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1. Introduction

The vector equilibrium problem, which was initially proposed by Blum and Oettli in 1994 [1],
establishes a unified theoretical framework that unifies key mathematical paradigms such as vector
optimization, variational inequalities, complementarity problems, and fixed point problems (see [2–4]
for foundational extensions). Beyond its theoretical significance, this framework has found broad
applicability in economics, engineering, and decision-making systems where the simultaneous
optimization of interdependent criteria is critical [5–7]. Therefore, many scholars have conducted
in-depth research on its related theories, including the definition of solutions, optimality conditions,
scalarization, and the duality theory; for more detailed content, please refer to references [8–10]. In
applications, deriving the exact solutions to mathematical models is often infeasible due to inherent
complexities, thus necessitating computational techniques to approximate solutions. Compared to
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the exact solutions, these approximations exhibit relaxed requirements for existence, as demonstrated
in [11,12]. Consequently, investigating the approximate solutions to vector equilibrium problems is of
critical importance in both theoretical and applied contexts.

The optimality conditions and scalarization of solutions are two important research topics in the
study of vector equilibrium problems. Additionally, convexity and its generalization of functions
serve as powerful tools in establishing the optimality conditions of vector equilibrium problems.
In 1998, Chen and Rong [13] introduced the concept of generalized cone-subconvexlikeness for vector-
valued mappings in locally convex Hausdorff topological vector spaces. Additionally, they conducted
in-depth research on the scalarization, optimality conditions, and saddle point characterization of
efficient solutions to vector optimization problems using generalized cone-subconvexlikeness. Shortly
afterward, Yang and Li et al. [14] extended this convexity, thereby introducing the near generalized
cone subclass convexity of set valued mappings, and obtained the optimality theory for vector
optimization problems under their assumptions. In recent years, based on the convexity of near
generalized cone classes, Qiu [15], Long and Huang et al. [16], and Qiu [17] established the optimality
conditions for global, weak, Henig efficient, and super efficient solutions of vector equilibrium
problems, respectively. Moreover, Long and Huang et al. [16] pointed out that, compared to other
convexities, near generalized subclass convexity requires a looser assumption of function convexity,
which makes near generalized subclass convexity more flexible and applicable in dealing with
optimization problems. Therefore, this paper aims to construct a class of near generalized conic class
convexities that are weaker than the above convexity and suitable for vector equilibrium problems,
and, combined with the convex set separation theorem, study the optimality conditions for a class of
constrained vector equilibrium problems (VEP) about approximate Benson proper efficient solutions.

The scalarization method serves as a cornerstone in the analysis of VEP (see [18–20]). This
technique reformulates solutions of VEP as solutions to associated scalar equilibrium problems,
thereby enabling the transfer of established scalar-level theoretical and computational tools to address
the vector case. Notably, both linear and nonlinear scalarization frameworks to approximate solutions
were rigorously developed in [21–23]. For instance, Qiu and Yang [24], using the Tammer nonlinear
scalarization function, formulated scalarization theorems for both approximate weak effective solutions
and approximate Henig effective solutions of vector equilibrium problems. By leveraging the Baire
theorem, Gong [18] provided a scalarization theorem for super-efficient solutions of VEP. As we know,
there is currently relatively little research on scalars that approximate true effective solutions. This
paper develops a scalarization theorem for the approximate Benson proper efficient solutions of VEP,
thereby leveraging the structural properties of cone functions and augmented cones.

The remainder of this article is organized as follows: in Section 2, we present some symbols,
concepts, and lemmas used in subsequent sections; in Section 3, the optimality conditions for
approximate Benson proper efficient solutions of VEP are derived; and Section 4 uses the cone
functions and augmented cones to construct a scalarizations theorem of approximate Benson proper
efficient solutions for VEP.

2. Preliminaries

Let Rn denote the n-dimensional Euclidean space, B(x̄, r) represent the open ball of radius r > 0
centered at x̄ ∈ Rn, and ‖ · ‖ denote the norm in Rn. The inner product between vectors x and y is
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denoted by 〈x, y〉 for any x, y ∈ Rn. For a set K ⊂ Rn, we denote its closure, cone hull, and interior by
cl K, cone K, and int K, respectively. Let Rn

+ denote the set of nonnegative real numbers, and define

Rn
+ := {(y1, . . . , yn) ∈ Rn : yi ≥ 0, i = 1, . . . , n}.

A convex cone C ⊂ Rm is termed a pointed cone if C ∩ (−C) = {0}, with its dual cone C∗ and quasi-
interior C] defined as follows:

C∗ = {y∗ ∈ Rm : 〈y∗, y〉 ≥ 0, ∀y ∈ C},

C] = {y∗ ∈ Rm : 〈y∗, y〉 > 0, ∀y ∈ C\{0}}.

To further analyze the properties of such cones, we present the following lemma, which provides
key insights into the behavior of functionals in the dual and strict dual cones.

Lemma 1. (see [25]) Let C ⊂ Rm be a closed, convex pointed cone. Then,
(i) if λ ∈ C∗\{0} and y ∈ int C, then 〈λ, y〉 > 0, and
(ii) if λ ∈ int C∗ and y ∈ C\{0}, then 〈λ, y〉 > 0.

Based on the concept of near generalized subconvexlike mappings introduced in reference [13], we
define the notion of approximate generalized subconvexlike mappings below. Under the assumptions
of this definition, we establish the optimality conditions. To this end, we first present the definitions of
near C-subconvexlike mappings and approximate vector-valued maps.

Definition 1. (see [13]) Let K ⊂ Rn be a nonempty closed set, C ⊂ Rm be convex cone, and f : K → Rm

be vector-valued map. The function f is called near C-subconvexlike if cl(cone( f (K) + C)) is convex.

Definition 2. Let K ⊂ Rn be a nonempty closed set, C ⊂ Rm be a convex cone, and ε ≥ 0, x̄ ∈ K, e ∈
C \ {0}, f : K → Rm be a vector-valued map. The map fεe is defined as follows:

fεe(x) = f (x) + ε‖x − x̄‖e, ∀x ∈ K.

Building on the previously defined concepts of near C-subconvexlikeness and fεe, we introduce an
approximate near C-subconvexlikeness property and derive the corresponding optimality conditions
under convexity assumptions in the subsequent analysis.

Definition 3. Let K ⊂ Rn be a nonempty closed set, C ⊂ Rm be a convex cone, and f : K → Rm be a
vector-valued map. Suppose ε ≥ 0, x̄ ∈ K, and e ∈ C \ {0}. If cl(cone fεe(K) + C) is convex, then fεe is
called an εe-near C-subconvexlike mapping.

Remark 1. If ε = 0, then the εe-near C-subconvexlikeness defined by Definition 1 degenerates to the
near C-subconvexlikeness.

Now, let K ⊂ Rn be a non-empty closed set, and C ⊂ Rm, and D ⊂ Rp be a closed convex, pointed
cone. Let F : K × K → Rm, G : K → Rp be vector-valued mappings. Consider the following
constrained VEP:

(VEP) find x̄ ∈ K such that F(x̄, x) < −intC, ∀x ∈ K.

The feasible set of the VEP is defined as follows:

Ω := {x ∈ K | G(x) ∈ −D} ,
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and we assume Ω , ∅ throughout this work. We adopt the following standing assumptions: F(x̄, x̄) = 0
holds for every reference point x̄ ∈ K, and the bifunction satisfies F x̄(x) := F(x̄, x) for all x ∈ K.
Notably, if F x̄(x) = f (x) − f (x̄), where f : K → Y is a vector-valued mapping, then the VEP reduces
to a vector optimization problem (see [26]). Furthermore, in the case where

F x̄(x) = ( f1(x), . . . , fm(x)) − ( f1(x̄), . . . , fm(x̄)) ,

with fi : K → R (i = 1, . . . ,m), the VEP simplifies to a multi-objective optimization problem [27].
This generality underscores the theoretical significance of studying VEPs, as they provide a unifying
framework to analyze diverse classes of optimization problems.

In this paper, we study the approximate Benson proper efficient solutions of VEPs as follows.

Definition 4. Let ε ≥ 0, e ∈ intC, and x̄ ∈ Ω. Then, x̄ is said to be an approximate quasi-Benson
proper efficient solution of VEPs, if

cl
(
cone(F x̄(x) + C + ε‖x − x̄‖e)

)
∩ (−C) = {0}, ∀ x ∈ Ω.

Below, we provide an example to demonstrate the validity of the above definition.

Example 1. In the VEP, let K = C = D = R2
+. Define the vector-valued mappings F : K × K → R2

and G : K → R2 as follows:

F x̄(x) =

(
ln(x1 + x2 + 1) + x̄1 sin x̄2

x2
1 + x2

2 + x̄1 cos x̄2

)
, G(x) =

(
−x1

−x2

)
.

The feasible set Ω is given by the following:

Ω = {x ∈ R2
+ : G(x) ∈ −D} = {x ∈ R2

+ : −x1 ≤ 0,−x2 ≤ 0} = R2
+.

Clearly, Ω is nonempty.
Let ε = 0.1, e = (1, 1) ∈ int C, and consider x̄ = (0, 0) ∈ Ω. For any x ∈ Ω, we have the following:

F x̄(x) − F x̄(x̄) + C + ε‖x − x̄‖e =

(
ln(x1 + x2 + 1)

x2
1 + x2

2

)
−

(
0
0

)
+ R2

+ + 0.1 · ‖x‖ ·
(
1
1

)
.

=

(
ln(x1 + x2 + 1) + ‖x‖

x2
1 + x2

2 + ‖x‖

)
+ R2

+.

The closure of the cone generated by this set is as follows:

cl
(
cone

(
F x̄(x) − F x̄(x̄) + C + ε‖x − x̄‖e

))
= R2

+.

Therefore, we have the following:

cl
(
cone

(
F x̄(x) − F x̄(x̄) + C + ε‖x − x̄‖e

))
∩ (−C) = R2

+ ∩ (−R2
+) = {0}, ∀x ∈ Ω.

Therefore, x̄ = (0, 0) is an approximate quasi-Benson proper efficient solution of the VEP.
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3. Optimality conditions

In this section, we derive the optimality conditions for VEPs with respect to the approximate Benson
proper efficiency by integrating the convex set separation theorem and the concept of approximate
generalized subconvexlikeness. Specifically, we present a characterization of these conditions for
approximate Benson proper efficient solutions in the framework of VEPs.

Theorem 1. In the VEPs, let x̄ ∈ Ω, ε ≥ 0, and e ∈ int C. Suppose that F x̄ is εe-near C-subconvexlike
with respect to x̄ on Ω, G is near D-subconvexlike on Ω, and there exists some x′ ∈ Ω such that
G(x′) ∈ − int D. Then, x̄ is an approximate quasi-Benson efficient solution of the VEPs if and only if
there exist λ∗ ∈ C∗ \ {0} and µ∗ ∈ D∗ such that

λ∗(F x̄(x)) + ε‖x − x̄‖λ∗(e) + µ∗(G(x)) ≥ 0, ∀x ∈ Ω, (3.1)

and
µ∗(G(x̄)) = 0, (3.2)

where µ∗(G(x̄)) = 〈µ∗,G(x̄)〉.

Proof. If x̄ is an approximate quasi-Benson efficient solution of the VEP, then

clcone
(
F x̄(x) + C + ε‖x − x̄‖e

)
∩

(
−C

)
=

{
0
}
, ∀ x ∈ Ω.

Since C is a close convex pointed cone, we obtain the following:(
F x̄(x) + C + ε‖x − x̄‖e

)
∩

(
− intC

)
= ∅, ∀ x ∈ Ω.

Let H(Ω) =
⋃

x∈Ω(F x̄(x) + ε‖x − x̄‖e,G(x)). The following proof demonstrates that

(H(Ω) + C × D) ∩
(
− (intC × intD)

)
= ∅. (3.3)

For a contradiction, assume that there exists a point (ȳ, z̄) such that

(ȳ, z̄) ∈ (H(Ω) + C × D) ∩
(
− (intC × intD)

)
.

Hence, we have ȳ ∈ −intC, z̄ ∈ −intD, and there is (en, dn) ∈ C × D, xn ∈ Ω, ηn > 0 such that

ȳ = lim
n→∞

ηn(F x̄(xn) + ε‖xn − x̄‖e + en), (3.4)

and

z̄ = lim
n→∞

ηn(G(xn) + dn).

Therefore, there is z̄n ∈ −intD and z̄n → z̄(n→ ∞) such that

z̄n = ηn(G(xn)), (3.5)

that is,

1
ηn

z̄n = (G(xn)). (3.6)
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Because intD is an open set, then D is a point, closed convex cone, and ηn > 0; hence, 1
ηn

z̄n ∈ −intD,
and we have the following:

G(xn) ∈ −intD − dn.

Combined with dn ∈ D and D + intD = intD, we obtain the following:

G(xn) ∈ −intD.

Additionally, due to xn ∈ Ω, ȳ ∈ −intC, and combined with (3.4), we obtain the following:

ȳ ∈ (F x̄(xn) + C + ε‖xn − x̄‖e) ∩ (−intC).

This leads to a contradiction with (3.3); therefore, (3.4) is established. Since F x̄ is εe-near C-
subconvexlike on Ω, and G is near D-subconvexlike on Ω , then clcone(H(Ω) + C × D) is a closed
convex set, and because −(intC × intD) is convex. Therefore, from the separation theorem of convex
sets (see [28]), it is known that there exists (λ∗, µ∗) ∈ Y∗ × Z∗ \ {(0, 0)} such that

(λ∗, µ∗)cl cone(H(Ω) + C × D) ≥ 0 ≥ (λ∗, µ∗)(−(intD × intC). (3.7)

Since cl cone(H(Ω) + C × D) is a closed convex cone and (λ∗, µ∗) has a lower bound, we have

(λ∗, µ∗)cl cone(H(Ω) + C × D) ≥ 0.

Since (0, 0) ∈ C × D, we have the following:

(λ∗, µ∗)clcone(H(Ω)) ≥ 0. (3.8)

Hence,

λ∗(F x̄(x) + ε‖x − x̄‖e) + µ∗(G(x) ≥ 0, ∀x ∈ Ω. (3.9)

Therefore, for any x ∈ Ω, β1, β2 ≥ 0, α ∈ Cε(B), and d ∈ D, we obtain the following:

λ∗(F x̄(x) + ε‖x − x̄‖e + β1α) + µ∗(G(x) + β2d) ≥ 0. (3.10)

Next, we prove that µ∗ ∈ D∗, that is, for any d ∈ D such that µ∗(d) ≥ 0, there is d0 ∈ D, such that

µ∗(d0) < 0.

From (3.10), when β2 → ∞, there exists x̃ ∈ Ω, β′1 > 0, such that

µ∗(β2d0) = β2µ
∗(d0) < −λ∗(F x̄(x̃) + ε‖x̃ − x̄‖e + β′1α) − µ∗(G(x̃)).

This is contradictory; then, µ∗ ∈ D∗. Let λ∗ ∈ C∗\{0}. If λ∗ = 0, according to (λ∗, µ∗) ∈ Y∗×Z∗\{(0, 0)},
where we get µ∗ , 0, then

µ∗(G(x)) ≥ 0, ∀x ∈ Ω. (3.11)

AIMS Mathematics Volume 10, Issue 8, 18216–18231.



18222

Because of G(x) ∈ −D, then there exists x̂ ∈ Ω such that G(x̂) ∈ −D \ {0}; thus,

µ∗(G(x̂) < 0.

This contradicts condition (3.11). Therefore, λ∗ , 0. Combining (3.7) and (3.8) , we obtain

λ∗(−intC) + µ∗(−intD) ≤ 0,

that is,
µ∗(−intD) ≤ λ∗(intC).

Since λ∗ has a lower bound, then we have the following:

0 ≤ λ∗(intC).

Because C is a convex cone, then
C ⊂ clC = cl intC.

Therefore, for any k ∈ C, there exists kn ∈ intC such that

k = lim
n→∞

kn.

Hence, we have
λ∗(k) = lim

n→∞
λ∗(kn) ≥ 0.

This means λ∗(k) ≥ 0. Therefore, we get λ∗ ∈ C\{0}. In particular, F(x̄, x̄) = 0. If we take x = x̄, then
by (3.9) , we obtain the following:

µ∗(G(x̄)) ≥ 0. (3.12)

Since G(x̄) ∈ −D, µ∗ ∈ D, then

µ∗(G(x̄)) ≤ 0. (3.13)

Combining (3.12) and (3.13), it can be seen that

µ∗(G(x̄)) = 0.

Conversely, if x̄ is not the approximate quasi-Benson efficient solution of the VEP, then there exists
x̂ ∈ Ω such that

clcone(F x̄(x̂) + C + ε‖x̂ − x̄‖e) ∩ (−C) , {0}. (3.14)

By (3.14), we can deduce that there exist tn > 0 and c ∈ C such that

0 , tn(F x̄(x̂) + c + ε‖x̂ − x̄‖e) ∈ −C.

Because λ∗ ∈ C∗ \ {0}, according to Lemma 1(i), we obtain

tnλ
∗(F x̄(x̂) + c + ε‖x̂ − x̄‖e) < 0,
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that is,

tn
(
(λ∗(F x̄(x̂) + λ∗(c) + ε‖x̂ − x̄‖λ∗(e)

)
< 0.

Since tn > 0, λ∗ ∈ C∗ \ {0}, and c ∈ C, we obtain the following:

λ∗(F x̄(x̂)) + ε‖x̂ − x̄‖λ∗(e) < 0. (3.15)

Combined with (3.15), µ ∈ D∗ and G(x̂) ∈ −D, we have the following:

λ∗(F x̄(x̂)) + ε‖x̂ − x̄‖λ∗(e)) + µ∗(G(x̂)) < 0. (3.16)

Note that F x̄(x̄) = 0. Combined with (3.1) and (3.2), it can be seen that

λ∗(F x̄(x)) + ε‖x − x̄‖λ∗(e) + µ∗(G(x)) ≥ 0 = λ∗(F x̄(x̄)) + ε‖x̄ − x̄‖λ∗(e) + µ∗(G(x̄)).

This is contradictory with (3.16). Therefore, x̄ is an approximate quasi-Benson proper efficient solution
of the VEP. Thus, the proof is complete. �

Remark 2. Our preceding conclusions establish the optimality conditions for the approximate quasi-
Benson proper efficiency. The local variant is analogously defined to Definition 4 by restricting Ω to
Ω ∩ U for some neighborhood U of the candidate point. Crucially, when Ω is convex, the local and
global efficiency coincide [29]—an equivalence that extends to both weak and strong variants. Thus,
for convex Ω, all previous conclusions hold for the local variant.

Below, we provide an example to demonstrate the validity of the above Theorem 1.

Example 2. In the VEP, let K = [0, 1] ⊂ R, C = R2
+, and D = R+. Define the vector-valued mappings

F : K × K → R2 and G : K → R as follows:

F x̄(x) =

(
x + ln(x̄ + 1)

x2 + x̄

)
, G(x) = −x.

The feasible set Ω is given by the following:

Ω = {x ∈ [0, 1] : G(x) ∈ −D} = {x ∈ [0, 1] : −x ≤ 0} = [0, 1].

Clearly, Ω is nonempty. Let ε = 0.1, e = (1, 1) ∈ int C, and x̄ = 0 ∈ Ω. Then,

cl
(
cone(F x̄(K) + C + ε‖x − x̄‖e)

)
= cl

(
cone

( ( x + 0.1x
x2 + 0.1x

)
+ R2

+

))
= R2

+

is convex; this implies that the map F x̄ is an εe-near C-subconvexlike. Additionally, since

G(K) + D = [−1, 0] + R+ = [−1,∞)

is convex, the map G(x) = −x is near D-subconvexlike. Obviously, there exists x′ = 0.5 ∈ Ω such that
G(x′) = −0.5 ∈ −intD.
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Since −C = −R2
+, we have

cl
(
cone

(
F x̄(x) + C + ε‖x − x̄‖e

))
∩ (−C) = R2

+ ∩ −R
2
+ = {0},

which holds for all x ∈ Ω. Therefore, x̄ = 0 is indeed an approximate quasi-Benson proper efficient
solution of the VEP. Taking λ∗ = (1, 1) ∈ C∗ \ {0} and µ∗ = 1 ∈ D∗, for any x ∈ Ω, we have the
following:

λ∗(F x̄(x)) + ε‖x − x̄‖λ∗(e) + µ∗(G(x)) = (1, 1) ·
(

x
x2

)
+ 0.1x · (1, 1) · (1, 1) + 1 · (−x) = x2 + 0.2x ≥ 0.

Additionally, for x̄ = 0, we obtain the following:

µ∗(G(x̄)) = 1 · (−0) = 0.

Thus, x̄ = 0 is an approximate quasi-Benson efficient solution of the VEP, and the Theorem 1 is
validated by this example.

4. Scalarization

In this section, we introduce a class of cone-monotonic functions and leverage their structural
properties to construct a scalarization framework to characterize the approximate Benson proper
efficient solutions in the VEP. To formalize this approach, we first revisit the foundational definitions
and properties of cones, thus ensuring alignment with the proposed monotonicity axioms.

Recall that the dual cone C∗ of C ⊂ Rm and its quasi-interior C] are defined by

C∗ = {y∗ ∈ Rm : 〈y∗, y〉 ≥ 0, ∀y ∈ C},

and

C] = {y∗ ∈ Rm : 〈y∗, y〉 > 0, ∀y ∈ C\{0}},

respectively. The following three cones, called augmented dual cones of C, were introduced in
references [19, 30, 31]:

Cα∗ = {(y∗, α) ∈ C] × R+ : 〈y∗, y〉 − α‖y‖ ≥ 0, ∀y ∈ C},

Cα◦ = {(y∗, α) ∈ C] × R+ : 〈y∗, y〉 − α‖y‖ > 0, ∀y ∈ intC},

and

Cα] = {(y∗, α) ∈ C] × R+ : 〈y∗, y〉 − α‖y‖ > 0, ∀y ∈ C \ {0}}.

In the definition of Cα◦, the ordering cone C is assumed to have a nonempty interior.
Using the augmented dual cone Cα], we analyze key properties of cone-monotonic functions

(see [19, 30, 31]) and develop a scalarization theorem to the approximate Benson proper efficient
solutions in the VEP. To this end, we define cone-monotonicity as follows, thus forming the basis
for subsequent analysis.
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Definition 5. Let ψ : Rn → R be a given function.
(a) ψ is called monotonically increasing if, for all y, z ∈ Rn such that y − z ∈ Rm

+ and

ψ(y) ≥ ψ(z).

(b) ψ is called strictly monotonically increasing if, for all y, z ∈ Rm such that y − z ∈ int(Rm
+) and

ψ(y) > ψ(z).

(c) ψ is called strongly monotonically increasing if, for all y, z ∈ Rm such that y − z ∈ Rm
+ \ {0} and

ψ(y) > ψ(z).

The following conclusion provides the properties of cone-monotonic functions in generating cones.
These properties play a crucial role in deriving the approximate Benson proper efficient solution
scalarization theorem in the subsequent section.

Lemma 2. (see [19,30,31]) Let C ⊂ Rm be a pointed closed convex cone, w ∈ Rm, and α ∈ R+. Define
the function g(w,α) : Rm → R as follows:

g(w,α)(y) = wT y + α‖y‖.

Then, g(w,α) is monotonically increasing, strictly monotonically increasing, and strongly monotonically
increasing on Rm if and only if (w, α) ∈ Cα∗, (w, α) ∈ Cα◦, and (w, α) ∈ Cα], respectively.

Next, we utilize the scalarization function defined above to formulate the following scalar
optimization problem related to the VEP:

(Pϕ) min
{
ϕ(F x̄(x))

}
, s.t. x ∈ Ω,

where x̄ ∈ Ω. Let ε ≥ 0 and x̄ ∈ Ω. Then, x̄ is called a quasi-optimal solution for (Pϕ) if

ϕ(F x̄(x)) − ϕ(F x̄(x̄)) + ε‖x − x̄‖ ≥ 0, ∀x ∈ Ω.

The following theorem bridges the quasi-optimal solutions of the scalarized problem (Pϕ) to
the approximate quasi-Benson proper efficient solutions of the VEPs, thus establishing a direct
correspondence through a rigorous duality analysis.

Theorem 2. Let C ⊂ Rm be a pointed closed convex cone, ε ≥ 0, e = (e1, . . . , em) ∈ int C, and x̄ ∈ Ω.
If (w, α) ∈ Cα] and x̄ is a quasi-optimal solution for problem (Pϕ), then x̄ is also an approximate
quasi-Benson proper efficient solution for the VEP.

Proof. Assume that x̄ is a quasi-optimal solution for problem (Pϕ), then, we obtain the following:

ϕ(F x̄(x)) − ϕ(F x̄(x̄)) + ε‖x − x̄‖ ≥ 0, ∀x ∈ Ω. (4.1)

If x̄ is not an approximate quasi-Benson proper efficient solution for the VEP, then there exists x̂ ∈ Ω

such that

cl
(
cone(F x̄(x̂) + C + ε‖x̂ − x̄‖e)

)
∩ (−C) , ∅.

AIMS Mathematics Volume 10, Issue 8, 18216–18231.



18226

Hence, there exist tn > 0 and c ∈ C such that

tn(F x̄(x̂) + c + ε‖x̂ − x̄‖e) ∈ −C.

Since F x̄(x̄) = 0, we obtain the following:

tn(F x̄(x̂) − F x̄(x̄) + c + ε‖x̂ − x̄‖e) ∈ −C.

Since the function ϕ is strongly monotonically increasing on Rm for any (y∗, α) ∈ Cα], then we have the
following:

ϕ(tn(F x̄(x̂)) < ϕ(tn(F x̄(x̄) − c − ε‖x̂ − x̄‖e)). (4.2)

According to the definition of function ϕ, (4.2) can be equivalently rewritten as follows:

ϕ(F x̄(x̂)) < ϕ(F x̄(x̄) − c − ε‖x̂ − x̄‖e)
≤ ϕ(F x̄(x̄)) + ϕ(−c − ε‖x̂ − x̄‖e)
≤ ϕ(F x̄(x̄)) + 〈w,−c − ε‖x̂ − x̄‖e〉 + α‖ − c − ε‖x̂ − x̄‖e‖

≤ ϕ(F x̄(x̄)) − 〈w, c〉 + α‖c‖ − 〈w, e〉ε‖x̂ − x̄‖ + αε‖x̂ − x̄‖‖e‖.

(4.3)

From Eq (4.3), we can infer that

ϕ(F x̄(x̂)) < ϕ(F x̄(x̄) − 〈w, c〉 + α‖c‖ − 〈w, e〉ε‖x̂ − x̄‖ + αε‖x̂ − x̄‖‖e‖. (4.4)

Based on the definition of the function Cα], we have the following:

−〈w, c〉 + α‖c‖ < 0 and − 〈w, e〉 + α‖e‖ < 0.

Then, from Eq (4.4), we can deduce that

ϕ(F x̄(x̂)) < ϕ(F x̄(x̄) + (−〈w, e〉 + α‖e‖) ε‖x̂ − x̄‖.

This implies the following:

ϕ(F x̄(x̂)) − ϕ(F x̄(x̄) + (〈w, e〉 − α‖e‖) ε‖x̂ − x̄‖ < 0. (4.5)

Since −〈w, e〉+α‖e‖ < 0 and ε ≥ 0, we can set ε = (〈w, e〉−α‖e‖)ε in (4.5) to ensure ε ≥ 0. Hence, (4.5)
can be transformed into an equivalent form as follows:

ϕ(F x̄(x̂)) − ϕ(F x̄(x̄)) + ε‖x̂ − x̄‖ < 0.

However, this contradicts Eq (4.1), which means that x̄ is an approximate quasi-Benson proper efficient
solution to the VEPs. �

To illustrate the validity of Theorem 2, we present a concrete example in the following discussion.
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Example 3. In the VEP, let K = R3
+, C = R3

+, and D = R+. Define the vector-valued mappings
F : K × K → R3 and G : K → R as follows:

F x̄(x) =


(x2

1 + x2
2 + x2

3)(1 + x̄1 x̄2 + x̄3 ln(1 + x3))
x1 + x2 + x3 + (x̄1 x̄2 + x̄2)ex̄3

x1x2 + x2x3 + x3x1 + x̄3 sin(x̄1)

 ,
and

G(x) = x2
1 + x2

2 + x2
3 − 1.

The feasible set Ω is given by the following:

Ω = {x ∈ K : G(x) ∈ −D} = {x ∈ R3
+ : x2

1 + x2
2 + x2

3 ≤ 1}.

Let x̄ = (0, 0, 0) ∈ Ω. Then, F x̄(x̄) = (0, 0, 0) and

F x̄(x) =


x2

1 + x2
2 + x2

3
x1 + x2 + x3

x1x2 + x2x3 + x3x1

 .
For C = R3

+, we have the following:

C] =
{
y∗ ∈ R3 : 〈y∗, y〉 > 0, ∀y ∈ R3

+\{0}
}

= R3
+\{0},

Hence, we obtain the following:

Cα] =
{
(y∗, α) ∈ R3

+\{0} × R+ : 〈y∗, y〉 − α‖y‖ > 0, ∀y ∈ R3
+ \ {0}

}
.

Take w = (2, 2, 2) and α = 0.1; thus, (w, α) ∈ Cα]. Let ε = 1, e = (1, 1, 1) ∈ int C. Now verify that x̄ is
a quasi-optimal solution for (Pϕ). For all x ∈ Ω, the following holds

ϕ(F x̄(x)) − ϕ(F x̄(x̄)) + ε‖x − x̄‖ = wT F x̄(x) + α‖F x̄(x)‖ + ‖x‖

=2(x2
1 + x2

2 + x2
3) + 2(x1 + x2 + x3) + 2(x1x2 + x2x3 + x3x1) + 0.1

∥∥∥∥∥∥∥∥∥


x2
1 + x2

2 + x2
3

x1 + x2 + x3

x1x2 + x2x3 + x3x1


∥∥∥∥∥∥∥∥∥ + 0.1‖x‖

≥0.

The non-negativity holds because all terms are non-negative for x ∈ R3
+ with ‖x‖ ≥ 0. Thus, x̄ is

quasi-optimal for (Pϕ).
Next, verify x̄ is an approximate quasi-Benson proper efficient solution as follows:

cl
(

cone(F x̄(K) + C + ε‖x − x̄‖e)
)

= cl
(

cone
( 

x2
1 + x2

2 + x2
3

x1 + x2 + x3

x1x2 + x2x3 + x3x1

 + R3
+ + ‖x − x̄‖e

))
= R3

+.

Thus, x̄ is an approximate quasi-Benson proper efficient solution.
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The following theorem establishes a duality correspondence between the approximate quasi-Benson
proper efficient solutions of the VEP and quasi-optimal solutions of the scalarized problem (Pϕ), thus
leveraging the monotonicity properties of the augmented dual cone Cα].

Theorem 3. Let C ⊂ Rm be a pointed closed convex cone, ε ≥ 0, e = (e1, . . . , em) ∈ int C, and x̄ ∈ Ω.
If (w, α) ∈ Cα∗ and x̄ is an approximate quasi-Benson proper efficient solution for the VEP, then x̄ is
also a quasi-optimal solution for problem (Pϕ).

Proof. If x̄ is an approximate quasi-Benson proper efficient solution for the VEP, then

cl
(
cone(F x̄(x) + C + ε‖x − x̄‖e)

)
∩ (−C) = {0}, ∀x ∈ Ω.

Additionally, F x̄(x̄) = 0, we obtain the following:

cl
(
cone(F x̄(x) − F x̄(x̄) + C + ε‖x − x̄‖e)

)
∩ (−C) = {0}, ∀x ∈ Ω.

Since the function ϕ is monotonically increasing on Rm for all (w, α) ∈ Cα∗. Therefore, for any c ∈ C
and x ∈ Ω, we have the following:

ϕ(F x̄(x̄)) ≤ ϕ(F x̄(x) + c + ε‖x − x̄‖e)
≤ ϕ(F x̄(x)) + ϕ(c + ε‖x − x̄‖e)
≤ ϕ(F x̄(x)) + 〈w, c + ε‖x − x̄‖e〉 + α‖c + ε‖x − x̄‖e‖

≤ ϕ(F x̄(x)) + 〈w, c〉 + α‖c‖ + 〈w, e〉ε‖x − x̄‖ + αε‖x − x̄‖‖e‖.

(4.6)

Since 0 ∈ C, from Eq (4.6), we obtain the following:

ϕ(F x̄(x̄)) ≤ ϕ(F x̄(x)) + 〈w, e〉ε‖x − x̄‖ + αε‖x − x̄‖‖e‖

≤ ϕ(F x̄(x)) + (‖w‖ + ‖e‖)ε‖x − x̄‖ + αε‖x − x̄‖‖e‖

≤ ϕ(F x̄(x)) + (‖w‖ + ‖e‖ + α‖e‖)ε‖x − x̄‖.

(4.7)

Let ε′ = (‖w‖ + ‖e‖ + α‖e‖)ε. Form (4.7), we have

ϕ(F x̄(x̄) ≤ ϕ(F x̄(x)) + ε′‖x − x̄‖.

Hence, x̄ is a quasi-optimal solution to problem (Pϕ). This completes the proof. �

5. Conclusions

This paper presents the optimality and scalarization theorems for the approximate quasi-Benson
proper efficient solutions within constrained VEPs. The optimality conditions are derived using the
generalized convexity and convex separation theorems. Furthermore, two scalarization theorems were
obtained by applying the cone scalarization function with the characteristics of generating cones. The
introduced definitions and conclusions were validated through detailed numerical examples. However,
obtaining the optimality conditions for local efficient solutions of uncentered vector equilibrium
problems also remains an important yet unexplored problem. Moreover, developing more general
scalarization functions and leveraging non-polyhedral cones to obtain (locally) efficient solutions
constitutes a promising research direction.
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