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Abstract: Reaction—diffusion systems serve as a powerful mathematical framework for modeling
dynamic behaviors and pattern formation, widely used to model physical, chemical, and biological
systems, among others. Understanding their stability often involves examining eigenvalue problems
derived by linearizing the governing equations around their time-independent solutions. In most
practical cases, analytical solutions to these eigenvalue problems are difficult to obtain—especially in
multi-component systems or when dealing with non-self-adjoint problems—making both analysis and
computation more challenging. As a result, numerical methods remain the primary practical tool for
investigating their spectral properties and gaining insight into system behavior.  Recently,
physics-informed neural networks (PINNs) have emerged as a promising alternative for solving
partial differential equations by embedding physical laws and constraints directly into the training
process. In this work, we use a PINN-based approach to compute multiple eigenpairs for the
eigenvalue problems of reaction—diffusion systems, covering both single- and multi-component cases.
This includes challenging scenarios involving non-self-adjoint problems, where traditional numerical
methods often become less effective. In this work, we limit our focus to two one-dimensional
reaction—diffusion models: the Zeldovich-Frank—Kamenetsky (ZFK) equation, a single-component
system with a self-adjoint structure, and the FitzHugh—Nagumo (FHN) system, a two-component
model exhibiting non-self-adjoint behavior. By embedding essential physical constraints—such as
biorthonormality between left and right eigenfunctions and spectral ordering—directly into the loss
function, the method maintains consistency and robustness during training. In both cases, the PINN
framework yields accurate eigenvalue and eigenfunction approximations that agree closely with direct
numerical simulations. These results highlight the capability of PINNs to serve as a flexible and
effective tool for spectral analysis across a broad class of reaction—diffusion problems.
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1. Introduction

Reaction—diffusion systems (RDS) describe how the concentration of substances changes over
time and space due to a combination of local reactions and diffusion. Although these models were
first developed to study chemical processes, they are now widely used across many fields—including
biology, physics, ecology, and the social sciences—because they help explain how complex patterns
and behaviors can emerge from simple rules [1,2]. RDS can be grouped into two main types.
Single-component systems usually describe simpler processes like how a population spreads, how
heat moves through a material, or how combustion fronts form. Multi-component systems, on the
other hand, can produce more complex behaviors, including traveling waves, spatial patterns, spiral
formations, and localized structures such as solitons [3,4]. Thanks to their flexibility and the wide
range of dynamics they can capture, reaction—diffusion systems continue to be an important tool for
researchers in many scientific areas.

One important area of research in reaction—diffusion systems is solving eigenvalue problems.
These problems matter because they help us understand whether steady states are stable, how patterns
start to form, and when a system might go through big changes, like a bifurcation. Unlike basic
algebraic eigenvalue problems, the ones in reaction—diffusion models may involve differential
equations with spatially varying coefficients, boundary conditions, and sometimes even singularities.
Because of these challenges, exact solutions are usually only possible in very simplified situations.
That is why researchers often use asymptotic techniques, numerical methods, or a mix of both to
study these problems and make progress.

To find approximate eigenvalues and eigenfunctions in complex systems, researchers often use
classical numerical methods like finite difference and finite element techniques [5, 6]. Finite
difference methods are easy to set up and understand, which makes them a popular choice. But they
can sometimes miss important features, like keeping the system self-adjoint, which might lead to
problems like eigenvectors that are not orthogonal. Finite element methods usually handle tricky or
irregular domains better and tend to give more accurate results. However, setting them up takes more
time and usually requires some background knowledge about the domain and boundary conditions.
One downside of both methods is that they only give numerical results, not exact formulas. That can
be a problem if you need symbolic expressions—for example, to take derivatives or study how the
solution changes with different parameters.

The limits of traditional numerical methods—Ilike the ones mentioned earlier—plus issues like
scalability and high computational cost, have led researchers to explore data-driven and hybrid
modeling approaches. Thanks to recent progress in scientific machine learning, there are now
promising ways to handle these challenges by combining machine learning with well-established
physics-based models. One of the standout methods in this area is physics-informed neural networks
(PINNSs). These networks are especially useful because they can build physical laws right into the
learning process [7, 8]. Unlike models that rely only on data, PINNs use known physical rules, which
means they need much less data-just boundary and initial conditions in many cases. This setup helps
them simulate complex systems more efficiently while still respecting important physical principles
like conservation laws, symmetries, and other built-in constraints. Since the introduction of PINNs,
many studies have focused on improving their performance. Recent works offer complementary
methodologies that enhance training stability and accuracy in solving high-order or
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convection-dominated PDEs. For example, a Fourier-feature induced physics-informed randomized
neural network method has been proposed for high-order operators relevant to spectral analysis [9],
and a PINN framework combining soft and hard boundary constraints with Fourier expansions has
been introduced for advection-diffusion problems [10]. These developments reflect the ongoing
efforts to refine and extend the original PINN framework.

Even though PINNs show a lot of promise, using them for eigenvalue problems—whether in
self-adjoint Sturm—Liouville cases or in systems with non-self-adjoint linearized operators—is still a
developing area of research. In this study, we look at both types of problems and introduce a
PINN-based framework to tackle eigenvalue problems that come from reaction—diffusion systems.
While PINNs have already been used in several applications, their use in non-self-adjoint problems is
still fairly limited, which leaves room for more exploration. Our approach directly approximates both
the eigenvalues and eigenfunctions, offering a unified way to study stability while aiming to boost
both computational accuracy and efficiency.

What makes our approach distinctive is the way we incorporate the spectral structure of the
problem into the training process itself. In particular, we enforce biorthonormality and
biorthogonality conditions between left and right eigenfunctions—relationships that naturally arise in
non-self-adjoint settings but are often ignored in existing PINN-based methods. We also introduce a
strategy to guide the network toward separating the dominant eigenmodes from the rest of the
spectrum, helping to stabilize the training and clarify the spectral interpretation of the results. In
addition, incorporating a priori knowledge—such as symmetry properties of the eigenfunctions or
expected spectral behavior—has the potential to further improve training efficiency and solution
quality. These structural insights act as useful inductive biases, steering the model toward more
meaningful representations and faster convergence. To the best of our knowledge, this is the first
study to integrate biorthogonality constraints and spectral separation into a unified PINN framework
for computing multiple eigenpairs in reaction—diffusion systems.

The remainder of this paper is structured as follows: In Section 2, we go over the mathematical
setup for the self-adjoint eigenvalue problems that play a key role in reaction—diffusion systems.
Section 3 introduces our PINN-based approach, including the neural network design, how we define
the loss functions, and how the model is trained. In Section 4, we test the method on two well-known
examples—the Zeldovich-Frank—Kamenetsky (ZFK) equation and the FitzHugh—-Nagumo (FHN)
model—to demonstrate its effectiveness. Finally, Section 5 concludes with a summary of our findings
and outlines directions for future research.

2. Problem statement

As stated before, the reaction-diffusion equation is a fundamental mathematical model used to
describe various physical, chemical, and biological phenomena. In its general form, the equation is

written as
ou D82u
o ox
where u : RXR* — R”" is an n-component field, with n > 1, defined over space x € R and time ¢ € R*.
Here, D € R™" is the diffusivity matrix, and f : R” — R” is the nonlinear vector function describing

the reaction kinetics. We rewrite equation (2.1) in a moving frame traveling at constant speed c, i.e.,

+f(u), 2.1)
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u=1u,1), & =x—ct, T =tsothat (2.1) becomes

N o ~
Z—: = Dg—é;zl + c(a?_l.fl + f(). (2.2)

In this moving frame of reference, there exists a special type of solution—called the critical
solution—that plays a key role in determining the threshold between propagation and decay in
reaction-diffusion systems. This nontrivial solution takes different forms depending on the system. In
one-component models, it usually appears as a stationary profile known as critical nucleus. In
multicomponent systems, it often emerges as a moving structure, such as a critical pulse or critical
front [11,12]. Mathematically, the critical solution satisfies the following ordinary differential

equation
d*a  db
D— +c— +f(0) =0. 2.3
dfz ¢ dcf (ll) ( )
We now linearize Eq (2.2) around the critical solution @(¢) by substituting (&, 7) = G(€) + v(&, 1)
and retaining linear terms in v(&, 7). This yields the following linearized equation
ov v ov
— =D— +c—= + J()y, 2.4
gr ~ Pag T g TIONY (&%)
where J(1) represents the matrix of partial derivatives of the reaction term, evaluated at @, given by

J@) = % 2 We assume the linearized equation (2.4) admits solutions of the form

V(£,7) = eV(§), (2.5)

where V(¢) is an eigenfunction and A is the corresponding eigenvalue. Substituting this ansatz into
(2.4) yields the eigenvalue problem

d*V  dv .
AV = Dd_fz + Cd_f +J@)V. (2.6)

This can be expressed more compactly as
LV =24V, (2.7)

where the linear differential operator £ is defined by

2

d d .
L= Dd—‘f2 + CE + J(a). (2.8)

The properties of L—specifically, whether it is self-adjoint or non-self-adjoint—play a crucial role
in analyzing the eigenvalue problem. An operator is self-adjoint if it satisfies

(LV1,V2) =(V, LV,) (2.9)

for all V;, V; in the appropriate function space, where (-, -) denotes the inner product. If this condition
is not met, the operator is referred to as non-self-adjoint.

AIMS Mathematics Volume 10, Issue 8, 18156-18182.



18160

In the current formulation, the presence of the first-derivative term c% and the non-symmetric
Jacobian matrix J(ii) typically renders £ non-self-adjoint. However, when the system is scalar, i.e.,
u = u, the wave speed ¢ vanishes due to translational symmetry, and the Jacobian reduces to a scalar
function, which is trivially symmetric. In such cases, the operator £ becomes self-adjoint. In general,
though, non-self-adjoint operators arise frequently in stability analyses of nonlinear waves and require
specialized techniques—such as adjoint eigenfunctions and biorthogonal expansions—to properly
characterize their spectral properties and dynamical behavior.

For non-self-adjoint operators, we must consider both the original problem and its adjoint. The
corresponding adjoint eigenvalue problem is given by

2
L= Ddd—g2 — Cdif + J(), (2.10)

with eigenfunctions denoted by W(¢), satisfying
LW = AW. (2.11)
The eigenfunctions V ;(£) and W ;(¢€) of L and L7, respectively, satisfy the biorthogonality condition

<W vie [Cwr 1, =k
V= | WOV de = 2.12)

- 0, otherwise.

For the sake of clarity and consistency with prior analytical frameworks [13,14], we assume that the
eigenvalues A; of the operator .L are all real and simple. Furthermore, we order the eigenpairs (4;, V)
such that

A >h=0>23>---,

where A; corresponds to the single unstable mode and 1, = O arises due to translational invariance
of the critical solution. The corresponding eigenfunctions {V;} are assumed to form a basis in the
appropriate functional space, and the same assumption holds for the adjoint eigenfunctions {W} of
L

In self-adjoint problems, the eigenfunctions are orthogonal, which makes the analysis much easier.
In non-self-adjoint systems, we lose that orthogonality, but the eigenfunctions and their adjoints are still
biorthogonal. This means we can still project the dynamics onto each mode and better understand how
different parts of the system behave. In many cases, the leading eigenpair—associated with the positive
eigenvalue 4;,—has the biggest impact on how the system behaves in the vicinity of the critical solution.
However, understanding the full evolution of perturbations often requires more than just this dominant
mode. To really understand how perturbations evolve over time, especially in multicomponent systems
or when transient effects matter, we also need to consider subleading eigenpairs. These additional
modes may have a noticeable influence, even if they decay more slowly or act over shorter time scales.

Computing these left and right eigenpairs accurately can be challenging. In practice, obtaining
multiple eigenpairs can be computationally expensive, especially for high-dimensional problems or
when high accuracy is required. In light of these challenges, several recent studies have proposed
alternative strategies to approximate the eigenvalues and eigenfunctions of such systems with
improved robustness and efficiency. A recent study [15] introduced neural network approaches called
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power method neural network (PMNN) and inverse power method neural network (IPMNN) to solve
linear eigenvalue problems. These proposed methods combine principles from traditional numerical
analysis with modern deep learning techniques. The PMNN approach mimics the conventional power
method through a neural network framework, iteratively refining the approximation of the dominant
eigenpair. Similarly, IPMNN implements an inverse power scheme to capture the smallest eigenvalue
and its corresponding eigenfunction. While the method performs well in computing isolated
eigenpairs, it is designed to recover either the dominant (largest) or the smallest eigenvalue and its
corresponding eigenfunction, one at a time. Another study [16] introduced the generalized inverse
power method neural network and its physics-constrained variant to solve generalized eigenvalue
problems with discontinuities, focusing on computing the smallest eigenvalue and its corresponding
eigenfunction, and showed that adding interface conditions during training improves both the
accuracy and the stability of the solution.

Another recent study [17] explores a different direction by applying supervised machine learning
models to inverse eigenvalue problems. Instead of computing eigenfunctions, the authors aim to
reconstruct unknown system parameters—such as the potential in a Sturm—Liouville problem or the
refractive index in a transmission eigenvalue problem—using a small number of known eigenvalues
as input. While the approach shows promising results in recovering these parameters, it does not
address the computation of eigenfunctions or multiple eigenpairs directly and is limited to the linear,
one-dimensional case. Physics-informed neural networks have also been applied to eigenvalue
problems in quantum systems governed by the Schrodinger equation, nonlinear Helmholtz equations
in acoustics, and quantum billiards [18-20]. A related study employs PINNs to compute multiple
eigenstates of quantum systems by solving the Schrodinger equation, using customized loss functions
to enforce normalization, orthogonality, and symmetry constraints during training [21].

Although the studies mentioned above offer valuable tools for analyzing eigenvalue problems with
neural networks, most of them come with certain limitations. Many are designed to find only a single
eigenpair—either the largest or the smallest—and computing additional modes often requires repeating
the training process. In some cases, eigenfunctions are not computed at all, or their orthogonality is not
strictly enforced. Moreover, the majority of these studies focus on self-adjoint problems, and do not
fully account for the complexities introduced by non-self-adjoint operators or systems with multiple
components.

In the context of our problem, which involves analyzing reaction-diffusion systems around critical
solutions, it’s not enough to compute just one eigenpair. A complete understanding of the behavior
near these solutions—particularly in multicomponent cases—requires access to both left and right
eigenfunctions, as well as their associated eigenvalues. These eigenpairs offer a useful representation
of the system’s behavior and are central to understanding its response to perturbations. Our goal,
therefore, is to develop a physics-informed neural network (PINN)-based method capable of
accurately obtaining multiple eigenpairs simultaneously. To achieve this, the method incorporates
both the structure of the spectrum and the appropriate orthogonality or biorthogonality constraints
directly into the training process. This makes it particularly suitable for handling more complex cases,
including multicomponent systems and non-self-adjoint operators, where traditional approaches often
fall short.
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3. Physics-informed neural networks (PINNs)

A neural network is a computational framework designed to approximate complex functions by
mimicking the structure of neural connections in the human brain [22]. It functions as a universal
approximator, meaning it can represent any continuous function given sufficient depth (number of
hidden layers) and width (number of neurons). A typical architecture includes an input layer, one
or more hidden layers, and an output layer. The input layer receives data, the hidden layers apply
nonlinear transformations using activation functions, and the output layer produces the final output.
The learning process involves adjusting weights and biases, which control how inputs are combined
and thresholds are applied. This flexibility allows neural networks to capture complex patterns in data
and adapt to a wide variety of tasks. Collectively, this process defines a function

N(L)(X) . Rdin — Rdout’ (31)

where N'P(x) denotes the output of a neural network with L layers applied to an input x € R% . The
mathematical structure of each of these layers can be written as follows:

e Input layer:
NOx)=x, xeR%b, (3.2)

e Hidden layers:
N = (WNTD +b), W, e RV N b eRY, 1<I<L-1, (3.3)

where o is the activation function applied element-wise.
e Output layer:
N® =W NED + b, W, € RéwNt ;e R, (3.4)

Here, W, denotes the weight matrix associated with layer /, where each entry W;f) represents the
weight connecting the i-th neuron in layer / — 1 to the j-th neuron in layer /. Similarly, b; is the bias
vector for layer /, and the function o refers to the nonlinear activation function applied element-wise
to the output of the affine transformation. The parameters N; and N,_; indicate the number of neurons
in the /-th and (/ — 1)-th layers, respectively. The final layer index L determines the total depth of the
network, with d;, and d,,, representing the input and output dimensions of the network, respectively.

The approximate solution to the target function or differential equation is represented by the neural
network output. This solution is parameterized by 6 = {W,, b;}/- | and mathematically the solution can
be expressed as

Ox) =N x:0) = (N o N Do o NO)(x), (3.5)

where o represents function composition. The parameters 6 of the network are aimed to be optimized
by minimizing a loss function, which measures the discrepancy between the network’s output and the
desired target—such as the residual of a differential equation, boundary conditions, or known solution
values. Through this optimization process, the neural network learns to approximate the target solution
U, effectively capturing the behavior dictated by the underlying equations and constraints.

In the framework of PINNSs, the loss function plays a central role by measuring how well the neural
network’s output aligns with the expected physical behavior of the system. It is typically formulated
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as a combination of terms that penalize deviations from the governing differential equation, as well as
any prescribed boundary or initial conditions. This structure guides the training process, ensuring that
the learned solution remains consistent with the underlying mathematical model and captures both the
dynamics and mathematical or physical constraints associated with the problem.

The training process involves minimizing the loss function using gradient-based optimization
algorithms, such as the Adam optimizer [23]. By leveraging automatic differentiation, PINNs can
compute exact derivatives of the neural network output with respect to both inputs and parameters,
eliminating the need for numerical differentiation or mesh-based discretization [24]. This enables
greater flexibility in selecting training points and supports efficient implementation over complex or
unstructured domains [25].

The optimization process in the PINN framework is formulated as

g = arg mein Z(0),

where 6° denotes the optimal set of network parameters that minimize the total loss .. During
training, the weights and biases of the network are iteratively updated to reduce the residuals of the
PDE and satisfy the given boundary or initial conditions. Through this procedure, the network
progressively learns to approximate the solution with increasing accuracy. After training, the
predictions can be validated against analytical results or benchmark numerical results. If the accuracy
does not meet expectations, improvements can be made by adjusting the network architecture,
refining the loss function, or selecting alternative optimization strategies.

In some cases, such as our eigenvalue problem, certain parameters that appear in the governing
equations—Ilike the eigenvalue itself—are not known beforehand. In these situations, the framework
can be extended using inverse physics-informed neural networks (inverse PINNs), which treat such
unknowns as additional trainable parameters. This allows the network to learn both the solution and
the underlying parameter simultaneously by minimizing a loss function that incorporates the
differential equation and available constraints. This approach is particularly effective when the
parameter of interest is not directly observable but indirectly governs the system’s behavior, a
scenario frequently encountered in spectral problems [26,27].

4. PINN-based methodology

In this section, we introduce a PINN framework designed to solve the class of eigenvalue problems
considered in this paper, including both self-adjoint and non-self-adjoint cases, as will be demonstrated
in the two test problems presented in the next section. The eigenvalue problems for the operator £ and
its adjoint L* are defined as

LV=AV, LSW=aW, inQ, 4.1)

where £ and L* are the linearized and adjoint linearized operators, respectively, V(¢) and W(¢) are
the eigenfunctions, and A is the shared eigenvalue. The shared boundary conditions for the eigenvalue
problems of £ and L* are given as

BV =BW =g, onoQ, 4.2)
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where 8 is the boundary operator, and g defines the required boundary behavior. The domain Q Cc R
denotes the spatial interval over which the eigenvalue problem is defined, and 0Q refers to the boundary
of this domain, where the boundary conditions are applied.

We denote the neural network by N(X; 4, 6), where 6 represents the network parameters, and A is
treated as an additional unknown parameter to be learned during training. In this framework, we use
the same neural network to approximate both the left and right eigenfunctions. These two networks are
trained and optimized simultaneously, with their outputs used in the same loss function. Consequently,
we denote the approximated eigenfunctions by V(x) and W(x), while the predicted eigenvalue A is
learned simultaneously during training as part of the network’s output.

Since the eigenvalue A is treated as a trainable parameter alongside the neural network weights and
biases, special attention must be given to the formulation of the loss function. An effective loss must
ensure that the network not only satisfies the linearized and adjoint linearized eigenvalue problems but
also enforces essential properties such as normalization, biorthonormality between the left and right
eigenfunctions, and consistency in the eigenvalue estimate. These components work together to guide
the optimization process and ensure that the learned eigenpair accurately reflects the spectral behavior
of the operators.

The primary components of the loss function are derived from the eigenvalue problems for the
equations in (4.1). These terms ensure that the neural network approximations V(x) and W(x) satisfy
their respective eigenvalue problems. The combined loss is defined as

1 A A 2 N Aa 2
Love = - D (||£V(x) — AV + [ LW - IWE)| ) (4.3)
XED/'
where || - || denotes the L?>-norm, defined as
A7 = f |f () dx
Q

for a continuous function f(x), or equivalently, as the sum of squared values over discrete points
for numerical implementations. In this context, the L>-norm quantifies the discrepancy between the
predicted eigenfunctions V(x) and W(x) and their respective eigenvalue problems. Additionally, D ¢
refers to Ny collocation points sampled inside the domain Q. These collocation points are used to
evaluate the residuals of the eigenvalue problems for both the approximated left eigenfunction V(x)
and right eigenfunction W(x).

To ensure the stability of the neural network’s approximation and to prevent the solutions from
collapsing into trivial or null solutions, we need to enforce the biorthonormality conditions required
for the eigenvalue problem. To guarantee that the right eigenfunctions \72 and left eigenfunctions W;{
satisfy biorthonormality, we define a loss function that enforces the following conditions:

e Biorthonormality: (V:, W;;) = 1, ensuring that each right eigenfunction V;; and its corresponding
left (adjoint) eigenfunction VAV;C are normalized with respect to one another.

e Biorthogonality: (V, VAV£n> = 0 for k # m, enforcing mutual orthogonality between
non-matching pairs of right and left eigenfunctions.

The biorthonormality loss function, ensuring normalization of eigenfunction pairs and orthogonality
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of non-paired combinations, is defined as

Lho= Y (VWD — 1)+ > (VL W) (4.4)

k=1 k#m

This part of our loss function helps the model find solutions that do two important things at once:
follow the physics we are modeling (the governing equations) and maintain the special mathematical
relationship we need between our functions (biorthonormality). Without this term, we would risk
getting solutions that are either physically meaningless or numerically unstable. Hence, minimizing
above term helps prevent degenerate or ill-conditioned solutions and enhances numerical stability in
the learned representations.

To encourage the predicted eigenvalues A to follow the expected spectral structure A; > A, = 0 >
A3 > ..., we introduce an eigenvalue ordering loss defined as

n—1

Lo = ) max(0, 4 — A7 + (L) (4.5)
k=1

The first term penalizes any violations of the strict decreasing order of the eigenvalues by
contributing a nonzero value only when A;,; > A, while the second term enforces that the second
eigenvalue tends to zero, as expected from the translational invariance of the underlying system. This
part of the loss makes sure the predicted eigenvalues stay physically realistic and match what theory
expects, helping avoid overlapping modes and keeping the overall spectral structure intact during
training.

In a one-dimensional domain, the boundary dQ consists of just two points—the left and right ends
of the interval. Accordingly, the boundary dataset Dgc includes Ngc = 2 collocation points, which are
used to enforce the boundary conditions for both the right and left eigenfunctions. The corresponding
boundary loss is defined using the L>-norm evaluated at these endpoints as

1 N A
Loe =5 3, (1B - @I’ +I1BWE) - s0I). (4.6)

xeDpc

where B denotes the boundary operator and g(x) is the prescribed boundary condition. This soft
constraint approach allows the boundary conditions to be enforced approximately by adding a penalty
term to the loss function. It is simple to implement and offers flexibility, especially for more complex
or irregular domains.

To further improve accuracy and training stability, we also consider a hard constraint formulation
that embeds the boundary conditions directly into the architecture of the neural network. In this
approach, the network’s output is transformed to inherently satisfy the boundary constraints by
construction, following the method originally proposed in [28]. Specifically, we define the
transformed outputs as

V(&) = V(&) + W ©OV(E), WE) = W(&) + y(&)W(&), (4.7)

where V.(¢) and W () are functions that satisfy the boundary conditions at the domain boundaries,
ie., B[V.] = G) and B[W_.] = G(&) for & € 022, and G(£¢) denotes the prescribed boundary data. The
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function ¥/(¢) is a boundary basis function that vanishes on 9€, ensuring that V(f) and V~V(§) inherently
satisfy the boundary constraints. By using this transformation, the predicted solutions are guaranteed
to respect the boundary conditions, leading to physically consistent and accurate outputs throughout
the domain.

The use of hard constraints offers several advantages: it eliminates the need for explicit boundary
penalty terms, simplifies the loss function, improves numerical stability, and enforces physical
consistency. Although harder to implement for complex or irregular geometries, this approach is well
suited to the one-dimensional domain considered in this study. By embedding the boundary
conditions directly into the neural network output, we enhance the convergence properties of the
model and reduce computational cost while preserving accuracy, as also noted in previous works such
as [25].

To improve the consistency between the predicted eigenfunctions and their associated eigenvalue,
we incorporate an additional loss term based on the original time-dependent reaction-diffusion
equation. In addition to solving the eigenvalue problems, we would also like to ensure that the
predicted eigenvalue and eigenfunction pairs respect the dynamics of the original time-dependent
PDE. Specifically, we define the transformed variables

Ve = VE),  WET) = W), (4.8)

and substitute them into the original linearized and adjoint linearized PDEs. This allows us to construct
a residual loss that directly penalizes discrepancies in the full spatiotemporal dynamics. The resulting
PDE-based residual loss is given by

1 &
ZppE = EZ(

J=1

2
ow O*Ww ow

_ _D_ I MDY
o, 9 +c PP J ()W

ov #v oV

2
% _ e 5 ] , 4.9)

where ¥(&,7;) and W(&, 7;) are evaluated at discrete time values {r j}zjyz, , sampled over a finite interval
[Tmins Tmax]- This loss encourages the learned eigenvalue—eigenfunction pairs to remain consistent not
only with the eigenvalue problem itself but also with the broader temporal dynamics from which the
spectral problem was derived.

The total loss function is formulated as a weighted sum of individual components, each enforcing a
specific constraint of the eigenvalue problem. These include residuals from the eigenvalue problems,
boundary conditions, biorthonormality constraints, eigenvalue ordering, and the consistency of the
learned eigenpairs with the original time-dependent equations. The total loss is then defined as

Liotal = WODE “ZODE + WpDE “ZPpE + W LBC + WBO -LBo + WEIG -ZEIG, (4.10)

where wopg, WppE, WBC, WBO, WEIG are tunable weights that control the relative influence of each term
during training. It is important to note that this formulation assumes the use of soft constraints for
enforcing boundary conditions, where ¢ is explicitly minimized to ensure compliance. However, if
we use hard constraints with output transformation, the boundary conditions are inherently satisfied by
the structure of the network output. In such cases, the boundary loss term % is automatically zero
and can be excluded from the total loss calculation.

Minimizing the total loss % guides the neural network to satisfy multiple requirements at once:
the differential and adjoint eigenvalue equations, boundary conditions, biorthonormality constraints,
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expected eigenvalue structure, and consistency with the full time-dependent PDE. The eigenvalue A
and the associated eigenfunctions V(x) and W(x) are learned through this optimization process.
Automatic differentiation is used to compute spatial and temporal derivatives, enabling the
enforcement of physical and mathematical constraints without relying on numerical discretization.

______________________________________

fPDE

ZBo

.

1
Ll
L
L
L
L
L
L
L
L
L
L
L
L
L
L
ol
o
o
o
o
o

gBC o
o
o
o
o
o
o
o
o
o
o
o
o
o
o
ol
o
o
o
o
o

1

Update A, 6

_____________________________________

A0 — N\, 0" = arg I&ﬁ;lﬁotal

N

Total Loss

Ziotal = WODE -ZODE + WPDE -ZPDE
+wpc LBe + wBo LBo + WEIG LEIC

Output: 5\, \7, w

Figure 1. Schematic representation of a PINN framework tailored for solving eigenvalue
problems.

Figure 1 illustrates the overall structure of the PINN framework designed to solve eigenvalue
problems. The process begins with the spatial input x, which is passed through a neural network
parameterized by 6 and augmented with the eigenvalue A as a trainable variable. The network
generates predictions for both the right and left eigenfunctions, denoted V and W, respectively. Using
automatic differentiation, spatial and temporal derivatives of the predicted eigenfunctions are
computed to form the following residuals: Zopg for the eigenvalue problems, Zppg for consistency
with the time-dependent problems, .Z3o to enforce biorthonormality, and %% to maintain the
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spectral ordering. When soft constraints are employed, an additional term .Zp¢ enforces the boundary
conditions.

All components are combined into the total loss %y, Which is minimized using a gradient-based
optimization algorithm. The optimization proceeds iteratively, updating both the network parameters
and the eigenvalue until convergence criteria are met. These criteria include either the reduction of the
total loss below a specified threshold or the completion of a maximum number of training iterations.
Upon convergence, the trained network outputs the approximated eigenvalues and left and rigth
eigenfunctions (1, V,W), which satisfy the spectral properties and physical constraints of the
underlying problem.

5. Results

We apply the proposed PINN-based eigenvalue solver to two distinct test problems. The first test
case is the Zeldovich-Frank-Kamenetsky (ZFK) equation, a one-dimensional self-adjoint problem,
and the second test case is the FitzHugh—Nagumo (FHN) system, a two-component non-self-adjoint
problem. We use the same neural network architecture for both problems, despite their differing
mathematical structures. We use a neural network with five hidden layers, each containing 80
neurons. We use the swish activation function in all hidden layers for its smooth and non-monotonic
behavior, which enhances convergence, especially in stiff or highly nonlinear regimes [29]. The
network parameters are initialized using the Glorot uniform scheme [30].

Training is conducted using a staged optimization procedure. In the initial phases, the Adam
optimizer is applied with a learning rate schedule that progressively decreases across training stages.
The learning rate starts at 8 x 107> for the first stage and is reduced to 1 x 107 in the second stage.
Each stage is run for a total of 20000 iterations. We apply %10 dropout after every hidden layer to
prevent overfitting and encourage the network to learn more robust features. This simple
regularization not only improves generalization when training data are limited or noisy, but also
introduces slight variability into the network outputs, providing a practical estimate of solution
uncertainty—a strategy shown to be effective in both forward and inverse PINN frameworks [31]. In
our case, we use this variability to get a sense of how stable the predicted quantities (such as
eigenvalues) are under small perturbations to the network. Running the model multiple times with
dropout active yields a distribution of outputs, which offers insight into the reliability of the results.
The optimization process is also stopped early using an EarlyStopping callback to ensure the model
converges quickly.

In the later stages of training, the limited memory Broyden—Fletcher—Goldfarb—Shanno (L-BFGS)
optimizer with a total of 30000 iterations is employed for finer optimization. This quasi-Newton
algorithm is known for its effectiveness in minimizing physics-informed loss functions, particularly in
landscapes that are stiff or constrained [32]. Similar to the Adam stage, the %10 dropout and
EarlyStopping callback is used to halt training when further progress becomes negligible, ensuring
efficient convergence. This two-step process helps balance stability and accuracy: the first optimizer
gets the model to converge quickly, and then the L-BFGS optimizer fine-tunes it for better precision
and alignment with the physics.

Uniformly spaced collocation points are distributed throughout the domain, excluding the
boundary regions. In both cases we consider below, we employ no-flux boundary conditions, and
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these boundary conditions are enforced via hard constraints through output transformations, which
ensure compliance with the prescribed boundary behavior by construction, without the need for
additional penalty terms. Furthermore, the output transformation is designed to impose additional
structural properties such as symmetry or anti-symmetry, depending on the spectral characteristics of
the specific eigenfunctions being learned. Enforcing the correct parity focuses the model on the
relevant solution subspace, which sharpens its search, avoids unphysical artifacts, and leads to faster,
more stable convergence and higher-quality eigenfunction estimates [21,33].

To enforce the required even- or odd-symmetry, we apply a simple transform to the network’s raw
output that mirrors the prediction appropriately, ensuring that every computed mode inherently follows
the chosen symmetry before any loss is evaluated. For an even eigenfunction V(x) ( same idea is valid
for W(x)), we set

V) = N(), 5.1)

which by construction yields
Vi-x) = N(=x) = N(lxl) = V(x).
For an odd eigenfunction, we instead use
V(x) = sgn(x) N(lx), (5.2)

so that
V(=x) = sgn(-x) N(|-x]) = — sgn(x) N(Ix]) = - V(x).

In practice, ensuring convergence to the correct eigenvalue is a critical aspect of training
PINN-based eigenvalue solvers. Without proper initialization or guidance, PINNs can converge to
undesired eigenvalues—often higher excited states—even when the initial guesses for the eigenvalue
or eigenfunction are reasonable. To mitigate this risk in our implementation, we adopt a structured
initialization approach that improves stability and alignment with theoretical expectations.

Specifically, we initialize the first eigenfunction using a randomly generated function that satisfies
the prescribed boundary conditions and is normalized. For the second eigenfunction, we use the
derivative of the first eigenfunction as the initial guess. This not only provides a nontrivial starting
point but also promotes orthogonality between the first and second modes. This process is iteratively
extended to higher modes, where each new eigenfunction is initialized in a way that ensures
orthogonality to the previously computed ones.

Moreover, we leverage theoretical insights about the spectrum of the system: for example, in the
non-self-adjoint case, we know that the second eigenvalue should lie close to zero due to translational
symmetry. Based on this, we target the second eigenpair first and progressively compute the
remaining ones, enforcing orthogonality constraints to guide the network toward the correct spectral
components. This targeted strategy helps avoid convergence to spurious eigenmodes and improves the
overall robustness of the method.

We aim to compare our PINN-based approach for estimating multiple eigenpairs with direct
numerical simulations obtained via the modified power iteration scheme and Gram-Schmidt

orthogonalization [34]. We begin by choosing any linearly independent initial guesses (v, W,EO)}Z:1 ,
setting /l,({o) = 0 for all k, and then proceed with the following updates at each iteration i for
k=1,...,n: o . - .

V) = exp(LT)V,™), W = exp(LTT) W (5.3)

AIMS Mathematics Volume 10, Issue 8, 18156-18182.



18170

To enforce biorthogonality against the previously computed modes m < k, we subtract their
projections:

k=1
/0 1,0 ) 10D i
Voo < V' - Z(VV,(,?, VoV,
m=1

k=1
W e WP = YW, VYW, (5.4)
m=1
We then normalize each mode to unit length:
%Y w®
@ — Vk W(i) — Wk (5.5)
SR 175 I A |
k k
Finally, the eigenvalue is updated via the logarithmic stretch:
@) 1 0 O
A = T IKW,”, v."). (5.6)

We consider the method converged once the approximated eigenvalues stabilize within a chosen
tolerance. A common criterion involves monitoring the spectral shifts—changes in successive
eigenvalue estimates—and ensuring they fall below a specified threshold:

max /15{0 — /l,((i_l) < g,
1<k<n

for some tolerance €. However, one can also monitor the change in the eigenfunctions themselves via
their L?>-norms, e.g.,

() _ /-1
Vi’ =V, ||2 < & and frsll?s);

max WO WiV < e

1<k<n

For even greater robustness, one may combine both eigenvalue and eigenfunction criteria into a

single stopping condition. While this hybrid approach can guard against premature termination, it

incurs additional cost from computing and comparing multiple norms at each iteration. Once the
selected convergence criterion is met, the algorithm terminates and

{0, v, wihy (5.7)

are accepted as the final eigenpairs.

In the self-adjoint case the left and right eigenfunctions coincide, so we only need a single
sequence of vectors {wg)}. Once each mode has been propagated via the operator exponential, we
enforce orthogonality against all previously accepted modes via a modified Gram—Schmidt step. In
practice, for each k we subtract from w(ki) its projections onto all m < k modes:

k-1
w e w? - Z(w,(c’)lwfjl))wfq?. (5.8)
m=1
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This guarantees (wgf), wf,?) = 0 for m < k. We then rescale each mode to unit length,

(@)
Wi

]

w (5.9)

so that (w(ki), wﬁ?) = 1. This single orthonormalization step replaces the biorthogonal projections and

separate normalization used in the non-self-adjoint algorithm while preserving all the essential spectral
properties.

5.1. Case I: Self-adjoint one-component problem

Here, we consider a one-dimensional reaction-diffusion system governed by a self-adjoint linear
operator, £ = L*. In this case, the left and right eigenfunctions are identical, which simplifies the
problem. Instead of predicting separate solutions for each, we only need to predict one set of
eigenfunctions, V, along with the corresponding eigenvalues, A. In this case, the original
biorthonormality condition is no longer required. Instead, the eigenfunctions must satisfy standard
orthonormality when appropriately normalized. This effectively reduces the biorthonormality
constraint to a simpler orthonormality condition.

The selected test problem is Zeldovich-Frank-Kamenetsky (ZFK) equation [35], which has been
extensively used to model wave propagation phenomena in various engineering applications. This
equation, also known as the Schlogl model [36] in chemical kinetics or the Nagumo equation [37] in
neuroscience, provides a benchmark problem for studying reaction-diffusion systems. Mathematically,
the ZFK equation is defined in the following form

U = Uy + u(u— (1 — u), (5.10)

where 6 € (0, 1/2) is a threshold parameter. In the following simulation, the parameter € is fixed at 0.15.
The critical nucleus #(x) associated with this problem is known in closed form and given by [13, 34]

~ 30 V2
(1 +6) V2 + cosh(x VO) V2 — 50 + 262
We now consider the eigenvalue problem obtained by linearizing the system around #. Since the

linearized operator £ is self-adjoint and ¢ = 0, the eigenvalue problem reduces to finding 4 € R and
eigenfunction V(x) pairs satisfying

(5.11)

i(x)

d*v

e (=322 + 200+ Dit— ) V = AV, V(xo0) = 0. (5.12)

In fact, one can show by direct differentiation that the spatial derivative of the critical nucleus,
dii
Va(x) = —(x),
dx
satisfies the homogeneous problem £V, = 0 and therefore corresponds to the zero eigenvalue A, = 0.
This property reflects the translational invariance of the solution and provides a built-in verification of

our numerical scheme. Furthermore, when the threshold parameter 6 is small, the cubic nonlinearity
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u(u — 0)(1 — u) may be approximated by the simpler quadratic form u(u — 6), allowing one to derive
closed-form expressions for the leading spectral quantities. In this limit the critical nucleus and the
dominant eigenpair reduces to written explicitly as [38]

~ 3 x Vo 56 xVo
a(x) ~ 5 60 sech{2), A~ 7 = sech{%)2). (5.13)

These analytical approximations provide valuable benchmarks for our PINN-based solver, ensuring
that the learned eigenvalues and eigenfunctions converge to the correct asymptotic forms in the regime
o<1
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Figure 2. Illustration of the loss computation for the ZFK equation.

Since boundary conditions are imposed through hard constraints, the associated loss term is
satisfied exactly and therefore omitted from the visualization. The eigenvalue loss is also excluded, as
it is constructed to align with the spectral structure and converges quickly during training, making its
contribution negligible beyond the initial iterations. Figure 2 focuses instead on the remaining loss
components, shown across three distinct optimization phases: two stages using the Adam optimizer
(with the learning rates specified earlier), followed by a final stage using L-BFGS. The plot is
color-coded to indicate where stopping criteria are met for each regime. As the figure shows, the
overall loss decreases steadily and stabilizes after approximately 25000 iterations, marking the point
at which the solution converges and the end of training.

Notably, the ODE-related loss -Zppg dominates the early convergence phase, especially during high
learning rate training. As optimization progresses, -Zppg and -Zzo become more influential. In the final
L-BFGS phase, both %30 and -Zopg contribute less to the total loss, while Zppg increasingly governs
the optimization dynamics. These trends underscore the complementary and evolving contributions of
each term in guiding the optimization toward convergence.
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Figure 3. PINN-based approximation of the first three eigenfunctions of the ZFK equation
compared with those obtained with DNS.

To numerically solve the eigenvalue problem in (5.12) using our PINN framework, we construct a
loss function that penalizes violations of the differential equation and the orthonormality constraints.
Specifically, the differential operator £ = j—; + (—3&2 +20+ i — 9) is applied to the neural network
output V(x), and the residual LV — AV is evaluated at a set of collocation points in the domain. The
corresponding loss term integrates the squared residuals over these points, effectively enforcing the
eigenvalue equation. Since the system is self-adjoint, we impose standard orthonormality conditions
between the eigenfunctions via an additional loss term based on inner products. These combined
constraints guide the network toward learning eigenpairs that satisfy both the governing PDE and the
spectral structure of the solution space.

We compute the first three eigenfunctions of the ZFK equation using our PINN framework and
compare them to direct numerical simulations (DNS), obtained via the modified power iteration scheme
with Gram—Schmidt orthogonalization described above. To ensure a meaningful comparison, both
methods are applied to the same spatial domain with the same discretization in the spatial coordinate.
As shown in Figure 3, the eigenfunctions produced by the PINN closely match those obtained from
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the direct numerical method, demonstrating strong agreement between the two approaches.

Since the second eigenfunction of the ZFK problem coincides exactly with the spatial derivative
of the critical nucleus, it provides a valuable benchmark against a known closed-form expression. To
quantify the accuracy of our PINN and DNS approximations, we introduce the relative L? error

IV = V¥l

Ea(V2) = ||V2exact||2

(5.14)

where V5**(x) = %(x) is the analytic translational mode. By computing E, for both the PINN
prediction and the DNS result against this exact profile, we obtain a direct measure of how accurately
each method resolves the zero mode. As shown in Table 1, the PINN-based reconstruction of the
translational mode achieves a relative L? error of 0.0035, compared with 0.0042 for the direct
numerical simulation. These similarly low error levels indicate that the PINN accurately captures the
fine spatial structure of the derivative eigenfunction while enforcing the boundary conditions
effectively. Such close agreement builds confidence in applying the PINN framework to compute
higher-order eigenmodes for which no analytic solutions are available.

Table 1. Relative L? error for the second eigenfunction V.

Method Relative E.;(V,) error
PINN-based approximation 0.0035
Direct numerical simulation 0.0042

Table 2 presents a comparison of the first three eigenvalues computed by direct numerical simulation
(DNS), our PINN framework, and the available analytical estimate for the dominant mode. Both DNS
and PINN accurately recover the neutral second eigenvalue at A, ~ 0. The leading eigenvalue A; shows
a modest deviation from its asymptotic analytical value 4; = 56/4 = 0.1875, reflecting that 8 = 0.15
is only marginally small; despite this, DNS and PINN agree closely at approximately 0.1424. For the
second eigenvalue, the analytical value is exactly zero for both quadratic and cubic kinetics and for all
6, making it a critical benchmark for comparison. Our PINN estimate of 1, matches this expectation
almost perfectly, and the DNS result likewise lies within numerical noise of zero, confirming excellent
agreement across analytical, numerical, and PINN approaches. The third eigenvalue lacks a simple
closed-form expression, yet the PINN prediction remains within a few percent of the DNS result.
These findings demonstrate that, even beyond the strict asymptotic limit, our PINN approach reliably
reproduces the self-adjoint ZFK spectrum with high fidelity.

Table 2. Comparison of the first three eigenvalue approximations for the ZFK model using
DNS, PINN, and analytical estimates.

Eig. Val. DNS PINN Analytical
A 0.14237 0.14242 0.1875
Ay 0.00009 0.00007 0

A3 —0.10881 —-0.11680 unknown
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5.2. Case II: Non-self-adjoint two-component problem

Our second test problem is the FitzHugh—Nagumo (FHN) system, which extends the ZFK model by
introducing a slow recovery variable. This modification leads to a two-component reaction—diffusion
system commonly used to model excitable media, such as neuronal dynamics and cardiac tissue [37,
39,40]. In contrast to the previous case, we now have the non-self-adjoint case, meaning £ # L*,
and therefore both left and right eigenpairs must be computed to accurately characterize the system’s
spectral properties. We consider the equation in the following form

Up = Uy + u(u = B)(1 —u) — v, (5.15)
v, = y(au —v),

where u(x, t) and v(x, t) denote the fast and slow variables, respectively. The parameters are fixed as
B =0.05, = 0.37, and y = 0.01, which govern the excitation threshold and the timescale separation
between the fast and slow dynamics.

An explicit analytical form of the critical pulse solution (#, V) is not available for this system. For a
detailed numerical derivation, as well as the computation of the left and right eigenfunctions and their
eigenvalues, the reader is referred to [34]. We linearize the system around this stationary critical pulse
solution. The right eigenvalue problem is in the following form

V=LV, (5.16)
where 5 5
—cd: =302 +2(1 il — -1
L:(af ¢~ 30 + 21 + B)it - ) V:(W)_ (5.17)
ya —Ca§ -Y Vv
and the corresponding adjoint (left) eigenvalue problem
/IW — ‘£+W, (5.18)
where 5 5 ;
oo (G P32 PA-p ya ) (U (5.19)
-1 cOg —y Vv

In this non-self-adjoint setting, left and right eigenfunctions are not identical and must be computed
separately. Consequently, biorthonormality conditions must be imposed during training to enforce
consistency between these eigenfunction pairs. This structure introduces additional complexity to the
learning process.

Since no closed-form expressions are available for the stationary pulse or its spectrum in the FHN
system, we validate our PINN-computed eigenpairs by direct comparison with those obtained via
classical numerical simulation. As with the ZFK case, we omit the boundary condition and eigenvalue
loss components from the visualization, since the boundary conditions are enforced via hard
constraints and the eigenvalue loss converges rapidly. Figure 4 presents the remaining loss terms
during training for the FHN model, split across three optimization phases: two stages using the Adam
optimizer with previously specified learning rates, followed by a final stage using the L-BFGS
optimizer. The colored regions mark transitions between phases based on the stopping criteria.
Training for the FHN model takes slightly longer, with convergence reached after approximately
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30000 iterations. This increase is expected, given the two-component structure of the system and the
additional requirement to learn both left and right eigenfunctions. Nonetheless, we observe
convergence of the learned eigenpair, at which point training is terminated.

As seen from the figure for the FHN equation, the loss components exhibit distinct contributions
across training phases. During the initial ADAM phase with a high learning rate, both -Zppg and -Z50
dominate the total loss. As training progresses into the second ADAM phase with a reduced learning
rate, Zppg becomes increasingly significant, contributing to solution refinement. From the end of the
second ADAM phase through the entire L-BFGS stage, Zppg becomes the dominant term. These
transitions highlight the complementary contributions of each component across different stages of
optimization.

ADAM
(High LR)

ADAM
(Low LR)

L-BFGS

ZpoE
ZBo i
Zobe !
Ltotal :

1

ttet

0 5000 10000 15000 20000 25000 30000
Epoch

Figure 4. Illustration of the loss computation for the FHN equation.

For the FHN system, we compute the first two left and right eigenpairs and compare the outcomes of
the PINN-based method with those from direct numerical simulation. As shown in Figure 5, the results
exhibit strong alignment, confirming the reliability of the PINN framework in this more complex,
non-self-adjoint case.

Finally, Table 3 presents the eigenvalues obtained using both the PINN-based method and direct
numerical simulation for the FHN model. The values show close agreement across the two approaches,
further demonstrating the accuracy of the PINN framework in capturing the spectral properties of this
non-self-adjoint system.

The eigenvalues in Tables 2 and 3 are listed according to their theoretical significance within the
system, rather than by strict numerical magnitude. Specifically, A; corresponds to the dominant
eigenvalue that characterizes the system’s primary spectral behavior, while A, arises due to
translational symmetry and is theoretically expected to be zero. Subsequent eigenvalues represent
additional spectral modes. This ordering reflects the expected spectral structure based on analytical
and numerical studies of the associated linearized operator. The eigenfunctions shown in the
corresponding figures follow the same labeling: each is plotted in relation to the eigenvalue it belongs
to, making it easier to interpret their qualitative features and link them to the underlying dynamics.
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Figure 5. PINN-based approximation of the first two left and right eigenfunctions of the
FHN equation, compared against results obtained from direct numerical simulation.

Table 3. Comparison of the first two eigenvalue approximations for the FHN model using
DNS and PINN.

Eig. Val. DNS PINN
A 0.17228 0.17245
A —-0.00007 0.00013

To complement the accuracy evaluations above, we also assess the computational efficiency of the
proposed PINN-based framework. Specifically, we compare its runtime performance against the
numerical procedure previously described for computing eigenpairs. In terms of computational cost,
the modified power iteration scheme based on finite difference discretization required approximately
60.29 seconds to compute three eigenpairs for the self-adjoint ZFK system, while the PINN-based
method took around 22 times longer to deliver comparable results. For the non-self-adjoint FHN
system, computing the first two left and right eigenpairs using this scheme took 752.81 seconds,
whereas the corresponding PINN approach resulted in a roughly 153-times increase in runtime.

Although these findings highlight the higher computational demand of neural network-based
solvers, their flexibility in integrating physical structure, solving inverse problems, and learning from
sparse or noisy data makes them a compelling alternative to traditional numerical methods. With
ongoing progress in neural network architectures and training algorithms, their efficiency and
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scalability are expected to improve significantly in the near future.

6. Conclusion

In this work, we developed a physics-informed neural network (PINN) framework to solve
eigenvalue problems that arise in reaction—diffusion systems, focusing on both self-adjoint and
non-self-adjoint cases. Our method incorporates the governing physics directly into the network’s
structure and training process, enabling it to approximate multiple eigenpairs—both eigenvalues and
their corresponding left and right eigenfunctions—at once. Unlike conventional numerical methods, it
achieves this without the need for predefined grids or mesh-based solvers.

The key innovation of this work lies in how spectral properties are embedded directly into the
learning process. By enforcing biorthonormality between left and right eigenfunctions and
introducing a spectral separation strategy, the method is able to distinguish leading eigenmodes and
improve training stability—particularly in non-self-adjoint settings where traditional approaches often
struggle. These additions make the framework not only more robust but also more interpretable. This
appears to be the first use of such structural constraints within a PINN-based approach for spectral
problems.

We applied our method to two well-known reaction—diffusion systems—one single-component
(ZFK) and one multi-component (FHN)—to demonstrate its effectiveness across different types of
models. For the ZFK equation, which involves a self-adjoint operator and a single variable, we
computed the first three leading eigenvalues along with their corresponding eigenfunctions. We also
validated the PINN’s second eigenfunction against its known closed-form expression, obtaining very
small relative L? error. Finally, we compared these results with those from direct numerical simulation
and found excellent agreement across all modes, confirming the high fidelity of our PINN approach.
The FHN system, being a two-component model with a non-self-adjoint operator, posed a more
challenging problem that required computing both left and right eigenfunctions. Even though the
FHN system was more complex, the PINN method still worked well. By adding a few extra
constraints to keep the left and right eigenfunctions aligned and the eigenvalues in the right order, we
were able to get accurate and consistent results. These two examples highlight the flexibility of our
approach: it can handle both simpler one-component systems where standard spectral properties
apply and more complex multi-component systems where additional structure needs to be learned.
This suggests that the method has the potential to be generalized to a broad class of reaction—diffusion
systems, regardless of whether they involve self-adjoint or non-self-adjoint operators or single- or
multi-component dynamics.

One of the key parts of our work is how we built the loss function. We did not just focus on the
eigenvalue problem—we also included terms that come from the original time-dependent system. This
helped the model learn spectral modes that not only solve the math correctly but also make sense in
terms of how the system actually behaves over time.

While this study focuses on one-dimensional reaction—diffusion systems, the proposed framework
can, in principle, be extended to higher-dimensional problems and systems with additional
components. However, such extensions come with increased computational demands. As the number
of spatial dimensions or solution components grows, the number of collocation points and trainable
parameters must also increase to maintain accuracy. This, in turn, raises memory requirements and
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training times. Similarly, computing more eigenpairs requires enlarging the neural network’s output
layer and introducing additional orthogonality constraints, which may slow convergence. Addressing
these scalability issues—especially in two- or three-dimensional domains—would benefit from
strategies such as adaptive sampling, parallel training, or more efficient loss formulations, and is an
important direction for future work.

Since the eigenvalue problem is formulated as an inverse PINN task, another promising direction
would be to explore the use of transfer learning. One possible approach is to first train the model to
learn the network parameters for a known eigenpair. Once trained, these parameters could be fixed and
reused to identify additional eigenpairs. This strategy has the potential to reduce computational time
significantly, especially when solving sequences of related spectral problems.

In this work, we focused on problems where the considered eigenvalues and their corresponding
eigenfunctions are real. This assumption simplifies both the theoretical formulation and the training
procedure, allowing us to validate the core framework in settings where accurate comparisons with
analytical or numerical benchmarks are feasible. = However, many non-self-adjoint operators
encountered in physical and biological systems can give rise to complex eigenvalues. Extending the
current method to handle such cases would require reformulating the framework to support
complex-valued outputs and associated loss functions. This presents a technically meaningful
direction for future research, and exploring it could significantly expand the range of systems to
which our PINN-based approach can be applied.
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