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Abstract: This study investigates the problem of robust stability in a class of switched interconnected
systems that involve unstable modes, time-varying and continuously distributed state delays, as well as
uncertainties in switching signal and system parameters. Switching uncertainties lead to fluctuations
in both the prescribed switching instants and the nominal switching sequence, which significantly
affect system stability. To address these challenges, two novel concepts are introduced: the composite
switching signal and the generalized nominal switching signal. Additionally, a new index, referred to
as the generalized mode-changing rate, is proposed. By utilizing these concepts and the new index,
the average dwell time approach and the vector Lyapunov function method are integrated to derive
sufficient conditions for ensuring the robust exponential stability of the system. Finally, a numerical
example is provided to illustrate the effectiveness and applicability of the proposed theory.
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1. Introduction

In recent decades, switched systems have attracted significant attention in research due to their
potentially wide applications in practice and theory. A typical switched system consists of a finite set
of continuous-time or discrete-time subsystems, which are controlled by a switching signal. Extensive
studies have been conducted on their stability and stabilization, leading to a wealth of theoretical
results (see, e.g., [1–4], and references therein). The stability of a switched system depends not
only on the stability of each individual mode (subsystem) but also on the characteristics of the
switching signals. Even if all modes are stable, the system can become unstable under incorrect
switching signals. Conversely, appropriate switching signals can stabilize a system composed entirely
of unstable modes [1]. In early research on the stability and stabilization of switched systems, it
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was generally assumed that all subsystems were stable, and many meaningful results were obtained.
However, in practical operations, systems are often influenced by various factors, such as uncertain
disturbances and controller failures, which inevitably lead to the activation of unstable subsystems. As
a result, switched nonlinear systems with unstable modes have attracted significant attention due to
their theoretical challenges and practical applications. In recent years, numerous studies (e.g., those
in references [5–11]) have investigated the stability and stabilization issues of switched systems with
unstable modes. In [5], the average dwell time technique is applied to analyze switched systems
consisting of both Hurwitz stable and unstable subsystems. A specific set of switching laws is
proposed, which ensures the exponential stability of the entire system by enforcing particular activation
time ratios between stable and unstable subsystems, thus providing a solid theoretical foundation
for stability analysis. The work in [7] presents a general strategy for stabilizing switched nonlinear
systems that feature partially unstable modes, eliminating the need for the conventional constant ratio
condition (referred to as the µ-condition). The study in [8] investigates the input-to-state stability (ISS)
of impulsive switched nonlinear systems with unstable subsystems. Sufficient conditions for ensuring
ISS are derived using Lyapunov functions and the method of average impulsive switching intervals.
In [9], the exponential stability and non-weighted L2-gain performance of switched neutral systems
with unstable subsystems are explored by employing multiple discontinuous Lyapunov functions and
mode-dependent average dwell time strategies, and sufficient conditions are derived using the linear
matrix inequality method. The study in [10] investigates the asymptotic stability of discrete-time
switched systems that consist solely of unstable subsystems. Using Lyapunov functions and divergence
time, the research derives linear matrix inequalities as stability conditions.

Time delays are prevalent and unavoidable in many practical systems. The existence of delays can
have a significant impact on system performance and, in some instances, may even destroy system
stability. Therefore, the influence of time delays on system performance should not be overlooked. In
switched systems, the impact of time delays is not only manifested in the influence of past states on
the system but also in their potential effect on the switching signals, which may result in asynchronous
switching. Significant progress has been made in the analysis of stability and stabilization in switched
systems with asynchronous switching. For instance, studies such as those in [12–16] provide valuable
insights into this area.

In real-world applications, uncertainty in switching frequently arises due to challenges in accurately
executing switching signals. These challenges stem from factors such as communication delays
between the controller and the plant, environmental disturbances, and sensor noise. Despite its practical
relevance, this issue has been rarely addressed in the literature. In [17], a stability analysis framework
is presented for switched systems subject to temporary uncertainties in the switching signal, where
dwell-time-based conditions are derived for discrete-time systems with input delays and continuous-
time systems operating within digital control loops. In [18], the robust stability of quasi-periodic
hybrid dynamical systems with polytopic uncertainties is investigated, where stability conditions are
derived based on a repeated switching cycle. Another type of uncertainty arises in stochastic switched
systems, where the transition rate is not precisely known [19]. In [20], an event-triggered resilient
asynchronous estimation approach is proposed for stochastic Markovian jumping complex-valued
networks with missing measurements, wherein a co-design control strategy integrating robust terms
and dynamic triggering intervals is developed to guarantee mean-square stability of the augmented
error system. In [21], a novel sliding mode control scheme is developed for the stabilization of delayed
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uncertain semi-Markovian jumping complex-valued networks, where generalized Dynkin’s formula
and Lyapunov stability theory are combined to ensure stochastic stability and finite-time convergence
to the sliding mode surface. Asynchronous switching represents a specific form of disturbance within
switched systems. Disturbances affect not only the system’s operating parameters but also modify
both the switching sequence and the timing of switching events. When uncertainty is introduced
into switching signals, traditional robust or adaptive analysis methods become challenging to apply.
To address these challenges, Yang et al. introduced novel indices, namely time-changing ratios
and mode-changing ratios. Building on these concepts, the robustness of systems with disturbances
in both switching sequences and switching instants was studied [22]. In contrast, Sun proposed a
state-feedback path-wise switching signal for discrete-time switched linear systems, which guarantees
exponential stability and robustness against switching perturbations [23]. Unlike the studies mentioned
above, the disturbance considered in this paper not only affects the system’s operating parameters but
also alters its switching sequence and switching instants.

Switched interconnected systems, which consist of multiple subsystems that interact and are
governed by switching signals, have attracted significant attention due to their broad range of
applications in various industries and technologies, such as networked control systems, vehicle
platooning and traffic control, and robotics and automated systems, as well as their importance in
theoretical research [24–32]. The interdependence among the dynamics of subsystems means that
the overall stability of the system is influenced not only by the stability of each subsystem but
also, in certain cases, by the degree of interconnection between them. A conventional method for
stability analysis involves defining the dynamics of each individual subsystem and then combining
them to establish a stability criterion for the interconnection operator [33]. However, as the system’s
dimensionality increases, the complexity of this approach grows significantly. Specifically, the
computational complexity involved in robust stability analysis expands dramatically as the system
dimension rises [34]. Due to the coupling between subsystems, time delay effects, and the discrete
and continuous dynamic characteristics, the dynamical behavior of switched-delay interconnected
systems is highly complex. Even when assuming that all state variables are available for feedback
control, achieving effective control remains challenging due to the critical role of information transfer
between subsystems [35]. The inclusion of uncertain disturbances affecting switching signals further
complicates the situation. Therefore, the study of robust stability in switched interconnected systems
holds substantial theoretical and practical importance, which provides the motivation for the current
research.

This paper focuses on switched interconnected systems characterized by time-varying and
continuously distributed state delays, as well as parameter and switching uncertainties, and investigates
the robust exponential stability of such systems without individual controllers for each mode. The
system parameters are subject to uncertain disturbances and are confined within a specific range, with
both the nominal switching sequence and the switching instants potentially changing. To the best of
our knowledge, no prior research has explored this particular aspect.

The primary contributions of this paper are outlined as follows: (1) Two innovative concepts are
introduced in the presence of switching uncertain disturbances: the composite switching signal and
the generalized nominal switching signal. Additionally, a new index, referred to as the generalized
mode-changing rate, is presented. These new indices effectively capture the differences between the
perturbed and nominal switching signals. (2) A sufficient condition for robust exponential stability
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is derived using the average dwell time ratio and the vector Lyapunov function. This condition
effectively addresses the limitations of conventional stability criteria, which fail when the dwell times
of individual subsystems are excessively short or long. (3) Results derived from the linear matrix
inequality approach generally involve manually identifying specific parameters, while the conditions
outlined in this paper are presented in algebraic form, making them more straightforward and practical
for real-world applications.

2. Model description and preliminaries

In this paper, we consider the following switched-delay interconnected uncertain system, which is
composed of p modes described by:

Πσ(t) : ėi(t) = uσ(t)
i (t, ei(t)) +

q∑
j=1

Cσ(t)
i j yσ(t)

i j (t, e j(t)) +
q∑

j=1

Dσ(t)
i j yσ(t)

i j (t, e j(t − τ
σ(t)
i j (t)))

+

q∑
j=1

Gσ(t)
i j

∫ t

−∞

κσ(t)
i j (t − s) yσ(t)

i j (t, e j (s)) ds,

ei(s) = ϕi (s) , s ∈ (−∞, t0], i = 1, 2, . . . , q,

(2.1)

where q denotes the number of interconnected subsystems, and ei(t) ∈ Rn denotes the state vector of
the i-th interconnected subsystem. Let Q denote the set {1, 2, . . . , q} and N denote the set {1, 2, . . . , n}.
The perturbed switching signal, denoted by σ(t) : R+ → P = {1, 2, . . . , p}, is a piecewise constant
function of time that is right-continuous. For l ∈ P, let ėi(t) = ul

i(t, ei(t)) be the isolated subsystem,
where ul

i is mapping from R+×Rn to Rn. yl
i j

(
t, e j

)
: R+×Rn → Rn denotes the interconnection function

between subsystems. The matrices Cl
i j, Dl

i j, and Gl
i j are incidence matrices of appropriate dimensions

corresponding to modeΠl. Consider the bounded function τl
i j (t) : R+ → Rn

+, which represents the state
delays of the system. Let τl=maxi, j∈Q,k∈N{supt≥t0τ

l·k
i j (t)}. The kernel function κl

i j : R+ → R+ is piecewise
continuous on R+ and satisfies the integral equation

∫ ∞
0

eγsκl
i j(s) ds = ϑl

i j(γ), where ϑl
i j(γ) is continuous

on [0, δ) for some δ > 0 and satisfies ϑl
i j(0) = 1. ϕi ∈ C((−∞, t0],Rn), where C((−∞, t0],Rn) represents

the set of continuous functions mapping (−∞, t0] to Rn. Let ∥ϕi(s)∥Ct
= max j∈N{sups∈(−∞,t]|ϕi j(s)|}.

Uncertainty of system parameters: Due to unavoidable factors such as modeling inaccuracies and
external disturbances, uncertainties are inevitably present in system models. These uncertainties can
significantly impact the dynamic performance of the systems. To effectively evaluate the robustness
of the systems, a practical approach is assuming that system parameters lie within certain specified
intervals. The interval matrix is defined as follows:

CI·l
i j =

{
Cl

i j =
(
ci j·l

km

)
: Cl

i j ≤ Cl
i j≤ C

l
i j, i.e., c

i j·l
km ≤ ci j·l

km ≤ ci j·l
km , k,m ∈ N

}
,

DI·l
i j =

{
Dl

i j =
(
di j·l

km

)
: Dl

i j ≤ Dl
i j≤ D

l
i j, i.e., d

i j·l
km ≤ di j·l

km ≤ d
i j·l
km , k,m ∈ N

}
,

GI·l
i j =

{
Gl

i j =
(
gi j·l

km

)
: Gl

i j ≤ Gl
i j≤ G

l
i j, i.e., g

i j·l
km
≤ gi j·l

km ≤ gi j·l
km , k,m ∈ N

}
,

and assume that Cl
i j ∈ CI·l

i j , Dl
i j ∈ DI·l

i j , and El
i j ∈ EI·l

i j . Define C⋇·li j =
(
ci j·l⋇

km

)
n×n

, D⋇·li j =
(
di j·l⋇

km

)
n×n

,
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and G⋇·li j =
(
gi j·l⋇

km

)
n×n

, where ci j·l⋇
km = max

{∣∣∣ci j·l
km

∣∣∣ , ∣∣∣ci j·l
km

∣∣∣}, di j·l⋇
km = max

{∣∣∣di j·l
km

∣∣∣ , ∣∣∣∣di j·l
km

∣∣∣∣}, and gi j·l⋇
km =

max
{∣∣∣∣gi j·l

km

∣∣∣∣ , ∣∣∣gi j·l
km

∣∣∣}.
For system (2.1), we assume that the state does not experience any jumps at switching times and that

only a finite number of switchings can occur within any given finite interval. Additionally, ul
i(0) = 0

and yl
i j(0) = 0, for l ∈ P and i, j ∈ Q, while satisfying the following conditions.

Assumption 1. ∀l ∈ P and i, j ∈ Q, the functions yl
i j : R+×Rn → Rn are globally Lipschitz continuous

with corresponding Lipschitz constants Ll
i j > 0. Specifically, for all vectors e1, e2 ∈ R

n, the following
inequality holds: ∥∥∥yl

i j(t, e1(t)) − yl
i j(t, e2(t))

∥∥∥ ≤ Ll
i j ∥e1(t) − e2(t)∥ . (2.2)

Assumption 2. There exist continuously differentiable functions V l
i (t, ei) ∈ C1 and positive constants

al
i, al

i, α
l
i, β

l
i, and γl

i, such that the following inequalities hold:

al
i∥ei (t)∥2 ≤ V l

i (t, ei(t)) ≤ al
i∥ei (t)∥2,∀l ∈ P, (2.3)∥∥∥∥∥∥∂Vk

i (t, ei (t))
∂ei (t)

∥∥∥∥∥∥ ≤ γl
i ∥ei (t)∥ ,∀l ∈ P, (2.4)

∂V l
i (t, ei (t))
∂t

+

(
∂V l

i (t, ei (t))
∂ei (t)

)T

ul
i (t, ei (t)) ≤ −αl

i∥ei (t)∥2,∀l ∈ P1, (2.5)

∂V l
i (t, ei (t))
∂t

+

(
∂V l

i (t, ei (t))
∂ei (t)

)T

ul
i (t, ei (t)) ≤ βl

i∥ei (t)∥2,∀l ∈ P2, (2.6)

where P1 ∪ P2 = P and P1 ∩ P2 = ∅.

Assumption 2 is commonly used, as demonstrated in references such as [22, (3)–(6)], [36,
Assumption A3], [37, Theorem 1], and [38, Assumption 1].

LetM1 andM2 represent the sets of modes Πp where p ∈ P1 and Πq where q ∈ P2, respectively.
Uncertainty of switching signals: Let Σ(t) : R+ → P be the nominal switching signal, which is

a piecewise constant, right-continuous function and can be explicitly designed. Let ∆(t) denote the
uncertainty in the switching signal, causing σ(t) to deviate from Σ(t), such that

σ(t) = Σ(t) + ∆(t). (2.7)

Let t̄i represent the i-th switching instant of Σ(t), where i = 0, 1, . . . . For t ∈ [t̄i, t̄i+1), it follows that
Σ(t) = l̄i ∈ Q. Define NΣ(tL, tR) as the total number of switchings of Σ(t) within the interval [tL, tR],
which can be decomposed into N1

Σ(tL, tR) and N2
Σ(tL, tR), such that:

NΣ(tL, tR) = N1
Σ(tL, tR) + N2

Σ(tL, tR).

Here, N1
Σ(tL, tR) and N2

Σ(tL, tR) represent the numbers of switchings for all modes belonging to M1

(∀l ∈ P1,Πl ∈ M1) andM2 (∀l ∈ P2,Πl ∈ M2), respectively, within the interval [tL, tR].
Under the perturbed switching signal σ(t), let t̂i represent the i-th switching instant of system (2.1),

where i = 0, 1, . . . . For t ∈ [t̂i, t̂i+1), it follows that σ(t) = li ∈ Q. Define Nσ(tL, tR) as the total number
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of switchings of σ(t) within the interval [tL, tR], which can be decomposed into N1
σ(tL, tR) and N2

σ(tL, tR),
such that:

Nσ(tL, tR) = N1
σ(tL, tR) + N2

σ(tL, tR).

Here, N1
σ(tL, tR) and N2

σ(tL, tR) represent the numbers of switchings for all modes belonging toM1 and
M2, respectively, within the interval [tL, tR].

Generalized nominal switching signal and composite switching signal: As previously discussed,
the nominal switching signal Σ(t) is designed in accordance with the operational objectives of the
actual system. However, due to the influence of the switching uncertainty function ∆(t), the system is
governed by the actual switching signal σ(t). As a result, the switching instants and sequence of the
nominal signal Σ(t) may be altered, as illustrated in Figure 1(a) and 1(b). To assess the impact of the
switching uncertainty function ∆(t) on the system’s stability, reference [22] introduces the concept of
time-varying ratios between the nominal and uncertain switching signals, under the assumption that
the dwell times of both signals are proportional. In contrast, the present study proposes two novel
concepts that eliminate the need for this assumption.

Definition 1. Let the nominal switching signal Σ(t) possess the switching instants set T =

{t̄0, t̄1, . . . , t̄k, . . . | 0 ≤ t̄0 < t̄1 < . . . }, and the uncertain switching signal σ(t) have the switching
instants set T̂ = {t̂0, t̂1, . . . , t̂k, . . . | 0 ≤ t̂0 < t̂1 < . . . }. Define the generalized switching time sequence
as:

T = {t0, t1, · · · | tk ∈ T ∪ T̂ , tk < tk+1, k = 0, 1, . . . }.

We call the piecewise constant function

Σ(tk) =


t̄0 = t̂0, k = 0,
Σ(tk), tk ∈ T , k ≥ 1,
Σ(tk−1), tk ∈ T̂ , k ≥ 1,

the generalized nominal switching signal. Similarly, the composite switching signal is defined as

σ(tk) =


t̄0 = t̂0, k = 0,
σ(tk−1), tk ∈ T , k ≥ 1,
σ(tk), tk ∈ T̂ , k ≥ 1.
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Figure 1. Nominal switching signal, uncertain switching signal, generalized nominal
switching signal, and composite switching signal.

Remark 1. As shown in Figure 1(c) and 1(d), the generalized nominal switching signal Σ(t) is
constructed by integrating the switching instants t̂k of the perturbed switching signal σ(t) into the
nominal switching signal Σ(t). At these integrated switching moments t̂k, it holds that Σ(t̂−k ) = Σ(t̂+k )
holds. In contrast, the composite switching signal is formed by incorporating the switching instants t̄k

of the nominal switching signal Σ(t) into the perturbed switching signal σ(t), such that σ(t̄−k ) = σ(t̄+k ).
In other words, neither Σ(t) nor σ(t) exhibit any mode switching at times t = t̂k and t = t̄k, respectively.

Similarly, the numbers of switchings for the generalized nominal switching signal Σ(t) and the
composite switching signal σ(t) over the interval [tL, tR] are denoted as NΣ(tL, tR) and Nσ(tL, tR),
respectively. In addition, under Σ(t) (resp., σ(t)), the numbers of switchings corresponding to all
modes Πl ∈ M1 and Π j ∈ M2 are denoted by N1

Σ
(tL, tR) and N2

Σ
(tL, tR) (resp., N1

σ(tL, tR), and N2
σ(tL, tR)).

For ease of reference in the following analysis, we introduce the following shorthand notation:

NΣ(t) = NΣ(t0, t), N1
Σ(t) = N1

Σ(t0, t), N2
Σ(t) = N2

Σ(t0, t),

Nσ(t) = Nσ(t0, t), N1
σ(t) = N1

σ(t0, t), N2
σ(t) = N2

σ(t0, t),

NΣ(t) = NΣ(t0, t), N1
Σ
(t) = N1

Σ
(t0, t), N2

Σ
(t) = N2

Σ
(t0, t),

Nσ(t) = Nσ(t0, t), N1
σ(t) = N1

σ(t0, t), N2
σ(t) = N2

σ(t0, t).

For nominal switching signal Σ(t), let R ∈ [0, 1] be the upper bound of the ratio between the number
of modes belonging toM2 and the total number of prescribed modes, i.e.,

N2
Σ(t)

NΣ(t)
≤ R. (2.8)
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Remark 2. In many cases, modes Πl ∈ M2 are unavoidable and must be activated. Therefore,
the parameter R can be predetermined during the design of the nominal switching signal based
on practical considerations. If R = 0, it indicates that no modes Πl ∈ M2 are scheduled for
activation. Since Σ(t) and Σ(t) essentially represent the same switching behavior and are both capable
of stabilizing system (2.1), then, provided that all stable modes share a common lower bound on their
convergence rates and all unstable modes share a common upper bound on their divergence rates,
(2.8) also implies that

N2
Σ
(t)

NΣ(t)
≤ R. (2.9)

The switching uncertainty function ∆(t) causes a deviation between σ(t) and Σ(t), which results
in the activation of a mode Πl ∈ M1 (or Πl ∈ M2) within the interval, while a mode Πk ∈ M2 (or
Πk ∈ M1) may be activated instead. In the presence of the disturbance from the switching uncertainty
function ∆(t), we introduce the following generalized mode switching ratios that describe the transition
from Σ(t) to σ(t).

Definition 2. By contrasting the generalized nominal switching signal Σ(t) with the composite
switching signal σ(t). Let A(t) (resp., B(t)) represent the number of modes Πl, l ∈ P1 (resp., Πk,
k ∈ P2) in Σ(t) that are replaced by modes Πk, k ∈ P2 (resp., Πl, l ∈ P1) in σ(t) for t ≥ t0. If there exist
constants c ∈ [0, 1], d ∈ [0, 1] such that:

A(t) ≤ cN1
Σ
(t), (2.10)

B(t) ≥ dN2
Σ
(t), (2.11)

N1
σ(t)

Nσ(t)
≥ (1 − R)(1 − c) + Rd, (2.12)

N2
σ(t)

Nσ(t)
≤ R(1 − d) + (1 − R)c, (2.13)

then {c, d} are termed the generalized mode-changing ratios from Σ(t) to σ(t).

Definition 3 ( [1,2]). For system (2.1), the equilibrium point e∗ = 0 is said to be robustly exponentially
stable if there exist constants ε > 0 and κ > 0 such that, for t ≥ t0, the following condition holds:

∥e(t)∥ ≤ κ∥Φ∥t0 exp(−ε(t − t0)),

where ∥Φ∥t0 is defined as ∥Φ∥t0 = maxi∈Q ∥ϕi(s)∥Ct0
.

Lemma 1 ( [39]). Let HI =
[
H, H

]
=

{
H =

(
hi j

)
n×n

: H ≤ H ≤ H, i.e., hi j ≤ hi j ≤ hi j

}
be an n × n

interval matrix. H∗ =
(
h∗i j

)
n×n

, where h∗i j = maxi, j∈N

{
|hi j|, |hi j|

}
, then for any H ∈ HI , it holds that

∥H∥ ≤ ∥H∗∥ .

Remark 3. Regarding the upper-bound norm estimation of the interval matrix, we can also refer to
the following results:
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• ( [39]) ∥H∥ ≤
∥∥∥H⋆

∥∥∥ + ∥H⋆∥ ,

• ( [40]) ∥H∥ ≤
√
∥H⋆∥

2 + ∥H⋆∥
2 + 2

∥∥∥HT
⋆ |H⋆|

∥∥∥ ,

• ( [41]) ∥H∥ ≤
√∥∥∥|H⋆T H⋆| + 2 |H⋆T |H⋆ + HT

⋆H⋆

∥∥∥ ,

where H ∈
[
H, H

]
, H⋆ =

(
H + H

)
/2, and H⋆ =

(
H − H

)
/2.

Lemma 2 ( [42]). Let N be an n × n matrix whose off-diagonal elements are non-positive; then the
following conditions are equivalent:

• N is a nonsingular M-matrix,
• There exists a positive vector ϱ such that Nϱ > 0.

3. Main result

3.1. Dynamical behavior analysis of modes

Theorem 1. Consider the mode Πl ∈ M1 described in Eq (2.1), and assume that it satisfies conditions
(2.2)–(2.5). If Ql = (ql

i j) is a nonsingular n × n M-matrix, then the equilibrium of mode Πl is robustly
exponentially stable for all matrices Cl

i j ∈ CI·l
i j , Dl

i j ∈ DI·l
i j , and Gl

i j ∈ GI·l
i j . Where l ∈ P1 and the entries

of Ql are defined by:

ql
ii =α

l
i

(
al

i

)− 1
2
−

(
al

i

)− 1
2
γl

iL
l
ii

(∥∥∥Cl·∗
ii

∥∥∥ + ∥∥∥Dl·∗
ii

∥∥∥ + ∥∥∥Gl·∗
ii

∥∥∥) ,
ql

i j = −
(
al

j

)− 1
2
γl

iL
l
i j

(∥∥∥Cl·∗
i j

∥∥∥ + ∥∥∥Dl·∗
i j

∥∥∥ + ∥∥∥Gl·∗
i j

∥∥∥) , i , j.

Proof : ∀ l ∈ P1, let W l
i (t, ei(t)) = exp (λ(t − t0)) V l

i (t, ei(t)), where λ is yet to be determined.
Calculating the upper right derivative D+W l

i (t, ei(t)) of W l
i (t, ei(t)) along the trajectories of the mode

Πl, we can derive the following inequality:

D+W l
i (t, ei(t)) =λexp (λ(t − t0))V l

i (t, ei(t)) + exp λ(t − t0)

∂V l
i (t, ei (t))
∂t

+

(
∂V l

i (t, ei (t))
∂ei (t)

)T

×

ul
i(t, ei(t)) +

q∑
j=1

Cl
i jy

l
i j(t, e j(t)) +

q∑
j=1

Dl
i jy

l
i j(t, e j(t − τl

i j(t)))

+

q∑
j=1

Gl
i j

∫ t

−∞

κl
i j (t − s) yl

i j(t, e j (s)) ds


 .

(3.1)

By applying the Schwartz inequality in conjunction with (2.2)–(2.5) and Lemma 1, we can obtain

D+W l
i (t, ei(t))

≤λexp(λ(t − t0))al
i∥ei (t)∥2 − exp(λ(t − t0))αl

i∥ei (t)∥2

+ exp(λ(t − t0))γl
i ∥ei (t)∥

 q∑
j=1

∥Cl
i j∥ · ∥y

l
i j(t, e j(t))∥ +

q∑
j=1

∥Dl
i j∥ · ∥y

l
i j(t, e j(t − τl

i j(t)))∥
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+

q∑
j=1

∥Gl
i j∥

∫ t

−∞

κl
i j (t − s) ∥yl

i j(t, e j (s))∥ ds


≤λexp(λ(t − t0))al

i∥ei (t)∥2 − exp(λ(t − t0))αl
i∥ei (t)∥2

+ exp(λ(t − t0))γl
i ∥ei (t)∥

 q∑
j=1

∥Cl
i j∥L

l
i j∥e j(t)∥ +

q∑
j=1

∥Dl
i j∥L

l
i j∥e j(t − τl

i j(t))∥

+

q∑
j=1

∥Gl
i j∥L

l
i j

∫ t

−∞

κl
i j (t − s) ∥e j (s) ∥ ds


≤exp(λ(t − t0)/2) ∥ei (t)∥

[(
λal

i − α
l
i

)
exp(λ(t − t0)/2)∥ei (t)∥

+ γl
i

q∑
j=1

∥Cl
i j∥L

l
i jexp(λ(t − t0)/2)∥e j(t)∥

+ exp(λτl/2)γl
i

q∑
j=1

∥Dl
i j∥L

l
i jexp(λ(t − t0 − τ

l
i j(t))/2)∥e j(t − τl

i j(t))∥

+γl
i

q∑
j=1

∥Gl
i j∥L

l
i j

∫ t

−∞

κl
i j (t − s) exp(λ(t − s)/2)exp(λ(s − t0)/2)∥e j (s) ∥ ds


≤

√
W l

i (t, ei(t))
[(
λal

i(a
l
i)
− 1

2 − αl
i(a

l
i)
− 1

2
) √

W l
i (t, ei(t)) + γl

i

q∑
j=1

∥Cl·∗
i j ∥L

l
i j(a

l
j)
− 1

2

√
W l

j(t, e j(t))

+ exp(λτl/2)γl
i

q∑
j=1

∥Dl·∗
i j ∥L

l
i j(a

l
j)
− 1

2 supt−τl≤s≤t

√
W l

j(s, e j(s))

+γl
i

q∑
j=1

∥Gl·∗
i j ∥L

l
i j(a

l
j)
− 1

2

∫ t

−∞

κl
i j (t − s) exp(λ(t − s)/2)

√
W l

j(s, e j(s)) ds

 . (3.2)

Given that ∀l ∈ P1, Ql is a nonsingular M-matrix, and based on Lemma 2, it follows that there exists a
positive vector Rl =

(
rl

1, r
l
2, . . . , r

l
q

)T
, for which the inequality

−αl
i

(
al

i

)− 1
2 rl

i + γ
l
i

q∑
j=1

(
al

i

)− 1
2 Ll

i j

(∥∥∥Cl·∗
i j

∥∥∥ + ∥∥∥Dl·∗
i j

∥∥∥ + ∥∥∥Gl·∗
i j

∥∥∥) rl
j < 0, i ∈ Q, l ∈ P1, (3.3)

holds.
Consider the function

F l
i (x) =

(
al

i(a
l
i)
− 1

2 x − αl
i(a

l
i)
− 1

2
)

rl
i + γ

l
i

q∑
j=1

(
al

i

)− 1
2 Ll

i j

(∥∥∥Cl·∗
i j

∥∥∥
+ exp(τlx/2)

∥∥∥Dl·∗
i j

∥∥∥ + ϑl
i j(x/2)

∥∥∥Gl·∗
i j

∥∥∥) rl
j, i ∈ Q, l ∈ P1.

(3.4)

It is evident that F l
i (x) is continuous and strictly increasing with respect to x. From (3.3), it follows

that F l
i (0) < 0. Therefore, there exists a positive number ρ such that F l

i (λl
i) < 0, where λl

i ∈ U(0, ρ).

AIMS Mathematics Volume 10, Issue 8, 18356–18380.



18366

Let λ = mini∈Q,l∈P{λ
l
i}, then

F l
i (λ) < 0. (3.5)

Let ζ0 = ζ
2 = al

max∥ϕi(s)∥2Ct0
/Rl

min, where ζ > 0, Rl
i = (rl

i)
2, Rl

min = mini∈Q{Rl
i}, and al

max = maxi∈Q{a
l
i}.

Obviously, ∀i ∈ Q and l ∈ P1, when s ∈ (−∞, t0],

W l
i (s, ei(s)) = exp (λ(s − t0)) V l

i (s, ei(s)) ≤ al
i∥ϕi(s)∥2Ct0

< Rl
ia

l
max∥ϕi(s)∥2Ct0

/Rl
min = Rl

iζ0. (3.6)

The proof that follows will demonstrate that ∀i ∈ Q and l ∈ P1,

W l
i (t, ei(t)) < Rl

iζ0, t ≥ t0. (3.7)

To prove inequality (3.7) for t > t0, we proceed by contradiction. If (3.7) does not hold, then there
must exist at least one index i ∈ Q and a time t′ > t0 such that

W l
i (t, ei(t)) < Rl

iζ0, t < t′, (3.8)

W l
i (t
′, ei(t′)) = Rl

iζ0, (3.9)

D+W l
i (t
′, ei(t′)) ≥ 0, (3.10)

W l
j(t, e j(t)) < Rl

jζ0, t < t′, j ∈ Q\{i}. (3.11)

However, from (3.2) and (3.5), it follows that

D+W l
i (t
′, ei(t′))

≤

√
W l

i (t′, ei(t′))
[(
λal

i(a
l
i)
− 1

2 − αl
i(a

l
i)
− 1

2
) √

W l
i (t′, ei(t′)) + γl

i

q∑
j=1

∥Cl·∗
i j ∥L

l
i j(a

l
j)
− 1

2

√
W l

j(t′, e j(t′))

+ exp(λτl/2)γl
i

q∑
j=1

∥Dl·∗
i j ∥L

l
i j(a

l
j)
− 1

2 supt′−τl≤s≤t′

√
W l

j(s, e j(s))

+γl
i

q∑
j=1

∥Gl·∗
i j ∥L

l
i j(a

l
j)
− 1

2

∫ t′

−∞

κl
i j
(
t′ − s

)
exp(λ(t′ − s)/2)

√
W l

j(s, e j(s)) ds


≤

√
W l

i (t′, ei(t′))
[(
λal

i(a
l
i)
− 1

2 − αl
i(a

l
i)
− 1

2
)

rl
iζ + γ

l
i

q∑
j=1

∥Cl·∗
i j ∥L

l
i j(a

l
j)
− 1

2 rl
jζ

+ exp(λτl/2)γl
i

q∑
j=1

∥Dl·∗
i j ∥L

l
i j(a

l
j)
− 1

2 rl
jζ + γ

l
i

q∑
j=1

∥Gl·∗
i j ∥L

l
i j(a

l
j)
− 1

2ϑl
i j(λ/2)rl

jζ

 < 0. (3.12)

This contradicts inequality (3.8). Therefore, for t ≥ t0, ∀i ∈ Q and l ∈ P1, inequality (3.7) holds.
Combining (3.7) with (2.3), we can obtain the following inequality :

exp (λ(t − t0)) al
i∥ei (t)∥2 ≤ exp (λ(t − t0)) V l

i (t, ei(t)) < Rl
iζ, (3.13)

i.e.
∥ei (t)∥ < κl

1∥ϕi(s)∥Ct0
exp(−λ(t − t0)/2), (3.14)
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where κl
1 =

√
Rp

i al
max

al
iR

l
min

. A simple calculation yields

∥e (t)∥ < κ1∥Φ∥t0 exp(−λ(t − t0)/2),∀l ∈ P1, (3.15)

where κ1 =
√

q maxl∈P1{κ
l
1}. □

Remark 4. Theorem 1 provides a sufficient, though not necessary, condition for the exponential
stability of the interconnected system. As a result, models that do not meet the criteria outlined in
Theorem 1 may still display stability. Instead of classifying models strictly as stable or unstable, we
categorize them into two distinct groups:M1 andM2.

In Theorem 1, it is established that if a mode Πl ∈ M2 satisfies conditions (2.2)–(2.4) and (2.6),
with all other conditions remaining unchanged, the states of these modes may experience exponential
divergence. Based on inequality (3.2), it follows that for all l ∈ P2,

D+W l
i (t, ei(t))

≤

√
W l

i (t, ei(t))
[(
λal

i(a
l
i)
− 1

2 + βl
i(a

l
i)
− 1

2
) √

W l
i (t, ei(t)) + γl

i

q∑
j=1

∥Cl·∗
i j ∥L

l
i j(a

l
j)
− 1

2

√
W l

j(t, e j(t))

+ exp(λτl/2)γl
i

q∑
j=1

∥Dl·∗
i j ∥L

l
i j(a

l
j)
− 1

2

√
W l

j(t, e j(t − τl
i j))

+γl
i

q∑
j=1

∥Gl·∗
i j ∥L

l
i j(a

l
j)
− 1

2

∫ t

−∞

κl
i j (t − s) exp(λ(t − s)/2)

√
W l

j(s, e j(s)) ds

 . (3.16)

By applying the Cauchy mean value theorem, it follows that there exists ξ < t0, such that

D+W l
i (t, ei(t))

≤

[(
λal

i(a
l
i)
− 1

2 + βl
i(a

l
i)
− 1

2
)

W l
i (t, ei(t)) + γl

i

q∑
j=1

∥Cl·∗
i j ∥L

l
i j(a

l
j)
− 1

2

√
W l

i (t, ei(t))
√

W l
j(t, e j(t))

+ exp(λτl/2)γl
i

q∑
j=1

∥Dl·∗
i j ∥L

l
i j(a

l
j)
− 1

2

√
W l

i (t, ei(t))
√

W l
j(t, e j(t − τl

i j))

+γl
i

√
W l

i (t, ei(t))
q∑

j=1

∥Gl·∗
i j ∥L

l
i j(a

l
j)
− 1

2

√
W l

j(ξ, e j(ξ))ϑl
i j(λ/2)


≤

[(
λal

i(a
l
i)
− 1

2 + βl
i(a

l
i)
− 1

2
)

W l
i (t, ei(t)) + γl

i

q∑
j=1

∥Cl·∗
i j ∥L

l
i j(a

l
j)
− 1

2
1
2

(
W l

i (t, ei(t)) +W l
j(t, e j(t))

)
+ exp(λτl/2)γl

i

q∑
j=1

∥Dl·∗
i j ∥L

l
i j(a

l
j)
− 1

2
1
2

(
W l

i (t, ei(t)) +W l
j(t, e j(t − τl

i j))
)

+γl
i
1
2

(
W l

i (t, ei(t)) + 1
) q∑

j=1

∥Gl·∗
i j ∥L

l
i j(a

l
j)
− 1

2

√
W l

j(ξ, e j(ξ))ϑl
i j(λ/2)

 . (3.17)
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Let W l(t, ei(t)) =
(
W l

1(t, ei(t)), . . . ,W l
q(t, ei(t))

)T
, the differential inequality (3.7) can be transformed into

the following form

D+W l(t, ei(t)) ≤ C +UW l(t, ei(t)) + TW l(t, ei(t − τl
i(t))), (3.18)

where C, U, and T are non-negative constant matrices with appropriate dimensions. Therefore, ∀l ∈
P2, the states of mode Πl may exhibit exponential divergence [43]. In light of this, we introduce the
following assumption regarding modes Πl ∈ M2.

Assumption 3. ∀ Πl ∈ M2, there exists constants κl
2 > 1 and λ̄ > 0 such that

∥ei (t)∥ < κl
2∥ϕi(s)∥Ct0

exp(λ̄(t − t0)/2), i ∈ Q. (3.19)

3.2. Stability under switching sequence uncertainties

This section addresses sequence uncertainties that satisfy (2.10) and (2.11) in Definition 2 and
provides criteria for ensuring the robust exponential stability of system (2.1) by employing the average
dwell time method.

Definition 4. Let T1(tL, tR) (resp., T2(tL, tR)) denote the total running time of all modes Πl ∈ M1, where
l ∈ P1 (resp., Πl ∈ M2, where l ∈ P2), over the interval [tL, tR]. If there are positive constants N1 and
τ1 (resp., N2 and τ2) such that

N1
σ(tL, tR) ≤ N1 +

T1(tL, tR)
τ1

(3.20)

and

N2
σ(tL, tR) ≥ N2 +

T2(tL, tR)
τ2

(3.21)

hold, then τ1 (resp., τ2) is called the average dwell time of slow switching (resp., average dwell time of
fast switching) under σ(t). Without loss of generality, throughout this paper, N1 and N2 are set to zero.

Theorem 2. Consider a switched-delay interconnected uncertain system (2.1) where modes satisfy
(2.2)–(2.6), σ(t) satisfies (2.7), Σ(t) satisfies (2.8), and ∆(t) satisfies (2.12)–(2.13). If ∀l ∈ P1, matrix
Ql = (ql

i j) is a nonsingular M-matrix and

τ1

τ2
> min

{
λ̄c

λ(1 − c)
,

λd
λ̄(1 − d)

}
, (3.22)

ln κ + (1 − R)ϖ1 + Rϖ2 = −ϵ < 0, (3.23)

then for Cl
i j ∈ CI·l

i j , Dl
i j ∈ DI·l

i j , and Gl
i j ∈ GI·l

i j , the switched-delay interconnected uncertain system (2.1)

is robustly exponentially stable. Where ϖ1 =
[
−λ(1 − c)τ1 + λ̄cτ2

]
, ϖ2 =

[
−λdτ1 + λ̄(1 − d)τ2

]
and

ql
ii =α

l
i

(
al

i

)− 1
2
−

(
al

i

)− 1
2
γl

iL
l
ii

(∥∥∥Cl·∗
ii

∥∥∥ + ∥∥∥Dl·∗
ii

∥∥∥ + ∥∥∥Gl·∗
ii

∥∥∥) ,
ql

i j = −
(
al

j

)− 1
2
γl

iL
l
i j

(∥∥∥Cl·∗
i j

∥∥∥ + ∥∥∥Dl·∗
i j

∥∥∥ + ∥∥∥Gl·∗
i j

∥∥∥) , i , j.
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Proof : Initially, we will analyze the system’s behavior at each switching moment tp (p = 1, 2, . . . )
under the switching signal σ(t). Under σ(t), let ∆t1

j and ∆t2
j represent the j-th activation durations for

modes Πl ∈ M1 and modes Πk ∈ M2, respectively.
It follows from (3.14) and (3.19) that, for t ∈ [tp, tp+1),

∥ei (t)∥ < κl
1∥ei (s)∥Ctk

exp(−λ(t − tk)/2), if l ∈ P1 (3.24)

or
∥ei (t)∥ < κl

2∥ei (s)∥Ctk
exp(λ1(t − tk)/2), if l ∈ P2, (3.25)

where ∥ei(s)∥Ctk
= max j∈N{sups∈(−∞,tk]|ei j(s)|}. Considering the continuity of the system’s state, we can

derive the following from equations (3.24) and (3.25):

∥ei(t)∥ < κNσ(t) exp
(
−λT1(t0, t) + λ̄T2(t0, t)

)
∥ϕi(s)∥Ct0

=κNσ(t) exp
(
−λ

∑N1
σ

(t)

j=1
∆t1

j + λ1

∑N2
σ

(t)

j=1
∆t2

j

)
∥ϕi(s)∥Ct0

, (3.26)

where κ = maxl∈P{κ
l
1, κ

l
2}.

By examining the composite switching signal σ(t) alongside the generalized nominal switching
signal Σ(t), it is clear that in (3.26), each time interval ∆t1

j , where j = 1, 2, . . . ,N1
σ(t), can be categorized

into two possible cases, as detailed below:
Case 1: When t ∈ ∆t1

j , both σ(t) ∈ P1 and Σ(t) ∈ P1. Specifically, in the time intervals ∆t1
j , the

modes Πl ∈ M1 are set to be activated under Σ(t). In the presence of uncertainties, modes belonging to
M1 continue to be activated under σ(t). It can be inferred from (2.12) that the number of these periods
is no less than (1 − R)(1 − c)Nσ(t)τ1.

Case 2: When t ∈ ∆t2
j , Σ(t) ∈ P2, while σ(t) ∈ P1. Specifically, in the time intervals ∆t2

j , the
modes Πl ∈ M2 are set to be activated under Σ(t). However, due to switching uncertainties, the modes
belonging to M1 replace these modes under σ(t). It can be inferred from (2.12) that the number of
these periods is no less than RdNσ(t)τ1.

One further has that
T1(t0, t) ≥ [(1 − R)(1 − c) + Rd] Nσ(t)τ1. (3.27)

Similarly, for each time interval ∆t2
j , where j = 1, 2, . . . ,N2

σ(t), ∆t2
j can be classified into two

possible cases, as detailed below:
Case 1′: When t ∈ ∆t2

j , both σ(t) ∈ P2 and Σ(t) ∈ P2. Specifically, in the time intervals ∆t2
j , the

modes Πl ∈ M2 are set to be activated under Σ(t). In the presence of uncertainties, modes belonging to
M2 continue to be activated under σ(t). It can be inferred from (2.13) that the number of these periods
is no more than R(1 − d)Nσ(t)τ2.

Case 2′: When t ∈ ∆t2
j , Σ(t) ∈ P2, while σ(t) ∈ P1. Specifically, in the time intervals ∆t2

j , the
modes Πl ∈ M2 are set to be activated under Σ(t). However, due to switching uncertainties, the modes
belonging to M1 replace these modes under σ(t). It can be inferred from (2.13) that the number of
these periods is no more than (1 − R)cNσ(t)τ2.

T2(t0, t) ≤ [R(1 − d) + (1 − R)c] Nσ(t)τ2. (3.28)
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Substituting (3.27) and (3.28) into (3.26) yields

∥ei(t)∥

<κNσ(t) exp
(
−λT1(t0, t) + λ̄T2(t0, t)

)
∥ϕi(s)∥Ct0

≤ exp
{
Nσ(t) ln κ − λ [(1 − R)(1 − c) + Rd] Nσ(t)τ1

+ λ̄ [R(1 − d) + (1 − R)c] Nσ(t)τ2

}
∥ϕi(s)∥Ct0

= exp
{
Nσ(t)

{
ln κ + (1 − R)

[
−λ(1 − c)τ1 + λ̄cτ2

]
+ R[−λdτ1 + λ̄(1 − d)τ2]

}
∥ϕi(s)∥Ct0

= exp
{
Nσ(t)[ln κ + (1 − R)ϖ1 + Rϖ2]

}
∥ϕi(s)∥Ct0

≤ exp {−ϵ(t − t0)/τ} ∥ϕi(s)∥Ct0
, (3.29)

where τ = max{τ1, τ2}. Under condition (3.22), we examine the following three cases:
Case 1: τ1

τ2
> λ̄c

λ(1−c) . There is a small R satisfying condition (3.23).

Case 2: τ1
τ2
> λ̄(1−d)

λd . There is a large R satisfying condition (3.23).

Case 3: τ1
τ2
> max

{
λ̄c

λ(1−c) ,
λ̄(1−d)
λd

}
. In this case, selection of R can be made more flexible to satisfy

condition (3.23).

Remark 5. In equations (3.14) and (3.19), the amplification factor κl
1, l ∈ P1 (resp., κl

2, l ∈ P2),
determines the scaling of the initial condition but does not influence the exponential decay rate λ
(resp., the exponential divergence rate λ̄). Given the continuity of the system’s state, the amplification
factor at each switching instant can be fixed at a constant value of 1. As a result, inequality (3.29) can
be rewritten as

∥ei(t)∥ <κ exp
{
Nσ(t)[(1 − R)ϖ1 + Rϖ2]

}
∥ϕi(s)∥Ct0

=κ exp {−ψ(t − t0)} ∥ϕi(s)∥Ct0
.

(3.30)

Here, κ = maxl∈P{κ
l
1, κ

l
2} and ψ = [(1 − R)ϖ1 + Rϖ2]/τ.

Remark 6. In the analysis of stability for switched systems with unstable modes, numerous studies
impose constraints on the dwell time of the switching signal, typically given by ∆tmin ≤ tk+1− tk ≤ ∆tmax,
where k = 0, 1, . . . . The stability conditions in these cases are often dependent on ∆tmin and/or ∆tmax.
Consequently, if the dwell time for any subsystem is either too short or too long, the stability criteria
may be violated, leading to overly conservative conditions. For example, in Theorem 2 of [44], if
the dwell time of a single subsystem is too short, it becomes challenging to satisfy conditions (7) and
(8). In this paper, we propose using the average dwell time ratio to assess system stability, thereby
avoiding the issue of stability criteria failing due to excessively short or long dwell times for individual
subsystems.

Remark 7. From the expressions of ϖ1 and ϖ2, it can be inferred that ϖ1 is directly proportional to
c, while ϖ2 is inversely proportional to d. These relationships suggest that condition (3.23) is satisfied
when c is small, which corresponds to a low switching rate from stable to unstable modes, and d is
large, implying a high switching rate from unstable to stable modes.
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Remark 8. As is well known, in the stability analysis of switched systems containing unstable
subsystems, stability can be attained if the activation time of the stable subsystems is sufficiently
prolonged. This ensures that the decay of the stable subsystems compensates for the divergence caused
by the activation of the unstable subsystems [6–8]. When ∆(t) ≡ 0, i,e., σ(t) ≡ Σ(t), condition (3.23)
simplifies to

− ln κ + (1 − R)λτ1 − Rλ̄τ2 > 0. (3.31)

This result is consistent with the conclusions presented in [6–8]. However, when disturbances are
present in the switching signal, this property becomes more subtle, as the stable modes may be replaced
by unstable ones, and vice versa. Furthermore, both the ratios and activation times of the unstable and
stable modes can be adjusted based on ϖ1 and ϖ2 to satisfy condition (3.23) for system stability. For
example, when d is sufficiently large, meaning that the ratio of change from unstable to stable modes
is sufficiently large. It is possible to select a large value for R and set large (or small) prescribed
activation times for unstable (or stable) modes to satisfy condition (3.23). This corresponds to the case
where ϖ1 ≥ 0 and ϖ2 < 0.

4. Numerical example

To illustrate the validity and practical relevance of the theoretical results, we present the following
example.

Example 1. Artificial neural networks, as typical examples of interconnected systems, have garnered
considerable research attention due to their successful applications in diverse fields such as dynamic
optimization, associative memory, and pattern recognition. The following presents a model of a two-
neuron switched neural network with 4 modes [45, 46].

ėi (t) = − ul
iei(t) +

2∑
j=1

cl
i jy

l
j(e j(t)) +

2∑
j=1

dl
i jy

l
j(e j(t − τl

i j(t)))

+

2∑
j=1

gl
i j

∫ t

−∞

κl
i j (t − s) yl

j(e j(s))ds, i, j ∈ {1, 2}.

(4.1)

In the neural network (4.1), for l ∈ {1, 2}, yl
j(e j) = 0.5e j + 0.5 sin e j, τl

i j = 1; for p ∈ {3, 4}, yp
j (e j) =

tanh e j, τ
p
i j = exp(t)/(1 + exp(t)); for q ∈ {1, 2, 3, 4}, κq

i j(s) = exp(−s); and

UI·1 =

[
[3.99 4.01] 0

0 [2.99 3.01]

]
, UI·2 =

[
[2.81 2.95] 0

0 [3.60 3.72]

]
,

CI·1 =

[
[1.19 1.21] [2.35 2.41]
[0.05 0.06] [0.03 0.04]

]
, CI·2 =

[
[0.87 1.01] [0.03 0.10]
[2.07 2.28] [0.68 0.80]

]
,

DI·1 =

[
[0.09 0.11] [3.14 3.32]

[−0.05 0.13] [0.43 0.54]

]
, DI·2 =

[
[0.11 0.35] [−0.02 0.10]
[2.87 3.00] [0.05 0.13]

]
,

GI·1 =

[
[0.19 0.21] [0.20 0.22]
[0.11 0.13] [0.22 0.24]

]
, GI·2 =

[
[0.17 0.20] [0.15 0.18]
[0.09 0.12] [0.28 0.31]

]
,
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U3 =

[
0.1 0
0 0.1

]
, C3 =

[
−0.2 1

1 −0.1

]
, D3 =

[
−0.4 0.3
0.1 0.6

]
, G3 =

[
0.2 0.3
−0.2 0.4

]
,

U4 =

[
0.1 0
0 0.1

]
, C4 =

[
0.1 −1.9
0.1 −2.4

]
, D4 =

[
0.3 −1
0.3 −0.4

]
, G4 =

[
0.2 0.1
0.3 −0.2

]
,

By simple calculate yields

U1 =

[
3.99 0

0 2.99

]
, C1·∗ =

[
1.21 2.41
0.06 0.04

]
, D1·∗ =

[
0.11 3.32
0.13 0.54

]
, G1·∗ =

[
0.21 0.22
0.13 0.24

]
,

U2 =

[
2.81 0

0 3.60

]
, C2·∗=

[
1.01 0.10
2.28 0.80

]
, D2·∗=

[
0.35 0.10
3.00 0.13

]
, G1·∗ =

[
0.20 0.18
0.12 0.31

]
.

And Q1 and Q2 are M-matrices, whereas Q3 and Q4 are not classified as M-matrices. Thus, Π1 and
Π2 belong to M1, while Π3 and Π4 belong to M2. Let λ = 0.8, which satisfies inequality (3.4).
Additionally, based on the states of modes Π3 and Π4, the estimated value of λ̄ can be set to 0.2. For
numerical simulations, define Ui = Ui·∗, Ci = Ci·∗, Di = Di·∗, and Gi = Gi·∗ for i = 1, 2, with the initial
state given by [cos(2s) − 0.4, sin(2s) + 0.4].

The state responses for the four modes are displayed in Figures 2–5. The simulation results confirm
that modes Π1 and Π2 remain stable, while modes Π3 and Π4 exhibit instability. Figures 6 and 7
demonstrate that an incorrect switching signal can lead to instability of system (4.1).
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Figure 2. State responses of mode 1 of the considered switched system.
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Figure 3. State responses of mode 2 of the considered switched system.
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Figure 4. State responses of mode 3 of the considered switched system.
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Figure 5. State responses of mode 4 of the considered switched system.
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Figure 6. Unstable switching signal for system (4.1).
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Figure 7. Unstable switching signal for system (4.1).

To stabilize the system defined by equation (4.1), define a nominal switching signal Σ(t) as follows:
for t ∈ [10k, 2 + 10k), let Σ(t) = 4; for t ∈ [2 + 10k, 4 + 10k), let Σ(t) = 1; for t ∈ [4 + 10k, 6 + 10k),
let Σ(t) = 3; and for t ∈ [6 + 10k, 10 + 10k), let Σ(t) = 2, where k = 0, 1, . . . . Also, set R = 0.5. As
illustrated in Figure 8, the system rapidly converges to the equilibrium point e = 0 under this nominal
switching signal Σ(t).

We now examine whether the nominal switching signal Σ(t) can still stabilize system (4.1) when
uncertain disturbances are present, which lead to generalized mode-changing ratios {0.6, 0.4} and a
0.5-second delay in the switching signal. According to condition (3.22) in Theorem 2, the system will
remain exponentially stable if τ1/τ2 > λ̄c/λ(1 − c) = 0.375. The delay of 0.5 seconds in the switching
signal results in the composite signal σ(t) (or generalized nominal signal Σ(t)) experiencing double the

AIMS Mathematics Volume 10, Issue 8, 18356–18380.



18375

number of switching events. Additionally, we compute τ1/τ2 = 1.17/1.5 = 0.778 > 0.375. Therefore,
we conclude that system (4.1) remains robustly exponentially stable. As shown in Figures 9 and 10,
exponential stability is maintained under σ(t).
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Figure 8. Stable switching signal for system (4.1).
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Figure 9. Stable switching signal for system (4.1).
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Figure 10. Partial enlarged view of the switching signal in Figure 9.

5. Conclusions

This paper establishes robust stability conditions for switched-delay interconnected systems with
unstable modes, both time-varying and continuously distributed state delays, along with uncertainties
in switching and system parameters. By introducing two novel concepts—the composite switching
signal and the generalized nominal switching signal—along with a new index, the generalized mode-
changing rate, this study effectively addresses the influence of switching uncertainties on system
stability. Sufficient conditions for ensuring robust exponential stability are derived using the average
dwell time approach and vector Lyapunov functions. In this paper, all modes of the considered
switched system have been assumed to share a common state space. Consequently, the dimension of
the state vector remains invariant, irrespective of which modes become activated during the evolution
of the system. However, another important class of switched systems, characterized by subsystems
with distinct state spaces, has attracted growing research interest. Future studies will therefore focus
on addressing the robust exponential stability problem of interconnected switched systems whose
subsystems possess heterogeneous state spaces.
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