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Abstract: The existence study explored a cantilever-beam dynamical system with bifurcation and
negative derivative feedback to understand and regulate nonlinear phenomena in flexible constructions,
improving stability and performance in engineering applications. The nonlinear transverse vibrations
of a cantilever beam mechanism were investigated under initial resonance conditions. A detailed
clarification of the non-perturbative method (NPM) was presented to introduce a novel approach in
handling nonlinearities systems. Simply, NPM transformed the weakly nonlinear oscillator into an
equivalent linear differential equation (ODE). The theoretical results obtained through NPM were
validated using numerical simulations in MATLAB. Moreover, NPM facilitated the stability analysis
of the system, which was not previously attainable via traditional approaches. Significantly, NPM
resolved limitations encountered in previous methods, offering a more strong solution framework. The
system was completely different in the second part of the study, since it only had two degrees of
freedom (2DOF) controlled through an individual input. The study outlined the bifurcation and control
strategy of the 2DOF's response vibrations. Negative derivative feedback (NDF) was used to control the
system's operation to minimize the harmful vibrations it produced. To identify several bifurcations
inside the system, bifurcation characterization was conducted on an examined figure, considering two
varied values of the controller gain. The fundamental objective of this study was to explore the
transformation of nonlinear ODEs into linear ones and assess the efficacy of the control approach and
bifurcation analysis in stabilizing cantilever beams. The multiple time-scales method (MTSM) was
utilized for analyzing the controlled linear equivalent algorithm. Several diagrams illustrated the
prototype's sturdy construction. To mitigate damaging vibrations in the system, the NDF was
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recommended. Predicted solutions were validated through numerical simulations using the fourth-
order Runge-Kutta method (RK4), demonstrating an excellent correlation. The stability and steady-
state amplitude of nonlinear patterns were analyzed both before and after applying control.
Additionally, frequency response curves (FRCs) and optimal system configurations were evaluated
under various controller and system parameter settings.

Keywords: nonlinear oscillations; bifurcation; Poincaré map; multiple time-scale method; stability
analysis; NDF controller; non-perturbative method
Mathematics Subject Classification: 34A34, 37N35, 70J99, 70K20, 74H10

1. Introduction

As shown in Figure 1, a beam is an intrinsic part intended of bearing transverse loads that act
perpendicular to its investigation longitudinal axis. The nonlinear behavior of various engineering
structures such as large space structures, chopper propeller blades, solar power plant blades, flying
wings, arm-type deployment mechanisms, slider-crank networks, and mechanical building materials
are commonly modeled via implementing a cantilever beam structure (CBS). Nonlinear vibrations in
geometrical engineering systems are caused only by the system's nonlinear properties and external
excitation forces. Negligible systemic nonlinearities are occasionally achievable when these systems
are activated with small excitation amplitudes distant from their resonance conditions.

Figure 1. Sketch of a cantilever beam visual representation model.

In contrast, nonlinear ODEs are frequently believed to have approximate solutions using a variety
of perturbation approaches; on the other hand, linear ODEs are easily solved using well-established
techniques. Furthermore, most vibration problems have nonlinear properties; an increasing number of
scientists are interested in analyzing nonlinear oscillations. Nonlinear ODEs are essential in
understanding various scientific and technical processes, as many real-world phenomena exhibit
nonlinear behavior. In applied mathematics, physics, and engineering, nonlinear ODEs play a crucial
role [1]. It is vital to emphasize the importance of mathematical calculations in many studies in applied
sciences and technological disciplines that address nonlinear ODEs [2]. In literature, various
approximate analytical techniques, in analyzing nonlinear ODEs, are utilized to establish how
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amplitudes and frequencies relate to one another in nonlinear oscillators. Among these, the perturbation
method is the most adaptable approach in analyzing nonlinear engineering problems. It is frequently used
to get rough analytical responses to nonlinear ODEs [3]. Several novel techniques are recently developed
of the analytical solution of nonlinear ODEs [4—7]. The Lindstedt-Poincaré technique was used to
analyze such problems [8]. These techniques include the homotopy perturbation method (HPM) [9]. In
addition to developing the frequency formula, a novel method of addressing linearity in a nonlinear
equation was devised [10—12]. The findings indicate that the approach yields highly accurate results.
Using a slightly refined technique, the experiment confirmed efficacy in quickly determining the
amplitude-frequency relationship of a nonlinear oscillator. Developmental micro-electro-mechanical
devices and packaging solutions were simulated using the frequency-amplitude relationship in
nonlinear vibrating structures [13]. A useful strategy in comprehending the vibration properties of
nonlinear systems is created by putting forth a straightforward frequency prediction method for
nonlinear oscillators with different initial conditions. In the following points, some summarized
advantages of NPM are reported:

1) An innovative approach is employed to derive a new linear ODE that is equivalent to the
original nonlinear one.

2) Inlight of the new method, there is an accurate link between these two ODEs.

3) A new linear ODE is equivalent to the old nonlinear one and is created using the creative
method. The shortcomings of earlier techniques are successfully addressed by this strategy.

4) Unlike other perturbation approaches, the NPM allows, simply, experts to assess the problem's
stability examination.

5) One of the approaches appears to be a straightforward, promising, and interesting tool.

6) The NPM may be expanded to encompass other combinations of connected dynamical systems
deemed significant, efficient, and persuasive.

7) The Taylor expansion is utilized to aid in the computation of these restoring forces across all
perturbation methods, including the foundational approach known as multiple time scale.
Moreover, the NPM overlooked this deficiency.

8) The NPM utilizes a unique methodology for addressing restoring forces, distinct from the
traditional perturbation approach; it is not categorized as a perturbation technique.

After introducing and demonstrating the fundamental frequency formulation of nonlinear
oscillators, a modification was proposed [14]. Both conceptual and experimentally, efforts were made
to suppress oscillations in a flexible cantilever beam [15]. The nonlinear vibrations of the micro-beam
are examined for two distinct resonance scenarios, super-harmonic and harmonic resonances, using
the MTSM. After introducing and demonstrating the fundamental frequency formulation for nonlinear
oscillators, a modification was proposed [16]. This study clearly demonstrated that the boundary
conditions significantly influence the micro-beams' vibrations [17]. When an external excitation force
is applied to a smooth yet discontinuous oscillator, the NDF controller is employed to manage the
oscillations [18]. An approximate solution of the vibrating system was constructed using the MTSM.
The algorithm's stability was analyzed utilizing FRCs, and the effect of every system parameter was
assessed via numerical calculations [19]. It is pointed out that the use of a resonant control technique
called the NDF controller is used to operate a quarter-vehicle car and is subjected to primary parametric
stimulation. This control technique is efficient and successful since it avoids dangerous vibrations.
This control is effective and efficient, as it prevents harmful vibrations during operation. Consequently,
the NDF controller is considered to be fundamental in this application. Moreover, for the first time,
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the resilience of a quarter-vehicle automotive system to variations in its natural frequency has been
examined. A simple procedure is described for the ideal NDF controller configuration that achieves
maximum damping and H2 optimization. This filtering capability enables it to efficiently mitigate both
higher and lower frequency disturbances, making it suitable for high-performance vibration mitigation
applications [20].

Based on performance measures, it was demonstrated that the NDF controller performs better
than the positive position feedback (PPF) controller. A result-based feedback control approach was
used to create and implement an adaptive NDF modal control algorithm on a carbon fiber plate, as
previously shown [21]. To reduce undesirable vibrations, these diverse controls can be used on a
variety of constructions. Several studies [22-28] were employed piezoelectric patches with different
distributions to reduce vibrations in conical shells. Numerous researchers developed a variety of
techniques for this purpose [29]. The main drawback of this approach is that the reduction in vibration
amplitude is minimal. Consequently, active techniques for mitigating structural vibrations are preferred.
The integral resonant negative derivative feedback (IRNDF) controller, a revolutionary control
technique, was used to minimize the impact of vibration of a double van der Pol oscillator under
external excitations was examined [30]. The proportional (P), proportional-integral (PI), and
proportional-integral-derivative (PID) controller types were demonstrated to control the torsional
vibration behavior of a dynamical system; they used PID control. Seeing the effects of P and PI control,
the PID controller sought to improve system stability [31]. The MTSM was implemented to figure out
the controlled system analytically. The system's steady-state response and stability under primary
resonance circumstances ({2; = w4, {2, = w,) resonance phenomena, particularly the most severe
types, are addressed using the FRC. The chaotic behavior of the nonlinear dynamical system is
investigated alongside numerical solutions for various parameter values [32]. We implement the
MTSM up to the second-order estimation to arrive at analytical results. The FRCs is employed to
examine and suppress synchronous primary and internal resonance conditions in order to assess system
stability. For all calculations, MATLAB and Maple were executed [33]. The stability of coupled
multiple pendulums under the influence external harmonic excitation was outlined [34]. The
achievements of computerized simulation are exposed as multicolored maps of the maximal Lyapunov
exponent (LE) using a mathematical model. Furthermore, diagrammatic depictions of the
mathematical arrangements of the attractors on Poincaré cross sections and maps show the density of
trajectory points over a control plane are presented. The monoclinic and sub-harmonic bifurcation
boundaries were determined using the Melnikov and averaging techniques [35]. Discrete implicit maps
were employed to study the bifurcation of trees of periodic motions in a parametrically excited
pendulum [36]. For periodic motions in such a system, mapping structures are constructed from these
discrete maps. The nonlinear algebraic equations, derived from the implicit maps, are used to generate
analytical bifurcation trees, illustrate the transition from periodic motions to chaos. Finally, the
bifurcation and associated stability of these periodic motions were analyzed.

The practical applications of cantilever-beam systems, incorporating bifurcation analysis and
NDF control, are particularly significant in sophisticated smart structures and adaptive systems. In
smart materials and structures, including adaptable aircraft components, vibration-sensitive buildings,
and precision manufacturing tools, regulating dynamic reactions via feedback systems facilitates real-
time adjustments to external disturbances or internal variations. This is crucial in settings where
instability-induced failure may result in disastrous outcomes or expensive interruptions. In
electromechanical systems and nanoscale devices, where cantilever beams serve as sensors and
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actuators, regulating bifurcations is essential in sustaining functioning under fluctuating loads and
improving signal clarity. In biomedical engineering, micro-scale cantilever beams are employed in
diagnostic equipment, with feedback control guaranteeing precision and consistency in data. The
experimental investigation of these systems establishes a basis in creating control algorithms that are
resilient, scalable, and relevant to nonlinear systems beyond basic beams, hence enhancing safety,
adaptability, and efficiency across several industries.

2. Arapid overview of NPM

Examine a weakly nonlinear oscillator as ODE of the following type that is extremely nonlinear
up to the third order:

"+ F(@,3.¢)+G6(E,3,¢)=H{,T), )

where eachF ({,{’,{")and G({,{’,{")are odd functions. As is well-known, these functions produce
secular terms [1, 3]. At the same time,H (¢, {, {") is a quadratic function. Overall, up to the third-order,
these functions may typically formulate as follows:

F(¢,0,¢) =ml +n30 0" + p102¢% + q1{3 + 5,0
G((,3,0) = w*{ + q20 + pa00% + 5,0 ? ) (2)
H((»(»fn) = m3{('+n3{'2 +p352 +CI3€”{,+53{€”

where my, Ny, Pr, Qi, Sk (k = 1,2,3) are coefficients that remain constant., and w symbolizes the
structure's natural frequency.

As is well- known, the primary objective of the NPM is to derive an alternative linear ODE. To
generate this ODE, three constants will be determined.

It should be noted that He’s frequency formula (HFF) is crucial in converting a weakly nonlinear
oscillator of ODE into linear-like representations by offering an analytical approximation of the
frequency of nonlinear oscillators without the necessity of solving the complete problem. This
approach facilitates the analysis of extremely nonlinear systems by approximating their behavior with
a frequency contingent upon the system's amplitude. This action efficiently linearizes the system's
reaction, facilitating comprehension and prediction of its dynamics. This approach avoids the
restrictions of conventional perturbation techniques, delivering precise solutions of substantial
nonlinearities and yielding significant insights into the system's periodic dynamics with the smallest
computer resources. Additionally, the uniqueness of the present research relates to the consequences
of NPM. It is widely recognized that weakly nonlinear oscillator of ODEs lack compact solutions;
hence, perturbation techniques are crucial for their study. As is well-known, all standard perturbation
methods, including the MTSM, is to be complex in their procedures. Consequently, NPM represents a
novel approach to tackling these intricate challenges. Moreover, in contrast to all traditional methods,
the NPM refrains from utilizing Taylor expansion of trigonometric functions. The examination of NPM
is quite uncomplicated. Furthermore, as previously mentioned, a flowchart depicting the
methodological approach will be incorporated to improve reader understanding. As we previously said,
the NPM is completely different from all perturbation techniques. Therefore, no comparison between
the other methods is made. On the other side, the NPM produces coupled linear ODEs that are
comparable with the given nonlinear ones. Therefore, numerical validations are presented to the
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effeteness of the NPM and to produce very small absolute error. It should be noticed that Moatimid et
al. [37—42] was previously adopted the NPM for a different situation in the topic of the dynamical
systems. Notably, the purpose of constructing a linear ODE is to replicate the behavior of simple
harmonic motion to achieve this goal. As per He [10], a guessing solution of the provided nonlinear
ODE is as follows [10]:

z=Acost. 3)

The following are the initial conditions (ICs): z(0) = A, and z'(0) = A.
The total frequency, which will be ascertained later, is captured by the parameter(2. Below
provides the necessary linear differential equation:

2" 4 Opquz + Wiz =1T. 4)

The three criteria can be assessed in the manner described below, as demonstrated before [37—42]:

2m/Q ‘o
_ o z F(zz,z )dt

O'eqv - fozn/ﬂZ'zdt = O'eqv(-Q)- (5)

Think about a similar frequency. wZq,,, which can be computed using the following function and the
overall frequency:

21/ 0

o zG(z,z 'z ”) dt

e = 0l () (©)
0

2 —
Weqy =

It should be noted that the quadratic formula is a part of the non-secular section.

Consequently, the inhomogeneity will be calculated by substituting: { - EA,{' - EAQ, and
{" - EAN? | even in the non-secular function H({,{’,{"). As previously shown [37-42], the
parameter Eis defined asE = 1/2v/n — r, where n demonstrates the system's order and rrepresents
the system's level of freedom. Consequently, in this instance, one receivesn = 2and, r = 1, then the
value of E = 1/2. It corresponds to the quadratic's (non-secular terms) value. Consequently, the

n 2
inhomogeneity component will be calculated by substituting: { — g, { - %, and{ - %.

The following substitution can be used to express Eq (4) in the ordinary normal form for
simplicity's sake:

z(t) = f(t)Exp(_Ueqvt/Z)- (7

Actually, to convert the linear ODE as given in Eq (4) into a simple harmonic motion, the middle term
in Eq (4) should be removed. This process is simply obtainable via the standard normal form as shown
in Eq (7).

When Eq (7) is entered into Eq (4), it produces

f" + (wgqv - io-ezqv)f = FExp(_O-eqvt/Z)- 3

Lastly, the total frequency is stated as 22 = wZ;, — io-ezqv-
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The NPM technique is delineated in the subsequent step-by-step flowchart to improve clarity and
comprehension. This visual guide delineates the technique, highlighting the critical procedures that
streamline and enhance the problem-solving approach. Consequently, Figure 2 presents a
comprehensive flowchart that delineates the methodical process employed to analyze a nonlinear
ordinary differential equation through the application of the NPM in conjunction with the HFF. The
approach is designed to transform a nonlinear ODE into an equivalent linear one, and the facilitating
analysis. The conversion is achieved by proposing a trial solution to the nonlinear system. Upon
presentation of this solution, it is subjected to stringent testing and validation using numerical

simulations.
b Nonlinear ODE )

HFF

NPM reinforces HFF in strongly nonlinear
regions

i Y

{PM recasts the nonlinear ODE as an equivalen
linear equation

ecommend a trial periodic solution that adhere
to the given initial constraints

xamination of linear damping and associatec
frequency in the linear ODE

i B

Numerical validation and comparative
tabulation of both linear & nonlinear ODEs
: Verify the consistency ~
: between both solutions i

Reassess the coefficients or opti e
the parameter values

‘Rewrite the linear equation in a simple
harmonic form, incorporating the total
frequency

-

L]

-

Acquiring the
stability constraints

Figure 2. Establishes the process, specifically highlighting the integration of NPM and HFF.
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3. The framework's technique without control

In actuality, the shape of the fundamental nonlinear ODE of motion is [43]

¥4 ax + f1x3 + fox® + w?x + y1x3 + y,x5 + 8 (xx? + x%%) + 5,(x3x%2 + x*%) = f cos N,
)

where the physical coefficients are addressed as follows:

x is the cantilever beam's displacement, « is the damping coefficient, f;and [,are coefficients of
the nonlinearities, y; and y,are nonlinear terms, w is the natural frequency, §;and §,are nonlinear
physical quantities, and (2 is the excitation frequency. Additionally, the parameter f denotes the
excitation force’s amplitude in addition to the original requirements. Also, we can summarize the
physical meaning of the terms in Eq. (9) as follows in Table 1.

Table 1. Physical meaning of the term group.

Term group Physical role

ax Ordinary linear damping

B3, Bx5 Cubic/ quintic damping

w?x Small-deflection stiffness

¥1x3, yox5 Cubic/ quintic stiffness (softening if y < 0) or (hardening if y > 0)
6, term Nonlinear damping-stiffness interaction

&, term Higher-order interaction

fcosNt External harmonic excitation force

As usual, the initial conditions (ICs) are written as follows [37-42]:
x(0) = A,and x(0) = 0, (10)

Perturbation theory has been central to the study of many nonlinear dynamic systems in recent decades.
The natural nonlinearity of these systems arises from the nonlinear behavior of their dynamic
components during operation. Traditional linear approaches rely on the assumption that only a limited
number of operations are feasible, and these methods may fail when system limits are reached, leading
to instability or poor performance. Therefore, it has been proposed to apply perturbation techniques to
these nonlinear systems. Such methods not only evaluate the system’s stability and performance, but
also generate approximate analytical solutions. Currently, there is also a recommendation to analyze
nonlinear equations directly, without perturbations, using specialized methods, where the convergence
of large series solutions is not a concern. The primary goal of the current investigation is to assess how
well linearized approaches approximate the behavior of the nonlinear system. To solve the nonlinear
structure, the NPM must generate a trial solution that satisfies the ICs.
One way to characterize the recommendation trial solution would be as follows.

u(t) = Acos@t,u(t) = —Apsingt,ii(t) = —Agp?cos ¢ t. (11)
Now, Eq (9) may be formulated as follows:

X+ fi() + fo(u,u,it) = Fcos 2, (12)
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where
fo = ax + B x3 + Bx5, (13)
and
fi = 02x + y1x3 + y,x° + 8 (xx? + x2X%) + 5, (x3%% + x*%). (14)

Weighted residual improvement is an effective method for estimating the frequency. This frequency
estimate can be used to determine the occurrence of unusual terms in the fundamental equation of
motion. By applying this approach along with Eq (12), one can approximately determine the frequency,
leading to the following conclusion, as previously reported [37—42]:

S ufy (uainde

fozn/q’uzdt

2 —
Weqy =

(15)

Following the presentation and demonstration of the nonlinear oscillators' abbreviated frequency
construction, adaptation was recommended. Using mathematics software, we can simplify the
integration result of Eq (6), which is rather challenging. One sorts out

1 5 3 1
Weqy = =5 02407 + -y A" + w? + 211 AP — 56,402 (16)

Equation (16) represents the equivalent frequency of the associated linear ODE. Similarly, the
corresponding equivalent damping can be determined as follows:

21/ . .
ufo(u)dt
Heqv = W. (17)

As previously shown, we can evaluate the integrations in Eq (17) as follows
5 3
Ueqv = @ +§ﬁ2A4§04 +Z.81A2(P2- (18)
The associated linear ODE can now be produced as

i+ Pegnll + Wigyu = F cos N t. (19)

Equation (19) can be converted via the standard form in the absence of the excitation force's frequency.
(2 - 0):

_Meqv,
u(t) = f(t)e 2 (20)
Consequently, it is capable of being interpreted as:
f® +9*f =0, @2y
where 9% = wiq, — Uiq/4.
®* > 0and ppq, > 0. (22)
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3.1. Validation of NPM

For more convenience, to validate the obtained theoretical result, a numerical comparison
between Eqgs (9) and (19) are graphed for a sample chosen system as follows:

w =10;a = 0.16; B; = 0.3331; 3, = 0.1299;y, = 22.5;y, = 0.1319;
61 =-456,=22;,f=050=9,4A=0.01.

In Figure 3, the numerical solution (NS) of the nonlinear ODE (9) is compared with the solution
obtained using the NPM-based linear ODE (19). The close agreement between the two solutions
demonstrates the high accuracy and reliability of the proposed NPM. This strong consistency confirms
that the outcomes produced by both approaches are dependable and in good agreement. Furthermore,
the absolute errors calculated using a MATLAB program are presented and summarized in Table 2.

Table 2. Approves the equivalence between the NS of x(t) and its corresponding NPM

u(t).

Time Nonlinear ODE Lincor ODE Absolte et
0 0.01 0.01 0

5 0.00721157 0.0069361 0.00027547
10 -0.013557 0.0148543 0.0012973
15 -0.0292684 -0.0298563 0.0005879
20 -0.021343 -0.0192598 0.0020832
25 0.00831714 0.0112593 0.00294216
30 0.0253428 0.0254634 0.0001206
35 0.0186569 0.0177555 0.0009014
40 -0.0100171 -0.00708981 0.00292729
45 -0.0256914 -0.0253292 0.0003622
50 -0.0200781 -0.019393 0.0006851
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Figure 3. Demonstrates a comparison between the NS for x(t) and NPM for u(t).
3.2. Stability analysis for NPM

Figure 4 illustrates the stability regions of a dynamical system in terms of the parameters A and
@? (y-axis), under different sets of parameters. The colored regions (red, blue, and purple) represent
the unstable regions for different values of w and a. The area below each curve represents the unstable
region, while the area above the curve corresponds to the stable region for the given parameter values.

In Figure 4(a), as w increases, the unstable region expands, and the stability boundary shifts
upward, indicating that the system becomes less stable with increasing w. Thus, a higher critical value
of @2 is required to achieve stability at higher frequencies.

In contrast, Figure 4(b) shows that as a decreases, the unstable region shrinks, and the boundary
curve moves downward. This implies that the system becomes more stable at lower a values. A smaller
a allows the system to remain stable over a wider range of both ¢? and A.

250 —Tr—TrTr T T T 120

[ 100

Stable Region 80

5 6

40

Unstable Region

Unstable Region 0

0 01 02 03 04 05 06 07 08 09 0 0.2 0.4 0.6 0.3 1

Figure 4. Shows the stable and unstable regions at different values of w and a.
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3.3. lllustrates the time history and the polar plot at different parameters

To display the influences of each parameter «, f, d;, and B, in the amplitude u(t) of the wave
solution of Eq (19) are observed throughout the time history Figures (5)—(8). Figure 5 highlights the
significance of the damping coefficient a. The solution amplitude decreases as the damping coefficient
increases. Therefore, it can be concluded that this parameter contributes to stabilizing the system's
response. Additionally, the influence of the external (stimulated) force f is also depicted in Figure 6.
As shown, the solution amplitude increases with the growth of the excitation force, suggesting that this
parameter weakens the stability profile. Also, the effect of the nonlinearity parameter §; is illustrated
in Figure 7. It is generally recognized that an increase in this factor leads to a decrease in the solution's
amplitude. Hence, one could argue that this parameter contributes positively to system stability.

0.04
- — .a=0.16 | ! T T . 7 T T T

....... a=0.9 s ]

0.03

a=1.5 ]

Amplitude u(t)

0.015 ; . . , =

0.01 [y

0.005

Amplitude u(t)
<

-0.005

-0.01

-0.015 1 1 1 1 1 1 1 1 1
0

Figure 6. Illustrates the effect of f.
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Amplitude u(t)

Time

Amplitude u(t)
g 4
= =

Figure 8. Illustrates the effect of f;.

Finally, Figure 8 further demonstrates the role of the nonlinear coefficient ;. From this figure,
an increase in nonlinearity results in a reduced amplitude. Thus, it can be concluded once more that
this nonlinear coefficient enhances the stability of the system.

A polar plot of the solution of Eq (19) is created at the given values of the parameters A =
0.01,0.015,0.03 and 2 = 7,10, 12, as indicated in Figures 9 and 10, respectively. These figures show
how well the related solution performs when a slight alteration to its starting state and the excitation
frequency is considered. Rotational symmetry is commonly observed in plots with a floral shape. This
indicates that after a given angle, the plot appears the same when rotated around the center. Each of
the "branches" or petals is the same size and form, and they are all evenly spaced. To put it briefly, the
plot's symmetrical structure, radial pattern, and relationship to polar coordinates will be highlighted.
The petals, on the other hand, stand for periodic or oscillating behavior in the radial direction. The
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number of times a particular mathematical function repeats itself in the polar equation, for instance,
may be connected to the number of petals, as shown in Figure 9. It is discovered that the size of the
petals decreases as the values of A increases. Now for the excitation frequency (2 we can see that for
small (2 it gives a simple floral shape without any repetition of petals as shown in Figure 10(a). With
the rise in the quantities of (2, the rotation of the petals in the floral shape increased regularly around
the center of the shape as illustrated in Figure 10(b), but as the value of 2 exceeds number 10, we
found that the floral shape was irregular as presented in Figure 10(c).

0.04

-0.02 |

-0.03 -

—A=0.01
———A4=0.015

Figure 9. The system's polar graphs at A = 0.01, A = 0.015 and 4 = 0.03.

0.01

T

0.008 |-

0.006 |-

0.004 |-

0.002 |-

u(t)

0

-0.002 |

-0.004 |

-0.006 |

-0.008 |

-0.01 L . .
-0.01  -0.005 0 0.005 0.01

u(®

u(®)

u(t)

Figure 10. The system's polar graphs with (a) Q = 7, (b) Q = 10, and (¢) Q = 12.
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Throughout the period [0,507], Figures 11 and 12 have been displayed to reflect the function
u(t)in a polar shape by the several options of f = 0.2,0.5,0.9 and a = 0.16, 0.8, 1.5 separately. The
representation of this simulation gives the structure of the floral shape with branches without any fill
for the smallest value of f in Figure 11(a). On the contrary, the branches are filled with repeated petals
as the values of f increased, as appeared in Figures 11(b) and 11(c). Figures (12a)-(12c) showed that
there are no differences in changing the values of a , and we get the same plots.

0.015

A f=02

0.01 -

0.005 |-

u(t)
u()
u(t)

-0.005 |-

-0.01 |

_0.015 L N N N ~ L L N N N N
-0.01  -0.005 0 0.005 0.01 -0.04 -0.02 0 0.02 0.04 -0.1 -0.05 0 0.05 0.1

u(®) u(® u(®)

0.04

0.03 -

0.02 |-

0.01 |

u(?)
u(t)
u(?)

Figure 12. The system's polar graphs with (a) a = 0.16, (b) a = 0.8 , and (c) a = 1.5.
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4. The framework's technique with NDF control
4.1. Equations of motion under control with a primary case (2 = w + o)
The dynamical algorithm's equations of motion are outlined below [43]. The mathematical

framework uses the negative feedback of the appropriate velocity concluded result as a control force
after it has been integrated with NDF control.

¥+ cax + efyx3 + fyx5 + w?x + ey x3 + ey,x° + £8; (xx? + x%%) + £5,(x3%% + x‘%)} (23)
=¢fcost+eGv
U+ wiv + 2ep v = —eG,x. (24)

Here x is the cantilever beam's dimensionless placement. w is the natural frequency of the framework.
0 is the frequency of excitation. adenotes the damping coefficient. f3;,y;, and §;(i = 1,2) are factors
for nonlinearity terms. f is the system's dimensionless excitation force.

v is the NDF's transverse displacements that are linked to x. The control’s natural frequencies are
expressed with w,. Additionally, the damping coefficients of the control are referred to using p;. G is
the constant gain for the control signals, and G, is the feedback signal gain.

For a better understanding of the structure’s dynamical historical records (23) and (24), both with
and without the NDF controller, we examine one of the most critical resonance cases—simultaneous
primary and 1:1 internal resonance (w; = w, {2 =® w). RK-4 has been employed to mathematically
calculate the dynamical algorithm's reproduction that was previously discussed, with the underlying
assumptions x(0) = 0.01; x(0) = 0; v(0) = 0; v(0) = 0.

The MATLAB® software controller serves as the foundation for these computations obtained.
Thus, the parameters used for the model are:

w=10;a = 0.16; f; = 0.3331; 5, = 0.1299; y; = 22.5;y, = 0.1319;
61 =-45;6,=22;f =050 =10; w; = 10.

Figure 13a displays the time history for the dynamical framework's steady-state amplitude in the
absence of the controller. The amplitude increases to 0.0970763 for x, as can be shown. The phase
plane of x is immediately described in Fig. 11b. On the other side, Figure 14(a) displays the reflected
construction's amplitude after the NDF controller's merger. Figure 14(c) exhibits this. It concludes that
the amplitudes expand 2.71618 x 107 for x with modest amplitude values for NDF. Thus, when
talking about this control, the 100% for x ratios show the reduced vibration amplitudes. Finally, the
effectiveness of the NDF control which is represented by E, (E, =the construction's steady-state
amplitude before NDF divided by thereafter controlling) 35740 for x .
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Figure 13. The dynamic framework with no controller.

T o001 < 005

g X 298.762 £

S 0.005 : =

= Y 2.71618e-06 E

o)

; 0 g 0

5 -0.005 £

S S

< -0.01 § 0.05

0.015 , , . . , , ; .
0 50 100 150 200 250 300 -0.01 -0.005 0 0.005 0.01
Time (s) Amplitude x(t) (m)
0.02

: 2
201

§ 0.01 X 298.421 &

S I

S Y 0.00149912 g 005

® o 3

< 2 0

E N—

3 2005F
)

S 3 -}

, , , , , 015 , . , , ,
0 50 100 150 200 250 300 -0.015  -0.01  -0.005 0 0.005 0.01 0.015
Time (s) Amplitude v(t) (m)

Figure 14. (a-b) The dynamic framework's amplitudes applying the control system using
NDF; (c-d) the NDF's amplitudes control system

4.2. Analysis of perturbations (MTSM)

The MTSM can be used to derive the approximate solution of Eqs (23) and (24) [3, 44]. By

looking for the solution in the form, we obtained first-order approximation solutions for Eqs (23)
and (24).

x(Toy, Ty, €) = 2111=0 e"xn(To, Ty) + O(SZ)a (25)
V(To, T1, €) = Ypmo €™ 00 (To, Ty) + 0(£2), (26)

where the fast and slow time scales are denoted by T, and T, respectively, and ¢ is a tiny perturbation
parameter. The derivatives of time are converted into

d
E = Do + SDl, (27)

AIMS Mathematics Volume 10, Issue 8, 17832-17867.



17849

—_— = DO + 2£DOD1, (28)

T, = e"t,D, = 8/dT,, (n = 0,1). (29)

By replacing equations, we were able to get the following set of ODEs (25)—(29) into Eqs (24)—(26)
and calculating the coefficients of the identical power of € concerning both opposing viewpoints:

0(£%): (D + wH)x, =0, (30)
(D§ + w?)ve =0, (31)
0(eh):
(D2 + w?)x; = —2D; (iwAe™@™) — a(iwAeTo) — By (—iw3A3e3@To + 3iw3A2Ae'@T) )
—B,(iw®A5e5@To — 5iw5A* Ae3@To + 10iw>A3A%e!T0)
—]/1(14363in0 + 3A2Aeino) _ yZ(ASeSinO + 5A4Ae3ino + 10A3A28ino) ..
—61(—2143(,()263in0 _ ZAZAwZeinO) _ 62(_2A5w2€5ino _ 6A4sze3ino _ 8w2A3AZein0)
+f cos 2t + G, (iw; Be'1To) )
(32)
(D2 + w?)v, = —[2iw,D1B + 2iw,Bu,]e**1™o — [iwAG,]e*To. (33)
The general solutions can be obtained by eliminating the secular terms from Egs (32) and (33), as
follows
1 _ _ _ .
x1 = W [_iﬁ1w3A3 - 5iﬁ2w5A4A + V1A3 + 5]/2A4A - 261143(1)2 - 652A4Aw2]63“"7‘0
—— [iB2 05 A5 + y,4° — 24%6,?]e5T, (34)

v = 05 (35)
where complex functions A and B are in T;. We can identify the resonance case from the up solutions.
4.3. The periodic solution

By adding the detuning parameters o;(i = 1,2), we may examine the system's stability at the
examined resonance situation using the first-order approximation based on:

N=w+o, (36)

The solvability conditions are derived by substituting the secular and small-divisor terms from the first
approximations in Eqgs (32) and (33) into Eq (36)

—Aa 3B w?*A%A 3iy,A%A N 5iy,A3A?

DA = — 5B,w*A3A% +

2 2 2w w
. - . - if i w1G1B
—i6,A%Aw — 4i5,wA3A% — (E) eto1To 4 12—6016“’”0, (37)
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wAGZ
20)1

DB = —Bu; — e~tozlo, (38)
Equations (37) through (38) can be solved using the polar form as
1 i 1,0
A=5ae ¢1,B=Ebe P2, (39)
Here, A and B represent the amplitudes of the motion phases and the steady state, respectively. By

resolving the real and imaginary components and substituting Eq (39) into Egs (37) and (38), the
following system is obtained.

— 2,3 4
o =00 3horar P s 4 S ging, + 2% o5 g, (40)
2 8 16 2w 2w
. 3y1a® | 5y,a°  8;a%w  Swa®  f w1G1b .
apy ==~ + PP, —Zcosal +—2w sin6,, (41)
b =—bu, — ©9% cos 0,, 42)
2(1)1
. waG .
bo, = ﬁsm 0,, (43)
Where,
6 =ol,—¢, 0, = 03T, — @1 + @s. (44)

4.4. The equations for the frequency response (FRE)

Ata = b = 6, = §, = 0, the cantilever beam model with NDF controllers' steady-state analysis
is completed, matching the fixed point of Eqs (40)—(44). The frequency response equations for the
effective case (a # 0 and b # 0) can therefore be obtained as follows:

- 2a® 5Bt . b
0="%_3hwa 5ho 54T sing, +2%L o5, (45)
2 8 16 2w w
3103 | 5y,a°  §dfw  Swa® f w1G1b .
ao; ==~ e a2 T oucos 0, + ——sin 0, (46)
0=—bu, — 222 c0s0,, 47)
2(01
Gy .
b(—o, +0y) = a;:o: sin 6,. (48)

Equations (45) and (46) are squared and added, and we obtain

AIMS Mathematics Volume 10, Issue 8, 17832-17867.



17851

2

2 2,3 4
aa 3fiwa 5w w41G1b
(f) ( B1 | B2 3 1G1 COSQZ)
2w 2 8 16 2w

. 5 (- (49)
sm@2)

3y,a3 n 5v,0° 8130 Swa® " w1Gy

+ (—a0'1 +
8w 16w 4 4 2w

Additionally, the values of trigonometric functions are obtained from Eqs (45)—(48) as follows:

singy = 2[5+ 25 + a4 SR (50
N N L
sin@, = %Zwl), (52)
cos 6, = 220 (53)

After squaring and adding the results of substituting Eqs (52) and (53), we have
[ba]? + (=0, + 0 = (22)” (54)

The FRE used to represent the system's steady-state solutions are given by Eqs (49) and (50).
4.5. Analysis of stability at the fixed point
Let us start using the following procedure to determine the steady-state solution's stability. Let
a=ay+ay, b=b,+b,60; =0+ 6;1,(=12). (55)
Given that a;y, b1g, and 6;, meet the requirements of Eqs (45)—(48), that is regarded as a minor

disturbance in relation to a1, b11, and 6;;. Then, using (40)—(43) and just the linear terms a4, by,
and 6, left, we obtain

g == 9p1w?aiy _ 25B;w* a1 a;; + [i cos 0 ] 0
H 2 8 16 1715, 10| Y11
G Gibio .
+ [w21w1 cos 920] by + [— —wlz; Lsin 920] 0,1, (56)
. 1a10 25y,a3, 4 381a;0w  58,was,
" ag 8w 16w 4 4 11
fsin B9 w1 Gy Sin Oy w1Gy b1
+ [_ 2a50w ]911 + [_ 2a10w ]b11 + [_ 2040w cos 620] 0217 (57)
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waqg Gz

2(()1

[’11 = [_;)_a();icas 920] ayq +[0]611 + [—pq]byqg + [ sin 920] 021, (58)

01 9]/16110 25}/2(1%0 361(110(1) 5620)“%0 (UGZ

=|—- + in 6
2= 8w 160 | 4 4 2, 20] %1
f , w16y (0, — 1)
+ [— 2000 sin 610] 011 + |- 200 sin 0,y + b—w biq
w1G1b1o waq9G;
+ [— Zaww °05 050 + 2b10e, C0S 020] 0,1. (59)

In a matrix, Egs (59)—(62) can be expressed as follows:
[a11 911 1.911 921]T = U] [all 011 b11 621]7'7 (60)

where the Jacobin matrix of Eqs (56)—(58) is denoted by [J]. The Jacobin matrix [J] eigenvalues can
be expressed as follows:

14 + K113 + K2/12 + K3A + K4 = O (61)

The solutions are stable if the real component of the eigenvalue is negative; otherwise, they become
unstable. Here, K;(i = 1,2,...,4) represents the coefficient in Eq (61). According to the Routh-Hurwitz
criterion, every root of Eq (53) must satisfy the condition that the determinant and all its principal
minors are positive. Only then will Eq (61) yield negative real parts, ensuring stability.

K, 1 0 0
K: K, K, 1
0 K, Ki K|
0 0 0 K,

D= (62)

5. Consequences of the modeling
5.1. Effects of the various parameters

The FRC, shown in Figures (15)—(22), provide a detailed representation of the effects of various
coefficients in the NDF-controlled model. Notably, the curves exhibit only stable regions, with no
unstable zones. Additionally, two distinct peaks appear within the stability mode, as observed in
Figure 15(a), which describes the response of the detuning parameter o; against the system a, while
Figure 15(b) shows the effect of o; against the control b. Figure 16(a) and 16(b) illustrate how the
system response curves a and the control b change against the detuning parameter o; when the
damping coefficient a is increased. The figure demonstrates that the cantilever beam's vibration
amplitudes drop as the damping coefficient a increases on both sides with the main system and the
control. Figures 17(a) and 17(b) illustrate how the structure's response curves vary when the natural
frequency w is increased. The figure indicates that the cantilever beam's vibration amplitudes fall as
the natural frequency w increases on the opposite sides for both the system a and the control b.
Figures 18(a) and 19(b) depict the influence of the external force f on the system response curves. By
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viewing this picture, as the external excitation force f increases, the amplitude of a becomes higher in
each side with the same stable region varying for both systems a and the control b.

According to Figures 19(a) and 19(b) , the system's amplitude a and the control b increase as the
gain G, values rise on both opposing sides. In the same way, Figures 20(a) and 20(b) demonstrate the
impact of the damper gain G, on the amplitude of the system a and the control b , which indicates
that the amplitude increases with the values of G.,.

Figures 21(a) and 21(b) highlight the operation of the damping coefficients of the control p4
which shows that, while the damping coefficients of the control p; increases or decreases, the amplitude
of the system and the control keep at the same value without any change. Finally, Figures 22(a) and 22(b)
give the behavior of the system in the case of changing the values of the detuning parameter a,, which
indicates that the amplitude of a and the control b neither increases nor decreases as the value of g, is
changed.

0.1 0.1
a b .
0.08 0.08
B B
=
~0.06 ~0.06
~ ~
~ . ~ .
& .. D J & ‘. ..
T 004 o P J 004 P i
2 it H = H I
o‘on K J - 0.02 f i\ /3
0 . . 0 . n .

-10 -5 0 5 10 -10 -5 0 5 10
g, (unitless) g, (unitless)

Figure 15. After the control is added, the frequency response path of the nonlinear
vibrations on the cantilever beam is obtained (a) Illustrate the response of g; via the system
a. (b) Illustrate the response of oy via the control b.

Figure 16. After the control is added, the frequency response path of the nonlinear
vibrations on the cantilever beam are obtained at various values of a. (a) Illustrate the
response of gy via the system a. (b) Illustrate the response of o, via the control b.
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Figure 17. After the control is added, the frequency response path of the nonlinear
vibrations on the cantilever beam are obtained at various values of w. (a) Illustrate the
response of 0y via the system a. (b) Illustrate the response of o, via the control b.

Figure 18. After the control is added, the frequency response path of the nonlinear
vibrations on the cantilever beam are obtained at various values of f. (a) Illustrate the
response of 0y via the system a. (b) Illustrate the response of o, via the control b.

Figure 19. After the control is added, the frequency response path of the nonlinear
vibrations on the cantilever beam are obtained at various values of G;. (a) Illustrate the
response of gy via the system a. (b) Illustrate the response of o7 via the control b.
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Figure 20. After the control is added, the frequency response path of the nonlinear
vibrations on the cantilever beam are obtained at various values of G,. (a) Illustrate the
response of 0y via the system a. (b) Illustrate the response of o, via the control b.

Figure 21. After the control is added, the frequency response path of the nonlinear
vibrations on the cantilever beam is obtained at various values of py. (a) Illustrate the
response of 0y via the system a. (b) Illustrate the response of o, via the control b.

Figure 22. After the control is added, the frequency response path of the nonlinear
vibrations on the cantilever beam is obtained at various values of 05. (a) Illustrate the
response of gy via the system a. (b) Illustrate the response of o7 via the control b.

AIMS Mathematics Volume 10, Issue 8, 17832-17867.



17856

5.2. A comparison graph between the numerical modeling and the MTSM investigation

This section includes several comparison graphs to emphasize the study’s objective. Figure 23
presents the frequency response curves and time-domain behavior of the uncontrolled system before
and after NDF implementation, demonstrating that the NDF controller outperforms the other two in
reducing vibration amplitude (PPF). Figure 24 illustrates the system’s frequency response with and
without NDF control, highlighting a reduction in amplitude. Additionally, Figure 25(a) and Figure 25(b)
depict the analytical solutions of Eqs (40)—(43) using dashed (---) lines, which correspond to the
numerical solutions of Eqs (23—24) for the main system and the controller, respectively.
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Figure 23. Time histories (waveforms) for x without control, with PPF control, and with
NDF control is compared across various controllers.
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Figure 24. A comparison of the curve's frequency response before and after NDF control
was added.
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Figure 25. Comparing numerical simulation and perturbation analysis for the basic system
using the NDF approach for the main system in (a) and the controller in (b).

6. Characterization of bifurcation

Looking into unpredictable actions is essential for comprehending the intricacy of structures with
nonlinear dynamics in this portion of the article. The system undergoes transitions whenever its
parameters change, as observed in our case. A wide range of conduct, from predictable cyclical
movement to chaos, might result from these alterations. Bifurcation visualization summarizes these
transitions effectively, illustrating the mechanism's evolution as a crucial factor that varies. MATLAB
has been utilized to evaluate the altered mechanism, and the Poincaré maps, phase portraits, and
bifurcation charts are also presented in the following results. The indeterminate variant of Eqs (18)
and (19) was used to conduct the bifurcation investigation, where the second-order phase differential
equations were converted into a primary scheme that was identical. The bifurcation diagrams in
Figures (26)—(34) highlight the critical points at which the operation of the entire framework changes,
often transitioning from chaotic or complex dynamics to quasiperiodic behavior. These variations show
the places of bifurcation, which are crucial for determining stability transitions within the system.
Quasiperiodic motion frequently develops as (2 (the bifurcation parameter) falls, ultimately resulting
in chaotic motion. In many nonlinear systems, this transition is typical for the behavior to go from
quasiperiodic to chaotic.

Simulated two different gain values were represented via bifurcation diagrams, G; and G,. The
illustrations of bifurcation for G; = G, = 10 shown in Figure 26 indicate the bifurcation diagram for
xand v motion with the parameter (2. Figure (26a) displays that the motion for x is chaotic for 1.74 <
) < 12.805 and quasiperiodic for 12.805 < 2 < 15. Figure (26b) reveals the steps of change of
vmotion which is quasiperiodic for 0 < 2 < 2.05, chaotic for 2.05 < 2 < 7.66, and then periodic in
the interval 9.64 < 2 < 15 (Figures (26)—(28) and Figures (31)—(34)). Blue curves show the phase
portraits, while red dots show the Poincaré maps. Figure (28b) explains that at 2 = 4, the red pixels
start to show random deviation.
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The figures produced showed numerous measurements of the damping coefficient G4, and G, to
show several motions of the system. Figures (27)—(29) explored when the values was G; = G, = 10.
Figures (30)—(32) study the effect when G; = G, = 1. Figures (27b) and (29b) demonstrate how the
red-dot pattern of the Poincaré maps is close to a single point, confirming the earlier finding that the
system’s periodic motion has been reflected at 2 = 10 and 2 = 14, respectively.

The chaotic state causes the red dots to spread and diverge randomly, as seen in Figures (28), (32),
and (33), that was present in the value 2 = 4 for Figures (28) and (32), and with 2 = 14 for Figure (33).
Also, Figure (32b) illustrates that at 2 = 4, the red pixels start to show random deviation. Compared
to Figure 30, which was drawn at a control value lower than the utilized control parameter, Figure 26
shows that the region of periodic motion is reduced, and the area of quasiperiodic motion is expanded.

%107 . x10?
T T ] T T
a b | .
X 9.64
Y 0.00409029
| | i l

W X12805
171! v 0.010282 3T
'

v'ﬁmw—-
| ]
|

20

| | X0.655
)| Y 0.0106234
L]

~

| Y 0.0101775

e
;.

Amplitude x{t) (m)

TICETT
Amplitude v(1) (m)

ik X 2.05
| Y 0.000569124

X7.66
Y 0.00123099

§2 (rad/s) £2 (rad/s)

Figure 26. Bifurcation charts of x and v against 2 whenever G4, G, = 10.
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Figure 27. Emphasizes phase portraits and Poincaré diagrams for the variables are
quasiperiodic for x and periodic v at 2 = 10.
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Figure 28. Emphasizes phase portraits and Poincaré diagrams for the variables, which is
chaotic for x and chaotic for v at 2 = 4.
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Figure 29. Emphasizes phase portraits and Poincaré diagrams for the variables, which is
quasiperiodic for x and periodic for vat 2 = 14.
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Figure 31. Emphasizes phase portraits and Poincaré diagrams for the variables, which is
quasiperiodic for x and periodic for v at 2 = 1.
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Figure 32. Emphasizes phase portraits and Poincaré diagrams for the variables, which is
chaotic for x and chaotic for vat 2 = 4.
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Figure 33. Emphasizes phase portraits and Poincaré diagrams for the variables, which is
more chaotic for x and more chaotic for v at 2 = 14.
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Figure 34. Emphasizes phase portraits and Poincaré diagrams for the variables, which is
quasiperiodic for x and periodic for vat Q=10.

7. Conclusions

The overall objective of this work and the key achievements can be summarized as follows.

The CBS was analyzed using the NPM, with a focus on its cyclical analytical solution. This study
relies on the recently developed EI-Dib [15] frequency formulation, which is comparable to He’s
frequency formulation in that it simplifies the nonlinear equation by transforming it into an associated
linear equation with a frequency component. The linearized equation's solution closely resembles the
original nonlinear problem's precise NS.

The effectiveness of the suggested strategy is demonstrated by the strong correlation between the
theoretical and numerical results.

Equation (10) was also constructed using linear control, and the linear damping elements that
compose the foundation were modified using NPM.

Equation (8) illustrates how this method affects the natural frequency (w).

The investigated structure has exhibited a variety of nonlinear characteristics, including jump
events, multi-solution coexistence, and sensitivity to beginning conditions, which were not present in
the NPM approach. One significant feature of the linear system generated from NPM is that its
parameters are simple to calculate despite containing elements of complex nonlinear factors.

Even in the presence of periodic forces, the linearization technique enables the derivation of
quasi-exact solutions. The relationships between frequencies and amplitudes are easily predicted, and
numerical calculations explicitly validate the accuracy and effectiveness of this novel methodology.
The results align closely with precise numerical solutions, demonstrating the method’s correctness.
Furthermore, the approach is highly adaptable to other nonlinear configurations, making it particularly
suitable for applications in manufacturing and in various scientific fields as well. Equations that are
differential with one degree of freedom before controlling and two degrees of freedom following
controller implementation have created the dynamic framework in this study. This framework is then
subjected to NDF, a resonant control. The MTSM is quite successful in solving the controlled
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simulation. The outcomes show that the NDF controller effectively lowers system vibrations,
especially those that occur close to resonance.

Furthermore, it has been found that NDF can effectively eliminate the amplitude. With small
amplitude values for NDF, it is concluded that the amplitudes expand for x. As a result, the 100% for
xratios illustrate the decreased vibration amplitudes while discussing this control. Lastly, E,, which
stands for the efficacy of the NDF control, is 35740 for x. A numerical study has been conducted to
evaluate the impact of each coefficient on the redesigned controlled system within the frequency of
the response curves. A comparison between the analytical and numerical analyses of the controlled
framework model has also been performed. The controllable simulation was subjected to bifurcation
investigation at two distinct gain levels. Three different motion types, periodic, quasi-periodic, and
chaotic, are displayed and examined in the system using Lyapunov spectra, Poincaré graphs, and
bifurcation plots.

8. Future work

Inertial coupling, nonlinear stiffness, nonlinear damping, and external periodic forcing—all
essential for controlling spacecraft vibration and attitude—are included in our model. It is common
practice to model flexible spacecraft, such as solar panels, antenna booms, or space telescopes, as rigid
things with flexible appendages attached. Particularly when subjected to external excitations (such as
aerodynamic drag, gravity-gradient torques, or onboard actuators), these appendages experience elastic
deformation that needs to be managed or dampened. As is well-known, the rigid-body attitude control
system interacts with flexible modes during maneuvers. Future work analyzing modal coupling and
resonant excitation, which can be disastrous in high-precision systems (like space telescopes), will
benefit greatly from this model since it leads to vibration-induced errors, energy transfer between
modes, and control structure interaction (CSI). Also, there will be compensation for the time delay and
to prevent adverse performance impacts [45—46].
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