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Abstract: Fuzzy cognitive maps (FCMs) have garnered significant attention for modeling and
analyzing complex systems, owing to their ability to effectively handle uncertainty and nonlinear
relationships. Interval-valued fuzzy cognitive maps (IVFCMs), as an extension of FCMs, further
enhance this capability by incorporating interval-valued fuzzy numbers to better represent system
uncertainty and complexity. Despite their potential, most existing research on IVFCMs has focused
on applications, with limited advancement in their theoretical foundations. This study established
a comprehensive theoretical framework for IVFCMs, addressing critical gaps in their mathematical
basis and dynamic behavior. The key contributions are as follows: (1) Formalization of the inference
mechanism, including a rigorous definition of state updates using interval-valued fuzzy operations, and
a proof that IVFCMs reduce to conventional FCMs as interval widths approach zero; (2) establishment
of convergence guarantees by deriving sufficient stability conditions through spectral radius analysis
and the Banach fixed-point theorem for sigmoid activation functions; (3) the proposal of novel
centrality measures, introducing interval-valued degree and closeness centrality, supported by an
optimized Dijkstra algorithm for efficient identification of key nodes; and (4) empirical validation
through a time series prediction case study, demonstrating the model’s superior performance in
managing uncertainty and noise across different datasets. Overall, this work addressed fundamental
theoretical challenges related to inference, convergence, and structural analysis in [IVFCMs, while also
demonstrating their practical utility in complex system modeling.

Keywords: interval operation; interval-valued fuzzy cognitive maps; complex systems modeling;
inference mechanisms; convergence; centrality measurement
Mathematics Subject Classification: 03B52, 05C72



https://www.aimspress.com/journal/Math
https://dx.doi.org/10.3934/math.2025800

17955

1. Introduction

Fuzzy cognitive maps (FCMs), first introduced by Kosko in 1986 [1], serve as a powerful tool
for knowledge representation and inference. By integrating fuzzy logic, graph theory, and cognitive
science, FCMs provide a robust framework for addressing knowledge processing challenges in
complex systems. They represent knowledge in an intuitive graphical format, facilitating both its
storage and retrieval. In this framework, nodes represent specific concepts—for example, species
population and environmental temperature in ecological studies, or inflation and unemployment rates
in economic systems. Directed edges between nodes capture causal relationships, with associated
weights indicating the strength and direction of these influences. This structure enables the modeling
of intricate interdependencies within complex domains [2]. For inference, FCMs utilize iterative
computations to simulate state transitions over time or under changing conditions, based on the fuzzy
causal relationships among nodes. This mechanism allows FCMs to manage uncertainty effectively,
thereby improving the accuracy and robustness of the inference process.

Due to their strong modeling capabilities, interpretability, and flexibility, FCMs have been widely
applied in various domains, including environmental science [3], medical assistive systems [4],
financial decision-making [5], crisis management [6, 7], and time series analysis [8]. However,
most existing studies have primarily focused on the practical applications of FCMs, while theoretical
investigations remain relatively limited. For instance, Choukolaei et al. [6] proposed a hybrid
framework integrating FCMs and the PROMETHEE method to enhance relief center selection by
modeling criterion interdependencies and spatial constraints, thereby supporting earthquake-resilient
urban planning. The literature [7] employed FCMs to evaluate the weight and impact of individual
risks, utilizing expert input to define causal relationships and calculate centrality indices. Their
approach addressed critical gaps in dynamic risk assessment and relief demand estimation, offering
valuable insights for crisis management. Departing from research that applies fuzzy cognitive mapping
to practical problems, this study develops extensions to FCMs’ mathematical foundations for enhanced
uncertainty modeling. Current theoretical research on FCMs mainly addresses three core areas: (1)
the convergence and stability of FCM models, (2) the centrality measures of FCMs, and (3) the
development of extended FCM frameworks.

Studies on convergence and stability typically examine FCMs equipped with continuous, non-
decreasing, and nonlinear activation functions—most commonly, the sigmoid function. This line of
research investigates the dynamic behavior of FCM systems and establishes sufficient conditions for
the existence and uniqueness of fixed points. Boutalis et al. [9] employed the contraction mapping
theorem and the non-expansive mapping theorem to analyze the concept value equations of FCMs
and derived conditions ensuring a unique solution. They further demonstrated the stability of the
adaptive weight estimation algorithm and the convergence of parameters by constructing a Lyapunov
function. Building on this work, Kottas et al. [10] extended the conditions for the existence and
uniqueness of equilibrium points by jointly considering the weights and the slope parameters of the
sigmoid function. They proposed a bilinear adaptive estimation algorithm to enhance the structural
flexibility and adaptability of FCMs. Knight et al. [11] utilized the Taylor expansion, the implicit
function theorem, and the Jacobian matrix to analyze the properties of fixed points in sigmoid-based
FCMs. Nédpoles et al. [12] introduced a heuristic algorithm aimed at improving convergence in
pattern classification tasks, which was further optimized and validated through simulations using the
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particle swarm optimization algorithm. Luo et al. [13] applied the semi-tensor product technique to
transform K-valued FCMs into an algebraic representation, providing a general formula for computing
the number of fixed points and limit cycles. Harmati et al. [14] established conditions for the global
stability of FCMs through theoretical derivations based on the induced matrix norm and spectral radius.

Centrality measures, a fundamental analytical tool in graph theory, quantify the relative importance
of nodes within a network’s structure. By systematically identifying influential nodes, these measures
provide insights into critical aspects such as information dissemination, resource allocation, and
network stability. Foundational indices like degree centrality and closeness centrality, introduced in
Freeman’s seminal work [15], have laid the groundwork for the analysis of complex networks. As
centrality theory has evolved through interdisciplinary integration, a variety of computational methods
have emerged, enabling applications across diverse domains—including social network analysis [16],
biological network modeling [17], and communication network optimization [18]. In the context of
fuzzy complex networks, Hu et al. [19] evaluated multiple centrality measures in directed fuzzy social
networks, analyzing their means and variances. Lu et al. [20] developed a centrality analysis model for
fuzzy social networks to uncover the characteristics of interpersonal nodes and their interrelationships
in online platforms. Obiedat et al. [21] employed a 2-tuple fuzzy linguistic representation to handle
imprecise linguistic and numerical data, proposing a consensus-based centrality measure for assessing
node importance in FCMs. Wang et al. [22] constructed a fuzzy social network model grounded
in fuzzy hypergraph theory and introduced corresponding structural centrality measures to more
accurately identify key members within the network.

In parallel, several extended FCM models have been proposed to more effectively address
uncertainty, multi-scale complexity, and nonlinear system behavior. For example, high-order fuzzy
cognitive maps (HFCMs) [23-25] enable multiple nodes to jointly influence a target node through
combinational mechanisms, thereby capturing higher-order relationships and complex causal chains.
Intuitionistic fuzzy cognitive maps (IFCMs) [26] incorporate intuitionistic fuzzy sets—characterized
by degrees of membership, non-membership, and hesitation—to enhance the representation of
uncertainty in both concept states and causal links. Fermatean fuzzy cognitive maps (FFCMs) [27]
incorporate Fermatean fuzzy numbers to represent the causal weights (edges) and the activation levels
of concepts (nodes).

Interval-valued fuzzy cognitive maps (IVFCMs) [28] utilize interval-valued fuzzy numbers to
represent node states and edge weights, providing improved handling of imprecise information.
Meanwhile, dynamic fuzzy cognitive maps (DFCMs) [29] integrate temporal variables, allowing
concept states to evolve over time and more accurately capture the dynamic behavior of complex
systems.

Among the various extensions of FCMs, IVFCMs significantly enhance the ability to model
complex systems. First, [IVFCMs improve the quantification of uncertainty. By replacing single-valued
weights with interval values, they incorporate diverse expert opinions, reduce noise interference, and
more effectively capture the fuzzy nature and inherent uncertainty of causal relationships. Second,
IVFCMs increase the flexibility and dynamic adaptability of knowledge representation. The interval-
based multi-granularity framework enables IVFCMs to simultaneously express both “conservative”
and “aggressive” estimates within a single model. For example, in medical diagnosis, the causal
relationship between a symptom and a disease may vary due to individual differences; interval
values offer a flexible means to accommodate such variability. This interval evolution mechanism
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also facilitates parameter adjustment during dynamic transitions, allowing for a more accurate
representation of system progression from transient to steady states.

When intervals are introduced to handle uncertainty in IVFCMs, the selection of an appropriate
interval arithmetic method becomes crucial. Interval arithmetic is a mathematical framework that
operates on intervals—defined as pairs of numbers representing lower and upper bounds—rather
than on precise values. This method ensures rigorous tracking of uncertainty and rounding errors
throughout computations. Hickey et al. [30] established a rigorous mathematical foundation for
interval arithmetic, starting from the definition of real intervals as closed, connected sets of reals.
Deschrijver [31] introduced novel arithmetic operators (addition, subtraction, multiplication, division)
for the lattice £’ (the underlying structure of interval-valued fuzzy sets and intuitionistic fuzzy sets).
These operators extend classical fuzzy arithmetic to handle intervals while preserving key algebraic
properties. Piegat et al. [32] proposed a decomposition approach that splits type-2 intervals into
inner (high-credibility) and outer (global) type-1 intervals. Arithmetic operations (e.g., addition) of
this approach yield multidimensional solution sets (not single intervals), enabling higher accuracy.
Breiding et al. [33] used interval arithmetic and Krawczyk’s method to certify isolated nonsingular
zeros of polynomial systems.

Despite its numerous advantages, current research on IVFCMs still encounters three fundamental
theoretical challenges that hinder its effective implementation:

1) Inference mechanism gaps: The mathematical foundations of interval-valued operations in state
transitions lack formal analysis, particularly regarding the preservation of interval properties during
iterative updates.

2) Convergence uncertainties: Stability conditions for IVFCMs remain unexplored, with no
established theoretical guarantees that interval-valued systems will converge to equilibrium states.

3) Centrality measurement limitations: Existing graph centrality metrics cannot directly handle
interval-valued weights, creating challenges for identifying influential nodes in IVFCM networks.

This study systematically addresses these gaps by establishing a comprehensive theoretical
framework for IVFCMs. First, we formalize the inference mechanism through interval arithmetic
operations and demonstrate how IVFCMs reduce to conventional FCMs when interval widths approach
zero (Theorem 3). Second, we derive sufficient convergence conditions using the Banach fixed-
point theorem and spectral radius analysis (Theorem 5), providing practical design constraints for
stable systems. Finally, we develop novel interval-valued centrality measures (Definitions 6—8) with
optimized path-search algorithms for efficient computation. By resolving these theoretical challenges,
our work enables more reliable deployment of IVFCMs in complex real-world applications where
uncertainty quantification is critical.

The remainder of this paper is organized as follows: Section 2 reviews the preliminary concepts
related to IVFCMs. Section 3 examines the inference mechanism of IVFCMs. Section 4 investigates
their convergence properties and proposes a sufficient condition for convergence. Section 5 introduces
two centrality measures designed for IVFCMs. Section 6 presents a case study on time series
prediction. Finally, Section 7 offers concluding remarks and outlines directions for future research.
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2. Preliminaries

An interval number is typically expressed as [a,b], where a and b are real numbers satisfying
a < b. It represents a numerical range encompassing all values between a and b. As a fundamental
mathematical tool, an interval number provides an intuitive approach to representing uncertainty by
defining a range of possible values rather than a single fixed value. This concept is widely applied
in interval-valued fuzzy sets and IVFCMs, enabling more effective modeling of uncertainty and
complexity in real-world problems. The following section introduces key definitions and fundamental
concepts relevant to this research.

Definition 1. [34] Let X be the universe of discourse. An interval-valued fuzzy set A on X is defined
as: A = {(x, [/lg(x), ,u}(x)]) |xeX }, where p(x) and ,u}(x) represent the lower membership function
and the upper membership function of the element x in the interval-valued fuzzy set A, respectively,
and satisfy 0 < p7(x) < pi(x) < 1.

Definition 2. [34] Let A and B be two interval-valued fuzzy sets on the universe of discourse X. Then
A C Bifand only if for any x € X, P (%) < pp(x) and pip(x) < pi(x).

Definition 3. [31] For two interval-valued fuzzy sets A and B on the universe of discourse X, their
addition and multiplication operations are defined as follows:

A® B = [min (1;(x) + pp(x), 15 (¥) + () () + (0] 2.1)

A® B = [1300500, max (s (x)pp(x0), sy (Rpp(0)) | (2.2)

Interval-valued fuzzy sets generalize traditional fuzzy sets by representing membership degrees as
intervals rather than single values. This extension captures epistemic uncertainty—situations where
experts specify ranges (e.g., “this symptom indicates Disease A with 60-70% confidence”) due to
incomplete knowledge or conflicting evidence. The selection of specific interval operations (& and ®)
is guided by three requirements for uncertainty propagation: Completeness: results must encompass
all possible values arising from input combinations. Conservatism: bounds should reflect worst-case
and best-case scenarios. Interpretability: outputs must align with real-world decision-making contexts.

For the @ (addition) operation, which models aggregated influences (e.g., combining risk factors),
the lower bound represents pessimistic combinations (the minimum of all possible pairwise sums),
while the upper bound represents optimistic scenarios (the sum of the individual maxima). For the ®
(multiplication) operation, which models chained causalities (e.g., A causes B, which then affects C),
the lower bound assumes minimal reinforcement (the minimum possible product of influences), while
the upper bound considers maximal amplification (the maximum of all possible pairwise products).

Theorem 1. Let A and B be two interval-valued fuzzy sets on the universe of discourse X. Then A® B
is still an interval-valued fuzzy set on the universe of discourse X.

Proof. According to Definitions 1 and 3, it is necessary to verify the following two points:
(1) The lower bound < the upper bound:
Since 7 (x) < pi(x) and p(x) < p(x), then:
KGO0 - (0 < 300 - pp(x) and p(x) - pp(x) < () - (0.
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Therefore, the lower bound < the upper bound (because the upper bound is the larger one of the two
values).

(2) The interval values are within [0, 1]:

All product terms are non-negative numbers (the membership degree € [0, 1]), and:

HE) - 1) < max () - 50, 1500 - () < 1.
O

Theorem 1 demonstrates that the multiplication of interval-valued fuzzy sets is a closed operation.
However, it is evident that the addition of interval-valued fuzzy sets does not exhibit this property.

The construction of IVFCMs follows a similar process to that of traditional FCMs. The key
distinction is that IVFCMs represent concept node values and edge weights using interval values rather
than single fuzzy values. By adapting the iterative equation of traditional FCMs and incorporating
the addition and multiplication operators for interval-valued fuzzy sets, as defined in Definition 3, the
inference equation for IVFCMs is formulated as follows.

Definition 4. [28] For any concept node A; in an interval-valued fuzzy cognitive map (IVFCM), its
state value at iteration t + 1, denoted as Aj(t + 1), is updated using the following equation:

N

[N o (e TR 23

i=1
1#]

where N is the number of concepts, f is the activation function, {[xL, XV ]}f represents the interval-
valued fuzzy state of concept node A; at time t with 0 < xt < xY < 1, and {[w", w¥]}; ; denotes the
weight between concepts i and j with —1 < wt <wV < 1.

If the past activation value of a concept node is also considered in addition to the influence of other
concepts, the state update equation is modified as follows:

[ = 1| @Dt o T (27 | 2

i=1
i#]

In IVFCMs, edge weights describe the magnitude and direction of causal influence between
concepts. If both wl and wY are positive, the influence is positive; if both are negative, the influence is
negative. The addition (@) and multiplication (®) operators are defined in Definition 3. The activation
function f is typically a monotonically non-decreasing nonlinear function, such as the sigmoid function
commonly used in machine learning. Its primary role is to map the weighted summation results into a
suitable range, ensuring the validity and interpretability of the concept values.

3. The inference mechanism of interval-valued fuzzy cognitive maps

Similar to conventional FCMs, the inference process of IVFCMs is carried out through iterative
computation. A distinguishing feature of IVFCMs is that both the state values of concept nodes and the
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edge weights representing causal relationships are expressed as interval numbers. The process begins
with the initialization of all concept nodes and their corresponding state values, which represent the
system’s current status or the degree of activation for each concept. At the same time, the interval-
valued edge weights—indicating the strength of causal influences—are determined either through
expert judgment or data-driven optimization methods. Using the current node states and interval
weights, an iterative algorithm updates the states of all nodes at each time step until the system reaches
a stable state or satisfies predefined termination criteria. By observing the evolution of node states
throughout the iterations, one can infer the underlying causal relationships and dynamic behavior of
the system. To illustrate this inference process, a simple economic system example is presented in this
subsection.

Initial state One iteration result
C1: C1: :
Economic [0.4, 0.6] c2: Economic [0.4, 0.6] CZZ
growth Inflation growth Inflation
[0.6, 0.8] [0.3,0.5] [0.71, 0.76] [0.66, 0.70]
= T ) 5
=} o S <}
1 D - >
) N 0 ]

IS o S o
i N — N
C3: C4: C3: Ca:
Unemploy- [_0_5 - 0_4] Consumer Unemploy- Consumer
ment rate ! confidence ment rate confidence
[0.4, 0.6] [0.5,0.7] [0.45, 0.60] [0.67,0.71]
(a) (b)

Figure 1. A simple example of an [IVFCM about an economic system.

Example 1. Figure 1 illustrates the first iteration of inference in an IVFCM applied to an economic
system. As shown in the figure, the model consists of four concept nodes: economic growth (Cy),
inflation (C,), unemployment rate (C3), and consumer confidence (C,). The initial activation vector is
given by:

A® = (]0.6,0.8],[0.3,0.5],[0.4,0.6],0.5,0.7]).

The corresponding weight matrix for this IVFCM is defined as follows:

0 [0.4,0.6] [-0.5,-0.3] [0.3,0.5]

W= 0 0 0 [-0.4,-0.2]
B 0 0 0 [-0.5,-04]|
[0.5,0.7] 0 0 0

Following Eq (2.4), the first iteration of inference in this IVFCM is carried out. The activation function
f is the standard sigmoid function, with a slope parameter A = 1 and an offset h = 0.

Calculation of the updated value a(ll) for Cy:

The updated value a(ll) of Cy is computed as follows:

a" = f((a ®wir) ®a”) = £ ((105,0.71©[0.5,0.7]) & [0.6,0.8]).
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First, we perform the multiplication of interval-valued fuzzy sets (see Eq (2.2)):
[0.5,0.7] ®[0.5,0.7] = [0.5 X 0.5, max(0.5 x 0.7,0.7 X 0.5)] = [0.25,0.35].

Next, we apply the addition operation for interval-valued fuzzy sets (see Eq (2.1)):

[0.25,0.35] ©[0.6,0.8] = [min(0.25 + 0.8,0.35 + 0.6),0.35 + 0.8] = [0.95, 1.15].

Finally, we apply the activation function:

1 1

Thus, a\” = [0.71,0.76]. The update process for C, and Cs follows the same approach as for Cj,

vielding agll) =[0.66,0.70] and a(31) = [0.45,0.60]. In contrast, updating Cy4 is more complex due to the

presence of three incoming edges, requiring the aggregation of all causal influences.
Calculation of the updated value ail) for Cy:

ail) =f ((aﬁo) ® w1,4) ® (a(zo) ® W2,4) ® (ago) ® W3,4) @ aio))
= f(([0.6,0.8] ® [0.3,0.5]) & ([0.3,0.5] ® [-0.4, -0.2])
@ ([0.4,0.6] ® [-0.5,-0.4]) # [0.5,0.7])
= f([0.18,0.3] @ [-0.12,-0.06] & [-0.2, -0.16] & [0.5,0.7])
= £([0.58,0.78])

Finally, the activation function is applied to calculate aftl).' £(0.58) = T{OSS ~ 0.67, f(0.78) =
—L ~ 1. Thus, a) = [0.67,0.71].

[+e- 078

Theorem 2. For an IVFCM with a monotonically non-decreasing activation function, consider two
state sequences, {A,} and {B,}, such that for all nodes i and time steps t, the interval of A! is entirely
contained within that of B (i.e., Al C B!). Additionally, assume that the weight intervals of all edges
satisfy wiLj > 0 and wfj. > 0. Under these conditions, at time t + 1, the state interval of each node j
remains contained within the corresponding interval in {B,}, i.e., AS.“ - B;.“.
Proof. 1) Inclusiveness of the product operation

For any nodes i and j, since wiLj > 0and A’ C B! (i.e., A" < Bi" and A?Y < B'Y), the definition of
the product operation yields:

t_ [ L. AtL L 4tU U . 4tlL
Wij@Ai—[Wij‘Ai ,max(wl.j-Al. Wi A )]

Similarly, for W;; ® B!, the lower bound is W,'L,' . B?L’ and the upper bound is max (Wﬁ ) B;,U, ij . BE’L)-
Since wy; - APt < wk - B'* and

L AtU U stL L ptU U ptL
max(wij-Ai ,wij'Al. )Smax(wij-Bi ,wl.j-Bl. ),

it follows that W[j ® Af c Wij ® B;
2) Inclusiveness of the addition operation
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Since all intervals of W;; ® A! are contained within W;; ® B!, their accumulation satisfies:
Pw;eacPw, B,
i#j i#j

Moreover, adding the current states A;. and B;, with AS. - BS., ensures—by the monotonicity of the
addition operation—that:

t t t !
P w,ealea c|Pw,eB|eB,

i*] i#j

3) Preservation of the activation function
Since the activation function f is monotonically non-decreasing, an input interval relation S, C S
implies that the output interval satisfies f(S4) € f(S p). Thus,

AT = f(Sa) Cf(Sp) =B

In conclusion, the inclusion relation is therefore preserved throughout the iterative inference process
of IVFCM. ]

Theorem 3. Suppose the IVFCM satisfies the following conditions:
1) Parameter convergence For any concept node A with an initial state interval [x;
an edge weight interval [w-

LO) VO] 4nd
Y
i l]] there exists a sequence of real numbers {€.} such that €, — 0 and:

L
|Wl‘j -

Vi, j,  |x;

LO) _ LU©O)
| xj | < &

U

2) Continuity of the activation function: The activation function f : R — R is continuous (e.g., a
sigmoid function).

Under these conditions, as €. — 0, the inference equation of the IVFCM converges to that of a
traditional FCM, i.e.,

lim
&—0

X

[ JL(t) 7(0] (t)

where the iterative update rule of the traditional FCM is given by
(t+1) [Z lex(l))

Proof. For any t > 0, assume that the interval-valued parameters satisfy

P L@ _ U®
Vi, j, ‘xj X;

L
<6 |wi-

U
. t
and that there exist real numbers x§) and w;; such that
. Ut '
lim x*® = lim xY = (.), hmw = lim wU = wjj.
€,—0 €,—0 J J €, —0 i €.—0 2

Next, verify the degeneracy of interval operations.
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(1) Degeneracy of interval addition &
For two intervals [a*, aV] and [b%, bY], addition is defined as

[a",a"1 @ [b*, bY] = |min(a" + bY,a" + b), o +bY].
When the intervals degenerate into single points (i.e., a* = a¥ = a, b* = bV = b), we obtain
[a,al®[b,b] =[a+b,a+b] =a+b.

(2) Degeneracy of interval multiplication ®
Interval multiplication is defined as

[a",a"1® [b*, bY] = |a"b", max(a“b,a"b")]|.
When the intervals degenerate into single points, this reduces to
[a,a]l®[b,b] =]a-b,a-b] =a-b.

(3) Limit interchangeability via continuity of the activation function
Since f is continuous, for any convergent sequence s; — s, we have

tim £ (15t 511 = f(hm[sk,sk ) £(s).

(4) Convergence of the IVFCM
The inference equation of the IVFCM is given by

N
Lt+1) _U@+D] _ Lty U@
[ ]—f(EB[w]@[xi ]]~

i=1
As ¢ — 0, the interval operations reduce to scalar operations, yielding
N

@[w”,w ]®[ L(t) U(t) ZW” o

i=1

By the continuity of f, it follows that

hm[ §(t+l), U(t+1) (Z WX (z)] (z+1)
Ek—>0

Applying this process recursively for all #, we conclude that the iterative sequence of the IVFCM
converges to the standard FCM. O

Theorem 3 demonstrates that IVFCMs reduce to conventional FCMs as interval widths approach
zero. This mathematical property has significant practical implications for model interpretation and
application. First, IVFCMs function as an indicator of expert consensus, where interval widths quantify
disagreement among experts or data sources; narrowing intervals signify increasing consensus.
Theorem 3 ensures a smooth transition to deterministic FCM behavior as consensus emerges. Second,
IVFCMs provide a mechanism for model validation. During inference, shrinking interval widths
indicate reduced system uncertainty and heightened prediction confidence. Conversely, expanding
intervals signal compounding uncertainties or potential system instability, offering critical insights
for decision-making. Thus, Theorem 3 not only mathematically bridges IVFCMs and FCMs but also
enhances the interpretability and practical utility of interval-based modeling in real-world applications.
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4. Convergence of interval-valued fuzzy cognitive maps

From a mathematical perspective, an FCM is a nonlinear dynamic system represented as a directed
and weighted fuzzy graph. Its state updates iteratively, with each iteration computed based on the
previous activation values and the weight matrix until a stopping condition is met. After multiple
iterations, the system’s state vector may reach one of the following three states [12]:

Fixed point: If there exists an iteration f, such that A" = A® for all ¢ > t,, the FCM stabilizes at
a fixed state, meaning A = AltD) = ACtD) =

Limit cycle: If there exist integers ¢, and P such that AP = A® for all t > t,, the FCM exhibits
periodic behavior, cycling through a finite set of states. That is, A/ = AGe*P) = AG+2P) — ... = AGat]P)
where t, + jP < T and j € {1,2,...,T — 1}.

Chaos: If the state vector changes unpredictably in each iteration, the FCM is in a chaotic regime,
indicating neither stability nor periodicity.

The convergence of an FCM refers to its tendency to reach a stable state, either as a fixed point
or a limit cycle. Specifically, if the system’s output ceases to change significantly or exhibits periodic
behavior beyond a certain iteration, it is considered convergent. Analyzing convergence helps assess
whether the model effectively captures the underlying system dynamics and provides insights into its
mathematical properties and long-term behavior. In an IVFCM, the convergence of the state vector
is not merely the approach to a fixed value but also involves the stabilization of interval variations.
This means that as iterations progress, the interval values of the concept nodes gradually stabilize
and eventually converge to a fixed range, which can be determined by analyzing the upper and lower
bounds of the node states. Consequently, when the system converges, the equation

lim d (A("),A*) =0

_ _ 7T
holds, where A* = [[A],A7],..., [A;,A;;]] , and d is an interval distance metric, such as the Hausdorff

distance. As a complex dynamic system, the convergence of an FCM is primarily influenced by
multiple factors, including initial conditions, the weight matrix, and the type of activation function.
Regarding activation functions, discrete functions (such as binary and ternary functions) do not produce
chaotic outputs, whereas nonlinear continuous functions (such as the sigmoid and hyperbolic functions)
may introduce convergence challenges under certain conditions. This study focuses on analyzing the
convergence of the IVFCM model using the sigmoid activation function.

Theorem 4. Let I(R) denote the set of all closed intervals on the real number axis, equipped with the
metric induced by the Hausdorff distance dy. For any closed intervals (a, b], [c,d] € I(R), it is defined
as

dy(la, b1, [e,d]) = max {la — ¢, Ib - d]} .

Let X = I(R)" denote the set of all vectors composed of n closed intervals, that is, each element A € X
has the form A = ([ay, b1], ..., la,, b,]), where |a;, b;] € I(R). Define the metric on X as

dAA) = max dH([al, b1, a., b)),
Then (X, d) forms a complete metric space.
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Proof. First, verify that d is a metric:
Non-negativity: Since dy([a;, bi], [a},b!]) > 0 for each i, its maximum value d(A,A") > 0.
Identity: If d(A,A’) = 0, then for all i, dy([a;, b;],[a;, b!]) = 0, which means [qa;, b;] = [a], D], so
A = A’. Conversely, if A = A’, then the Hausdorff distance of each component is 0, so d(A,A’) = 0.
Symmetry: Since dy([a;, bil, [a,b]]) = du([a},b!],[a;, b;]), and the symmetry is still maintained
after taking the maximum value, we have

d(A,A") =d(A',A).
Triangle inequality: For each component i, the Hausdorff distance satisfies the triangle inequality:

dH([ai’ bi]a [al,‘/’ b:/]) < dH([ai9 bi]a [a;9 b:]) + dH([a;a b:]7 [a"/ bl’])

1271

Therefore,

max dy([a;, bil, [a;, b}']) < max (du([ai, bil, [a;, b}]) + du(la;, b7l [a}, b)) -

Since max;(x; + y;) < max; x; + max; y;, we can obtain
dA,A”) <dAA)+d(A’,A).

So, d is a metric on X.

Next, verify that (X, d) is a complete metric space.

Let {Ay} = {([aﬁk), b(]k)], cees [aﬁ,k), b,(,k )])} be a Cauchy sequence in X. We need to prove that there
exists A € X such that A, — A.

Convergence of the component sequences:

For each component i, the sequence { [al(.k),bl(.k)]} is a Cauchy sequence in /(R). Because for any
€ > 0, there exists K such that when k,m > K,

d(Ar, A,) = max dy([a®, 5™, [a™, b™)]) < €.
1<j<n J J J J

In particular, for the component i, we have
dy([al”, b1, [a™, ")) < €,
that is, {agk)} and {bgk)} are Cauchy sequences in R. Since R is complete, there exist a;, b; € R such that

lima" =, 1imb" = b,
k—o0 k— o0
Therefore, the closed interval [a;, b;] is the limit of the sequence {[al(.k), bgk)]}.
Construct the limit element A: Define A = ([a;, b1], ..., [a,, b,]). Obviously, A € X.
Verify Ay — A:
For any € > 0, there exists K; such that when k£ > K;,
(k)

la;” — ai| <, Ibgk) - b < e.
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Take K = max<<, K;. When k > K, for all i, we have

du([a®, b1, [ai, bi]) = max{la® — ail, b — b} < €.

Therefore,
d(Ar, A) = maxdp ([, b°). la; bi]) < e.
That is, A; — A.
In conclusion, (X, d) is a complete metric space. O

The Hausdorff distance was selected for interval convergence analysis in this paper due to its unique
capacity to quantify the worst-case deviation between interval-valued state vectors. This property
is essential for IVFCMs, where both bound stability and uncertainty propagation must be jointly
evaluated. First, stability in IVFCMs requires the convergence of both lower and upper bounds.
The Hausdorff metric ensures boundary-sensitive convergence, unlike midpoint-based metrics that
may indicate convergence while bounds oscillate—for example, the intervals [0, 1] and [0.5,0.5]
share a midpoint of 0.5 but exhibit divergent boundary behavior. Second, the Hausdorff metric
satisfies all conditions for Banach’s fixed-point theorem, including completeness, contraction mapping
requirements, and norm-equivalent properties essential for matrix analysis.

Definition 5 (Conservative spectral radius). For an IVFCM with interval-valued weight matrix W =

([w[Lj, wg]) o the conservative spectral radius is defined as:
nxn

Prnax(W) = max {p(WH), p(WY)},

where |WE| = (le.le)nxn and |WY| = (|WZ|)an are the absolute value matrices of the lower and upper
bound weights, and p(-) denotes the spectral radius.

This metric represents the worst-case connectivity strength in the system by considering the
maximum possible spectral radius across all weight realizations within the intervals.

Theorem S. For an IVFCM with the activation function being the sigmoid function, its weight matrix
is denoted as W = ( [wiLj, WiLj/'])nxn’ and its conservative spectral radius is defined as:

pmax(W) = max {P (lWLl) Y (lwul)} >
where |WE| = (lwiLil)nxn’ WY = (leI)nxn, and p(-) represents the spectral radius of a matrix.

If pmax(W) < % is satisfied, then for any initial state vector A, the iterative sequence {A®} of the
IVFCM converges to a unique fixed point A* in the Hausdor{f metric space.

Proof. Let X be the set consisting of all n-dimensional interval-valued vectors, and define the metric:
d(A,A") = maxdy (A, A)),
1<i<n

where dy([a, b], [c, d]) = max {|a — ¢|, |b — d|} is the Hausdorff distance.
The iterative equation of the IVFCM is:

n

AkD = f[Z[W5,W5]®A§k)), i=12,...,n,

J=1
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where ® is the interval multiplication operation.
Linearize the system around the fixed point A* to obtain the Jacobian matrix J:

(9A(.k+1)
/= dA® '
J nxn

Since the derivative of the sigmoid function is:

A~

[ =Af(01 - f(x) <

9

the elements of the Jacobian matrix satisfy:

Jij = f/ [Z WZJAj) . Wij-
j=1

Therefore, the bounds of the Jacobian matrix are:
A
|Jijl < leijl-
So, the spectral radius of the Jacobian matrix satisfies:

o) < p(51W1) = Fo0WD,
where |W]| is the absolute value matrix of the weight matrix. To ensure local stability (i.e., p(J) < 1), it
is necessary to satisfy:
%P(IWI) <l = p(W)< %
Further considering the conservativeness of the interval-valued weights, define:

Prmax(W) = max {p((WHD), oWV},

and then the convergence condition is revised to:

4
maxW<_-
Pmax(W) < =

Define the mapping G : X — X as:
G(A); = f{Z[wfj, wﬁ]@AJ-].
=1

Combined with the completeness of the Hausdorff distance (according to Theorem 4), prove that G is
a contraction mapping.

A
d(G(A), GA) < 7 pmax(W) - d(A, AY).

When ppax(W) < %, the contraction constant ¢ = ﬁpmax(W) < 1, which satisfies the contraction
mapping theorem.

So, according to the Banach fixed-point theorem, there exists a unique A* € X such that G(A*) = A*,
and the iterative sequence converges. O
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Theorem 5 establishes the convergence of the IVFCM under specific conditions by leveraging the
Banach fixed-point theorem and matrix analysis theory. The convergence of the interval-valued states
is assessed using the Hausdorff distance metric. To guarantee convergence, the theorem imposes a
spectral radius constraint on the weight matrix, requiring pm.x(W) < 4/A4, thereby introducing a design
safety margin. In practical applications, this condition can be met by adjusting the slope A of the
activation function or by pruning excessively large weights, thus preventing system divergence caused
by high weight magnitudes or overly sensitive activation functions. The validity and convergence
behavior of Theorem 5 are further demonstrated through a numerical example.

Example 2. Suppose there exists an interval-valued fuzzy cognitive map with three concept nodes Ay,

A,, and As, and the activation function is f(x) = ﬁ (that is, A = 1). Its weight matrix is:

[0,0] [0.2,0.3] [-0.4,-0.2]
W =1[-0.3,-0.1] [0, 0] [0.1,0.2] ]
[0.3,0.5] [-0.5,-0.3] [0, 0]

The initial state vector is A = ([0.5,0.7],[0.3,0.5],[0.4, 0.6])".
Compute absolute matrices:

0 02 04 0 03 02
Wi =103 0 o1, wWYi=]01 0 0.2].
03 05 O 05 03 O

Calculate spectral radii**:
(1)Eigenvalues of [WE|: 0.722,-0.461,-0.261 — p(|W%]) = 0.722.
(2)Eigenvalues of |WV|: 0.619,-0.310, —-0.309 — p(|lWY|) = 0.619.
Then,

Pmax(W) = max(0.722,0.619) = 0.722.

Verify convergence condition:
4
Pmax(W) = 0.722 < ' 4  (condition satisfied).

Next, the first five iterations of this case model are executed through programming in the Python
programming language to demonstrate the gradual convergence process of the state intervals. The
results of these iterations are presented in Table 1.

Table 1. Verification of convergence under the conditions of Theorem 5.

Iteration number A, A, As d(AW, A&=D)
0 [0.5000, 0.7000] [0.3000, 0.5000] [0.4000, 0.6000] -

1 [0.5225, 0.5424] 10.4875, 0.5075] [0.4650, 0.4900] 0.1200

2 [0.5215, 0.5458] [0.4811, 0.5043] 1[0.4722,0.4982] 0.0173

3 [0.5229, 0.5468] [0.4801, 0.5037] [0.4719, 0.4980] 0.0014

4 [0.5230, 0.5468] [0.4802, 0.5038] [0.4718, 0.4979] 0.0001

5 [0.5230, 0.5468] [0.4802, 0.5038] [0.4718, 0.4979] < 0.00001
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In Example 2, the spectral radius condition of Theorem 5 holds (o (W) = 0.722 < 4), and the
system actually converges by iteration 5.

The convergence guarantee in Theorem 5, grounded in the Banach fixed-point theorem framework,
relies on two assumptions: the sigmoid slope constraint (1 < 4/pn.x(W)) and the establishment of a
complete metric space via the Hausdorft distance (Theorem 4). The condition py,.x(W) < 4/ aligns
with real-world stability requirements, though it may appear restrictive for highly connected systems
(e.g., neural networks with p.. (W) =~ 5-10) or systems with strong feedback. When these conditions
are violated, three implementation strategies prove effective:

1) Slope adjustment: Increase A to sharpen sigmoid responses, though values > 2 risk
oversimplifying dynamics.

2) Weight regularization: Scale weights via W’ = aW (with @ < 4/(Apm.x(W)) or prune weak edges
(Iwijl < 0).

3) Architecture modification: Decompose connected components or introduce damping factors.

The analysis and demonstration in this section provide theoretical support for the stability of
IVFCMs in practical applications, such as economic systems, medical diagnosis, social decision-
making, etc. It can guide the design of model parameters, optimize the value range of the weight
matrix, and ensure that the model will not exhibit divergent or chaotic behaviors during the inference
process.

5. Centrality measures of interval-valued fuzzy cognitive maps

Research on centrality measures for IVFCMs remains at the forefront of the field, with the
interval-valued fuzzy nature of node states and causal edge weights requiring further in-depth
investigation. This study introduces two novel centrality measurement methods tailored to the
mathematical characteristics of IVFCMs. By adhering strictly to the principles of interval arithmetic
and incorporating newly defined operations—such as the absolute value of interval-valued fuzzy
numbers and the ordering of path weights—this work establishes a computational framework that
balances mathematical rigor with practical applicability.

Existing centrality measures for standard FCMs [15, 19-22] typically operate on crisp weights
and cannot directly handle interval-valued uncertainties. While a few studies [19-22] have explored
centrality in fuzzy graphs, they either ignore directionality or collapse intervals into scalars, losing
uncertainty information. The proposed measures address these gaps by: (1) defining interval-specific
operations (e.g., absolute value in Def. 6) to preserve uncertainty semantics; (2) incorporating
directionality and the sign of causal influences via interval arithmetic; and (3) introducing global
influence propagation metrics (closeness centrality) that account for interval attenuation (Theorem 6).
This represents the first mathematically rigorous framework for centrality analysis in IVFCMs.

5.1. Degree centrality of interval-valued fuzzy cognitive maps

In a weighted directed graph, the degree centrality of a node is defined as the sum of its in-degree
and out-degree centralities. The in-degree centrality is calculated as the sum of the weights of edges
directed toward the node, while the out-degree centrality is the sum of the weights of edges originating
from the node. In IVFCMs, edge weights represent causal influences and may take on positive or
negative values, corresponding to promoting or inhibiting effects, respectively. Using these original
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weight values directly can result in semantic inconsistencies and computational errors. To address this,
the degree centrality in [VFCMs is computed by summing the absolute values of the interval weights of
both incoming and outgoing edges. The following section defines the method for representing interval
absolute values.

Definition 6 (Interval absolute value). For any interval-valued causal edge weight [a, b], its absolute
value is defined as:

_ J[min(lal, |b]), max(lal, [b)] ~ ifa-b >0,
lla. b1l = [0, max(|al, |b])] otherwise.

Definition 7 (Degree centrality of interval-valued fuzzy cognitive map). In an IVFCM, the degree
centrality (IV-DC) of the node A; characterizes its local influence by summing the interval absolute
values of the weights of all directly connected edges (both incoming and outgoing):

)

where N is the total number of nodes, and [wiLj, ij] is the interval-valued fuzzy number of the edge
weight from the node A, to Aj. The operator © represents interval addition as defined in Definition 3.

N
IV-DC(A)) = €D (|owh, wil| @ |k, wh]

i=Li#j

Example 3. Taking the economic system IVFCM in Figure 1 as an example, calculate the degree
centrality of node C, (economic growth):

The weights of incoming edges: The weight of C4, — Cy is [0.5,0.7], and the absolute value is
[0.5,0.7].

The weights of outgoing edges: The weight of C; — C; is [0.4,0.6], the weight of C; — C; is
[-0.5,-0.3], and the weight of C; — C4 is [0.3,0.5]. Their absolute values are [0.4,0.6], [0.5,0.3],
and [0.3,0.5], respectively.

Calculation of degree centrality:

IV-DC(C)) = [0.5,0.7] @ ([0.4,0.6] & [0.3,0.5] © [0.3,0.5])
=[0.5,0.7] ®[1.4,1.6]
= [2.1,2.3].

The results show that the economic growth node (C,) has a relatively high direct influence in the
economic system.

Degree centrality is one of the most widely used and conceptually straightforward measures of
centrality in network analysis. It evaluates a node’s level of activity from a local perspective by
quantifying the strength of its direct connections to other nodes. Nodes with a greater number of
connections are generally regarded as more influential within the network. For example, in the [IVFCM
model of an ecosystem, a species node with high degree centrality indicates direct interactions with
numerous other species. The strength of these interactions—expressed as interval values—reflects the
species’ potential role in local energy flow and material cycling. However, because degree centrality
considers only immediate connections, it neglects indirect paths and broader structural features of the
network. Consequently, it may fail to fully capture a node’s importance in more complex network
configurations.
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5.2. Closeness centrality of interval-valued fuzzy cognitive maps

Closeness centrality is a widely used centrality measure that quantifies the proximity of a given
node to all other nodes in a network. It is often interpreted as an indicator of the time required for
information to spread from one node to all reachable nodes. A higher closeness centrality implies a
shorter average distance to other nodes, suggesting that the node may play a more influential role in
information dissemination or the transmission of causal effects. As a global centrality measure, its
calculation relies on complete knowledge of the network’s overall structure.

In a conventional weighted network, the closeness centrality of a node u is defined as:

-1
CCu) = [Z d"(u, v)} , (5.1)
Vv

where d"(u,v) denotes the shortest weighted distance between nodes u# and v. However, in IVFCMs,
edge weights do not represent distances but instead indicate the strength of causal influence. Directly
applying Eq (5.1) in this context would incorrectly interpret causal influence as spatial distance,
thereby failing to capture a node’s true influence on others. For instance, in the IVFCM modeling
an economic system, a strong positive causal influence—such as the impact of high investment on
economic growth—might be misrepresented as a “long distance” under the traditional metric. In
reality, this relationship signifies a strong promotive effect, which cannot be accurately reflected
through the concept of distance. In IVFCMs, a node’s importance lies in its ability to transmit causal
influence efficiently and effectively to other nodes. Therefore, the notion of closeness centrality should
be redefined in terms of both the intensity of causal influence and the efficiency of its propagation.
According to Definition 6, the absolute value of an edge weight in an IVFCM reflects the strength of
causal influence, providing a basis for this redefinition.

Definition 8 (Causal influence strength of a single acyclic path). In an IVFCM, for all acyclic paths
P(u,v) from node u to v, the causal influence strength of path p is defined as the product of the absolute
values of the edge weights along the path:

1(p) = (X) wifl.
(i.)ep
where w;; is the interval-valued weight from node i to node j, that is, [wl.‘j, w;}]. lwijl is the absolute
value of the interval, and (X) represents the interval-valued multiplication operation.

Theorem 6. In an IVFCM, consider an acyclic path p = (u = iy,ip,...,ix = V) between
any two nodes u and v. Let the edge weights along path p be given by the intervals

wE o wl 1, IwE o wY 1, . wE o wY ], with their corresponding absolute interval values denoted
i1ip . i1ip U ipi3 lels U Ik-10k le—llk U >

as |[Wi1i2’ wiliz]l, |[wi2i3, wi2i3]|, e, |[wik—lik’ Wik_lik]l' Define the causal influence strength of path p as

k-1

_ L U
I(p) = ® ‘[W"iim’ Wi./i./+l]

=1
If there exists a subpath p’ = (u = iy,12,...,i, = V) of p with m < k, and its causal influence strength
is defined as

m—1
AN L U
) = ® ‘[Wijfm’wi.fim]
=1
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then it holds that I(p) C I(p’). That is, in an IVFCM, the causal influence strength along a single
acyclic path attenuates progressively.

Proof. Let the path p = (u = iy,is,...,ix = v), and let p’ = (u = iy,iz,...,i,, = v) withm < k be a
sub-path of p.

The causal influence strength /(p) of the path p is obtained by successively performing interval
multiplications. Suppose that the product of the absolute values of the intervals corresponding to the
first m — 1 edges has been computed as:

L U
=[x",x7],

]

1p") = |[w

j=1

ljlj-v»l’ l/ /+1

and the absolute value of the interval for the m-th edge is given by

=DM yYl

According to the rules of interval multiplication, the overall influence strength is

k-1
— L U
I(p) - ® ‘[Wijijﬂ’ 11 1+l:|
j=1

Given that 0 < xF < xY < 1 and 0 <
max(xiyY, xUyl) < xY. Specifically, when y*
the inequality is strict.

Therefore, I(p) C I(p”), and since I(p”) = I(p’), it follows that I(p) C I(p’).

This completes the proof. m|

wt, w1

lmlm+] ’ lmlm+l

=1(p") ® [y", y¥] = [x"y", max(x"yY, xVy")].

yb < YU < 1, it follows that xiyr < xf < xY, and
= yY = 1, we have max(x*yY, xUyt) = xV; otherwise,

Theorem 6 demonstrates that in IVFCMs, the strength of causal influence gradually diminishes
as the length of an acyclic path increases. According to Definition 8, the path with the greatest
influence—that is, the path with the highest /(p)—is identified as the dominant influence from node u
to node v. Furthermore, only acyclic paths are considered when computing causal influence strength,
in order to eliminate interference from feedback loops.

Definition 9 (Closeness centrality of interval-valued fuzzy cognitive map). In an IVFCM, the closeness
centrality of a node u is defined as the sum of the maximum causal influence intensities on all other

nodes:
CICVFCM(u) = @ max I(p)
Vv#

peP(u,y

where @ represents the interval-valued addition operation.

According to Definition 8, all acyclic paths from u to v must be traversed. In the worst-case scenario,
such as a fully connected graph, the number of paths grows factorially as O((n — 2)!), resulting in a
time complexity of O(n!). This exponential growth renders the conventional computation method
impractical for large-scale networks. To address this, path search optimization is essential. The
following strategies can be employed:

1) Limit path length: In real-world systems, the influence of longer paths typically diminishes
significantly. By setting a maximum path length L < n, the complexity can be reduced to O(n?* - nl).
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2) Enhanced Dijkstra algorithm: A modified version of the Dijkstra algorithm can be used to identify
dominant paths by maximizing the product of causal influences, leveraging its greedy approach.

3) Dynamic programming: Exploit the overlapping subproblem structure by caching previously
computed path influences, thereby eliminating redundant calculations.

Algorithm 1 presents a pseudocode implementation of IVFCMs closeness centrality measure,
optimized using Dijkstra’s algorithm. The algorithm’s time complexity is primarily determined by
the computation of the maximum causal influence paths between node pairs. To this end, Dijkstra’s
algorithm, enhanced with a priority queue, is employed to compute the maximum product path for each
node pair, achieving a time complexity of O(M + N log N) per computation. Since this process must
be repeated for all N> node pairs, the overall time complexity of Algorithm 1 is O(N*(M + N log N)).
The space complexity is O(N?), attributed to the auxiliary space required to store the maximum path
influence values for all node pairs. These analyses demonstrate that the proposed framework is scalable
for moderate-sized networks (N < 200) and provides a roadmap for optimizing larger systems.

Algorithm 1 The calculation process of closeness centrality for IVFCMs
Require: The adjacency matrix W of the IVFCM, the nodes set V
Ensure: The closeness centrality C of each node

1: for Each node u € V do

2: Clu] < [0, 0] > Initialize the interval value
3 for Eachnode v € V \ {u} do

4 max_inf « [0,0] > Record the maximum path influence
5: Use the improved Dijkstra’s algorithm to find the maximum product path p* from u to v

6 1) = @ IWIL

7 max_inf < maxXyausdorr(max_inf, I(p™))

8: Clu] <« Clu] ® max_inf > Interval addition
9: end for
10: end for

11: return C

In the conventional Dijkstra algorithm, the greedy strategy selects, at each step, the node with the
smallest cumulative distance from the starting point. In contrast, within IVFCMs, the objective is
to identify the path with the maximum causal influence, defined as the maximum interval product
along the path. To accommodate this, an enhanced version of Dijkstra algorithm employs a modified
greedy strategy: each node’s priority is determined by the upper bound of the interval representing the
influence strength from the node to the starting point. The path with the largest upper bound is treated
as the current optimal path, and the neighbors of the corresponding node are explored first. When a
new path is found, its cumulative interval product is computed and compared with existing paths using
Hausdorft-based interval comparison. If the new path has a higher upper bound, it replaces the current
best path. Notably, because interval multiplication is non-monotonic (e.g., [0.5,0.7] ® [0.4,0.6] =
[0.2,0.42]), the algorithm must dynamically maintain all cumulative interval products to ensure that
no potentially optimal paths are overlooked.

The closeness centrality of an IVFCM should emphasize the efficiency with which nodes transmit
influence through causal chains. By redefining this centrality in terms of maximum path influence
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intensity and interval operations—incorporating causal effectiveness transformation and interval
aggregation rules—this method addresses the mismatch between traditional distance metrics and causal
semantics. It preserves the intuitiveness of conventional centrality measures while accommodating the
dynamic characteristics of fuzzy cognitive maps. This approach effectively identifies key nodes within
the IVFCM on a global scale, offering a novel quantitative tool for analyzing complex systems.

Algorithm 2 Dijkstra’s algorithm based on the maximum causal influence path

Require: Adjacency matrix W (edge weights are interval values), starting node u
Ensure: The maximum product path /;,x(u, v) from u to all nodes
1: Initialize the priority queue Q to store nodes and their current maximum product intervals
2: Initialize I,,(u, u) < [1, 1], and for other nodes I,,,x(u, v) « [0, 0]
3: Add the starting node u to Q with the priority I (u, u).upper = 1
4: while Q is not empty do
5: Extract the node current with the highest priority (the largest upper bound) from Q

6: for Each neighbor node v € Adj(current) do

7: Calculate the product of the new path: ey = I (u, current) ® |W[current][v]|
8: if Lew.upper > L. (u,v).upper then

9: Update Iyax (4, v) & Lhew
10: Add v to Q with the priority of I,ey.upper
11: end if
12: end for

13: end while
14: return I, (u,v) for all v

Example 4. Taking the economic system IVFCM in Figure 1 as an example, calculate the closeness
centrality of nodes C, (economic growth), C, (inflation), C3 (unemployment rate), and C, (consumer
confidence):

Taking the calculation of the closeness centrality of node C, (economic growth) as an example, first
calculate the causal influence strength of a single acyclic path:

From Cy to Cy: The edge weight is [0.4,0.6], the absolute value of the interval is [0.4,0.6], and the
causal influence strength I(p1,) = [0.4,0.6];

From Cy to C3: The edge weight is [—0.5,—0.3], the absolute value of the interval is [0.3,0.5], and
the causal influence strength I1(p3) = [0.3,0.5];

From Cy to Cy4: For the direct path C; — Cy, the edge weight is [0.3,0.5], the absolute value of
the interval is [0.3,0.5), and the causal influence strength I1(p},) = [0.3,0.5]. For the indirect path
C, — Cy — Cy, the weight of C; — C, is [0.4,0.6], and the weight of C;, — C4 is [-0.4,-0.2].
First calculate the absolute values of the intervals, which are [0.4,0.6] and [0.2,0.4], respectively.
According to the interval value multiplication operation rule, the causal influence strength of this
indirect path I(pﬁ) = [0.4,0.6] ® [0.2,0.4] = [0.40.2, max(0.40.4,0.60.2)] = [0.08,0.16]. Compare
I(p% ) and I(p%4), and compare the upper bounds. Since 0.5 > 0.16, the direct path is better. So the
maximum causal influence strength from C; to Cy is [0.3,0.5].

Then, according to the interval value addition operation rule, calculate the closeness centrality of
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node Cy:

CFEM(Cy) = [0.4,0.6] ©[0.3,0.5] ©[0.3,0.5]
= [min(0.4 + 0.5,0.6 + 0.3),0.6 + 0.5] & [0.3, 0.5]
= [min(0.9 + 0.5, 1.1 + 0.3), 1.1 + 0.5]
=[1.4,1.6].

Through a similar calculation process, the closeness centrality of C,, Cs, and Cy can be obtained.
The full centrality measures for all nodes are summarized in Table 2.

Table 2. Closeness centrality measures of each node in the numerical case 1.

Node Closeness centrality interval Maximum causal influence path
C, [1.4,1.6] Ci—->0C,C - C5,C—>Cy
C4 [105,125] C4—>C1,C4—>C1 —>C2, C4—>C1 —>C3
Cz [046, 066] C2 - C4, Cz - C4 - C], Cz - C4 - C] — Cg
C3 [08,09] C3 - C4, C3 - C4 - Cl, C3 - C4 - C1 - C2

As illustrated in the numerical example 4, node C is directly connected to C,, C3, and C4, with
relatively large edge weights in absolute value. Consequently, its closeness centrality is the highest,
within the interval [1.4,1.6]. This suggests that the economic growth node exerts a broad influence
on the overall economic system. It is evident that nodes with numerous direct connections and high
edge weights typically serve as central hubs in causal propagation. In contrast, C, and C; each have
only a single outgoing edge and transmit influence primarily through indirect paths. Due to path
length, the product interval diminishes, resulting in lower closeness centrality values ([0.46,0.66] for
C, and [0.8,0.9] for C3). These findings support Theorem 6, demonstrating that longer paths reduce
the product interval and diminish the influence of peripheral nodes.

This subsection systematically investigates methods for quantifying node importance in [IVFCMs
using centrality indicators. As a fundamental tool in complex network analysis, centrality measures
must be adapted to account for the interval-valued fuzzy nature of causal edge weights in IVFCMs. The
proposed measures provide three key advancements over existing FCM centrality methods: (1) Faithful
uncertainty propagation through interval arithmetic operations; (2) causal-semantic consistency via
absolute-value transformations and influence-strength metrics; and (3) computational feasibility for
interval-optimized path analysis. This enables robust identification of pivotal nodes in uncertain
systems. In practical applications, it is essential to consider multiple centrality metrics to capture
node importance and influence from diverse perspectives within complex networks.

6. A case study on time series prediction

To validate the superior capability of the [IVFCM model in addressing challenges such as knowledge
representation of uncertain information and noise interference, this section presents a case study on an
IVFCM-based interval prediction method for time series. First, the fuzzy information granulation

method is employed to transform the original time series data into a triangular fuzzy number time
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series, extracting the fuzzy features of the data. This provides an interval-valued data format with
richer semantic information, enhancing the representational capacity for complex real-world scenarios.
Next, the triangular fuzzy numbers are converted into interval numbers via the a-cut method, and
these interval numbers are clustered using the Hausdorfl distance-based interval-valued fuzzy C-
means clustering algorithm, with the cluster centers designated as the conceptual nodes of the [IVFCM.
Subsequently, the edge weights of the IVFCM are learned from experimental data through the particle
swarm optimization (PSO) algorithm, ultimately constructing an IVFCM-based time series model
for interval prediction. Experimental results demonstrate that the IVFCM-related model excels in
interval prediction tasks, exhibiting significant advantages in handling uncertainty, capturing semantic
information, and ensuring the accuracy of prediction intervals.

In terms of experimental data acquisition, this case study selected three publicly available time
series datasets from diverse domains for the experiments. These datasets include the daily closing
price of Tesla stock (TSLA), the total daily electricity consumption across Germany (Elec.), and the
daily minimum temperature data for Boston, USA (Temp.).

In time series forecasting tasks, commonly used evaluation metrics include mean absolute error
(MAE), root mean square error (RMSE), and mean absolute percentage error (MAPE). However, in
interval-valued forecasting tasks, both the ground truth data and the model’s predicted outputs are
interval-valued. Therefore, the aforementioned traditional regression metrics need to be adapted to
accommodate the interval characteristics. Below are the designed evaluation metrics for interval-valued
time series forecasting models:

1 S i i i i
MAEinterval = 2_ Zl (|L5rzle - Li)l?edl + |Ut(n)le - Ulf)r)edl) > (61)
(1< 2 (1 )

) — 1= O _ 7O _ @ _ 7®
RMSEinera = 5 [ 5 ; (L. - LO.,) ] + (N ; (Ud. - U2 | |- 6.2)

N U(i) _ U(i) N L(i) _ L(i)

11100 ‘ true pred 100 true pred

MAPE;ierval = 5 N ; |U(i) + N ; | L(i) (6.3)

true

Here, Lie, Urue and Lyred, Uprea Tepresent the lower and upper bounds of the true interval and the
predicted interval, respectively, and N denotes the number of samples. To verify the predictive ability
of the proposed time-series interval prediction model, the proposed model was compared with several
classical prediction models. These comparative models include the autoregressive integrated moving
average model (ARIMA) based on statistical methods, the first-order fuzzy time series model (FTS),
the conventional fuzzy cognitive map model (FCM), the high-order fuzzy cognitive map model (high-
order FCM) [35] and the bidirectional long short-term memory model (BLSTM) [36].

As indicated in Table 3, the IVFCM model achieved optimal or suboptimal performance across the
financial market (TSLA), power consumption (Elec.), and temperature prediction (Temp.) datasets.
Among the nine evaluated indicators spanning these three datasets, the IVFCM attained the best
performance in six cases (66.7%). These results demonstrate the model’s adaptability to interval
prediction tasks for diverse time series data, highlighting its robust cross-domain generalization
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capabilities. Furthermore, the IVFCM utilizes an interval-valued state update rule; its iterative
inference process enhances prediction transparency.

Table 3. Comparative experimental results.
Dataset Metrics ARIMA FTS FCM High-Order FCM BLSTM Proposed model

TSLA MAE 61.12 41.12 51.05 38.31 40.77 35.12
RMSE 70.33 51.30 61.16 49.57 51.17 48.34
MAPE 15.11 11.37 1223 9.83 8.18 8.32

Elec. MAE 80.68 80.82 70.85 55.08 60.61 50.56
RMSE  94.95 91.06 88.96 75.32 78.70 72.63
MAPE 12.86 12.07 8.63 5.56 5.17 5.94

Temp. MAE 2.85 3.12  3.10 275 2.87 2.27
RMSE 4.03 361 371 352 3.56 3.35
MAPE 5.26 522 483 3.86 5.17 4.08

7. Conclusions

This study systematically explores the theoretical foundations, inference mechanisms, convergence
properties, and centrality measurement approaches of interval-valued fuzzy cognitive maps (IVFCMs),
addressing critical gaps in understanding their mathematical characteristics and dynamic behavior. By
extending traditional fuzzy cognitive maps (FCMs), IVFCMs utilize interval-valued fuzzy numbers to
represent concept states and causal weights, thereby enhancing their ability to model uncertainty and
complexity in dynamic systems.

Regarding the inference mechanism, the study details the process of updating node state values
using interval-valued fuzzy operations, illustrated through an economic system example. The inference
process entails computing causal influences via interval multiplication, aggregating multi-path effects
through interval addition, and subsequently applying an activation function to normalize the results
within a bounded interval (e.g., [0, 1]). As a nonlinear dynamic system, the convergence behavior
of IVFCMs is affected by factors such as initial conditions, the weight matrix, and the choice of
activation function. To address this, a convergence theorem is proposed based on the spectral radius of
the weight matrix, derived using the Banach fixed-point theorem and matrix analysis. Furthermore,
the study introduces novel centrality measurement methods tailored to the interval-valued fuzzy
nature of IVFCMs. Specifically, enhanced degree and closeness centrality metrics are proposed
to more effectively identify key nodes within the network. Empirical validation on time series
prediction confirmed IVFCMs’ superiority in handling uncertainty, achieving optimal performance
across financial, energy, and temperature datasets. This underscores the framework’s versatility and
robustness.

Despite these strengths, the IVFCM framework exhibits three key limitations. First, its convergence
behavior and prediction accuracy are sensitive to initial interval widths: Excessively wide intervals
may propagate overestimation errors during state transitions, while overly narrow intervals could
inadequately capture epistemic uncertainty. Second, interval arithmetic operations (especially
multiplication) may introduce information loss due to the dependency problem, where repeated
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operations artificially inflate interval widths and obscure causal relationships. Third, in sparse or
highly uncertain datasets (e.g., domains with scarce expert knowledge or noisy measurements),
weight learning and convergence may become unstable as interval-valued parameters lack sufficient
constraints to guide meaningful inferences.

Future research should focus on improving the scalability, robustness, and adaptability of FCMs
by incorporating advances in artificial intelligence. One promising direction is the integration of
multi-source data, enabling the fusion of structured data (e.g., numerical tables) and unstructured
data (e.g., text and images) to uncover latent causal relationships. Another important area involves
further analysis of the stability and reliability of FCMs and their variants under varying conditions.
Through mathematical modeling and empirical validation, future studies may investigate performance
in the presence of data noise, parameter perturbations, and structural changes, ultimately aiming
to establish more general convergence criteria. Additionally, integrating FCMs with machine
learning techniques—such as using learning algorithms to automatically infer model structure and
parameters—could significantly enhance modeling efficiency and predictive accuracy.
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