISOR (w = 0.9)

[-0.3829,0.2678] [-0.3826,0.2675] [-0.3832,0.2681]
= [-0.2801,0.4195] = [-0.2795,0.4189] = [-0.2808, 0.4202]

[-0.2927,0.3593] [-0.2918,0.3584] [-0.2936,0.3602]

[-0.2017,0.0992] [-0.2014,0.0990] [-0.2019,0.0995]
GIGS Gl

[-0.3831,0.2681] [-0.3842,0.2691]
‘= [-0.2808,0.4202] = [-0.2790,0.4184]

[-0.2936,0.3602] [-0.2904,0.3571]

[-0.2019, 0.0995] [-0.2091,0.1067]

In this example of an H-linear system, we can see that the GIAOR method produces the most
compact set of solutions for m = 2. Table 6 compares the GITOR, GIAOR, GISOR, GIGS
and GIJ methods for different bandwidths (taking m = 0,1,2,3) with an initial guess of xy =
([-3,51,[-3,5],[-3,51,[-3,5D".

Table 6. Performance comparison of iterative methods for the interval H-matrix with m =
0,1,2.

m Iterative method No. of iterations Tk Time in seconds
ITOR 20 1.76 x 1072 0.0543
IAOR 21 1.94 x 1072 0.0535
0 ISOR 19 1.58 x 1072 0.0476
IGS 19 1.58 x 1072 0.0359
J 31 3.55x 1072 0.0751
GITOR 12 2.96 x 1072 0.0375
GIAOR 13 2.99 x 1072 0.0332
1 GISOR 11 2.94 % 1072 0.0349
GIGS 11 2.94 x 1072 0.0323
GlJ 22 3.55x 1072 0.0420
GITOR 7 4.02 x 1072 0.0226
GIAOR 8 3.91 x 1072 0.0272
2 GISOR 7 4.14 % 1072 0.0321
GIGS 7 4.14 %1072 0.0244
Gl 12 4.14 x 1072 0.0604

From Table 6, it can be seen that for the interval H-matrix, the number of iterations, r; and time (in
second) of GITOR decreases as the bandwidth m increases.

We now describe the change in the residual r; with respect to the iteration for the H-interval linear
system. Figure 3 plots the residual against the iteration for the interval H-matrix with bandwidths
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m =0, 1,2, respectively.
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Figure 3. Residual vs. iteration plot for the interval H-matrix with m = 0, 1, 2.

From Figure 3, the residuals converge significantly faster as the matrix bandwidth increases.
Specifically, for this H-linear system, the convergence of the GITOR method is superior to the ITOR
method. Among the five generalized iterations analyzed (GITOR, GIAOR, GISOR, GIGS, and G1J),
the GITOR method has a superior rate of residual decline.

5. Conclusions

In this paper, we introduce the GITOR method, which is a generalization of the ITOR method.
We discuss the convergence properties of the GITOR method for interval strictly diagonally dominant
(SDD) matrices, interval M-matrices, and interval H-matrices by limiting the possible values of the
parameters @ and 8. Furthermore, for an interval SDD-matrix, we provide upper bounds on the spectral
radius of the iterative matrices. Moreover, we find a relationship not only between the bandwidth
and the spectral radius of the iterative matrix, but also a link between the spectral radius of the
iterative matrices of the GITOR and ITOR methods. We provide numerical examples of different
kinds of interval matrices to compare the proposed method with some classical interval iterative
methods. The GITOR method converges for interval SDD-matrices, M-matrices, and H-matrices with
constant diagonals, as demonstrated by the numerical examples. For the different matrices above, the
convergence speed of the GITOR method is significantly better than that of the ITOR method. In
addition, through a comprehensive comparison of five generalized iterative methods (GITOR, GIAOR,
GISOR, GIGS, and Gl1J), the GITOR method always has the best residual reduction properties.
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