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Abstract: In this article, the Laplacian spectra of the RG-join weighted graphs and the related network
indices named network coherence, kirchhoff index, and Laplacian-energy-like invariant are studied via
algebraic graph theory and analysis approach. First, the Laplacian spectrum of the weighted RG-join
graph is derived, then the union of graphs together with the RG-join operation are applied to form the
weighted RG-join graphs with several classic substructures, and the mathematical characterizations for
the indices are derived by the L-spectra. In addition, the related asymptotic results are also derived. It
is found that, based on the RG-join weighted structure, when the cardinalities of all copy sets inner G,
are large enough, the network coherence and the Kirchhoff index will be irrelevant with the quantity of
copies in G,, and also irrelevant with the edge weight d; in the other subgraph G;.
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1. Introduction

Topological indices derived by algebraic graph theory have broad significance and are applied in a
wide range of fields such as analytical chemistry and materials physics, and also have potential values
in the networked system models such as coordination problems of complex networks.

In the consensus or synchronization problems of the networked system ( [1-8]), the communication
relations of the network can always be described by a graph. There exist lots of important researches on
coordination related fields associated with the methods of algebraic graph theory ( [9-16]). In [4], the
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necessary conditions are given by the estimated bounds of the eigenvalues of the coupled Laplacian.
Ref. [5] characterized the robustness of the networked system with classic and commonly used graphs
by Laplacian spectra. The first-order consensus robustness of the system with disturbance is described
by the network coherence ( [6, 7]), and the significant researches mention that the coherence has a
form characterized by Laplacian eigenvalues. Reference [10] studies the connection between the index
of symmetric trees and the cardinalities of the leader nodes. Reference [11] obtains the recursive
expressions of the Laplacian spectrum of the nested network and then obtains the mathematical
expression of the consensus-related index.

Another topological index with a similar expression named Kirchhoft index [17-19], is applied
to interpret the graphical properties of molecules. In view of electrical networks, it can imply the
resistance distance and the average electrical energy. Another interesting graphical indicator which
can be conveyed by the L-spectrum is Laplacian-energy-like invariant(LEL) [20,21], which has similar
features to graph energy, and describes the properties related to molecular descriptors [20-22].

During the past decades, the network that owns the composite-like structures composed by graph
operations ( [23-29]), such as join graph [23,24,29], corona graph [24-26], and product graph [27,28],
has become a significant research branch thanks to its wide applications and practical possibility.
However, as a field related to coordination problems, the articles that connect algebraic graph theory
on the L-spectrum for the asymptotic graphical indicators of composite weighted structures are
comparatively not that much.

Inspired by the enlightening articles, our paper mainly studies the L-spectrum of the weighted RG-
join graph and their related network indices that can be characterized by the spectra; furthermore, three
sorts of weighted graphs with classic substructure generated by the union and RG-join operations have
been considered and the indices have been derived, then the related asymptotic results of the FONC
(first-order network coherence), Kirchhoff index, and the LEL invariant have been studied.

The main novelties of the article are listed as follows:

I. The L-spectrum of the weighted RG-join generated graph is obtained, and three novel non-
isomorphic weighted composite networks with classic subgraphs are designed by the RG-join together
with the union graph operator; in addition, their specific corresponding weighted L-spectra are derived.

II. Novel results for the performance indices on the weighted RG-join networks are derived, the
analysis method with multivariable parameters is applied to acquire the asymptotic results, and the
method of elliptic integral is employed to derive a novel LEL asymptotic result.

II1. It is found that if the number of vertices of one copy subgraph in G, is large enough, the changing
trend of the FONC and Kirchhoff index are not relevant with the quantity of subgraph copies in G,
and the edge weight d; in the other subgraph G| according to the framework considered.

Some basic concepts in graph theory are given in the second part, and the formal expression on
the indices and weighted L-spectra are characterized. In Section 3, by the methods of algebraic graph
theory, the RG-join graphs are designed and the L-spectra are derived, the concrete expression on
the indices are obtained, and then the corresponding asymptotic results are acquired. In addition, the
expression and asymptotic results on the LEL invariant of the RG-join structure are derived.
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2. Preliminaries

2.1. Basic notations

Let G be an undirected graph with the vertex set V(G) = {vi,vs,..., vy}, the edge set EG) =
{vi,vpli,j = 1,2,...,N;i # j} and the adjacent matrix A(G) = [a;jly, Where q;; satisfies a;; = aj;.
The Laplacian matrix £(G) = D(G) — W(G), where D(G) := diag(d,,d,,...,dy) and d; = ), a;;.

J#i
Hh(G) F(G) ... F(G)
ki ky ... k
91(G) < % (G) < ... < 3,(G) are the eigenvalues of &(G), and ki, k, ..., k, are the multiplicities. Denote
the cycle with g vertices by C,, the fan-graph with 6, vertices by Fy,, and the path with 65 vertices by
Py

The Laplacian spectrum of G has the following form: S L(G) = , where

-
To construct the weighted RG-join graph, denote the RG-join operation by ‘®’, and denote the union
of two graphs by ‘U’. The following definitions and lemmas will be needed in Section 3:

Definition 1. (The RG-join weighted graphs) The RG-join of G, and G, is denoted by G; ® G,
(see Figure 1 as an example), and it has the vertex set V(R(G1)) U V(G,) and the weighted edge set
E(R(G1)) U E(Gy) U {(vi;,v2)I¥vy; € Vi, VYv,; € V,} (in Figure 1, the green edges, orange edges, and
blue edges represent the weighted edges of G, the weighted edges of G,, and the ones between G, and
G,, respectively), where R is a graph operation that will add a new vertex to each edge ([19]), and its
generated graph R(G) is the graph obtained from G by adding a new vertex e* corresponding to each
edge e of G and by joining each new vertex to the end of the edge e (see Figure 2),

Definition 2. ( [25,26]) Let G be a graph on n vertices, with the adjacency matrix A. Let 1, be the
vector with each entry equal to 1. Define the A-coronal by I'y(x) = 17(xI — A)™'1,,.

Lemma 1. [29] Let A be a real matrix of order n, I, is the identity matrix, J, denotes the matrix with
each entry eaquals to 1, then det(x],, — A — uJ,) = (1 — ul's(x))det(xl,, — A) .

Lemma 2. ([25,26]) Let G be an r-regular graph with n vertices. Then 'y(x) = .

Figure 1. An example of the RG-join graph: C4 ® P5.
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Figure 2. An example of the R-operation, where a,b,c,d are the edges of G.

R(G)

2.2. The mathematical characterizations for the L-spectrum related indices

Referring to [6,7], the FONC can be described as: the mean steady-state variance of the deviation
from the average of all nodes, and it has the Laplacian spectrum related expression:

H = izl, 2.1)

Another topological index related to the sum of reciprocal of eigenvalues is Kirchhoff index [17-19],
which is defined by the sum of resistance distance [17, 18, 30] between all pairs of vertices of the
network, and the following equation has been proved.

N
Kf(G) = NZ % (2.2)
= i

and the index of LEL [20,21] has the expression by the L-spectrum:

N
LEL(G) = ) Vi, (2.3)
i=2

where p;, 4;, i, (i = 1,2, ..., N) are the Laplacian eigenvalues, and N is the order of the graph.
3. Main results

3.1. The L-spectra of the RG-join weighted graph

Theorem 1. Suppose that a graph G, is rj-regular, and has n; vertices and m; edges, with each
edge weighted d;, and G, is an arbitrary graph on n, vertices, with each edge weighted d,; set each
edge linking between G, and G, has weight d, then the weighted L-spectrum of G, ® G, has the
characterization:

(1). 0 € S L(G| ® G,) with multiplicity 1;

(2). 2d, € SL(G| ® G,) repeated m; — n; times;

d+rid+2d d)+ d+rid\+2d d)2—4A(nydr1dy+2n1d d+2nyd d .
3). (md+rid1+2d,+ny )+\/(n1 +r1 1+21+ﬂ2 )>—4(n1dridi+2n1d d+2nyd ) d) € S L(G, ® G,) with multiplicity 1;
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dy+2dy +npd+p )£ dy +2dy +nad+p V2 —4(2nady d+3d2 Y . C . .
(@), Qle2dremd)e od s i) RO ¢ SI(G) ® G,) with multiplicity 1, where i =

2, 3, .
(5). md + dyul” € SL(G, ® G,) with multiplicity 1, where i = 2,3, ..., n,.

Proof. The Laplacian matrix of G; ® G is:

(r1d1 + nzj)lnl + dlLl —dlM —CanIan
L = _dlMT 2dllm1 0m1><n2 ’
_djngxnl Onzxml ﬂ1d1n2 + d2L2

where L;, L, are the Laplacian matrix of G, and G, respectively, and M is the incidence matrix of G;.
The Laplacian polynomial of weighted RG-join G| ® G is:

(.X - l"ldl - l’lzé?)lnl - dlLl dlM C?Jnlx”z
fGHZGz(L : x) = EilMT (-x - 2dl)lm1 O_mlxnz
danan 0n2><m1 (x - nld)lnz - d2L2

:det((x - I’le)lnz - dsz)dCt(D,

where

® = (x—nrd; - nZdZ)Im —d,\L, aiM
dlMT (x— 2(11)1,,1l

daJnyxn -
_( 2 01 2 )((x ~mdy)l,, — dsLy)” ( A2y O )
_[ &=rdi =nmd)l, —diL, diM 3 AT a,1,(x = md2) ;O
diM’ (x = 2d)I, 0 0
[ (x=nd; - n26?)1n1 —d\L - d_zrdsz(x = 1d2) aM
= dlMT (X - 2d1)1m1

Therefore, by Lemma 1,

diMM”

det® =(x - 2d,)" det ((x = r1dy — md)l,, — dyLy = T g,p,(x = myd)J — )
X — 2d1
:(x — 2d] )ml(l - Cizrdsz(x - nlc?)Fd d%MMT (X - I"]d] - l’lzd_))
1+ g
- dIMM”
det((x— r1d1 - flzd)lnl - dlLl - . Zdl ),
by Lemma 2,
P
Py (x — md) =——2—;
- - 2d
r 2t (X —ridy — nod) = mx 1_) =
diLi+ g x2 — (rdy +2d; + nad)x + 2npd,d
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Therefore,
x(x = 2d;)y™m™™
X — nlc?
(X2 - (fl]éz +rd; +2d; + I’lzCZ)X + (nlczrldl + 2n1d167 + I’l]l’lzé?2 + ZanZdl — I’lzl’llcp))
x% — (l"ldl +2d; + nch)x + 2n2d167

detd =

n

. 1—[ (_x2 - (rldl + 2d1 + nzcz + ﬂgl)dl)x + 2]’126?611 + 3d%lufl))

i=1

Hence, the Laplacian polynomial of weighted RG-join of G| and G, is:

J6m6,(L 1 x) = x(x = 2d)™™
. (x2 - (I’l]d_ + r1d1 + 2d1 + nzc?)x + (I’l]d_rldl + 2n1d167 + I”L]I’lzd—z + 21126?611 - I’Lzl’lld—z))

n ny
Jl@-md-du?) -] (x2 — (ridy + 2d, + nod + iV d))x + 2ndd, + 3dfﬂ§”),
i=2 i=2

thus, the result in Theorem 1 holds. ]

3.2. Related applications of weighted L-spectrum for the RG-join network

According to the theorem in Section 3.1, the weighted RG-join structures in this section are designed
and interpreted as follows. Three types of regular graph are selected for G, these are: complete graph,
complete balanced k-partite graph, and cycle. Define and denote the three types of structure by the
graph operation with RG-join as: RJ; := K, ®(U,P,,); RJ, := K(p, 01)® (U Fy,); RJ3 := C,R (U, Py,),
where K, is the complete graph with n; vertices; K(p, 6,) is the p-partite graph with each partition
having 6, vertices.

3.2.1. The network indices for RJ; := K,,, ® (U,P,,)

Here, the networked system that owns the graph K, ® (U,P,,) is also simplified by RJ;, and so is
RJ,, RJ5. The weighted L-spectrum of RJ; can be written as:

(1). 0 e SL(K,, ® (U,P,,)) with multiplicity 1;

(2). 2d, € SL(K,, ® (U,P,,)) with multiplicity m; — n;;

d+rid,+2d d)+ d+rid,+2d dy2—4(nidridy+2n1dyd+2anyd d . c g .
3). (n1d+ridy +2dy +amyd)x \(md+ridy + 21+Wl2 )>=4(nidridi+2n1d\d+2anzd, d) e S L(K,, ® (U,P,,)) with multiplicity

1;
((n1—1)d1+2d+anydr+ndy)= —1)d+2d, +anadr +n1 dy )2 —4(2anad, d+3d%ny) .
4). x = n 1+2dy +anydy+nydy)E N () 1+2d+anydy+n1d, anyd, o SL(K,, ® (UPy)) with

multiplicity n; — 1; ’
(5).ndeS L(K,, ® (U,P,,)) with multiplicity a — 1;
(6). nid + d24sin2(2"7”2) € SL(K,, ® (U,P,,)) repeated a times, where k = 1,2, ...,n, — 1.
Therefore, we have

H(RJ)) =

1 (ml - n 4 (I’lld_ +rid, +2d, + (ll’lzéi)
2(ny +my +any)\  2d, (mydridy + 2n,d,d + 2an»d,d)
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18189

((I’l] - l)dl + 2d1 + Cll’lzdz + I’l]d]) + (Cl - 1)

+(n—1 —
(= (Qanaydyd + 3d*ny) nd

ny—1 1

“~ nid + dydsin (E)

then

1
lim HRJ,) = :
e 2 W2 + 4donid

Hence, one can see that the asymptotic result is irrelevant with d,, i.e., the weight of G. Therefore,
. . . . 2
the Kirchhoff index of the structure has the asymptotic relation: K; ~ -ty

Vn%[p+4d2n1[z

It can be derived that the asymptotic result based on the infinity of n, is irrelevant to the parameters:
di,my, a, and is only relevant with the linking edge weight between G; and G,, the number of vertices
of G, and the edge weight of G,.

, when n, — oo.

3.2.2. The network indices for RJ, := K(p, 0;) ® (U,Fy,)

The weighted L-spectrum of K(p, 6,) ® (U, F,) can be characterized as:
(1). 0 e SL(K(p, 0)) ® (U, Fy,)) with multiplicity 1;
(2). 2d, € SL(K’(p, 0)) ® (U,Fy,)) with multiplicity p(p — 1)8%/2 — poy;

3). (pelj+(p—1)91dl+2dl+aezd)i\/(p915+(p—1)91d1;2d1+aezd)2—4(peld(p—1)eldl+2p91dld+2a92dld) e SLK(p.0) =

(U, Fg,)) with multiplicity 1;
((p—1)0,d,+2d, +¢192J+p(7']d] )+ \/((p—])61d] +2d, +a62J+p61d| )2—4(2a02d1 J+3d%p9])

(@) 5 € SL(K(p,0,)®(U,Fy,)) repeated
p — 1 times;
—-1)0,d+2d, +abrd+(p—1)0,d) )£ —1)81d1+2d) +abd+(p—1)01d1)2~4(2abd  d+3d*(p—1)0
(5). (p=1)01d+2d, +abrd+(p-1)01d1)= \/(p—1)61 12+ 1+abrd+(p—1)01d1)*—-4(2ab,d  d+3d;(p—1)61) e SLK(p,0) & (U, Fy,))

with multiplicity p(8; — 1);
(6). p6;d € with multiplicity a — 1;
). p01c? + d,0, € with multiplicity a;
(8). pbid + d>(1 + 4sin2(2(9£i1))) with multiplicity a, where j = 1,2,...,6, — 2.
Therefore, the index of network coherence can be derived by:

1 1
HRJ,) = (— ~ )8 - 208
( 2) 2p01+p20%—p6%+2a82 4dl(p(p ) 1 p 1)

p@lcf +(p—1bd, +2d, + ab,d
pOd(p — D0yd, +2p6,d,d + 2a6,d\d
N [(p — 1)01d, + 2d, 4_—a02c7+ poidi](p—1)
2a6,d,d + 3d12p91

+ [(p - 1)01611 + 2d1 + 61926?+ (p - l)Qldl]p(Ql - 1) + a-—1
2a92d1c7 + 3d%(p -1, p@ld_
6,-2

a a

Py — .
pohd +dr0, 4= pbid + dy(1 + 4sin’(557))
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Therefore, when 6, — oo, we have

I
lim H(RJ,) =—— f 4 dx
0y 00 2a Jo p6id + dy(1 + 4sin*(%))

1

2\ (p0id + do)(p0id + 5d3)

Therefore, the asymptotic result is irrelevant with d,, i.e., the weight of the edges in Gy, and it

is also irrelevant with a, i.e., the numbers of copies of the fan-subgraphs in G,. Thus, the Kirchhoff
(2P0 +p63(p—1)+2ab,)>

4\(p61d+dr)(pord+5dr)

index of the structure has the relation with respect to the graph parameters: K, ~

as 6, — oo.

3.2.3. The network indices for RJ; := C;, ® (U, Py,)

The weighted L-spectrum of C, ® (U,Py,) can be characterized as:
(1) 0 € SL(C, ® (U,Py,)) with multiplicity 1;

d+4d)+abzd)+ d+4d)+atzd)?—4(4qdd, +2a63d d . Coge .
(2) @drtdiratsd: Vgl L P 20D € S L(C, ® (U, Pyy)) with multiplicity 1;

(4 +ab3d+4dy sin® (4)+ \/(4d1 +absd+4d, sin® (2))~4(2ab3dy d+3d4sin? (45))
2

€ SL(C, ® (U,Py,)) is the single root,
where k = 1,2,...,q — 1.

4). qd € SL(C, ® (U,Py,)) repeated a — 1 times;

(5). qd + 4d2sin2(2"7”3) € SL(C, ® (U Py,)) repeated a times, where k = 1,2,...,6; — 1.

Therefore, in this case, the coherence has the expression:

1 gd +4dy + absd  C5 Ady + abd + ddysin () 4
H(RJ3) = = -+ = +—
2(2q + ab)4qdd, + 2ab3d\d & 2a0:d,d + 12dsin> (") qd
63—-1 a
+ =
kzz; qd + 4d2sin2(2k7”3)]
Thus, when

(i). ¢ — oo, one has,

Y4d, + abd + 4d, sin*(nx) p 12d; + absd . 1
— X =
2a6sd,d + 12d sin*(nx) 12d, \2a6;d(2absd + 12d,) 124

1
lim H(RJ3) :—f
0

g 4

(i1). 63 — oo,

1
1 1
lim H(RJ3) = —f - ———dx = - =
f3—00 2 0 qd + 4d2sm (7) 2 (qd + 4d2)Qd

Therefore, from (1) and (ii), it can be obtained that if ¢ — oo, the asymptotic result is irrelevant with
d,; however, when 6; — oo, it is irrelevant with d;, that is, the edge weight of G, and it is also not

relevant with a, i.e.; the number of copies of path subgraphs in G,. Thus, it can be derived that the
(2g+abs3)?

\/(qc?+4d2)qc7 ’

AIMS Mathematics Volume 10, Issue 8, 18183-18194.
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Corollary 1. Suppose that G, is rj-regular on n; vertices with each edge weighted d;, and G,
is an arbitrary graph on n, vertices weighted with d,, and they have the L-spectrum SL(G,) =
Wl u) and SL(Gy) = {4, ..., 4}, respectively. Then by Eq (2.3) and Theorem 1,
the LEL of the RG-join graph has the following characterization:

LEL(G] X Gz) :(m1 - l’ll) \/20’1

+ \/(l’lld_ +rid; +2d; + I/de_) +2 I’l]CZI"]dl + 2n1d1tz + 2n2dlcz

\/(rldl +2d, + mod + 1\Vdy) + 2 \/andld +3du)

n
+ Z \,I’L]d_ + dz/l?)
i=2

Corollary 2. The LEL of the RG-join weighted graph RJ, := K, ® (U,P,,) has the following
asymptotic result:

LEL(RJ LEL(RJ
lim # = lim ——— 7% (RJ1) f \/n1d+4dzsm2(—) dx

m-e  V(G) m—o Ny + m; + ans

2 - 4 4
== Jmd |1+ BE—2,
T md md+4n,

where E(p) = fog v 1 — p%sint dt is the second kind of elliptic integral.

Remark 3. The RG-join weighted structure of two graphs might be extended to general layered
structures in one’s future research. In fact, the weigthed RG-join structure might be seen as a kind
of two-layered structure, since the subgraphs G, and G, both have their own weights, and the edges
between them have another identical weight. The mathematical expression of the indices can be
regarded as an enlightening reference for the similar topics on composite networks with the join-like
graph operations, and the asymptotic properties can be applied to study and improve the topological
indices [31] of network performance.

4. Conclusions

This research mainly studies the L-spectrum of RG-join weighted graphs, three types of novel
weighted composite networks generated by classic graphs are constructed by the graph operation of
RG-join, in addition, their corresponding weighted L-spectra are derived. Novel results for the indices
of the weighted RG-join networks are derived, and analysis methods with multivariable parameters are
applied to acquire the asymptotic results; in addition, the method of elliptic integral is employed to
derive a novel LEL asymptotic result. It is found that if the number of vertices of one copy subgraph
in G, is large enough, the changing trends of the FONC and Kirhoff index are not relevant with some
sort of subgraph copies’ quantity in G,, and also irrelevant with the edge weight d; in G based on the
considered framework.
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