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Abstract: The generalized (3+1)-dimensional fractional q-deformed tanh-Gordon model and its
optical solutions are studied under various physical conditions. Verifying our analytical findings and
using the modified Sardar-sub equation technique (SSET) to examine the behavior of the governing
model through convergence criteria under different parameters of the hyperbolic local derivative. By
generating diverse optical phenomena and flexibility of the governing model, our findings pave the way
for additional theoretical and applied physics research. The objective is also to study the bifurcation
and chaotic behavior of the equation. To accomplish this, a dynamical system is created using the
Galilean transformation. Analyzing the bifurcation and chaotic structure of the equation to identify
important transitions that lead to chaotic behavior, and using phase-space analysis to understand the
system’s unpredictability. The study shows how small adjustments can have a significant effect on
the results. This study clarifies the behavior of the model, which is crucial for several applications in
quantum mechanics, physics, and optics.
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1. Introduction

The majority of phenomena observed in our universe are controlled by non-linear partial differential
equations (NLPDEs) and find extensive applications across many complex scientific areas enforced in
various disciplines such as optics [1–3], physics, biophysics, plasma physics, quantum mechanics, [4,5]
fluid dynamics, [6] nuclear engineering, deep hydrodynamics, chemistry [7–9] and several others.
Many researchers believe that the exact solution of NLPDEs is the most compelling and interesting
scientific field these days. Different analytical methods have been employed to derive precise
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solutions for NLPDEs, for instance, the sine–cosine technique [10], the sech-sech technique [11],
the modified extended Fan sub-equation technique [12], the exp-function technique [13], the extended
sech technique [14], the (G′

G )-expansion technique [15], the exp(−φ) expansion technique [16], the
F-expansion technique [17], the Hirota’s technique [18], the inverse scattering technique [19], the
Darboux’s technique [20], the modified Khater techniques [21], the Riccati-Bernoulli sub-ODE
technique [22], and many others.

Both mathematicians and physicists have been captivated by the fascinating and potent family of
mathematical constructions known as q-deformed models. These equations, which add a deformation
parameter q, have become an essential tool for solving the puzzles of quantum systems and opening
up new research directions in a variety of domains. An interesting interaction between quantum
and classical mechanics is at the core of the q-deformed model. These equations smoothly connect
the weird and amazing quantum world with the well-known Newtonian world by introducing the q-
deformation [23]. These equations have transformed our knowledge of particles interactions in the field
of quantum field theory, opening the door for creating ground-breaking theories like quantum groups
and quantum algebras. These developments significantly impact our understanding of the underlying
forces governing particles existence. Furthermore, there are several uses for q-deformed equations in
fields as disparate as knot theory, statistical mechanics, and the analysis of integrable systems. These
equations have opened up new possibilities for technological advancement in condensed matter physics
by illuminating the behavior of exotic materials such as topological insulators [24].

Fractional and nonlinear differential equations have been used to simulate complicated physical
systems, such as chaos and soliton dynamics, in recent publications like [25, 26]. These works
show how sophisticated analytical techniques are becoming more and more important in applied
mathematics. By using the SSET on a fractional q-deformed model, we develop new soliton solutions
that may find use in plasma physics and nonlinear optics, furthering this avenue of inquiry. Eleuch [27]
presented the generalized q-deformed sinh-Gordon equation. This equation is an expansion of the
conventional sinh-Gordon equation.

∂2R(x, t)
∂x2 −

∂2R(x, t)
∂t2 =

[
sinhq (Rγ)

]p
− δ, t > 0, 0 < q 6 1, (1.1)

where sinhq is presented as:

sinhq(t) =
et − qe−t

2
, (1.2)

and coshq is presented as:

coshq(t) =
et + qe−t

2
. (1.3)

This current work is novel, as it applies the SSET to a governing model. In contrast to previous
research, we investigate a generalized model that combines q-deformation and fractional calculus,
allowing for a more thorough comprehension of nonlinear wave patterns. The obtained solutions
include dark, bright, periodic and singular solitons, along with a detailed bifurcation and chaos
analysis, offering deeper insights into the system’s dynamics. The technique is effective and
straightforward and produces precise results, making it a useful substitute for more intricate or
exclusively numerical methods. This adds to the expanding body of research on analytical techniques
related to fractional nonlinear dynamics. Many researchers have conducted analytical and numerical
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studies for (1.1) [27]. In 2023, Ali et al. revised the q-deformed sinh-Gordon equation [28]. The
following is one way to write this new formulation:

∂2R(x, t)
∂x2 −

∂2R(x, t)
∂t2 = eαR

[
sinhq (Rγ)

]p
− δ. (1.4)

The q-deformed equation was presented in a new version by Ali and Alharbi in 2024 [29]:

∂2u(x, t)
∂x2 −

∂2u(x, t)
∂t2 =

(
{tanhqu(x, t)ρ

)p (
eviv u(x,t) + βq

)ρ
− δ, (1.5)

where tanhq is defined as:

tanhq(t) =
et + qe−t

et − qe−t . (1.6)

Fractional calculus and q-calculus, which both expand classical calculus to capture more complicated
behaviors in physical systems, interact to provide the study of fractional q-deformed equations.
The fractional derivative takes memory effects and anomalous diffusion into account, while the q-
deformation adds a discrete or quantum parameter that alters the equation’s fundamental symmetry.
These kinds of models have drawn a lot of interest because of their use in complex media, quantum
field theory, and nonlinear optics. Specifically, classical soliton models are generalized to more
realistic settings where both nonlocal and nonclassical features are crucial when using the time-
fractional q-deformed model. An analytical approach is used to analyze the solution’s dynamics
under deformation restrictions in [31], which recently reported soliton results pertaining to fractional
q-deformed models. The (3+1)-dimensional fractional q-deformed tanh-Gordon model is presented in
this study as follows [30]:

∂2R(x, y, z, t)
∂x2 +λ

∂2R(x, y, z, t)
∂y2 +µ

∂2R(x, y, z, t)
∂z2 −

∂2θR(x, y, z, t)
∂t2θ =

(
tanhqR(x, y, z, t)l

)m (
eαR(x,y,z,t) + βq

)n
−δ.

(1.7)
The q-tanh function, represented as tanhq, is a characteristic of the governing equation, as R(x, y, z, t) is
scalar field. The constants λ, µ, %, p, α, β, and ρ parameterize the equation, and the term δ denotes
a source term. In addition to extending the standard q-deformed equation, this equation displays
complex dynamical behavior and a wide range of nonlinear events. It is noteworthy that this specific
equation, regarded as an extension of Eq (1.4), has never been presented before. It is important
to highlight that although a similar version of this equation has previously been published in the
literature [30], the version that is being offered here is a novel generalization in the fractional context
that has never been documented. The SSET has become a potent technique in recent years for precisely
solving nonlinear evolution equations, especially when dealing with fractional and deformed models.
Because of its effectiveness in creating a range of solution structures, including bright, dark, kink,
and singular solitons, this technique has been effectively applied to a number of physical models,
including optical solitons. To the best of our knowledge, the current study is the first to apply the
SSET to this particular formulation. Recent literature [30] has examined analogous equations with
regard to Eq (1.7), which represents a fractional q-deformed model. Our main goal is to find new
soliton structures and investigate the effects of the deformation parameter and the fractional order on
the physical behavior of the solutions.
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In this research, we thoroughly analyze the governing model of [30] and expand this model into
fractional order. The particular extension derived here from Eq (1.4), with its unique form and
application context, has not been reported before, despite the fact that structurally similar forms
of Eq (1.7) can be found in the literature [30]. We use the novel SSET to provide accurate analytical
solutions and solve the equation numerically using the correct SSET.

Our goal in this research is to use the SSET to precisely solve the governing equations. The SSET
is used in this work to solve the fractional q-deformed problem. Although there are other methods,
including Adomian decomposition and the homotopy perturbation method (HPM), the SSET was
chosen because it is straightforward in offering precise solutions to fractional and nonlinear equations.
The approach has proven successful in dealing with intricate models such as the one under study, and
it enables us to derive explicit soliton solutions without the need for computationally costly numerical
techniques or approximations. The derivative is easier to use in analytical calculations than traditional
fractional derivatives like Caputo or Riemann-Liouville because it maintains the Leibniz, chain, and
product rules in a form that is similar to the classical derivative. Additionally, it makes it simpler to
reduce fractional partial differential equations (FPDEs) to ODEs, which is necessary for bifurcation
analysis and the construction of accurate solutions like solitons. Because of this, the derivative is
especially well-suited for nonlinear analysis and physical modeling in the context of fractional q-
deformed systems. Additionally, we will attempt to investigate Eq (1.1) for bifurcation and chaotic
analysis. We investigate the dynamical properties of the converted system and obtain two ODEs
using Galilean transformation. Among these traits are the ideas of chaotic analysis and the bifurcation
phenomena.

1.1. Hyperbolic local derivative

Fractional local derivatives play a significant role in scientific research. A novel class of fractional
local derivatives, the hyperbolic local derivative, was very recently introduced. The notion and salient
features of a novel fractional derivative are examined, Dθ

hypu(t), which is an expansion to a conventional
order derivative du(t)

dt .

Definition. Let θ = (0, 1) and t > 0, define

Dθ
hypu(t) = lim

ε→0

u(t + εt
1−θ

2 sech((1 − θ)t
1+θ

2 )) − u(t)
ε

.

Where u is a real valued function defined on [a, b] and is θ-differentiable if

Dθ
hypu(a) = lim

t→a+
Dθ

hypu(t),

providing that limt→a+ Dθ
hypu(t) exists.

Properties. Let θ = (0, 1], φ ∈ <+ and let u, v be θ-differentiable, then

Dθ
hyp(c1u + c2v)(t) = c1Dθ

hypu(t) + c2Dθ
hypv(t), c1, c2 ∈ <,

Dθ
hyp(u.v)(t) = u(t).Dθ

hypv(t) + v(t).Dθ
hypu(t),

AIMS Mathematics Volume 10, Issue 8, 17779–17800.



17783

Dθ
hyp

u
v

(t) =
v(t).Dθ

hypu(t) − u(t).Dθ
hypv(t)

v2(t)
,

Dθ
hyp(ψ) = 0, ψ ∈ <,

Dθ
hypu(t) = t

1−θ
2 sech((1 − θ)t

1+θ
2 )u′(t), u ∈ C1,

Dθ
hyp(t%) = %t

2%−θ−1
2 sech((1 − θ)t

1+θ
2 ), % ∈ <.

1.2. Convergence analysis

To prove that the governing model converges to the exact series, consider the following theorem.
Statement.

Assume B ⊂ R is a Banach space with suitable ‖.‖ in which the sequence wq(x, t) is defined for
a definite value of h, for a constant L ∈ R. If

∥∥∥wq+1(ψ, t)
∥∥∥ ≤ ∥∥∥wq(ψ, t)

∥∥∥∀q, then the series solution
w(κ, t) =

∑∞
q=0 wq(ψ, t)pq converges absolutely to w(κ, t) = L

∑∞
q=0 wq(κ, t).

Proof. By implying the ratio test of the power series, if Al is a sequence of partial sums of the series
w(ψ, t) =

∑∞
q=0 wq(ψ, t), we want to prove that A` is a Cauchy sequence in B. Consider

‖A`+1(κ, t) − Al(κ, t)‖ = ‖w`+1(κ, t)‖ ≤ L ‖wl(κ, t)‖ ≤ L2 ‖w`−1(κ, t)‖ . . . ≤ L`+1 ‖w0(κ, t)‖ .

The paper’s organization is as follows: In Section 2, we will discuss the methodology of the SSET.
In Section 3, the implementation of the proposed method and the results acquired with the help of
fractional hyperbolic local derivative are executed. Section 4 discusses the dynamic behavior to explore
bifurcation and chaotic analysis. In Section 5, we will discuss the graphic representation of some of
the achieved solutions and compare the analytical results with numerical results. Section 6 provides
the conclusions of the work.

2. General description of the proposed method

This section aims to introduce the algorithm for the SSET which is employed to derive solutions for
the equations. The following section describes the main steps of the method. We suppose the following
fractional nonlinear partial differential equation (FNLPDE)

Dα
R(R,Rx,Ry,Rt,Rxy,Rtz,Rxz,Rxt, ...) = 0, (2.1)

where R = R(x, y, z, t), which is the unknown function and R is a polynomial in DαR(x, y, z, t) and its
partial derivatives with respect to x, y, z and t.

Step 1. Using the traveling wave transformation

R(x, y, z, t) = R(ζ), ζ = x + εy + γz −
2k

1 − θ2 sinh
(
(1 − θ)Ωt

1+θ
2
)
, (2.2)

into Eq (2.1), we obtain the following ODE

Z(R,R′,R′′,R′′′, ...) = 0, (2.3)
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where R = R(ζ), dR
dζ = R′, d2R

dζ2 = R′′....
Step 2. The solution of Eq (2.3) has the following form:

R(ζ) =

K∑
j=0

ρ jΘ
j(ζ), (2.4)

where ρ j (j=0,1,2,...K) are the coefficients to be calculated, such that ρK , 0 and Θ(ζ) satisfy the ODE
in the form:

(Θ′(ζ))2 = ν + αΘ2(ζ) + Θ4(ζ), (2.5)

where ν and α are real constants.
Step 3. By the balancing principle, equating the nonlinear terms with the highest-order derivatives,

we determine a positive integer K in Eq (2.4).
Step 4. By substituting Eqs (2.4) and (2.5) into Eq (2.3), we derive an equation involving powers

of Θ(ζ). Then collect all terms with the same powers of Θ j(ζ) (where j=0,1,2,...K) and set them equal
to zero. This process yields a system of algebraic equations. Solving this system provides us with the
values of ρ j, ν, and α, and the solutions to Eq (1.1) are as follows:
Case I: If α > 0, ν = 0, then

Θ±1 (ζ) = ±
√
−pqα sechpq

(√
αζ

)
,

Θ±2 (ζ) = ±
√

pqα cschpq

(√
αζ

)
,

where

sechpq (ζ) =
2

peζ + qe−ζ
, cschpq (ζ) =

2
peζ − qe−ζ

.

Case II: If α < 0, ν = 0, then

Θ±3 (ζ) = ±
√
−pqα secpq

(√
−αζ

)
,

Θ±4 (ζ) = ±
√
−pqα cscpq

(√
−αζ

)
,

where

secpq (ζ) =
2

peiζ + qe−iζ , cscpq (ζ) =
2

peiζ − qe−iζ .

Case III: If α < 0, ν = α2

4 , then

Θ±5 (ζ) = ±

√
−α

2
tanhpq

√−α2 ζ

 ,
AIMS Mathematics Volume 10, Issue 8, 17779–17800.
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Θ±6 ζ) = ±

√
−α

2
cothpq

√−α2 ζ

 ,
Θ±7 (ζ) = ±

√
−α

2

(
tanhpq

(√
−2αζ

)
± i
√

pq sechpq

(√
−2αζ

))
,

Θ±8 (ζ) = ±

√
−α

2

(
cothpq

(√
−2αζ

)
±
√

pq cschpq

(√
−2αζ

))
,

Θ±9 (ζ) = ±

√
−α

2

tanhpq

√−α8 ζ

 + cothpq

√−α8 ζ

 ,
where

tanhpq (ζ) =
peζ − qe−ζ

peζ + qe−ζ
, cothpq (ζ) =

peζ + qe−ζ

peζ − qe−ζ
.

Case IV: If α > 0, ν = α2

4 , then

Θ±10(ζ) = ±

√
α

2
tanpq

(√
α

2
ζ

)
,

Θ±11(ζ) = ±

√
α

2
cotpq

(√
α

2
ζ

)
,

Θ±12(ζ) = ±

√
α

2

(
tanpq

(√
2αζ

)
±
√

pq secpq

(√
2αζ

))
,

Θ±13(ζ) = ±

√
α

2

(
cotpq

(√
2αζ

)
±
√

pq cscpq

(√
2αζ

))
,

Θ±14(ζ) = ±

√
α

2

(
tanpq

(√
α

8
ζ

)
+ cotpq

(√
α

8
ζ

))
,

where

tanpq (ζ) = −i
peζ − qe−ζ

peζ + qe−ζ
, cotpq (ζ) = i

peζ + qe−ζ

peζ − qe−ζ
.

Step 5. Utilizing the values of ρ j, ν, and α and Eq (1.6) into Eq (1.5), we can obtain the exact
solutions of Eq (1.2).

3. Implementation

3.1. Conversion of FNLPDEs into ODEs

In this subsection, determine the ODEs by using the fractional derivatives below.

R(x, y, z, t) = R(ζ), ζ = x + εy + γz −
2k

1 − θ2 sinh
(
(1 − θ)Ωt

1+θ
2
)
, (3.1)
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where k represents the speed of wave propagation. The fractional derivative of order α is defined as
follows:

Dα
t g(t) = lim

ε→0

g
(
t + εt1−α

)
− g(t)

ε
, for all t > 0, α ∈ (0, 1). (3.2)

The following are the properties of fractional derivatives:

(1) Dα
t (α1g(t) + β1h(t)) = Dα

t g(t) + Dα
t h(t).

(2) Dα
t (c) = 0.

(3) Dα
t (g(t)∗h(t)) = h(t)Dα

t g(t) + g(t)Dα
t h(t).

(4) Dα
t

(
g(t)
h(t)

)
=

h(t)Dα
t g(t)−g(t)Dα

t h(t)
h2(t) ,

where g and h are differentiable of order α at t > 0. By using Eq (3.1), Eq (1.7) becomes the required
ODE. (

1 + λε2 + µγ2 − k2
)

R′′[ζ) −
(
tanhqR(ζ)l

)m (
eαR(ζ) + βq

)n
+ δ=0. (3.3)

• Suppose α = 2, l = m = n = 1, δ = −q, β = 1, a = 9, p = 1.
Thus, Eq (3.3) can be rewritten as:(

1 + λε2 + µγ2 − k2
)

R
′′

(ζ) −
(
e2R(ζ)

)
=0. (3.4)

We can multiply both sides of Eq (3.4) by R′(ζ) and get the following equation after integration:

1
2

(
−

(
1 + λε2 + µγ2 − k2

)
R′(ζ)2 − e2R(ζ)

)
−C1=0. (3.5)

The integration constant is C1. Let

R(ζ) =
1
2

ln(h(ζ)). (3.6)

Here, Eq (3.5) becomes

− 8C1h(ζ)2 +
(
1 + λε2 + µγ2 − k2

)
h′(ζ)2 − 4h(ζ)3 = 0. (3.7)

By homogeneous balancing principle to determine the value of the parameter K by balancing
in Eq (3.7), we get K = 2. We can rewrite Eq (2.4) as follows:

h(ζ) = ρ0 + ρ1Θ(ζ) + ρ2Θ
2(ζ). (3.8)

A system of algebraic equations is formed by substituting Eq (3.8) into Eq (3.7) with Eq (2.5) and then
setting the coefficients of the corresponding powers of Θ j(ζ), ( j = 0, 1, 2, ...) to zero.

µγ2νρ2
1 − 8C1ρ

2
0 − k2νρ2

1 + νρ2
1 − 4ρ3

0 + νρ2
1λε

2 = 0,
4µγ2νρ1ρ2 − 16C1ρ0ρ1 − 4k2νρ1ρ2 + 4νρ1ρ2 − 12ρ2

0ρ1 + 4νρ1ρ2λε
2 = 0,

αµγ2ρ2
1 + αρ2

1 + αρ2
1λε

2 + 4µγ2νρ2
2 − 16C1ρ2ρ0 − 8C1ρ

2
1 − αk2ρ2

1 − 4k2νρ2
2 + 4νρ2

2 − 12ρ2ρ
2
0

− 12ρ2
1ρ0 + 4νρ2

2λε
2 = 0,
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4αµγ2ρ2ρ1 + 4αρ2ρ1 + 4αρ2ρ1λε
2 − 16C1ρ2ρ1 − 4αk2ρ2ρ1 − 4ρ3

1 − 24ρ0ρ2ρ1 = 0,
4αµγ2ρ2

2 + 4αρ2
2 + 4αρ2

2λε
2 + µγ2ρ2

1 − 8C1ρ
2
2 − 4αk2ρ2

2 − k2ρ2
1 − 12ρ2ρ

2
1 + ρ2

1 − 12ρ0ρ
2
2 + ρ2

1λε
2 = 0,

4µγ2ρ1ρ2 − 4k2ρ1ρ2 − 12ρ1ρ
2
2 + 4ρ1ρ2 + 4ρ1ρ2λε

2 = 0,
4µγ2ρ2

2 − 4k2ρ2
2 − 4ρ3

2 + 4ρ2
2 + 4ρ2

2λε
2 = 0.

After solving this system of equations for {ρ0, ρ1, ρ2, ν, k, α}, we obtain

ρ1 = 0, ρ0 = −2C1, α = −
4C1

ρ2
, ν =

4C2
1

ρ2
2

, k =
√
µγ2 − ρ2 + λε2 + 1. (3.9)

Now derive the exact soliton solutions for Eq (1.1).

3.2. Wave solutions

Case I: If α > 0, ν = 0, then

R±1 (x, y, z, t) =
1
2

log

ρ2

(
±

(
2

√
C1 pq
ρ2

))2

sechpq

2
√
−

C1

ρ2

ρ2
√
µγ2 − ρ2 + λε2 + 1t−

4C1
ρ2

4C1
+ x + y + z




2

− 2C1

,
(3.10)

R±2 (x, y, z, t) = 1
2 log

ρ2

(
±

(
2
√
−

C1 pq
ρ2

))2
cschpq

2 √
−

C1
ρ2

ρ2

√
µγ2−ρ2+λε2+1t

−
4C1
ρ2

4C1
+ x + y + z

2

− 2C1

 .
(3.11)

Case II: If α < 0, ν = 0, then

R±3 (x, y, z, t) = 1
2 log

ρ2

(
±

(
2
√

C1 pq
ρ2

))2
secpq

2 √
C1
ρ2

ρ2

√
µγ2−ρ2+λε2+1t

−
4C1
ρ2

4C1
+ x + y + z

2

− 2C1

,
(3.12)

R±4 (x, y, z, t) = 1
2 log

ρ2

(
±

(
2
√

C1 pq
ρ2

))2
cscpq

2 √
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(3.13)

Case III: If α < 0, ν = α2

4 , then

R±5 (x, y, z, t) = 1
2 log
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(
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(3.14)

R±6 (x, y, z, t) = 1
2 log
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(3.15)

R±7 (x, y, z, t) =
1
2

log
(
− 2C1 + ρ2
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√
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2
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×

tanhpq
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(3.16)
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(3.17)
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(3.18)

Case IV: If α > 0, ν = α2

4 , then

R±10(x, y, z, t) = 1
2 log
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(3.19)

R±11(x, y, z, t) = 1
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(3.21)
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(3.23)

4. Explorations of bifurcation and chaotic analysis of the governing equation

In this section, we explore bifurcation and chaotic analysis. The primary objective of this section is
to convert Eq (3.7) into planar dynamic systems by utilizing Galilean transformation. We then explore
the bifurcation and chaos of the governing equation.

4.1. Dynamic system

Using Galilean transformation, we simplify an ODE into a planar dynamic system. This
transformation reduces the number of independent variables by reducing their relative position or
simplifying their relationships. For instance, we reduced a model with two spatial and one temporal
variable to a system of equations that only depend on time. Considering Eq (3.7), its derivative
concerning time evolution can be written as

−8C1h(ζ) +
(
1 + λε2 + µγ2 − k2

)
h
′′

(ζ) − 6h(ζ)2 = 0. (4.1)

Let h′(ζ) = Z1. Then the dynamic system of Eq (4.1) is described as follows: dh(ζ)
dζ = Z1= N,

dZ1(ζ)
dζ = B1h(ζ) + B2h2(ζ)= G,

(4.2)

where B1 = 8C1
(1+λε2+µγ2−k2) and B2 = 6

(1+λε2+µγ2−k2) . The reduced form of Eq (4.2), makes bifurcation
and phase plane analysis easier. This method has been hypothetically tested and is consistent with
traditional approaches in nonlinear dynamics.

4.2. Bifurcation analysis

Bifurcation refers to sudden changes in a system’s dynamics caused by varying parameters [36–38].
Bifurcation analysis can explain variations in ocean wave formation patterns, including changes in
wave speed and wavelength. By studying bifurcation processes, we can forecast and explain waves
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behavior under various parameter settings. This provides a framework for ocean wave simulation and
prediction. Now we solve the system to find the equilibrium points of Eq (4.2).N = 0,

G = 0.

Thus the equilibrium points are

M1 = (−
B1

B2
, 0), M2 = (0, 0).

To obtain the determinant of the system (4.2), we use

J(N,G) =

∣∣∣∣∣∣ 0 1
B1 + 2B2h(ζ) 0

∣∣∣∣∣∣ = −(B1 + 2B2h).

Equilibrium points are crucial to determining phase orbit behavior. We note the following:

• When J (N,G) < 0, then (N,G) behaves as saddle point.
• When J (N,G) > 0, then (N,G) behaves as center point.
• When J (N,G) = 0, then (N,G) behaves as a cuspidal point.

To analyze the system (4.2) via a phase portrait point of view, we examine changes in the bifurcation
behavior as the parameters vary. We can understand the impact of bifurcation by visualizing the
system’s phase portrait for different parameter configurations. This comprehensive analysis of various
parameter settings enables us to gain a better understanding of the system’s dynamics and evolving
behavior.
The results that can be obtained by changing the relevant parameter are given here.

Case I: When B1 > 0 and B2 > 0
By setting the specific parameter values ε = 1,C1 = 1, λ = 1, µ = 1, k = 1 and γ = 1, we obtain
equilibrium points (-1.33,0) and (0,0) as represented in Figure 1(a), in which (0,0) behaves as saddle
point and (-1.33,0) act as center point.

Case II: When B1 < 0 and B2 > 0
By setting the specific parameter values ε = 1,C1 = −1, λ = 1, µ = 1, k = 1 and γ = −1 we get
equilibrium points (0,0) and (1.33,0) which are visualized in Figure 1(b). Clearly (0,0) represents a
center and (1.33,0) is saddle point.

Case III: When B1 > 0 and B2 < 0
By setting the specific parameter values ε = 1,C1 = −1, λ = 1, µ = 1, k = 2 and γ = 1, we observe
equilibrium point (0,0) and (1.33,0), which is illustrated in Figure 2(a). Evidently, (0,0) represents a
saddle point and (1.33,0) is center.

Case IV: When B1 < 0 and B2 < 0
By setting the specific parameter values ε = 1,C1 = 1, λ = 1, µ = 1, k = 2, and γ = 1, we get
equilibrium points (-1.33,0) and (0,0)as depicted in Figure 2(b), in which (0,0) behaves as a center
point, (-1.33,0) act as saddle point.
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(a) (b)

Figure 1. Phase portraits for Case I and Case II are represented in Figure (a),(b) respectively.
In both figures star symbol depicts the equilibrium point.

(a) (b)

Figure 2. Figure (a),(b) Phase portraits for Case III and Case IV, respectively. In both figures
star symbol depicts the equilibrium point.

4.3. Chaotic behavior

In this subsection, we investigate the quasi-periodic chaotic [32–35] behavior exhibited by the
system Eq (3.17) when a perturbation term is introduced. To provide a clearer understanding of the
system’s chaotic nature, we present both two- and three-dimensional phase diagrams. The dynamical
system resulting from the perturbation of system Eq (4.2) is expressed as follows:dh(ζ)

dζ = Z1 = N,
dZ1(ζ)

dζ = B1h(ζ) + B2h2(ζ) + α̂ cos(εt) = G.
(4.3)
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Our focus is on examining how the frequency ε and amplitude α̂ in the perturbation term α̂ cos(εt)
influence the system’s dynamics. Figures 3 and 4 depict the behavior of the system in Eq (4.3) under
various values of α̂ and ε, while keeping the other parameters as: C1 = −0.7, K = 0.5, ε = 2.0,
γ = 0.5, λ = 1 and µ = 1. In Figure 3(a),(b), where α̂ and ε are set to 0.05 and 0.09, respectively,
relatively simple, spiral-like pattern is observed. In Figure 4(a),(b), with α̂ and ε set to 0.09 and 0.1,
we see a more symmetrical but still chaotic pattern. Moreover, in Figure 5(a),(b) and Figure 6(a),(b),
where α̂ and ε are set as (0.1, 0.25) and (0.2, 0.25) respectively, we observe the system displays a
relatively a complex, spiral structure. These visualizations highlight how changes in the parameters
α̂ and ε affect the chaotic behavior of the system, leading to a range of complex and unpredictable
patterns. The visualizations provided here effectively demonstrate the chaotic nature of the perturbed
dynamic system. If we set the fractional order equal to 1, the systems turn into their classic form, but
when 0 < α < 1, the memory and hereditary effects introduced by the fractional operator change the
qualitative behavior of the system. This effect manifests in the phase portraits and bifurcation patterns,
which are significantly different from the case of classical systems. The motivation for employing the
fractional derivative therefore, lies in the ability to capture these intricate dynamic properties that are
not present in the integer-order systems.

(a) (b)

Figure 3. Visualization of 2D and 3D chaotic dynamics with α̂ = 0.05 and ε = 0.09.
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(a) (b)

Figure 4. Visualization of 2D and 3D chaotic dynamics with α̂ = 0.09 and ε = 0.1.

(a) (b)

Figure 5. Visualization of 2D and 3D chaotic dynamics with α̂ = 0.1 and ε = 0.25.

(a) (b)

Figure 6. Visualization of 2D and 3D chaotic dynamics with α̂ = 0.2 and ε = 0.25.

AIMS Mathematics Volume 10, Issue 8, 17779–17800.



17794

5. Results and discussion

We have developed the exact solution for the generalized (3+1)-dimensional fractional q-deformed
tanh-Gordon model using the SSET. This study presents an innovative approach through the utilization
of the SSET and conducts comprehensive analyses of the dynamical system, bifurcation, chaotic
analysis. To ensure the solutions are highly sensitive, look at the chaotic analysis of the ones that
were obtained. Numerous wave solutions in the form of trigonometric and hyperbolic functions have
been produced by the suggested method, these solutions are distinct and have important ramifications
for mathematical physics. Plotting the multiple distinct architectures of the acquired solutions such
as dark, bright, singular, and numerous periodic solutions is done to provide a physical explanation
for the outcomes. Different sorts of solutions are obtained, such as bright, dark, kink, singular, and
periodic solitons. In optical fibres and non-linear media, a bright soliton is a localized wave that
keeps its shape while propagating and is distinguished by a peak over a zero or constant background.
It frequently symbolizes energy or light pulses. A dark soliton, on the other hand, is important in
optical and plasma physics and is characterized by a localized intensity dip in a continuous wave
background. This type of soliton is usually seen in de-focusing nonlinear systems. They depict
recurring wave shapes. The SSET along with Mathematica and MATLAB programming employing
ode45 and RK4 techniques for phase plane analysis significantly improves computational efficiency.
This is accomplished by efficiently managing complex calculations and symbolic operations that can
surpass traditional numerical methods and speed up the analysis process. 3D plot of the fractional q-
deformed equation’s soliton solution for different deformation parameter q values. The plot shows the
effect of the deformation on the soliton profile by showing how the soliton amplitude and width vary
as q increases. The soliton solution’s contour graphic illustrates the temporal and spatial evolution
for fractional order. The graphic illustrates how fractional order affects the soliton’s stability and
propagation, while the outlines depict the soliton’s wavefront. A two-dimensional graphic of the soliton
solution with varying fractional order values.

Graphical representation

To gain a comprehensive knowledge of the physical properties of the solutions described, 3D,
contour and 2D plots were generated by selecting appropriate parameter values (see Figures 7–11).
These plots allow for a visual representation of how the solutions behave in different dimensions, which
helps analyze their physical characteristics and behaviors. We recognize that previously displayed
2D and 3D graphs do not properly show the influence of fractional order. To address this, We
added more charts showing how the solution profiles vary for various fractional parameter values.
These comparison visualizations make possible a deeper physical understanding of the function of the
fractional derivative in the system is made possible by these comparison visualizations, which make
it clear how variations in fractional order affect the amplitude, and dynamics of the solutions. The
fractional derivatives physically represent the impact of nonlocality spatial-temporal or long-range
interactions, which can cause the solitons to exhibit more intricate and counterintuitive behavior.
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(a) 3D

-10 -5 0 5 10

-4

-2

0

2

4

(b) Contour

-10 -5 5 10

0.5480

0.5485

0.5490

0.5495

0.5500

(c) 2D

Figure 7. Physical representation of |R±4 (x, y, z, t)|, illustrate the solution of Eq (3.13) which
is singular soliton when γ = 0.5,C1 = −1.5, λ = 1, µ = 1, p = 2.2, q = 0.11, ρ2 = 0.5, t =

1, z = 1 and ε = 0.76.
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Figure 8. Physical representation of |R±7 (x, y, z, t)| the dark soliton solution of Eq (3.16) when
γ = 0.5,C1 = −0.04, λ = 1, µ = 1, p = 0.52, q = 0.11, ρ2 = −0.9, t = 1, z = 1 and ε = 0.76.

(a) 3D

-4 -2 0 2 4

-1.0

-0.5

0.0

0.5

1.0

(b) Contour

-4 -2 2 4

0.8

1.0

1.2

1.4

1.6

(c) 2D

Figure 9. Physical representation of |R±8 (x, y, z, t)|the bright soliton of Eq (3.17) when γ =

0.5,C1 = −0.1, λ = 1, µ = 1, p = 0.52, q = 0.11, ρ2 = 0.5, t = 1, z = 1 and ε = 0.76.
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(a) 3D
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Figure 10. Physical representation of |R±9 (x, y, z, t)|,the solution of Eq (3.18) which is periodic
soliton when γ = 0.5,C1 = −0.01, λ = 1, µ = 1, p = 2.2, q = 1.11, ρ2 = 0.32, t = 1, z =

1 and ε = 0.76.
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Figure 11. Physical representation of |R±10(x, y, z, t)| the smooth plane soliton of Eq (3.19)
when γ = 0.5,C1 = −0.01, λ = 1, µ = 1, p = 2.2, q = 1.11, ρ2 = 0.32, t = 1, z = 1 and ε =

0.76.

6. Conclusions

A well-known fractional quantum equation that controls the propagation of nonlinear waves in
a range of physical settings, including shallow water waves, optical fibres, and plasma physics, is
the q-deformed fractional equation. This thorough study offers a thorough analytical and dynamic
analysis of this problem. The governing equation has a set of new and precise solitary wave solutions.
The analytical solutions were found using the SSET, which offered fresh perspectives on the intricate
dynamics and nonlinear behavior present in the model under study. Graphical representations of the
localized nature, characteristic structures, and amplitude profiles of these solitary wave solutions allow
for a better understanding of the physics behind the model. In order to investigate bifurcations and
chaotic behavior of the governing equation, we also used Galilean transformation to turn the ODE
into a dynamical system. We used MATLAB to create graphical representations that improved our
understanding of the dynamics of the system. Our work is creative and has the potential to produce
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17797

many new accomplishments that have not yet been discovered.
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