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Abstract: Dental caries is a health issue characterized by the attachment of an oral biofilm that
contains bacteria to tooth surface. At present, several deterministic models have been constructed to
explore numerous phenomena related to population dynamics. Despite the existing models, only two
pieces of literature have explored bacterial growth in oral biofilms using ordinary differential equations
with a deterministic modeling approach. Therefore, this study aims to propose a deterministic model
to assess the dynamics of bacterial growth in oral biofilms, considering the interaction between the
microorganisms. The model focuses on 3 bacteria, namely Streptococcus mutans (S. mutans),
Streptococcus sanguinis (S. sanguinis), and Veillonella spp. A mathematical assessment was performed
to ensure that the obtained solutions were feasible for biological discussion. Subsequently, the ratio of
S. mutans against S. sanguinis under the equilibrium was formulated as the threshold to measure the
risk level of caries formation. Additionally, a sensitivity analysis was also performed to appraise the
parameters' influence on the observed dynamics. The results showed that there was a positive
correlation between the presence of Veillonella spp. and an increased risk of caries formation. The
theory of optimal control was used to investigate the optimal scenario for intervening in the threshold
ratio by considering the effect of antibacterial utilization. Lastly, a numerical simulation was conducted
to confirm the analysis results and scrutinize each bacterial dynamics under several scenarios
represented by the selected parameter with varied values.
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1. Introduction

Dental health issues are among the most significant global health challenges, affecting various
people around the world. These issues not only affect the tooth and its gum but also cause various
chronic diseases. According to the World Health Organization (WHO), approximately 3.5 billion
people worldwide suffer dental health issues [1], with dental caries being the most prevalent (43%).
Dental caries is a chronic disease that affects both oral and dental function [2]. Several studies have
shown that it is the foremost cause of dental losses in children and adults and harms the dental roots
of older people [3]. Therefore, it is essential to explore the cause, its progression, and the means to
control the disease prevalence.

Dental caries causes damage to oral health and function and increases the prevalence of other
chronic diseases. For example, a hole in the tooth can cause the bloodstream to open, which allows
bacteria that live in the oral biofilm the chance to enter the bloodstream and travel to other parts of the
body [4]. This is consistent with several studies that reported the presence of bacteria that cause dental
caries in the lungs of pneumonia patients [5], the brain of dementia/Alzheimer patients [6], and the
heart of endocarditis patients [7]. Therefore, the disease can be viewed as an early indicator, thus
emphasizing the importance of an individual’s health maintenance.

According to previous studies, dental caries is caused by an imbalance between tooth minerals
and bacteria in oral biofilms [8]. Bacteria living in the oral cavity form colonies wrapped in an organic
matrix with polysaccharides, proteins, and DNA from cell secretions to protect the microorganisms.
The tooth surface is a part that is vulnerable to the attachment of bacterial colonies and their metabolic
products [9]. The mechanism of dental caries is the accumulation of weak organic acids produced by
S. mutans in biofilms due to the fermented carbohydrate metabolism [10]. These acids cause the local
pH to fall below the threshold (pH <5.5), thereby facilitating the demineralization of the tooth tissue.
The existence of Veillonella spp. supports the role of S. mutans in biofilm formation [11] and produces
lactic acid that can damage the tooth enamel [12]. However, Veillonella spp. uses the acids produced
by S. mutans as a source of carbon and energy, thus leading to the production of weaker acids [12,13]
and a reduction in the risk of dental caries formation [14]. An overpopulation of S. mutans and
Veillonella spp. in biofilms causes the severe demineralization of tooth tissue characterized by the
diffusion of calcium, phosphate, and carbonate, as well as the formation of cavities [2].

An oral biofilm is a bacterial community that adheres to the tooth surface and significantly affects
the quality of oral health. Dysbiosis in oral biofilms is defined as a condition when there is an increase
in acid-producing and acid-fast bacteria, specifically S. mutans and Lactobacilli [15]. S. mutans is the
bacteria most often discussed in dental caries studies [16]. Zhang et al. [17] and Zhu et al. [10] revealed
that it often adhered to the tooth surface and plays a vital role in forming oral biofilms. S. mutans is
often dominant in cariogenic areas [18] because it has better survival rates compared to other species,
such as S. sanguinis, S. oralis, and S. parasanguinis [10]. An overpopulation of the microbe in oral
biofilms causes an imbalance of the bacterial varieties and the occurrence of dental caries [19]. In
addition, the discovery of Veillonella spp. in cases of dental caries has recently become one of the most
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discussed topics. Setiawan et al. [20] revealed that the presence of Veillonella spp. is one of the factors
in the occurrence of dental caries in children. Furthermore, Zhou et al. [13] stated that Veillonella spp.
and S. mutans can be viewed as risk factors for the onset of the disease. However, Wicaksono et al. [14]
reported that Veillonella spp. has the potential to neutralize the acid produced by S. mutans and inhibit
the process of dental caries formation. This indicates that the growth and interaction between S. mutans
and Veillonella spp. need to be studied for effective control and prevention.

Havsed et al. [21] reported that 3 main factors must be considered, namely socio-cultural,
physiological, and dental (host). These factors do not necessarily require commensalism as the initial
cause of dental caries. The influence of lifestyle has been reported to be an initial risk factor for tooth
demineralization. For example, the consumption of carbohydrates that can differentiate into substrates
supports the existence of bacteria in the oral cavity. S. mutans bacteria that exist in tooth production
produce lactic acid, which degrades non-resistant microbes. Meanwhile, S. mutans is resistant to acidic
conditions and can replicate, which leads to dysbiosis in dental plaque. In this condition, the pH level
around the tooth decreases, which results in demineralization. Continuous demineralization often leads
to the formation of cavities in the tooth.

The control of dental caries can be performed using 2 approaches, namely reducing the
transmission risk of S. mutans bacteria between individuals and suppressing the existence of the
bacterial population in oral biofilms. Control through educational interventions in the community can
reduce the number of cases and the risk of oral biofilm formation [22]. In addition, Czajkowska et al. [23]
explained that educational efforts can help individuals maintain dental and oral health and provide
insight into early detection methods. Moreover, dental caries antigens or vaccines can also be
considered to reduce the risk of oral biofilm formation [24,25]. Control through S. mutans
transmission approach is typically performed by minimizing activities that allow the transfer of
saliva between individuals [26], while the population growth approach uses antibiotics [3,27] and
herbal ingredients [19].

Based on previous studies, deterministic modeling is frequently used to represent the growth of
microorganisms and bacteria. This approach can assess and juxtapose a dynamic phenomenon under
many scenarios as a case study to predict and formulate the needs of health policies [28]. Mathematical
models help in quantitively perceiving the phenomenon and investigating whether the hypotheses
fulfill the aims and goals of the study [29]. Constructing a model for the bacterial growth phenomenon
requires assumptions about the growth and dynamic mechanisms influenced by either the environment
or the existence of other bacteria. Several deterministic models have been introduced to investigate the
bacterial dynamics for issues using various methods. Stanescu et al. [30] and Scott et al. [31]
formulated a differential equation model to represent the bacterial dynamics by considering limited
substrates and the nutrient quality that supports its growth. Later, Ibarguen et al. [32] developed a
model that represented a resistant bacterium against multiple antibiotics and considered spontaneous
mutations. Meanwhile, Cogan et al. [33] proposed a model that figured the persister bacterial dynamics
by manipulating its killing time. Benjamin et al. [34] modeled the dynamics of bacteria by considering
the pH variations of their environment and the use of bacteriocin synthesis. In terms of bacterial dynamics
that cause a disease, Smith et al. [35], Cantone et al. [36], and Dominguez-Huttinger et al. [37] proposed
a within-host model, which represents the dynamics that cause lung infections or pneumoniae from
Streptococcus pneumoniae. Only two models have been proposed to study dental caries [38]. Shen
et al. [39] constructed a complex bacterial dynamics model that was rooted in oral biofilms, but it did
not consider the interaction among bacteria. Jing et al. [40] reconstructed the product [39] into a more
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straightforward form, but did not explore bacterial interactions.

Based on the explanations above, it is essential to take advantage of a deterministic model to
explore the dynamics of bacteria in oral biofilms by considering interventions and bacterial interactions
is essential. To achieve the goal of suppressing the case of dental caries, a new model, distinct from
those proposed by [39] and [40], was constructed and analyzed in this current study. In addition, a total
of 3 types of bacteria were considered for assessment. First, the dynamics of S. mutans as the most dominant
bacteria and most discussed in dental caries formation studies were assessed [21,25,41]. Additionally, S.
sanguinis was also explored as a bacteria that can prevent caries formation by competing with the
existence of S. mutans through the secretion of chemical compounds that can influence the acidity
level around oral biofilms [25,27,42]. In addition, the existence of Veillonella spp. in the oral biofilms
was evaluated [13,20,43,44] to mathematically identify its role in caries formation. The motive which
underlies this study is to not only broaden the research scope of deterministic modeling but also to
contribute theoretical and numerical insights to the dental community to minimize the potential caries
cases. This is in line with the third Sustainable Development Goal and conceiving a caries-free
Indonesia by 2030.

The remaining parts of this study is structured as follows. In the second section, the deterministic
model formulation is presented by considering some assumptions obtained during the literature review.
Next, the model is analyzed to ensure that the upcoming equilibrium solution fulfills the criterion of
representing a biological entity. In the fourth section, sensitivity analyses are performed to show the
most influential factor against the bacterial dynamics in oral biofilms. Subsequently, an optimal control
model was proposed and analyzed in terms of attaining the Maximum Pontryagin Principle. The
numerical simulation results are presented in the sixth section. Finally, the article ends with an essential
conclusion by highlighting the results and elaborating on potential factors that have yet to be
accommodated for further study.

2. Mathematical model

The model construction begins with determining the bacteria to be studied, which is based on
information and data from literature reviews. S. mutans and S. sanguinis are the 2 most widely
studied bacteria in the growth and development of biofilms, as well as the formation of dental
caries [3,12,27,45]. S. mutans bacteria are known to produce organic acids due to the fermented
carbohydrate metabolism in oral biofilms [14]. This acid causes the local pH to fall below the tolerance
threshold of pH <5.5. Meanwhile, as a competitor bacterium, S. sanguinis does not have a good
tolerance to acidic conditions. As a result, S. mutans tends to reproduce more efficiently, and the local
pH can be lower. The local pH conditions can continuously decrease over a long period and cause
demineralization, which leads to the formation cavities in the tooth. The presence of S. sanguinis,
which produces hydrogen peroxide (H,0,), can disrupt the survival of S. mutans [46,47]. Mount
et al. [48] revealed that the tendency for poor dietary patterns and an indifference to oral acidity
conditions are supporting factors for the growth of S. mutans.

Veillonella spp. is another bacterium considered in this study. Several recent studies have shown
the need to explore the role of Veillonella spp. in the formation of dental caries. Setiawan et al. [20]
and Zhou et al. [13] revealed that Veillonella spp. were positively correlated with the growth of S.
mutans. In this case, Veillonella spp. played a role in maintaining the pH acidity, and these did not
reach extreme acidity conditions that interfered with the reproductive ability of S. mutans [49]. Bowen
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et al. [12] explained that Veillonella spp. maintained the pH acidity, and it did not reach extreme
conditions by breaking down the acid produced by S. mutans into weaker acids. In addition,
Veillonella spp. can break down H,0, into H,0 and O,, which do not interfere with the survival
of S. mutans [50,51]. Wicaksono et al. [14] explained that Veillonella spp. acted as an acid neutralizer
that played a role in inhibiting tooth caries formation.

The formulation of a mathematical model of bacterial population dynamics in oral biofilms
requires the following assumptions:

(1) The growth rate and natural death rate of each bacterium are constant.

(2) The carrying capacity is defined for each bacterium and is based on growth-supporting factors.

(3) The growth of Veillonella spp. bacteria is highly dependent on the existence of S. mutans and

S. sanguinis bacteria.

The model considers antibacterial treatments with varying effects on each type of bacterium. This
was done to gain insight into the benefits and risks of using antibacterials to control bacterial growth
and prevent the formation of cavities in the tooth. Furthermore, exploring the influence of antibacterials
can be used to measure the threshold of dental caries risk, which was represented by comparing the
amount of S. mutans to S. sanguinis [52]. In this case, a smaller the ratio between S. mutans and S.
sanguinis population indicated the lower the risk of caries formation.

The population dynamics model for each bacterium is described as follows:

(1) S. sanguinis population notated by S.

This population is influenced by constant natural growth and death rates, which are denoted as A

and p4, respectively. Nevertheless, according to the limited growth-supporting factors, the carrying
capacity for S. sanguinis is involved and denoted as K. In addition, the S. sanguinis population can
decrease due to the influence of local acidity, which implies acidic compounds released by S. mutans.
In this case, the rate of this phenomenon is denoted as {;. The role of Veillonella spp. in the elimination
of S. sanguinis due to these acidic compounds is considered an inhibiting factor, which is denoted as
a,. This was based on the results in [12], which revealed that the acidic compounds produced by S.
mutans were broken down into weaker compounds. As a result, the elimination rate of S. sanguinis
was due to the reduced acidity. In addition, the influence of antibacterials controls the growth of the S.
sanguinis population, which is denoted as ¢. Furthermore, the difference in antibacterial effectiveness
against each bacterium is included in the model. In this case, the antibacterial efficacy against S.
sanguinis is denoted by a;.

(2) S. mutans population notated by M.

This population is influenced by constant natural growth and death rates, which are denoted as A,
and u,, respectively. Nevertheless, according to the limited growth-supporting factors, the carrying
capacity for S. mutans is involved and denoted as K,,. In addition, the population of S. mutans can
decrease due to the existence of H,0, released by S. sanguinis. In this case, the rate of this
phenomenon is denoted as {,. The role of Veillonella spp. in the elimination of S. mutans due to the
compound H,0, is considered an inhibiting factor, which is denoted as a,. This was declared based
on a study by Zhou et al. [51], which revealed that Veillonella spp. could break down the H,0, into
H,0 and O,. As a result, the elimination rate of S. mutans due to the existence of these compounds
was reduced. Finally, the elimination rate due to the use of antibacterials and their effectiveness against
S. mutans are considered and denoted as ¢ and a,, respectively.
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(3) Veillonella spp. population notated by V.

This population is influenced by constant natural growth and mortality rates, which are denoted
as Az and ps, respectively. Next, the parameter p represents the average secretion of compounds by
both S. sanguinis and S. mutans as substrates for Veillonella spp. This is under the assumption of point 3,
which indicated that the growth of Veillonella spp. was highly dependent on the existence of S.
sanguinis and S. mutans bacteria. Furthermore, the growth rate of Veillonella spp. follows a Holling
type II. In this term, when the combination of S. mutans and S. sanguinis is small, then the denominator
is approximately 1. Consequently, the growth rate is proportional to p(M + S), which means that the
growth of Veillonella spp. increases as S. mutans and S. sanguinis increase. Alternatively, when the
combination of S. mutans and S. sanguinis is vast, the 1 in the denominator becomes insignificant
compared to p(M + §). Consequently, the fraction of

p(M+S5)/(1+p(M +5))

is equal to 1. This causes the growth term to approach a maximum value of AzV. In addition, the
elimination rate due to the use of antibacterials and their effectiveness against Veillonella spp. denoted
as ¢ and asj, respectively, are also considered in the model.

Based on the assumptions and descriptions above, the population dynamics of S. sanguinis, S.
mutans, and Veillonella spp. can be illustrated as a schematic diagram (Figure 1).

Tﬂ2M+az‘fM
M
Kn I
—— = [ pM+S9)
©_sm Mo\t s) v+ astv
1+ ayV . I_ LTI HaV +assV
Ms'
5 i |
All—=ls= § M= m—_——--
1 KS
1#15"“11’55

Figure 1. Schematic diagram of bacterial population dynamics.

In Figure 1, the type of line and the associated color represents different conditions. First, the
solid grey line represents the growth of both S. mutans and S. sanguinis. Next, the dashed grey line
shows the growth factor of Veillonella spp., which iss influenced by the existence of S. mutans and S.
sanguinis. The solid black line represents the depopulation rate of each bacterium, which is impacted
by the natural death rate and the use of antibacterial agents. Next, the dashed red line shows the indirect
effect of Veillonella spp. existence against the dynamics of S. mutans and S. sanguinis. Finally, the
solid red line represents the depopulation rate of S. mutans and S. Sanguinis due to their competition
between each other while considering the existence of Veillonella spp.. Furthermore, in formulating
the mathematical model, each factor considered in the study must be defined as a mathematical symbol,
which is hereinafter referred to as a parameter. Each parameter and definition used in the model are
presented in Table 1.
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Table 1. Definition and parameter values of bacterial population dynamics models.

Parameters Descriptions Values Baseline Values Unit
.. 3 3 1
Ay S. sanguinis growth rate — — S
103 103 day
3 3
A, S. mutans growth rate — — 1
103 103 day
) 3 3 1
Aq Veillonella spp. growth rate — — S
102 102 day
K Carrying capacity of S. sanguinis 8 8 ) .
— — Non-dimensional
. . 102 102
K Carrying capacity of S. mutans
¢q Elimination rate of S. sanguinis 1
¢, Elimination rate of S. mutans 10 10 k—% x day
m
Secretion rate of compounds by S. kg
p .. 1 1 —
sanguinis and S. mutans m3
The level of influence of the
a, existence of Veillonella spp. on a, € [0,1] 0.95
the elimination of S. sanguinis - 1
The level of influence of the —93 X day
m
a, existence of Veillonella spp. on a, €[0,1] 1
the elimination of S. mutans
¢ Bacterial elimination rate due to 3 3 1
antibacterials 104 104 @
a Antibacterial effectiveness against
! S. sanguinis
Antibacterial effectiveness against ) )
a, a,,; € [0,1] 0.5 Non-dimensional
S. mutans '
a Antibacterial effectiveness against
3 Veillonella spp.
u Natural mortality rate of S.
! sanguinis
u Natural mortality rate of S. 3 3 1
z mutans 106 106 @
U Natural mortality rate of
3

Veillonella spp.

The bacterial population dynamics model was formulated as a system of autonomous ordinary
differential equations. Based on the descriptions in the previous paragraphs and Figure 1, the
autonomous mathematical model can be written as follows:

dS—A(l 5)5 G MS— S — S
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am _ _ MYy 2 oy _

il (1 Km) M 1+0:2VSM M — aySM, (1)
dv M+S
—_— = p( ) V_M3V_a3€V.

at P14+ pM+S)
3. Mathematical analysis

A dynamic analysis of the model includes solution existence, equilibrium solutions, and a stability
analysis. However, to simplify the analysis process, system (1) is reformulated into the following:

d—S=A1(1—£>S— C_ms—ys,

dt K + CZ1V
am _ _ MYy S —
o = e (1 Km) M 1+a2VSM VM, 2)
av M+S
av _ p( ) o,

dt  S1+pM+S)

where {; =, =, and Y = y; + &a;, i = 1,2,3. Note that the model in system (2) was only used
for analysis.

3.1. Properties of solutions

The solution properties were explored to ensure that they satisfied the properties required to be
interpreted as a biological problem, namely that they are non-negative and non-negatively invariant
for any t > 0. This means that a solution to a system (2) with non-negative initial values can remain
non-negative for any t > 0.

Theorem 1 [53]. The solutions S(t),M(t), and V(t) of the model (2) with non-negative initial
values S§(0),M(0), and V(0), respectively, can remain non-negative for t > 0.

Proof. Let t, = sup{t € [0,T]:S(0) = 0,M(0) =0,V (0) = 0} > 0. Based on the first equation of
system (2), the following formation is considered:

G=M(1-2)S — oy MS —ys. (3)

dt 1+a,V

Using the integrating factor method, the solution for Eq (3) can be written as follows:

S(t) = Cexp [— (Hi—ﬁ/ll/(t) + 1/)) t].

S(0) = C is obtained at the initial condition of the model, namely ¢t = 0. As a result, the solution
dS/dt can be written as follows:

M

S(t;) = S(0) exp [— (Ha—lv(t) .

1/)>t]20Vt20.
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A similar procedure can be used to show that the solutions M(t,) =0 and V(t,) = 0 forevery t >
0. Therefore, it is evident that every model solution for system (2) can remain non-negative when the
initial values are non-negative.

The biologic invariant region of system (2) is definedas Q) = Q; X Q,, X Q, c R, X R, X R,
with Qs = {S() < K; (A =) /Ay € Ry} Q= {M(0) < Ky (A, =) /A2 €RL}, and O, =
{V(t) < V* € R,}. Therefore, it can be shown that Q, is a non-negatively invariant set.

Lemma 2. The solutions of model (2) are exist, non-negative, unique, and bounded in the region of
Qp.

Proof. The invariant region for system (2) can be determined by utilizing the box invariant method,
which was also used in [54,55]. The compact form of system (2) can be expressed as follows:

ax _ AX)X+F
dt ’

where X = [S,M,V]T, and F are column vectors that can be written as follows:

F=lA1(1—%)5,A2(1—£) M, py LS M

Kn) 214+ pS+M)
and
¢
AX) = ¢
0 _¢_1+azvs
0 0 -

These show that A(X) is a Metzler matrix for every X € R3, since Theorem 1 guarantees that S and
M are non-negative for every t > 0 with non-negative initial values. Furthermore, by the column
vector F > 0, the model solutions to system (2) are non-negative in R3. Any path of solution to
system (2)in R3 can remain in R3, therefore, ), is non-negatively invariant for ¢t > 0.

Next, to ensure the existence and uniqueness of the solution, Picard's theorem is utilized.
Nevertheless, we tried to ensure that dX/dt is locally Lipschitz. A well-known way to prove this is
to show that dX/dt is continuously differentiable (a C function). In this term, we can see that the
functions are nonlinear, and the partial derivative of each element of dX/dt is continuously
differentiable and equal to zero. Nevertheless, in this model, the denominators are (1 + a;V), (1 +
a,V), and (1 +p(M + S)),Assuming the population of S, M, and V with a;,a, and p arenon-
negative. Hence, the denominators are always greater than or equal to 1 and are never zero, since all
partial derivatives of dX/dt are continuously differentiable and locally Lipschitz continuous.

All functions expressed in the right-hand side of model (2) are C! on R3. Regarding Picard's
theorem, model (2) has a unique solution. Let the model be rewritten as y' = g (y, t), where y =
(S,M,V) and g is the right-hand side. According to the results of Picard's theorem, the function of
g(y,t) fulfills Theorem 1. Since there exists a unique solution for model (2), then y(t) € [0, ]3
holds for all t > 0 whenever y(0) > 0. The rate of change of each bacterium is equal to the
expressed equations in (2). Solving each equation in model (2) results in the following solutions:
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S < “( _Ail) ,
Ks(1—A£1)—S(0) r
1+ 50 e~ (hY)
M(t) < Km( _A%) ,
. K (1-1) - M(0) ~(-w)e
M(0)

and V(t) < V*. Therefore, for any non-negative initial condition, the following result hold:

0<50 <K (1 —A%)

0<M(t) <K, (1 —i),
A,
and 0 < V(t) < V". This implies that the solution of model (2) exists, is unique, and is bounded in
. Finally, we conclude that the model is well-posed.
Based on Theorem 1 and Lemma 2, it could be concluded that the solution obtained from system (2)

represents a biological problem.
3.2. Equilibrium solution

The equilibrium solution is obtained when the rate of change of each bacterial population in
system (2) is equivalent to zero, namely a condition where the population of each bacteria for ¢t > 0
is the same. There were 5 equilibrium solutions obtained from system (2), which are described below.

(1) The trivial solution represents the condition where all observed bacteria are not growth and tend to
extinction. This solution can be written as follows:

Y, ={S*=0,M" =0,V* = 0}.

(2) Non-trivial solution 1 represents the condition where only S. sanguinis bacteria can survive in the
biofilm, while S. mutans and Veillonella spp. head toward extinction. This solution can be written
as follows:

A —
Y, = {5* = KSM,M* =0,V = 0}.
Ay

(3) Non-trivial solution 2 represents the condition where only S. mutans bacteria can survive in the
biofilm, while S. sanguinis and Veillonella spp. head toward extinction. This solution can be written
as follows:

AIMS Mathematics Volume 10, Issue 8, 17894—17921.
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A, —
Y, = {s* =0,M* = KmM,V* = 0}.
A;
(4) Non-trivial solution 3 represents the condition where only S. sanguinis and S. mutans bacteria can
survive in the biofilm, while Veillonella spp. head toward extinction. This solution can be written
as follows:

Y - {S* (P el DRt O P & (V) B C Rl (D LR O}_

KmKs(2 - A1A2 oo KmKsC2 - AlAZ

(5) The interior solution represents the conditions under which each bacterium can survive in the
biofilm, and this can be written as follows:

Y, ={S*,M*,V*}
where

K
B (KmKsC2 -1+ a1V*)(1 + aZV*)AlAZ)Al

— (0" + IKm)Ay — (1 + V(A + 2,V )A,A3),

s* (A + a2V ) @nV” + K + 1A,

M=K 1+ a1V*)((“2(TI — AV +n— AN — K J(A — 77))
m KK (2 — (1 + a,V*)(1 + a, V)AL A, ’

and V* is a positive root of the quadratic equation P(V*), which can be written as follows:

X, (V)2 4+ x,V* + x,

P(V*) = ,
y2(V¥)2 +y,V* + y,

with
Xy = a1t ((A3 - n)((Kmn — (K + K AN + KsnAz)P + KvUA1A2)'

x1 = MAK (g + ay)
— (Ag = 1) (=K (ay + @)y + (@1 + @)K = A)K
+ (K + K) (@ + @2)Ag — KK )Ay — KK Stz ) p,

Xo = (AlAZ - KmKsCZ)Kvn
— (3K, = ADKy = Kso)n + (Mahy = (Ay + A)TK) Ky + KoAyA,) (Mg = 1),
2 = a1 ((Kmtp — (Ky + (K + K)p)AM)1 + Kiphy),

y1 = ((Knaz + (e + a)m)A; = (r + a) KK,
- ((Km + K)(ay + ax)A; — (KGay + (aq + az)n)Km)A1) p — (a; + ax)A{ ALK,

Yo = (KmKsC? = A AK, = (((20€ = (Ay + ADOK; + Ay (A = 1)K + (A — ALK, ) p.
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Using the Descartes law of signs, the solution of P(V*) can be elaborated as in Table 2.

Table 2. Possible many positive roots P(V™*).

Condition Many positive roots

X2 X1 X0

1 + + + 0

2 + + —

3 + - + Oor2

4 + - - 1

5 — + + 1

6 - + - Oor2

7 — - + 1

8 - - - 0

These lead to the conclusion that P(V*) has at least a positive root if x, >0 and x, < 0 or
x, <0 and x, > 0. Consequently, system (2) has a solution Y, and at least has a non-negative
solution for t > 0.

3.3. Stability analysis

The stability analysis of model solutions is considered by revealing the eigenvalues from the
Jacobian matrix, denoted as J, of system (2), which is substituted by Y, Y;,Y,, and Y;. The analysis
for each solution is described below.

(1) Stability of the trivial solution (Y;)
The eigenvalues of J(Y,) can be determined by finding the solution A for det(J(Y,) — Al) =
0, which leads to the following:

M=7A—1, Ay =N, — ), A3 = —1.

As a result, the stability of the solution Y, can reach two conditions with the following criteria:
e Y, isunstable when A; > and A, >, then 44,4, > 0, while A5 is always negative, or
e Y, isstable when A; <y and A, <Y, then A4,4,,453 <O0.

(2) Stability of non-trivial solution 1 (Y;)
The eigenvalues of J(Y;) can be determined by finding the solution A for det(J(Y;) — Al) =
0, which leads to the following:

K (=A + ) + (=Y + M)A

= ™ :

Ksp(=Aq + ) (= + A3) + 1Ay
Kip(—A + ) — Ay '

Consequently, Y; can reach the stability condition when A; > > A,,A;, which makes
A1, A5, A3 < 0 and unstable for the others.

A =-7A+ 7, Az

A3=

(3) Stability of non-trivial solution 2 (Y,)
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The eigenvalues of J(Y,) can be determined by finding the solution A for
det(J(Y;) —Al) =0,
which leads to the following:
Kn{(=A; + ) + (= + M)A,

A= A, Ay = =0 + 9,
_ Kmp(=A; + ) (= + Az) + 1A,
’ Knp(=A; + 1) — A, '

Consequently, Y, will reach the stability condition if A, > > Ay, A3, which makes 1;,4,,4; <0
and unstable for the others.

(4) Stability of non-trivial solution 3 (Y3)
The eigenvalues of J(Y3) can be determined by finding the solution A for det(J(Y3) — Al) =
0. The determination of the eigenvalues of the matrix J(Y3) is not similar to the previous matrix. This
is more complicated and requires a separate step. In this case, the first 2 eigenvalues are expressed as
follows:
f(A) =ar> +br+c
with

a= (KsKm(Z - AlAz):

b = (((Ks + Km)S +2) = (Ay + A5) ) A Ag — (Kyny + KA)WE,

¢ = (A —P)Ay — (Mg — PIKRQ) (A2 — PIA; — (A — PIKD).

Considering Descartes' rule, two negative eigenvalues as solutions of f(4) = 0 can only be obtained
when a,b,c > 0. Furthermore, the third eigenvalue for det(J(Y;) —Al) =0 can be written as
follows

(As —¢)d —na

A =
3 d—a

with

d=p (KSAZ W —Ay) - <2Ks< <¢ - (Al - AZ)) +(Ay - ¢>A1> Km).

Next, the final exploration required to assume the stability of the solution Y3 is to show that A; < 0.
Consequently, K K,,{?> — A;A, must be greater than zero. Since this solution indicates the extinction
of Veillonella spp., A; must be less than . Consequently, A; —1) is negative, therefore, the
solution Y3 is stable.

(5) Stability of interior solution (Y,)
Next, we perform a global stability analysis around the interior equilibrium solution Y,. This can
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be explored using the Lyapunov function and LaSalle's invariance principle. First, the Lyapunov
formulation for system (2) that was used can be written as follows:

S M |4
L(S,M,V) = (S—S* —S*ln§) + (M—M* —M*lnm> + <V—V* - V*lnF)

where 7, and 1, are arbitrary positive constants. The derivative of L with respect to t results in
the following:

w=(1-9)ar(-9)a+(1-D)& “

By substituting system (2) into Eq (4) and lookingat S*, M*, and V* as a set of equilibrium solutions,
the following equation is produced:

A_(s-s A(1—i)—LM—¢ + (M- M)A (1—ﬂ)—LS—¢
dt Ks/ 1+aV ‘\U K/ 1+ayv
+(V-v")[A, % —y]. (5)

By performing several algebra manipulations (see Appendix A), Equation (5) can be rewritten as
follows:

dL Ay A, ¢ ¢
—=——(-5)?—-—M-M")*- + S—SHM —-M*)
dt K Ky 1+a,V* 1+a,V*
p(M+S) p(S*+M*) *
+A3 [1+p(M+S) - 1+p(S*+M*)] (V -V ) (6)

The function dL/dt in Eq (6) can be negative when V(t) = V*. Consequently, the function L is
proven to be a Lyapunov function for system (2). Thus, using LaSalle’s invariance principle, it can be
concluded that the solution Y, is globally asymptotically stable on (). Based on this result,
Theorem 3 holds.

Theorem 3. An interior solution of Y, is globally asymptotically stable when V(t) = V™.
4. Sensitivity analysis

In this section, a sensitivity analysis is performed to explore the influence of each considered
factor on the caries threshold and reveals the role of Veillonella spp. in caries formation from a
mathematical perspective. The Latin Hypercube Sampling (LHS) [56] is utilized to conduct the
sensitivity analysis to generate the sample. Next, we use the Partial Rank Correlation Coefficient
(PRCC) [56] to identify the correlation and its rank. The analysis begins by assuming that the value of
¢ = {; = {,. This analysis of bacterial population dynamics in oral biofilms is conducted at the
threshold of dental caries risk. In the case studied, referring to the definition expressed in [52], the
threshold of dental caries risk is denoted as G and can be formulated as follows:
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_ (Ks{(A1 — (U — Ea1)) -1+ szV*)(Az — (up — s;az))/h) % K_m 1+ a,V")
(Km{(AZ = (up — Eaz)) -1+ a1V*)(A1 - (ug — E%))Az) K (1 + ayV*)

S

The results of the sensitivity analysis on the dental caries risk threshold are presented in Figure 2.

Sensitivity Analysis on Thershold Number

dz I
a [ |
Veilonella I
Mz A .
ay A .
g £ [
£ K 1 I
M I
74 I
M1 |
nq
«n |

T T T T T
-0.2 -0.1 0.0 0.1 0.2
Sensitivity Indexes

Figure 2. The sensitivity value of each parameter to dental caries risk threshold G.

Figure 2 shows that the carrying capacity for S. mutans (K,,), the recruitment rate of S. sanguinis
(A1), the effect of Veillonella spp. on the elimination of S. sanguinis (a;), and the effectiveness of
antibacterial against S. mutans (a,) are factors that are negatively correlated with the threshold, that
is, each decrease in the value of these parameters caused the threshold to increase. Meanwhile, the
existence of Veillonella spp. is positively correlated with the threshold of dental caries risk. In this case,
Veillonella spp. tends to support the growth of S. mutans in oral biofilms and the risk of dental caries
formation increases. These results support the results in [52] and [13], which revealed that Veillonella
spp. was positively correlated with the existence of dental caries.

5. Optimal control model

This section describes the optimal control theory on the population dynamics model of bacteria
in oral biofilms. The optimal control problem is applied to measure the need for antibacterial use to
suppress the population of each bacterium and control the ratio § < 1. The control variables denoted
by a,(t) were viewed as multipliers on éa; where i = 1,2,3. The optimal control model was
constructed to minimize each bacterium's population and antibacterial use. Therefore, the objective
function for the optimal control problem of the bacterial population dynamics model can be formulated
as follows:

Je(ay) = ;7 A,(S@® + M@®) + V(D) + Co(ap () dt. (7

Parameters A, and C, represent the weight value for each bacterial population and the cost
measure of antibacterial use, respectively. The optimal control model for the dynamic problem of
bacterial populations in oral biofilms can be formulated by considering the objective function (7) and
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the dynamic model (1), which is written as follows:
tr

Je(ay) = j A5(S(O) + M©) + V(D) + Co(ay () dt,

0

ds S 4
st =N (1 - ;) S = T MS = S — 4 (DaréS, (8)
M A (1 M)M 2 om— M (Da,eM
ac  2\" Tk, 1+a,V M = ap(t)arsM,
dv p(M+5)

T 3mV—H3V—ab(t)a35V-

It is known that S(0) > 0,M(0) = 0,V(0) 20,0<t <t and 0 < a,(t) < 1.
Based on Eq (7), the optimal value of a;(t) is determined by numerical calculation, which is
formulated as follows: Jc(ap) = ml;n{](ab)}, where U = {ab: [O, tf] - [0,1]}. The Hamiltonian

equation for the optimal control problem (8) can be formulated as follows:

H = A;(S(t) + M(£) + V(D) + L (D B2 + 2,() B2 4 2,(5) 22 ©)

where A;,3 = 0 respectively defines the adjoint variables for S,M, and V. Next, the adjoint
functions are obtained from the partial derivative of H against S, M, and V, which can be written as
follows:

. ¢ M(t) S A,S(t) M
L) =-4, - (—alfab(t) —py = T avi +1a 'O Ay (1 — %) — 1K )Al(t) + 1o oV fa(‘t/)(t) A, ()
1 S S 2
P (SO + M(t) + V(D)) pAV (2) .
| - L),
(14050 + M) HAEOFMO)
o ES(b) {,S(t) M@\ AM(@)
/12(11') = _AZ +1+a—1v(t)ll(t) - (—azfab(t) — Uy — Ha—zv(t) + AZ (1 - Ks > - Km )/12
) p2A,(M(t) + S(t))V(tZ) s 1 pSA3V(t)M L0,
(1 +p(S@) + M(t))) +p(S@ +M©)
. a,$,S(EM(t) a,{,S(EIM(t)
A (t) = -4, - —— ~ 14 () - 222 1, (8)
(1+a,v®) (1+av(®)

pA;(S@) + M(D)) ©
1+p(S®+M®)) >
where the final condition for each adjoint variable must be satisfy ii(tf) =0 for i =1,2,3. The

- (_ag‘fab (t) — Hj +

necessary and sufficient conditions for the optimal control problem are obtained, which give the
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optimal solution and can be expressed as follows:

4 (8) = min {max {O' §(aiSAL(t) + azM 2(2)/12 (t) + a3V(t)/13(t))}’ 1}_
2

6. Numerical simulation and its discussion

Numerical simulations are conducted to confirm the analysis results and provide projections of
the population dynamics represented by the model in systems (1) and (8). The values presented in
Table 1 are the parameter values that were used. However, several selected parameters were varied in
value for exploration purposes and can present various projections of population dynamics for each
bacterium. The parameters whose values were varied were those that were related to each other,
including the effect of the existence of Veillonella spp. on the elimination of S. sanguinis (a;) and S.
mutans (o), as well as the antibacterial activity against each bacterium (aq, a,, as).

The variation of @; and @, values aimed to show the significance of the difference in G values
due to the significant difference between a; and «,. The results from this simulation can be used to
determine how important the selection of antibacterials is to optimize control. The variations of the
values are presented in Table 3.

Table 3. Variation of a; and a, values.

Value Parameters
Condition aq a,
I 0.95 1
II 0.75 1
III 0.5 1

The variations of a;, a,, and az represents the different types of antibacterial influence
coefficients. In this case, each product that offered control of bacterial growth in oral biofilms had a
distinct impact on each bacterium. For example, 2 bacterial controlled products, X and Y, were given.
Product X had an advantage in eliminating S. mutans but was weak in eliminating Veillonella spp..
Meanwhile, product Y had the advantage of eliminating Veillonella spp. but was weak in eliminating
S. mutans. As a result, these conditions certainly needed to be interpreted as different parameter values.
The variations of a;, a,,and a; values are presented in Table 4.

Table 4. Variation of a4, a,, and a; values.

Value Parameters
Scenario a; a, as
I 1 0.75 0.5
11 0.5 1 0.75
111 0.75 0.5 1
v 1 0.5 0.75
A% 0.75 1 0.5
VI 0.5 0.75 1
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Numerical simulations are performed using predetermined parameter values. In addition to
parameters aq, &,, aq,a,, and as, the values of each parameter used in this simulation are based on
the basic values in Table 1. Finally, the initial values of each population are selected as S(0) =
M(0) = V(0) = 0.05kg/m3 for every simulation.

All simulations were conducted using Python 3.9. The ordinary differential equations system
(ODEs) is solved using the solve ivp function from the SciPy library. It employs a high-quality Runge-
Kutta method (specifically, the Dormand-Prince method of order 5(4)) and equips an adaptive step-
size control to ensure the accuracy of the resulting solutions. The absolute error tolerance of 1075
was used for all simulations.

Figure 3 shows that the difference between the values of @; and a, played a crucial role in the
dynamics of the S. sanguinis and S. mutans populations.

w Scenario Vi
I == ScenaricV == Risk Threshol d

333
g83

Ratio of 5. mutans to 5. Sanguinis

Ratio of 5. mutans te 5. Sanguinis
Ratio of 5. mutans te 5. Sanguinis

Figure 3. The dynamics of the population ratio of S. mutans to S. sanguinis under (a)
condition I, (b) condition II, and (c) condition III, and the variations in the values of a,,
a,,and as are presented in Table 4.

In this case, the risk thresholds for the resulting dental caries were different. The simulation results
illustrate that when the difference between a; and «, is insignificant, as presented in Figure 3(a), the
threshold projection is divided into 2. First, in conditions a, > a,, the caries risk is seen to move away
from the caries risk threshold. Meanwhile, in the condition a; < a, moves away from the caries risk
threshold. This can be interpreted from the values used in Table 4. The condition a; > a,, namely the
effectiveness of antibacterial scenarios I, III, and IV, reflects that the antibacterial is more dominant in
eliminating the S. sanguinis population than the S. mutans population. In this condition, the population
level of S. sanguinis is lower than the population of S. mutans in the oral biofilm. As a result, the risk
of dental caries increases. The condition a; < a, reflectes the influence of more dominant
antibacterials in eliminating S. mutans than S. sanguinis, and the risk of caries is lower. However,
suppose the difference between the influence of Veillonella spp. on the elimination rate of S. mutans
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and S. sanguinis is significant, then the risk of dental caries can be increasingly difficult to control.
This is shown by the transition of caries risk with the influence of antibacterial scenarios V and VI
from Figure 3(a) to Figure 3(b). In the scenario presented, the most severe condition occurs when the
difference between @; and a, is 0.5. This condition results in all antibacterials being unable to
control the risk of caries to remain below the risk threshold.

A numerical simulation for the optimal control problem was conducted to compare the projection
of dental caries risk without and with the use of antibacterial agents. The scenario without using
bacteria is represented by the control variable set to zero in the observation period. Meanwhile, the
scenario using antibacterial is represented by the optimal value of the control variable that satisfies the
solution of aj(t). An optimal control simulation was conducted for condition II in Table 3 with
variations in the values of a,,a,, and as, which refer to antibacterial scenarios II, V, and VI.
Antibacterial scenarios I, III, and IV were no longer considered because each of these antibacteria were
dominant in eliminating S. sanguinis than S. mutans, and the caries risk was higher. Furthermore, an
arbitrary boosting factor is considered in the effectiveness of the antibacterial effect. In this case, the
boosting factor is reflected as a multiplier of the parameter &, which defines the rate of bacterial
elimination due to the antibacterial. In addition, to ensure the stability of the upcoming result, we try

to conduct multiple runs of each case, thereby considering the variation of the A, parameter, which

is chosen based on the results of the sensitivity analysis, which show that the parameter is most
positively correlated with G. The results of the optimal control simulation are presented in Figure 4.

Ratio of 5. mutans to 5. Sanguinis

Ratio of S.mutans to 5. Sanguinis
Ratio of 5. mutans te 5. Sanguinis

s e S - i - - — - — - —
000 025 050 07 1.00 125 150 175 200 0.00 025 050 075 100 125 1%0 175 200

Figure 4. Dynamics of the population ratio of S. mutans to S. sanguinis under condition II
with the influence of antibacterial (a) scenario II, (b) scenario V, and (c) scenario VI. Within
each result, the solid line represents the baseline, while dotted and dashed lines correspond
to a 5% decrease and increase in A,, respectively.
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Based on Figure 4, the control treatment results in a difference in the risk of dental caries, as
reflected by the ratio of S. mutans to S. sanguinis. Each antibacterial has a similar effect on the
dynamics of caries risk. Note that the significant difference between a; and a, provide different
control results. This can be concluded by observing the conditions between Figure 4(a—c). In this case,
scenario II antibacterial has twice the ability to eliminate S. mutans compared to S. sanguinis. As a
result, the risk of caries can be controlled more effectively. Similar results were not obtained when
scenario V and VI antibacterials were used to reduce caries risk. An interesting finding to note is the
difference in risk due to the use of scenarios V and VI. Table 4 shows that the difference between a,
and a, indicates the same value, which is 0.25. However, the obtained projection of the dynamics of
caries risk is different. This needs to be explored further because scenario VI has twice the ability to
eliminate Veillonella spp. more effectively than scenario V antibacterials.

Figure 5 indicates the dynamics of the Veillonella spp. population in oral biofilms. Figure 5(c)
shows a reflection of the dynamics of Veillonella spp. due to the use of antibacterial, in which scenario
VI was the best way to suppress the Veillonella spp. population. These results confirm the difference
between Figure 4(b) and 4(c), namely, the risk of dental caries is lower when antibacterial scenario VI
is used as an intervention effort compared to scenario V. Furthermore, Figure 5 shows that the use of
antibacterial scenario VI can eliminate Veillonella spp. better than scenario V. The effect of
antibacterial scenario II is better than scenario V, but not better than scenario VI. The results presented
in Figure 5 strengthen the sensitivity analysis results, which show that the existence of Veillonella spp.
is positively correlated with an increased risk of dental caries.

= wilh Initial Control = with 10x Boosted Control = with 20x Boosted Control

opul.
vedlonslisspp. Population

Figure 5. Dynamics of the population ratio of Veillonella spp. under condition II with the influence of
antibacterial (a) scenario II, (b) scenario V, and (c¢) scenario VI. Within each result, the solid line
represents the baseline, while dotted and dashed lines correspond to a 5% decrease and increase in A,
respectively.
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Figure 6 shows that the use of each antibacterial scenario is different, which can be interpreted as
the number of antibacterials and the duration of their use in controlling the risk of dental caries. The
use of antibacterials in scenarios II and VI are similar, namely antibacterials with a twenty-fold
boosting factor are the most widely used. Meanwhile, scenario V results in antibacterials with a ten-
fold boosting factor having been the most commonly used in reducing the risk of caries. Based on the
results in Figures 4—6, it could be concluded that antibacterial control helps control the growth of S.
sanguinis, S. mutans, and Veillonella spp. in oral biofilms and reduces the risk of dental caries.

Control Level

004

Control Level
g

Figure 6. Control function graph of antibacterial usage (a) scenario II, (b) scenario V, and
(c) scenario VI in condition II. Within each result, the solid line represents the baseline,
while dotted and dashed lines correspond to a 5% decrease and increase in A,, respectively.

7. Concluding remarks

In this study, we proposed a deterministic model for caries bacterial dynamics. We motivated
ourselves with the developed models in [39] and [40]. The difference between the two models and our
model is that we accommodated several dominant bacteria studied in many articles and considered the
interactions and influences between the bacteria. Our proposed model of bacteria dynamics in oral
biofilms are formulated. In this study, S. sanguinis, S. mutans, and Veillonella spp. along with their
interactions were the modeling objects. The model was formulated by considering intervention efforts
in the form of antibacterials to control each bacterium and reduce the risk of dental caries.

A dynamics analysis was conducted to gain insight into the existence of solutions and equilibrium
solutions with their respective stabilities. The existence of the model solution represented by the results
of the proofs in Theorem 1 and Lemma 2 was obtained using the method proposed in [54]. The model in
system (1) had five equilibrium solutions, namely one trivial solution, 3 non-trivial solutions, and one
interior solution. The interior solution represented the condition when all bacterial populations exist and
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could survive in oral biofilms. The dynamic analysis results showed that the model solution could be
interpreted as a biological element. The stability analysis of the trivial and non-trivial solutions 1— 3 used
the Routh-Hurwitz stability criteria. Meanwhile, the stability of the interior solution was proven using a
method similar to the method used by [57,58]. A sensitivity analysis revealed that the existence of
Veillonella spp. was positively correlated with an increased risk of dental caries. This confirmed the
results regarding the role of Veillonella spp. in the incidence of dental caries, as stated in [13,20].

The optimal control model was constructed by introducing a control variable that represented the
frequency of antibacterial use. The solution of the constructed control model was determined by
utilizing the Pontryagin maximum principle. The control simulation results showed that under
condition II, the use of antibacterial scenario II produced the best solution compared to other scenarios.
This meant that antibacterial scenario II was better at controlling the growth of the bacterial population
of S. mutans, S. sanguinis, and Veillonella spp. in oral biofilms when condition II acted as a competition
coefficient between S. mutans and S. sanguinis.

As revealed in [38], this study was the third deterministic model in the mathematical-dental scope
to study the dynamics of bacteria in oral biofilm. The involvement of three bacteria was an advantage
compared to both models in [39,40], which also left room for further development. For instance, to
respond to the external factors that influenced bacterial dynamics in oral biofilms, the next study must
consider the pH dynamics that affects each bacterium's survival rate. Consequently, the projection of
caries risk could be reliable in real conditions, though this must be studied further.

Furthermore, a control effectiveness analysis could be explored by considering the Average Cost-
Effectiveness Ratio (ACER) and the Incremental Cost-Effectiveness Ratio (ICER) on the optimal
control results. In addition, Reinforcement Learning (RL) can be applied, where an intelligent agent
learns an optimal policy through direct interaction under a dynamic environment. This approach, as
previously used in [59,60], leads to a control policy that adapts in real-time to unpredictable changes
in parameters, thus significantly enhancing its practicality. Utilizing such Al-driven methods with our
foundational model could be a crucial next step in generating robust interventions against pathogenic
biofilms. Nevertheless, this study was a breakthrough in expanding the deterministic mathematical
study using an ODE system. In addition, this could be utilized to motivate and bridge the study between
applied mathematics and dentistry to result in a more realistic model and reliable results to represent
the real conditions.
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Appendix
We consider the Lyapunov function given by

S M vV
L(S,M,V) = (S—S -S ln§)+<M—M -M lnm)+<V—V -V an)
We calculate the time derivative of the above function and obtain

dL_(1 S*)dS_l_(1 M*)dM_|_<1 V*)dV
dt S/ dt M) dt v/dt

Next, we explore the following calculation results first,
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Therefore, we obtain following results

AIMS Mathematics Volume 10, Issue 8, 17894—17921.


https://doi.org/10.1109/TIFS.2023.3307956

17921

A s- S)[A VAN "
dt 1 14+ a,V* Ki 1+a,V
+ (M- M)[A LA Sy Y. ¢ s]
2K, 1T NG Ky 1+a,V
p(M +S) p(S* + M)
V—-v9|A
+( )[ S1+pM+S) B1+pS +M)|
dL oA {(M*— M) A2 (=95 —S)
) p(M +5) p(S* + M)
+(V_V)lA31+ M+S) "1+ p6 +M)|
dL A1 AZ 4 ¢
—=——( -5 -—M-M")?- + S—SY(M - M*
dt Ks( ) Km( ) 1 +C(1V* 1+Cl2V* ( )( )
M+S S*+ M*
A, p( ) ) V-
14+pM+S) 14 p(S*+ M)

Finally, we arrive at the result that can be used to ensure the global stability of the interior solution.
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