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1. Introduction

Predator-prey interactions play a crucial role in maintaining ecosystem stability; therefore,
investigating the dynamics of predator and prey populations is of great importance in population
ecology [1,2]. In predator-prey populations, which generally exhibit complex dynamics, decision-
making processes are essential to maintain ecological balance. For this purpose, many researchers
have investigated discrete-time predator-prey models from multiple perspectives: In [3], the effect of
prey migration is analyzed and a feedback-based chaos control strategy is implemented. The role
of the Allee effect is investigated in [4], where it is shown that the emergence of flip and Neimark—
Sacker bifurcations leads to chaotic behavior, which is effectively controlled using both the OGY
method and a hybrid control strategy. In [5], a model based on the time-delay effect is investigated,
and it is revealed that delay can destabilize populations and create complex stock patterns. In [6], it is
shown that predator harvesting produces rich bifurcation structures, including flip and Neimark—Sacker
types. In [7], the study focuses on Allee-induced bifurcations and successfully applies a state-feedback
control method to stabilize the system dynamics. In [8], a model with nonlinear effects of the Allee
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mechanism is analyzed, transitions from stability to chaos are demonstrated, and effective control
strategies are proposed. In [9], Neimark—Sacker bifurcation with predator harvesting is considered
and feedback control is used to reduce instability. In [10], it is shown that torus doubling routes
lead to chaos in systems with delays and harvesting is proposed as a method of chaos suppression.
In [11], complex dynamics, including chaotic and quasi-periodic behavior, are investigated in systems
with strong and weak Allee effects. In [12], the FAST approach is introduced to efficiently determine
bifurcation transitions in models with weak Allee effects and feedback control is used to stabilize
the chaotic dynamics. Finally, [13] presents a comprehensive theoretical and numerical investigation
of multiple bifurcation phenomena, including resonant states, in a model with prey harvesting effort,
offering practical insights for ecological management.

The temporal fluctuations in population sizes have led scientists to analyze mathematical models
that describe populations, aiming to better understand their life cycles. A thorough understanding
of predator-prey dynamics is essential for the development and analysis of mathematical models that
accurately capture the behavior of prey and predator populations. Following the Lotka—Volterra [14,
15] models that included non-finite predation, Gauss-type predator-prey models with finite functional
responses have been widely investigated [16—18]. Those that include the Michaelis—Menten (Holling
type II) functional response constitute the most extensively studied class of predator-prey models [2,
19-22].

Predator-prey interactions are central to ecosystem functioning, regulating population sizes and
preventing species extinction due to overpopulation or overexploitation. Classic examples include
lynx-hare dynamics in boreal forests or phytoplankton—zooplankton interactions in aquatic systems.
These systems often exhibit nonlinear, cyclical, or chaotic behavior due to predation pressure,
prey availability, and environmental variability. The proposed model contributes to this body of
knowledge by simulating such biological scenarios under a nonstandard finite difference (NSFD)
scheme framework, ensuring biological realism, such as positivity and finiteness of solutions. The
nonlinear dynamics captured by our model reflect classic predator-prey interactions, such as the lynx-
hare cycle observed in boreal forests or phytoplankton—zooplankton systems in aquatic environments.
These systems exhibit saturation in predation rates and seasonal breeding patterns, making them well-
suited for discrete-time modeling with Holling type Il responses. Many studies have analyzed predator-
prey models incorporating the Holling type II functional response using NSFD schemes to preserve
positivity and fixed-point structure. Examples include [23] and [19], which show that discrete models
based on NSFD schemes maintain biological consistency while allowing for rich bifurcation behavior.

Population dynamics can be modeled using either differential equations or difference equations.
Discrete-time models, particularly well suited to organisms with non-overlapping generations such
as annual insects or some amphibians, often display richer and more intricate behaviors than their
continuous-time counterparts by better capturing life cycle transitions [24,25]. Numerical methods
based on finite-difference approximations are advantageous for analyzing the dynamics of interacting
population models. NSFD schemes preserve the fundamental structural properties of continuous
models, while also ensuring positive solutions under positive initial conditions [26,27].

The motivation behind this work stems from the need to understand the complex dynamics of
interacting prey and predator populations, especially in ecosystems where nonlinear behavior and
bifurcations play a critical role. Discrete-time models with NSFD provide a powerful framework to
capture these dynamics, especially in species with nonoverlapping generations. This article aims to
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provide insights into the emergence of complex states, including chaos, by analyzing the stability and
bifurcation structure of such systems, and to explore effective control strategies.
A Lotka—Volterra population model [24] describing predator-prey interactions is defined as follows:

X = ax — bxy (1.1)
y=yxy = sy

where x and y stand for prey and predator populations, respectively, and a, b, s, and y are positive
constants: The natural growth rate of prey, predation rate, the rate of predator death, and the rate at
which prey is converted into predators, respectively. Accordingly, model (1.1) is expanded in [28]
to the following general form: x = ax — yW(x) and y = y¥(x)y — sy, where ¥(x) is the predator’s
response function. A generalized predator-prey model has been presented in [29]: x = w(x) — yy¥(x)
and y = y(x)y — sy, where the logistic growth function is represented by w(x) = r(1 — 7) and the
Michaelis—Menten type functional responses by ¥(x) = A more advanced form of this model is

ax

b+x’
introduced in [30] by taking @ = § and n = i as follows:
X axy
=rx(1--)- 1.2
*=rx( k) 1 +nx (1.2)
. adxy
= —ys.
Y 1 +nx Y

In the model, x and y represent the prey and predator populations, respectively, while r, k, s, @, n,
and ¢ are all positive constants. Here, r denotes the intrinsic growth rate of the prey, s is the natural
mortality rate of the predator, ¢ is the efficiency of converting consumed prey into predator biomass, k
is carrying capacity, and « is a positive interaction coefficient.

In recent years, the modeling of predator-prey dynamics has evolved to include increasingly
realistic ecological factors such as stage structure, time delay, cannibalism, and spatial diffusion. For
instance, [31] examined a delayed predator-prey system incorporating stage structure and a square-
root functional response, highlighting how time delays can destabilize coexistence and trigger Hopf
bifurcations through local stability analysis and normal form techniques. Meanwhile, [32] addressed
the role of cannibalism and non-overlapping generations in generating complex codimension-two
bifurcation phenomena in discrete-time models. Their findings underscore the influence of internal
prey dynamics and resonance effects (e.g., 1:2, 1:3, 1:4) on the emergence of intricate synchronized
orbits. In a spatial context, [33] investigated a discrete predator-prey model on a coupled map
lattice with diffusion, where Neimark—Sacker and flip bifurcations, along with various Turing
instabilities, were explored. These studies collectively emphasize the need for discrete frameworks
that preserve key biological features while also capturing spatiotemporal and behavioral feedback
mechanisms. Motivated by this body of research, our study contributes to the ongoing effort by
formulating a discrete-time predator-prey model based on an NSFD scheme, focusing on controlling
chaotic oscillations and ensuring biological realism through structural properties such as positivity,
boundedness, and discrete feedback.

The dynamics of the model derived through a non-standard discretization of system (1.2) have
been studied in [19]. Here, the approximation x> — x,x,,; has been adopted. The expression x, X,
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assumes that the effect of individuals on their own population density is not instantaneous but also
includes their influence at the next time step. In particular, interactions among individuals occur
cumulatively and with delayed effects. In this study, we reexamine the model’s qualitative behavior
by applying an alternative non-standard finite difference discretization to the continuous predator-
prey framework and employing a distinct bifurcation analysis technique. Originally developed by
Mickens [34-36], this method has been used in a variety of biological systems. We adopted the
approximation xy — X,,1y,, which introduces forward localization for the prey variable in the predator-
prey interaction term. This subtle but important difference allows our discretized model to better
capture feedback mechanisms, such as delayed predation responses or inertia in ecological interactions,
that are important in explaining real-life population dynamics. This choice is biologically motivated by
the fact that the prey population can change more rapidly than the predator population over a single time
step, particularly in systems with discrete generational structure. By using the updated prey value x,,,
instead of x,, the model reflects the reality that predators interact with the most recently available prey
population, thereby capturing the immediate ecological feedback more accurately. Furthermore, this
formulation introduces a form of dynamic regulation: As the prey population increases, the predation
pressure in the next iteration becomes stronger, naturally suppressing unchecked growth and preventing
unrealistic population explosions. This enhanced feedback structure contributes to the preservation of
key biological properties such as positivity and boundedness. Therefore, the approximation not only
aligns with the principles of the NSFD scheme but also strengthens the ecological fidelity of the model
by incorporating biologically realistic nonlinear dynamics.
For this purpose, we consider the analysis of a more advanced version of model (1.2):

lkx, + hrx,(k — x,)](1 + nx,)

ol = 1.3
Al k(1 + nx, + hay,) (1.3)
X, Yy,
n+l = Yn h —Yn
Y+l = Yo + (1+nx,, YnS)

where h denotes the step size. x, and y, represent the prey and predator populations at generation n,
respectively.

1.1. Comparison of positivity conditions in Euler and NSFD schemes

To ensure the biological viability of discrete-time predator-prey models, the positivity of the
numerical solutions x, and y, must be guaranteed. Below, we compare the positivity conditions of
two different discretization approaches—namely, the standard forward Euler method and the NSFD
scheme.

1.1.1. Euler method discretization

The system discretized by the standard forward Euler method is given by:

Xy ax,y,
Xpel = X, + h rx,,(l——)— Y ,
k 1+ nx,
adx,y,
nel = Yot h - SVu|-
Ynat =¥ 1 + nx, Y ]
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To ensure x,,; > 0 and y,;; > 0, we derive the following parameter-dependent bounds:
e For x, positivity:

r(l_ﬁ)> ay, 1 - yn<(nxn+1)(hkr—hrx,,+k).
k 1+nx, h ahk

e For y, positivity:

hs — 1
adh —hns+n’

1+h( @0, —s)>0 = x>
1+ nx,

These expressions indicate that the step size A, along with biological parameters such as r, @, 6, s, n,
must be carefully chosen to maintain positive population values. Particularly, large & values may easily
lead to numerical instability or biologically meaningless negative values.

1.1.2. NSFD scheme discretization

The corresponding system using the NSFD scheme is:

P x,(1 + nx,) (hr(k — x,) + k)
e k(1 + nx, + hay,)
h(adx, — s(1 + nx,)) + (1 + nx,)
1 + nx, '

Yn+l = Yn -

e The expression for x,, is strictly positive for all x,, > 0, y, > 0, and positive parameters, since it
is composed of a product of positive terms divided by a positive denominator.
e Fory,.; > 0, the same condition as in the Euler case is obtained:

hs — 1
adh —hns+n’

1+h( 0%, —s)>0 = x>
1+ nx,

Generally, unlike the Euler method, the NSFD scheme incorporates parameter-driven nonlinear
denominators that prevent blow-up and stabilize the system numerically, even for larger step sizes h.

1.1.3. Conclusion of comparison

While both schemes yield a similar analytical positivity condition for the predator population, the
NSFD scheme offers superior structural preservation. Specifically:

e The NSFD model guarantees the positivity of the prey dynamics for all x, > 0 and y, > 0;
e Euler’s method, by contrast, is highly sensitive to the step size & and may result in negative
population values if not carefully tuned.

It also prevents numerical blow-up via its nonlinear denominator structure. Therefore, the NSFD
scheme is more robust in preserving the qualitative dynamics of the original continuous-time model
while maintaining biological realism. This supports the use of NSFD schemes in modeling population
systems governed by nonlinear interactions and saturation effects.
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In terms of stability, the forward Euler discretization of the predator-prey model reveals that local
stability analysis around fixed points is sensitive to parameters and initial conditions. It is seen
that the system exhibits multi-periodic behavior, and analysis with classical bifurcation theory is
not possible [37]. In contrast, our framework not only ensures the positivity and boundedness of
the solutions but also better captures the saturation effects encoded by Holling type II functional
responses. As demonstrated analytically and numerically, the NSFD discretization more robustly
preserves the stability nature of equilibria and reproduces bifurcation phenomena more closely to
their theoretical values predicted by the continuum model. Specifically, while both methods detect
bifurcation transitions, the Eulerian method tends to vary bifurcation thresholds and can lead to
non-biological behaviors, such as varying population sizes, while the NSFD approach preserves the
underlying dynamical structure. This structural consistency highlights the advantage of NSFD schemes
in long-term ecological modeling and in the numerical simulation of discrete-time systems derived
from biological dynamics. We therefore conclude that, compared to the Euler-based discretization,
the NSFD framework provides a more accurate and biologically consistent approach for capturing the
dynamical richness of predator-prey systems, particularly in the context of stability preservation and
bifurcation characterization.

Moreover, while the forward Euler discretization approximates the dynamics of the continuous
model, it does not guarantee fundamental biological properties such as positivity and boundedness
under large step sizes or certain initial conditions. The NSFD scheme, on the other hand, modifies
the denominator structure using saturating terms such as 1 + nx, + hay,, which prevents uncontrolled
growth when the population sizes increase. In particular, the model incorporates internal limiting
mechanisms that become more effective when the predator population increases. Therefore, unlike the
Euler method, the NSFD approach preserves boundedness and positivity, providing a more biologically
realistic numerical structure without imposing artificial restrictions on the step size.

2. The existence and local stability of fixed points

This part focuses on determining the fixed points of the discrete predator-prey system (1.3) and
analyzing their local stability. It can be observed that for any choice of the positive parameters
r,a,0,s,n and h, the system (1.3) possesses the trivial fixed point ©; = (0,0) and the semi-trivial
fixed point ¥, = (k,0). If @ > max{%, M} then the system (1.3) has a positive fixed solution

s = (55, r(s(,f((zg_;’;))z 2)). The linearized form of system (1.3) at fixed solution ¢ = (x, y) under the map

(f,g) = (xn+1,Yus+1) 18 characterized by its Jacobian matrix

Ji, = [ Z: e ) @.1)

1 an

where

1+ nx)*(k + hkr — 2hrx) + h(k(1 + hr)(1 + 2nx) — hrx(2 + 3nx))ya)
B k(1 + nx + hya)? ’

—h(1 + nx)(kx + hr(k — x)x)a hyozd hxad
2 a ’ =
k(1 + nx + hya)? 270 1 xp 1 +nx

ap =
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such that f = %—ﬁg;m) and g = y+h( ‘ffz; —ys). Based on current stability theory [38,39], we will
now investigate the local dynamics of (1.3) at fixed solutions ; (i = 1,2, 3) by using the eigenvalues

of the Jacobian matrix.

Theorem 1. &, of model (1.3) is never a sink. It is a source, a saddle and non-hyperbolic if s > %, §s< 2

h
and s = %, respectively.

Proof. The Jj, evaluated at ¢, is

1+ hr 0
J'ﬂl:( 0 l—hs) 2.2)

with 4; = 1+ hr and A, = 1 — hs. Since the & and s are positive parameters, |[1;| = 1 + hr > 1, and so
¥ is never sink. O

Theorem 2. &, of model (1.3) is (i) a sink if r < %andh“—_2 <k < == (ii) a saddle if (ii.1) r > %

had—hsn+2n ad—

hs=2 . 2 hs—2 . 2
and —2—=—- < k <h aézisn or (ii.2) r < 7 and (k > aéfzm ork < j—=4——>-) (lzz)ha iource ifr> 7 and

s 5= . .. s S—
(k> —*— or k < ;—=-=">-) (iv) non—hyperbolic if r = 5 or (k = —=*— or k = ;—=2—">-), where hs > 2,
ao > sn.
Proof. The J), evaluated at ¢, is

1=hr _ _hka
Sy, = ( A s (2.3)
2 0 1-hs+ Takn

with Ay =1—-hrand 4, =1 - hs + ﬁ_—iﬁ. Results can be easily achieved by calculations made on the
eigenvalues. o

. . . . hrs (@d+s(n—hns+had))
Theorem 3. If A < 0, then U3 is (i) a stable point if G5r=s < k < G5t haor-

(ad+s(n—hns+had))

(ii) an

. . (@d+s(n—hns+had)) hrs .. _
unstable point if s—ad)n(Trhs)had) < k < T as s (iii) non-hyperbolic if k = s—ad)nTrhshad) OF
= hrs
k= (1+hr)(ns—ad)
for ns < ad.

Proof. By considering model (1.3), for ©}3, we obtain

(kad(—ns + ad)

—hr(ns® + kn’s* + @d(2s — kao))) hks(ns — o)
Joy = ad(hrs + k(1 + hr)(ns — ad)) " 5(hrs + k(1 + hr)(ns — ad)) | @4
hr(s + kns — kao) 1
ka

with characteristic equation

P -A1+N=0 (2.5)
where
(2kad(ns — ad) + hr(kn*s*> + ad(3s — 2kad) + ns(s + kad)))

A= ad(hrs + k(1 + hr)(ns — ad)) :

(2.6)
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kad(ns — ad) + h*rs(—ns + ad)(s + kns — kao)
+hr(ns® + kn’s*> + a6(2s — kad))

V= ad(hrs + k(1 + hr)(ns — ad)) : 2.7

So, we obtain the roots of the characteristic equation as

AT
2

=

Ao = (2.8)

where

A=A*-4N (2.9)
2kad(ns — ad) + hr(kn>s> + ad(3s — 2kad) + ns(s + kad)) 2
- ( ad(hrs + k(1 + hr)(ns — ad)) ) -
kad(ns — ad) + h’rs(—ns + ad)(s + kns — kad)
+hr(ns® + kn’s* + ad(2s — kad))
ao(hrs + k(1 + hr)(ns — @9))

If A < 0, then the roots are

Qkad(ns — ad) + hr(kn*s* + ad(3s — 2kad) + ns(s + kad))) _
Ao = F (2.10)
’ 2a0(hrs + k(1 + hr)(ns — ad))

4 (ka/(S(ns—a&)+h2rs(—ns+a§)(s+kns—ka6)+hr(nsz+kn2s2+a6(2s—ka6))) _
ad(hrs+k(1+hr)(ns—ad))

2 ( 2kad(ns—ad)+hr(kn’ s> +ad(3s—2kad)+ns(s+kas)) )2
ad(hrs+k(1+hr)(ns—ad))

. — (hn(1+kn)rs>(1=hs)+s(kn+2hr+h>(1+2kn)rs)ad—k(1+hr(1+hs))a>6%) . hrs
and if |/1 1’2| - \/ ad(hrs+k(1+h)(ns—as)) < 1, equivalently, rhn(@o—ns) = k <

adtstnhnsthad) _ ©, o o o6, then 95 is a stable point. Also, one can find that 95 is an unstable point

(ns—ad)(n(—1+hs)—had)’

ad+s(n—hns+had) hrs . . . . _ ad+s(n—hns+had)
(ns—ad)(n(—1+hs)—had) < k < (1+hr)(ad—ns) and ﬂ3 Is a non—hyperbohc pOll’lt lf k T (ns—ad)(n(~1+hs)—had) or
k hrs O

= (U+hn(ad—ns)*

3. Bifurcation analysis

In this part, we first examine the bifurcation analysis of discrete system (1.3) using bifurcation
theory [40]. For the considered model (1.3), a flip bifurcation may occur at @, if (r,a,9, s,n, h, k)
passes throughout the region:

2
@ |19]: {(ra a’véa s, n, hak)’ § = E} (31)

where 1}, is non-hyperbolic point when s = % Then one has 4, |,_ 2= -1, and 44 IS:% =1+hr+#1or-1.
However, according to calculation, a flip bifurcation does not occur at ¢ if (r, @, 6, s,n,h, k) € © |g,.

. . . hs—
Based on the result that %, is a non-hyperbolic if £ = m, one gets Ay |- s = -1 and

A o2 = 1—hr # 1. It can be verified through straightforward calculation that system (1.3)

2n—hsn+had

AIMS Mathematics Volume 10, Issue 8, 17998-18023.



18006

exhibits a flip bifurcation at ©}, when k = %. Moreover, the system (1.3) does not exhibit a flip

bifurcation when r = % since non-degeneracy conditions are not met.
Now let’s examine the change in the dynamics of system (1.3) at ;. If the value k =
ad+s(n—hns+had) . . _ .
To—ad)n—T+hhas 1s considered, then |/11,2| Ik:(mﬁg&-_hmﬁﬂw)— 1 holds for the pair of complex
characteristic roots of the Jacobian matrix J at ©;. As a result, model (1.3) may experience Neimark—

Sacker bifurcation at 5 if (r, @, 9, s, n, h, k) passes through the pointed out curve below:

ad + s(n — hns + had)
Qlg.=<(r,a,0,s,n,hk), k= ,A<Op. 3.2
oy {(r @05 R, = S (=T + hs) — had) } (3:2)
For k € Q |,, we get
0| ;(k)| .
ok emptema # 0, 0= 1.2, G-3)
and if
hn(1 + kn)rs> + 3hr + kn(2 + hr))sad — 2k(1 + hr)a?5>
lr# 0,—1, (3.4
(ad(=hrs + k(1 + hr)(ad — ns)))
then
A"k)#1form=1,2,3,4, 3.5)
is satisfied.
By considering (3.2) and (2.4), we have
. —ns(1=hs+h?rs)+(=1+h>rs—=h(r+s))ad)  (hs(ns(=1+hs)=(1+hs)ad))
ns(— S)— r+s))a ns—s2 n(r+s))a:
A= (ns( 1(2?(52_511;2(6;; Nad) (6(n(s—h )+(11+/( +5)ad)) | (3.6)

(n(s—hs?)+(1+hs)ad)

— —~T —
Let g and p be the eigenvectors of the matrices A and A corresponding to A and A , respectively.
For direct calculation, we use

Ag=1q Aq=1q, (3.7)
ZTp = Ap, /A\T]_) = Ap.

If p is normalized with respect to g, then it is clear that < p,q >= 1 for the resulting vector p, with

the scalar product in C? given by < p,q >= piq + p2g>. Using the transformation u = x — =

ad—ns’
_ ré(k(ad—ns)—s) . . . .. .
VEY T e the fixed point 5 is shifted to the origin. So, we obtain

u u Fi(u,v)
(v)_>J193(v)+(F2(u,v)) (3.8)

3 hr(ns — ad)
@282 (hrs + k(1 + hr)(ns — ad))*
+ Kn(ns — @d)* (ns — (1 + hr)ad)

where

Fi(u,v) . [ — hrsad(2ns + ad)
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+ k(ns — ad) (nzs2 —n(1 + 3hr)sad — (1 + hr)azéz) ]u2
. hk(ns — ad)?
@62 (hrs + k(1 + hr)(ns — b))
+ k(ns — ad) (n(=1 + hr)s + (1 + hr)ad) ]uv
hk*s(ns — ad)? 5
52 (hrs + k(1 + hr)(ns — aé))zv
hnr(ns — ad)*(s + kns — kad)
@363 (hrs + k(1 + hr)(ns — ad))’
[hrsacS —k(ns — ad) (ns — (1 + hr)ad) ]u3 +o(lUII

. [hrs(ns + 2a0)

. [hraé + kn(—ns + (16)]-

—hnr(ns — ad)(s + kns — kad) , h(ns — ad)?
u+ uy
ka?6 ad
—hn’r(ns — ad)*(s + kns — kad) 3 4
s w+O(|[U][")

FZ(M, V) =

such that U, = (u,,v,)". Accordingly, system (3.8) can be reformulated as follows:

1 1
(Un+1) - J193 (Un) + EB(una un) + gc(una Uy, un) + 0(||Un”4)’
with the multilinear vector functions of u, v, w € R? :

[ Bi(u,v)
pen = ( B v) )

and

Ci(u,v,w)
Co(u,v,w) |-

Cu,v,w) = (

The following forms define these vectors

2

O°F,

Bi(u,v) = ——— le=o Ui =
L; 006, ’

2hr(ns — ad)(—hrsad(2ns + ad) + k*n(ns — ad)*(ns — (1 + hr)asd)
+k(ns — ad)(n*s* — n(1 + 3hr)sad — (1 + hr)a’s%))

@?8*(hrs + k(1 + hr)(ns-ad))?
hk(ns — ad)*(hrs(ns + 2a6) + k(ns — ad)
(n(=1+ hr)s + (1 + hr)ad))
ad*(hrs + k(1 + hr)(ns — ad))?
2h%k*s(ns — ad)’
S2(hrs + k(1 + hr)(ns — ad)? 2 >

(U2v1 + upvy)

uivy

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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2
0°F, —2hnr(ns — ad)(s + kns — kao)
B —
2(u, v) ;1 D€ 06 le=0 u a2 uvy
h(ns — ad)?
ao(uvy + ulvz)(uzv1 2
and
2, &F
Ci(u,v,w) = ! lezo uviw; = (3.15)
1 Mzzlafjaé:kscz 0
6hnr(ns — ad)*(s + kns — kad)(hrad + kn(-ns + ad))
(hrsad — k(ns — ad)(ns — (1 + hr)ad))
@6 (hrs + k(1 + hr)(ns — o)) v
O’F, —6hn*r(ns — @d)*(s + kns — kad)
e szl GE,06E 0 M = k35 v
and k = ad+s(n—hns+had)

 (ns—ad)(n(—=1+hs)—had)"
¥ U € R? can be expressed uniquely in the form

U=zg+7zq
where z € C, and 7 is the complex conjugate of z. Additionally z =< p, U >. For sufficiently small |k]
around k, we can transform the system (1.3) as follows:
7 — AUk)z+ g(z,2, k). (3.16)

Here, A(k) = (1 + w(k))e™® with w(k) = 0. The function g(z, Z, k) is a complex-valued smooth function
of z and z. The Taylor expansion of g with respect to z and z is

. 1
8z, 2, k) = Z TG z

v+I>2

where g,; are the Taylor coefficients, calculated using multilinear vector functions:

g0(k) =< p, B(q,q) >

gu(k) =< p,B(q,q) > (3.17)
go2(k) =< p, B(q,q) >

g21(k) =< p,C(q,4.q) > .

For the system (3.8) undergoing Neimark—Sacker bifurcation, the direction of invariant curve
emergence is governed by the coeflicient ¢(k), which may be computed as

tﬁ(k)g21 (1 _ 2ei9(k))e—2i9(k)

> ) = Re 2(1 = ooy 82081 (3.18)

¢(k) = Re(°
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1 2 1 2
> g1l 1 1802l

where €¢® = A(k). Since ¢(k) # 0, we establish through the following theorem that model (1.3)
exhibits a Neimark—Sacker bifurcation at 5.

Theorem 4. At 95, model (1.3) experiences a Neimark—Sacker bifurcation by taking k =

ad+s(n—hns+had) . . .
s T hs)—has) 95 @ bifurcation parameter if (r,a, 6, s,n, h, k) € Q |y, .

Remark 1. Provided that condition (3.4) holds, ¢(k) # 0, and the parameter k lies within a sufficiently
small neighborhood of Q |g,, the system (1.3) undergoes a Neimark—Sacker bifurcation at the unique
fixed point 5. Moreover if ¢(k) < 0 a unique attracting invariant closed curve bifurcates from 1,
whereas ¢(k) > 0, the bifurcating invariant closed curve is repelling.

4. Chaos control

Chaos control theory provides a way to better understand mathematical models that exhibit chaotic
behavior. Chaos control techniques applied within this theory aim to stabilize chaotic behavior that
jumps from one periodic orbit to another in an irregular manner with the help of a specific control
variable. Controlling chaos is based on the idea that intelligent selection of this perturbation can
direct the trajectory to the desired location and produce a series of desired dynamic states. There are
various techniques for chaos control. The OGY method developed by E. Ott, C. Grebogi, and J. A.
Yorke [41] is one of the first fundamental observations of chaos control strategies. Usually, only very
small perturbations are applied to an infinite number of unstable periodic orbits embedded in a chaotic
attractor so that there is no significant change in the natural dynamics of the system. Thus, through
small system perturbations, one or more of the unstable periodic orbits are stabilized, and a chaotic
motion becomes more stable and predictable [42,43]. The state feedback method is another frequently
used control strategy [38,44]. Although the OGY method is known to be ineffective for discrete-time
models derived from continuous systems using the standard Euler discretization due to its inability to
preserve key dynamical properties such as positivity and boundedness [45,46], this limitation does not
apply in the present study. Here, the system is formulated using an NSFD scheme, which ensures the
preservation of essential qualitative features of the original continuous model, including fixed point
structure and stability properties. The NSFD approach yields a more faithful discrete analogue of the
ecological dynamics, thereby enabling the successful implementation of the OGY control strategy.
This modeling framework mitigates the shortcomings observed in Euler—discretized systems, such as
artificial destabilization or deviation from biological realism, and provides a more robust platform for
chaos control applications.

In our study, the underlying system is a discrete-time predator-prey model formulated with the
NSFD scheme. This structure allows for biologically realistic dynamics while also enabling the
implementation of control strategies to mitigate chaotic oscillations. From an ecological perspective,
the application of control methods such as the OGY method and state feedback control can be
interpreted as external interventions that stabilize the system around desired equilibrium or periodic
states. These controls become particularly important in scenarios where the ecosystem experiences
a loss of equilibrium due to environmental shocks, overexploitation, or delayed responses between
predator and prey populations. In our discrete model, the OGY method is implemented by slightly
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perturbing a parameter (e.g., intrinsic prey growth rate, prey-to-predator conversion efficiency, or
predation pressure) when the system’s state enters a small neighborhood of an unstable periodic
orbit. This is biologically analogous to adjusting resource input, nutrient supplementation, or predator
migration rates in response to observed population fluctuations; these interventions are reasonable in
controlled ecosystems such as fisheries, predation, reserves or agricultural pest management. State
feedback control, on the other hand, is implemented by designing a corrective force proportional to the
deviation of population densities from desired values. This can be interpreted as adaptive harvesting,
stocking, habitat restructuring, or predation pressure, where managers dynamically intervene in
response to population data. For example, in predator management, targeted removal or conservation
efforts based on real-time prey levels could reflect such feedback logic. Here, in addition to the state
feedback control strategy, we will also use the OGY method for our nonstandard discretization model.

To apply the OGY approach, ¢ is taken as a control parameter. ¢ is restricted within the small
interval |0 — dg| < v where v > 0, with ¢y denoting the nominal value in the chaotic domain. We
examine (X,y), an unstable fixed point of system (1.3) emerging from Neimark—Sacker bifurcation in
this chaotic region. The system (1.3) can be rewritten as indicated below in order to use the OGY

technique:
Xpy1 — X Xp— X
T x AT 2 |+ BI6 - 6] 4.1)
Yn+1 =Y Yn—Y
where
9fGy.60)  If(X.y.00)
A= Ix 9y
T 98Gy.b0)  9g(xy.00)
0xy, Oyy,
__kado(=ns+adp)—hr(ns 2 +kn? s +ado(2s—kady)) _ hks(ns—ado)
= l ado(hrs+k(1+hr)(ns—adp)) 0o (hrs+k(1+hr)(ns—adp)) ]
_ hr(s+kns—kady) 1
ka
and

9f(x.y.80) 0
0g(x,y,60) __ hrs(s+kns—kadp) .
00 k(ns—ady)?
The stabilization of system (1.3) is achieved through the control matrix:

0 h2rs?(ns—ado)(s+kns—kado)
— . — S(hrs+k(1 h ] 00)?
- [B . AB] - __hrs(st+kns—kadp) (st + s(zlin;l ))(ns @60} (42’)
k(ns—ady)? k(ns— (160)2

such that the rank of C is 2.

n

Moreover, we suppose that [0 — dp] = —K [ X ] , where K = [ Pl P2 ] , then the system (4.1)

can be written as

[x”“_§]z[A—BK][x”_§]. (4.3)
Yny1 =Y Yn—Y

The controlled system can be mathematically represented as
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lkx, + hrx,(k — x,)](1 + nx,)
Xnsl = 4.4)
k(1 + nx, + hay,)

a[5 -p (xn - E) —p (yn - y)]xnyn
Yn+1 = Yn + h( 0 1 1+ nx 2 - yns)-

The fixed point (x,y) becomes locally asymptotically stable if and only if the characteristic roots
uy and w, of the A — BK satisfy the stability criterion |u;| < 1. This control matrix for system (4.4) is
determined to be:

A-BK = 4.5)

Mll M12 }

My, My

where
_ —hn(1+ kn)rs* — (kn + 2hr)sad + k(1 + hr)e5;,

e ado [—(hr + k(n + hnr))s + k(1 + hr)ady] ’
hks(ns — ady)

M, = ,
27 o [=(hr + k(n + hnr))s + k(1 + hr)as,]
—hr(s + kns — kad) [(ns — adp) — sapl]
My, = ,
2 ka(ns — ady)?
My =1+ hrs(s + kns — kady)p,

k(ns — ady)?
The characteristic equation associated with the Jacobian matrix A — BK is given by

= (Myy + M)+ P =0,

where P = M|, M, — M, M, is the determinant of the Jacobian matrix.
Let py and u, solve the characteristic equation of system (4.4). Then the following relationship
holds

M1+ o = My + Mo, (4.6)

pip= P. 4.7)

Stability boundaries are determined by y; = +1 and pu, = 1. If pyup = 1, then from Eq (4.7), we
get
LL=P-1=0. (4.8)

Substituting p; = 1, into the Eqgs (4.6) and (4.7), we reach

lz = M11+M22—P—1:O. (49)
Analogously, for the case y; = —1, applying Eqs (4.6) and (4.7) yields

l3 = M11+M22+P+1 =0. (410)
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The triangular domain bounded by the lines [y, /5, and /5 in the p;p,-plane constitutes the parameter
region where all eigenvalues satisfy |u;| < 1.

We will now investigate chaotic control using the state feedback control approach. To do this, in
the model (1.3), one can add control force F,, = —7(x, — X) — 72(y, — y) with gain coefficients 7,

lkx, + hrx,(k — x,)](1 + nx,)

= +F, 4.11
ntl k(1 + nx, + hay,) ( )
AXpYn
Yn+1 :yn+h(1 +nx —)’nS)
where (x,y) = (5, r(s(]/;((gg_—::))z— 3)). The Jacobian matrix J(X, y) takes the form
_A17'1 _hksy(ns — o) .
A, 5A, ?
_hry(s + kns — kad) { ’
ka

where
Ay = hn(1 + kn)rs* + (kn + 2hr)sas — k(1 + hr)a?5?

—ad(hrs + k(1 + hr)(ns — ad)),
Ay = ad(hrs + k(1 + hr)(ns — a0)),

and the characteristic equation is

, A kA(—kat| — hr(s + kns — kad)ta)
A kaA, -
The roots of this quadratic equation, 7; and 7,, determine the local stability and bifurcation
properties near the fixed point.
Considering these characteristic roots r7; and 77,, we obtain the fundamental relation

0. (4.12)

A
m+m=— (4.13)

A’
kA (—=kat; — hr(s + kns — kad)t,)
ka’Az )

Marginal stability requires 7; = +1 and 1,77, = 1. To determine the marginal stability boundaries
of a discrete-time dynamical system, one typically analyzes the characteristic equation derived from
the system’s linearization around an equilibrium point. The critical thresholds where stability changes
occur correspond to specific values of the characteristic roots—in particular, when the eigenvalues
(denoted y; and u,) lie on the unit circle in the complex plane. The condition p;u, = 1 corresponds
to the boundary where the determinant of the linearized system equals one, which is typically used to
detect Neimark—Sacker bifurcations. In contrast, u; = —1 and y; = +1 indicate the occurrence of flip
(period-doubling) and fold (saddle-node) bifurcations, respectively. Let us take 1,77, = 1. Then from
Eq (4.14), we obtain

(4.14)

niny = —

e kA |(—kat; — hr(s + kns — kad)T1,) tl=o0. (4.15)
kCZAz
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By examining the case 77; = 1 and simultaneously considering Eqs (4.13) and (4.14), we find that

A A(katy + hr(s + kns — kad
L=y Atken #hr(s & kns — kad)rs) _ (4.16)
2 A,
If 7, = —1, by using Eqgs (4.13) and (4.14), we obtain
L= - (ﬂ N 1) . A (kat| + hr(s + kns — kad)t,) _o. @.17)
Az aA2

The triangle formed by the lines L, L,, and L; in the 17,7;-plane defines the set of values for which
the eigenvalues have magnitudes less than 1.

5. Numerical simulations

This section presents numerical simulations to illustrate the occurrence of Neimark—Sacker
bifurcation in system (1.3). Theoretical results are supported by selected examples under specific
parameter values. The simulations reveal complex dynamical behaviors, particularly around the
positive coexistence fixed point ;. Bifurcation diagrams, phase portraits, time series graph, and the
Maximum Lyapunov Exponent (MLE) are provided to illustrate the dynamic nature of the system (1.3).
The MLE is a key indicator used to characterize the stability and sensitivity of a dynamical system
to initial conditions. Mathematically, it quantifies the average exponential rate of divergence (or
convergence) between two infinitesimally close trajectories in phase space. A positive MLE value
indicates chaotic behavior, while a negative value implies asymptotic stability. In discrete-time
systems, MLE is particularly useful for detecting transitions to chaos via bifurcations such as period-
doubling or Neimark—Sacker. The computation of the MLE involves evaluating the Jacobian matrix
along the trajectory and measuring the growth rate of perturbations over time. This allows one to
rigorously assess whether the system exhibits chaotic dynamics under varying parameter regimes.
Diagrams are provided to verify the theoretical results via SageMath programming [47] and the
Mathematica software.

Example 1. Let us consider the following population model, where the parameter values n = 0.88,h =
1.15,5s = 0.16,a@ = 0.95,6 = 0.6,r = 0.85 are taken from [19]. Computation yields the positive fixed
point 93 = (0.372787,0.857596). According to the given values, the system (1.3) has the following
form:

(1.33964x, + 0.9775x,(1.33964 — x,,))(1 + 0.88x,,)

n+l — s 5.1
el 1.33964(1 + 0.88x, + 1.0925y,) -1

0.57x,y,
ol = vy 4 115(—2 Y6 16y,
yurt = Yo+ LIS = = 0.163)

where k = 1.33964 and the initial conditions xy = 0.54 and y, = 0.85. From (3.6), we obtain

T 0.942688 —0.179812
A1 0.318732 1 '

The eigenvalues are
A1 =0.971344 + 0.237678i
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with |/ll,2| = 1. Let g, p € C? be two eigenvectors corresponding to the eigenvalues A, ,, respectively.
The eigenvector solutions are obtained using the Mathematica software as follows:

g ~ (=0.0718871 + 0.596244i,0.799578)"

and
p ~ (0.799578,0.0718871 — 0.596244i)T .

For < p,q >= 1, we set
p ~ (3.05135.107"7 + 0.838583i,0.62533 + 0.0753939;).
From (3.9), (3.10), (3.14), and (3.15), one can obtain

Fi(u,v) = —0.237156u* — 0.1913561° — 0.38484uv + 0.0867313v°
F>(u,v) = —0.2112u* + 0.139946u° + 0.371657uv,

Bi(u,v) = —0.474312u; v, — 0.38484(uyvq + uyvy) + 0.173463u,v,
By(u,v) = =0.422399u,v; + 0.371657(uyv; + uyvy),

and

Ci(u,v,w) = —=1.14813u,viw;
Cy(u,v,w) = 0.839676u,v,w;.

By using the formula (3.17), the coefficients g, are

g20(k) = —0.178345 — 0.0331392i
g (k) = —0.121985 + 0.0280679i
8o2(k) = —0.399421 — 0.684511i

g21(k) = —0.207051 + 0.089595i.

From (3.18), we have ¢(k) = —0.3686809.

Example 1 illustrates the emergence of quasiperiodic dynamics due to a Neimark—Sacker
bifurcation under biologically meaningful parameter values. From an ecological standpoint, this
indicates a transition from stable coexistence to oscillatory population behavior, which often reflects
natural cycles such as predator-prey boom-and-bust regimes. The bifurcation diagram in Figure 1(a)
shows that as the bifurcation parameter k increases beyond a critical threshold, the fixed point loses
stability and an invariant closed curve emerges. This leads to sustained oscillations in both prey
and predator densities, as observed in the phase portraits (Figure 1(b)—(d)). Such behavior can
represent ecological systems where the predator-prey interaction is subject to internal delays or inertia,
resulting in populations that do not settle to a fixed equilibrium but fluctuate in a regular manner. The
accompanying MLE plot (Figure 1(e)) confirms this transition by showing a change from negative to
near-zero values, implying a loss of asymptotic stability and the onset of quasiperiodicity. Biologically,
these dynamics suggest that minor environmental or interaction-based changes (reflected by variation
in k) can drastically alter the population behavior from stability to persistent oscillations. This
reinforces the importance of considering nonlinear feedback and time-discrete effects in ecosystem
modeling, particularly when designing strategies for species conservation or pest control.
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Figure 1.
system (5.1) when n = 0.88,h

1.15,s =

10

(©)
(@) Neimark—Sacker bifurcation diagram of prey and predator densities in

0.16, = 095,6 = 0.6,r = 0.85, and

k € (0.5,2.5). (b) The phase portrait of system (5.1) when k = 1.1. (¢) The phase portrait
of system (5.1) when k = 1.33964. (d) The phase portrait of system (5.1) when k = 1.5. (e)
Maximum Lyapunov Exponent diagram of system (5.1).

Example 2. Let us take the parameters n = 0.88,h = 1.15,s = 0.16,a = 0.95,6 = 0.6,r =
0.85,k = 1.33964 and the initial conditions xo = 0.54 and y, = 0.85. In this case, the system (1.3)
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experiences a Neimark—Sacker bifurcation. The eigenvalues of Jacobian matrix evaluated at unique
positive coexistence fixed point V5 = (0.372787,0.857596) are 1,, = 0.971344 ¥ 0.237677i such that
|i2| = 1. For6 = 0.65,n = 0.88,h = 1.15,5 = 0.16,a = 0.95,r = 0.85,k = 1.33964, the system
has a unique positive fixed point 93 = (0.335641,0.868625). It is clear that 5 is unstable fixed point
of system (1.3). In order to control the system (1.3) with OGY and feedback control methods, we take
0o = 0.65. The controlled system dynamics are governed by

[1.33964 x,, + 0.9775 x,(1.33964 — x,)]I(1 + 0.88 x,,)

Anl = 1.33964(1 + 0.88 x,, + 1.0925 y,) ’
52
v+ 115 0.95[0.65 — p1(x, —0.335641) — p2(y, — O.868625)]xny,, 0.16 G2
et = Yo 2 1+0.88x, SO Yn )
We have
A= 0.955058 -0.163384 B 0
1 0.367607 1 > ] 0.245888
and

0 —-0.0401742
C=1B:4B8]= [ 0.245888  0.245888 ]

Since C has a rank of 2, the system can be controlled. Thus, the A — BK matrix of the controlled
system (5.2) can be expressed as

A—BK = [ 0.955058 —-0.163384 ] '

0.367607 — 0.245888p; 1 —0.245888p,
The marginal lines 1y, 1, and l5 in Egs (4.8)—(4.10) are obtained as

[; =0.01512 - 0.040174p, — 0.234837p, = 0,
[, = 0.0600609 — 0.040174p, + 0.0110506p, = 0,

and

I3 = =3.97018 + 0.040174p, + 0.480725p, = 0.

The marginal stability boundaries ,,l,, and 5 delineate a triangular stability region in the p,p»-
plane. Figure 2(a) illustrates this stable domain for the controlled system (5.2). Also, it is seen from
Figure 2(b) that population becomes stable for the value (p1, p2) selected from this stable region.
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Figure 2. (a) Stability region for system (5.2) in the p;p,—plane. (b) The trajectories of the
controlled system (5.2) in the p;p,—plane.

Example 2 demonstrates how a biologically unstable system can be dynamically regulated through
appropriate control strategies to ensure ecological balance. Initially, for the given parameter values, the
system exhibits a Neimark—Sacker bifurcation at the positive fixed point ©; = (0.372787,0.857596),
indicating the onset of quasiperiodic oscillations in prey and predator populations. Such behavior, if
left uncontrolled, may correspond to persistent ecological fluctuations that destabilize coexistence. By
applying the OGY method, the model transitions to a new fixed point, ©¥¥; = (0.335641,0.868625),
which becomes locally asymptotically stable. This intervention mimics real-world ecological
management strategies, such as adaptive harvesting, prey inhibition, or environmental regulation,
that seek to suppress population cycles and promote long-term species survival. The stability region
depicted in the (o, p,) parameter space (Figure 2(a),(b)) provides insight into the permissible ranges
of control intensities needed to maintain ecological balance.
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Example 3. We again consider the parameters 6 = 0.6,n = 0.88,h = 1.15,5s = 0.16,a = 0.95,r =
0.85 with k = 1.4 and the initial conditions xo = 0.54 and y, = 0.85. For these parameter values, the
controlled system is

[1.4x, +0.9775x,(1.4 — x,)](1 + 0.88x,)

el = 1.4(1 + 0.88x, + 1.0925y,) ~ T =) (5.3)
- TZ(yn - y)
0.57x,y,
Yn+l = Yn + IIS(M 016)1”)

Hence, there is a unique positive coexistence fixed point (x,y) = (0.372787,0.871853) in the
system (5.3). Furthermore, the Jacobian matrix calculated at (x,y) = (0.372787,0.871853) is

0.951596 — 7; —0.178584 — 1]
0.32403 1 (54)

The marginal lines 1y, ,, and l5 in Eqs (4.15)—(4.17) are obtained as

L, = —0.00946245 + 7, — 0.324037, = 0,
L, = 0.0578665 + 0.324037, = 0,

and

Ly = -3.96106 + 27, — 0.324037, = 0.

The stable triangular region in the T\7,-plane is identified by the marginal lines L,,L,, and L;.
Figure 3(a) displays the area of the restricted system (5.3) bounded by these lines. Figure 3(b), the
predator-prey populations are shown to quickly stabilize at constant values when t\=1.9 and t,=2.1.

In Example 3, the predator-prey system is investigated under a different control parameter set,
where k = 1.4, and the feedback gains 7; and 7, are introduced to stabilize the unique positive
fixed point (X, y) = (0.372787,0.871853). This point represents a biologically meaningful steady-state
where prey and predator coexist. From an ecological perspective, the application of feedback terms
71(x, — ¥) and 7,(y, — ¥) mimics external regulation mechanisms, such as environmental interventions
or adaptive behavior in population control. The calculated Jacobian matrix and corresponding stability
boundaries delineate a triangular region in the (71, 7,)-plane where the system exhibits stable dynamics.
This result emphasizes how small parameter adjustments in feedback control can restore ecological
equilibrium and suppress oscillatory or unstable population cycles. The illustration in Figure 3(a),(b)
further highlights the sensitivity of system stability to the feedback coefficients, offering insights into
how ecological balance can be maintained through biologically plausible intervention strategies. The
effectiveness of this strategy is not merely numerical; it reflects a fundamental ecological principle:
feedback-driven control can suppress instabilities and guide systems toward sustainable coexistence,
even in inherently unstable configurations.
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Figure 3. (a) Stability region for system (5.3) in the 7;7,-plane. (b) The trajectories of the
controlled system (5.3) in the 7,7,-plane.

6. Conclusions

In this paper, the complex dynamic behavior of a discrete-time predator-prey system (1.3) is
analyzed. The existence of fixed points of the system and their dynamics are examined. At the positive
coexistence fixed point, we demonstrate the occurrence of a Neimark—Sacker bifurcation in the system.
To avoid the chaos exhibited by the dynamic system, we use the OGY approach and state feedback
method.

It is found that the system (1.3) possesses three fixed points: A coexistence positive fixed point 3,
an exclusion fixed point },, and a trivial (extinction) fixed point ¢},. It is clear that the system (1.3) has

: L : : _ S(k(@d-ns)=s) - (Lkn)
a unique positive coexistence fixed point 3 = (=, * k(:a—:;)z =) with @ > max{%, =—==}. Through
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the use of mathematical methods related to bifurcation theory, we demonstrate that the system (1.3)

. . . _ ad+s(n—hns+had)
undergoes Neimark—Sacker bifurcation when k = ——="="——== .

This study clearly demonstrates the potential of the nonstandard discrete model in ecosystem
management by reconsidering the dynamic behavior of the predator-prey model presented with
a different discretization scheme. The alternative nonstandard scheme implemented manages to
capture both positive equilibrium conservation and Neimark—Sacker bifurcation values correctly. The
suppression of chaos by various control strategies (OGY and state feedback) provides evidence for
the manageability of complex behaviors in both theoretical and applied ecology. Our analysis shows
that the bifurcation scenario remains unchanged and provides similar ecological insights despite the
use of different nonstandard schemes. Moreover, the fact that management strategies that balance the
ecosystem produce similar results strengthens our understanding of the model’s internal dynamics.

The use of a NSFD scheme in this study ensures the preservation of ecologically relevant properties
such as positivity and boundedness, which are essential when modeling population dynamics. This
feature enhances the ecological relevance of the model, particularly in systems where discrete
generational structure and species coexistence are critical. Moreover, the application of chaos control
strategies, including the OGY method and state feedback control, demonstrates how theoretical tools
can be used to stabilize ecological systems exhibiting unpredictable dynamics. Such approaches
provide insight into how external interventions may help maintain ecological balance under fluctuating
environmental conditions. Overall, this work contributes to the existing literature by combining NSFD-
based modeling with bifurcation analysis and control techniques in a unified framework, offering both
mathematical rigor and ecological applicability.

In [30], the continuous system undergoes a Hopf bifurcation near the positive equilibrium E, when
the condition

s N o 1
k(6a — sn)  kn(6a — sn)

is satisfied. Solving this expression for k using the values n = 0.88, s = 0.16, « = 0.95, and 6 = 0.6
yields the critical bifurcation value k ~ 1.8819. In contrast, our discrete-time NSFD model with
the same parameters exhibits a bifurcation at a significantly lower value, k = 1.33964, as shown in
Example 6. This difference highlights that the discrete model may display bifurcation behavior at
earlier stages compared to its continuous counterpart, revealing the enhanced sensitivity and richer
dynamics captured by the NSFD scheme.

Although different formulations are adopted from [19] in the modeling process—such as using
XpX,+1 Instead of xﬁ, and x,,y, instead of x,y,—the Neimark—Sacker bifurcation threshold remains
unchanged. Biologically, this indicates that the transition from stability to quasiperiodic oscillations is
governed not by the specific timing of predator-prey interactions but rather by the structural balance of
the model parameters. The use of time-lagged interactions better reflects realistic ecological processes
such as delayed responses in reproduction, consumption, or adaptation. Yet, the persistence of the
same bifurcation value under both modeling approaches suggests a form of ecological resilience: The
critical dynamics of the system are preserved regardless of whether the interactions are synchronous
or delayed by one time step. This underscores that population-level transitions, such as the onset of
sustained oscillations, are deeply rooted in the nonlinear structure of the ecosystem, rather than in the

discrete-time formulation details.
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