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Abstract: This article investigates two mathematical models describing the transmission dynamics
of infectious diseases, with a particular focus on the impact of vaccination. Both models partition
the total population into five compartments: susceptible individuals S(7), exposed individuals E(7),
asymptomatic infected individuals I,(#), symptomatic infected individuals Ig(7), and vaccinated
individuals V(#). The first model incorporates discrete time delays to explore their effect on the
stability of disease-free and endemic equilibrium. The second model introduces a control intervention
to assess its influence on disease mitigation. For both frameworks, we establish the non-negativity
and boundedness of solutions, ensuring biological feasibility. We then derive the basic reproduction
number Ry to characterize the local and global stability of the equilibrium. Global asymptotic
stability is proven by constructing appropriate Lyapunov functions. Finally, numerical simulations
are presented to illustrate and support the theoretical results, emphasizing the influence of time delays
and vaccination strategies on the long-term behavior of the models.
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1. Introduction

The study of mathematical models for infectious diseases is essential for understanding the
dynamics, existence, stability, and control of epidemics [1]. Classical mathematical models, while
foundational, often face limitations in capturing the full complexity of real-world phenomena. To
overcome these challenges, various forms of differential equations have been introduced, offering
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improved accuracy and flexibility. These advanced modeling techniques have found applications
not only in epidemiology but also in diverse disciplines such as production, optimization, artificial
intelligence, medical diagnostics, robotics, and cosmology. In recent decades, mathematical modeling
has been extensively employed to analyze biological systems and processes, for example see [2].

Real-world phenomena are frequently modeled using mathematical equations, which serve as
robust tools for analyzing and interpreting complex systems. Mathematical epidemiology, a discipline
that has evolved significantly over the past two centuries, employs such methodologies to study the
spread and control of infectious diseases. Early foundational work includes D’Alembert’s 1761
analysis of mortality risk and Bernoulli’s 1766 modeling of endemic prevalence, life expectancy,
and disease transmission dynamics [3]. While Bernoulli’s contributions laid important groundwork,
they received relatively limited recognition compared with later developments—most notably, the
Kermack—McKendrick (Susceptible, Infected and Recovered) SIR model. This classical framework
captures epidemic transitions via infection and removal processes, though it does not account for
features such as endemic persistence or recurrent outbreaks [4]. Building on these foundations,
subsequent researchers have extended the reach of mathematical modeling beyond epidemiology into
diverse disciplines including the natural sciences, engineering, social sciences, and even domains such
as music and philosophy. Mathematical models continue to be instrumental in analyzing systems’
behavior, quantifying impacts, and forecasting outcomes in both theoretical and applied contexts [5].

In recent years, mathematical modeling has played an increasingly prominent role in the study of
infectious diseases. Researchers have employed these models to capture a wide range of phenomena,
including the spread of SARS-CoV-2 [6], dynamics within financial systems [7], predator—prey
interactions [8], and the transmission patterns of COVID-19 [9]. For instance, the human respiratory
syncytial virus has been investigated using optimal control theory and bifurcation analysis to better
understand disease dynamics and intervention strategies [10]. These models serve as essential tools
for predicting disease progression and formulating effective public health responses, enabling the
development of strategies to contain or eradicate outbreaks before they escalate into pandemics.

The COVID-19 pandemic, which has profoundly affected global public health, economies, and
societal structures over the past four years, has spurred significant research activity across multiple
disciplines. In particular, mathematical models have served as essential tools for analyzing key
aspects of the pandemic, including infection control, transmission mitigation, vaccine deployment,
and treatment strategies involving immunization [11]. In recent developments, fractional calculus
has been increasingly utilized to capture the complex memory and hereditary properties of COVID-
19 dynamics [12]. These models offer enhanced flexibility in characterizing anomalous diffusion
and nonlinear behavior that are often observed in epidemiological processes. Moreover, advanced
mathematical techniques such as stability theory and numerical simulations involving stochastic and
nonlocal fractional differential operators have further enriched the analytical framework, providing
deeper insights into the system’s behavior under uncertainty and spatial heterogeneity [13].

Mathematical modeling remains a vital tool for analyzing the dynamics of infectious diseases
and designing effective control strategies. In the classical compartmental model, the population is
divided into three classes: susceptible, infected, and recovered individuals [4]. To enhance the realism
and applicability of this model, various extensions have been proposed that incorporate additional
epidemiological factors and refine the population structure. These modifications aim to improve the
accuracy and predictive power of the model, thereby enabling the development of more targeted
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and efficient intervention strategies. Common approaches include subdividing the population into
further categories and incorporating mechanisms such as control actions that influence the transmission
dynamics. In models that incorporate control measures, several intervention strategies are considered,
each designed to reduce the transmission rate between susceptible and infectious individuals. The
optimal choice of control strategy depends on factors such as the nature of the disease, host
characteristics, and the severity of the outbreak. For further studies discussing epidemic models with
control interventions, see [14]. In addition, time delays are often integrated into epidemic models to
more accurately reflect the biological and behavioral processes involved in disease transmission. These
delays represent incubation periods, delayed immune responses, or the time required for interventions
to take effect. Mathematically, they are modeled using delay differential equations. For more detailed
investigations on time-delay in epidemic models, see [15].

This study aims to develop two extended epidemic models that build upon the framework
introduced in [16]. The proposed models incorporate transmission dynamics in five epidemiological
compartments: susceptible individuals S, exposed individuals E, asymptomatic infectious individuals
I4, symptomatic infectious individuals Ig, and vaccinated individuals V. Since recovered individuals
are assumed to have no further impact on disease transmission, they are excluded from the current
modeling framework. The first model refines the structure in [16] by introducing two discrete
time delays: J and N. The delay J accounts for the incubation period between exposure and
infectiousness, while N represents the lag associated with vaccine deployment or the time required
for individuals to develop immunity following vaccination. The second model incorporates a control
variable v to represent intervention strategies aimed at reducing transmission. This control-based
framework enables the evaluation of policy-driven actions in mitigating the spread of the disease.

The structure of this paper is as follows. In Section 2, we present and analyze the discrete time-delay
model. Section 3 introduces the control-based model and investigates its dynamic behavior. Numerical
simulations illustrating the theoretical results and exploring the impact of key parameters are provided
in Section 4. Finally, Section 5 summarizes the main findings and offers concluding remarks.

2. Discrete time-delay model SEI4IV

In this section, we extend the epidemic model originally proposed in [16] by formulating a system
of delay differential equations. The modified model incorporates time-delay factors to investigate their
influence on the transmission dynamics of infectious diseases. Specifically, we analyze how incubation
and vaccination delays affect the progression and control of outbreaks. Let S(7), E(t), 14(¢), Is(¢), and
V(r) denote the populations of susceptible individuals, exposed individuals, asymptomatic infected
individuals, symptomatic infected individuals, and vaccinated individuals, respectively, at time ¢. These
compartments reflect the epidemiological structure upon which the delay-based model is constructed.

2.1. System formulation

The developed model is described as
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% = 2 - S (011a() + 025 (1)) = (£ + DS(),
dE
O = T80 - D)@t = T) + 0l 1 = TN + & Ne Vit = NNt~ N) + Tt~ N)
— (o + OE(®),

2.1
dﬂs’z(t) = a0 E() — (@ + YL(®), -
dﬂ;t(t) =1 -a)cE@®) - (@, + ) (2),

dv
M = £50) - £0 VO L) ~ £V 150) ~ (0 + 0 V),

Hence, 7 is assigned to delay in infection due to the incubation period of the disease and N is defined
as the delay in vaccination, which reflects the time lag in the production of the vaccine or the delay
in individuals receiving the vaccination. The probabilities of infected individuals surviving during the
delay periods [0, J] and [0, N'] are given by e~ and e~2", respectively. The parameters of the model
are illustrated in Table 1.The initial conditions for the proposed model (2.1) are

S(X) = Zi(X), EWX) = Zo(X), LX) = ZsX), Is(X) = Zu(X), V(X) = Z5(X),

_ 2.2
ZiX)>0, Xe[-7,00>0,i=1,...,5, 2.2)

where 7~ = maX{N, j} and (ZI(X)a Z2(X)9 -Z_3(X)a Z4(X)9 -Z_S(X)) € C([_T9 O]a Rio) such that C
is the Banach space of continuous functions mapping the interval [-7", 0] into Rio. From [17], the
model (2.1) has a unique solution satisfying the initial states (2.2).

Table 1. Description of the parameters in the proposed model [16].

Parameters Description

= The rate of addition to the susceptible population

01 The transmission rate among asymptomatic susceptible individuals

02 The rate of infection among susceptible individuals exhibiting symptoms
4 Rate of vaccination

L Rate of natural mortality

& Ineffectiveness of the vaccine ,0 < e <1

ao Rate of progression from E(¢) into I4(#), where 0 < a < 1

(1-a)o Rate of progression from E(7) into I (7)

0 Vaccinated rate of individuals and that transition to the recovered group
@ Infected recovery rate without symptoms

(P Infected recovery rate with symptoms

2.2. Preliminaries

This section illustrates the important features of the system (2.1).
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Theorem 1. The solutions of the system (2.1) with the initial data, are non-negative and bounded, such
that any solution with the initial conditions in B remains within B for all t > 0. Thus, B is positive

invariant, where ‘B is defined as

B = {(S,E,]IA,I[S,V) €eR),:0<S,E I, L,V <

hlI]
~——

Proof. 1t is clear from the first equation of (2.1) that

for all > 0.
Similarly, it follows from the second equation of the system (2.1) that

dE
D)y =TS0 = T) @It - ) + 015 (= T)

dt
+ e Ne V(1 — N)(01Ia(t = N) + 0I5 (1 = N)) = 0

for all ¢ > 0. Furthermore, from the third equation of system (2.1), it can be shown that
dla(t
2?;( ) -0 = @ E(t) >0

Using the same approach as that for S(¢), E(#), and I4(¢), it is easy to show that I () > 0, V(¢) > 0.
Adding the first three equations and the last three equations in the system (2.1) gives,

such that

Ny = S(t) + E(#) + 14(2) + Is () + V(2).

It follows that
dN

E—(L+E)Ny£d—:<E—LNy

So that

~ | [1]

[1]

< liminfNy(t) < lim supNy(t) <
—o00

—
= 1o

Hence

~ | [1]

lim supNy(t) <
t—o00

O

Volume 10, Issue 8, 17705-17739.

AIMS Mathematics



17710

2.3. The basic reproduction number

One of the important tools that can be used to establish the behavior of equilibria is the basic
reproduction number Ry. As a result, we will derive R, by constructing the next-generation matrix
SIT7! as follows [18]:

0 01 (e 9ISy+ e NeVy) 0, (e TSy + e NeVy)
I=10 0 0 ,
0 0 0

where, J is the Jacobian matrix of the new infection terms evaluated at the disease-free equilibrium
U,. These terms correspond to the nonlinear components in the equations governing the E, 14, and I
compartments. We then determine the matrix IT as follows:

o+t 0 0
II= —ao w + 1t 0 ,
-(1-ao)o 0 wy + 1

where, II represents the Jacobian of the transition terms evaluated at the disease-free equilibrium.
These terms are typically linear in the infected state variables. Thus, we get

o(e= 1T Sp+e~2N V) ( o1 @ 02 (l—a)) 01 (e 1TSg+e™2NeVy) 02 (eI So+e~ 2N V)
| (o+1) w1+t wy+t w1+t W+t
~T—
I = 0 0 0
0 0 0

Then, the basic reproduction number R is the maximum eigenvalue of of the matrix SIT~!, which is
obtained as follows:

o ISg+e NeVy) (o1 0, (1 —a)
m() +
(oc+1) w1 wy + 1
B o(e ISy +eNeVy) o1 (e ISy + e NeVy) o, (1 —a)
B (o+1) w + 1t (c+1) wy
Ro,l RO,Z

Hence, R, and Ry, describe the average number of secondary cases caused by contact with the
infected individuals without symptoms and the average number of secondary cases related to infected
individuals with symptoms, respectively.

2.4. Steady states
Lemma 2. System (2.1) has a positive basic reproduction number R, such that the following hold:

(i) If Ry < 1, then (2.1) has only one fixed point U.

(i1) If Ry > 1, then (2.1) has two equilibrium points U, and U".

Proof. To obtain the equilibria of (2.1), Let (S, E,I4,Is, V) be an equilibrium point that solves the
following system:

0 = E-01SIh—0:515 = (£ +0)S, (2.3)
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0 = e IS (oils +0ls) + e NeV(oIs + 02ls) — (0 + VE, (2.4)
0 = acE - () +0)ly, (2.5
0 = 1-a)cgE - (w, + g, (2.6)
0 = (S-e0/Vlj —e0,VIg—(0+0) V. 2.7

Then, by some calculations, we get

—
Y
[l

S = , (2.8)
(222 + 280N B+ (L +0)
I, = acE ’ (2.9)
w) +1L
1- E
[ = U-OIE (2.10)
wy t+ 1L
(E ][ 1
Vo= ao -a)o ao -a)o ' (2.1D)
(222 + 2B E 4 (40 | (L2 + 2L0T) 2B 4 (0 +1)

By substituting Eqs (2.8)—(2.11) into (2.4), we have

HE(BE*>+ B,E+8B;) =0, (2.12)
where,
2o 1
e MPEE M, (+0) +sW+ ) E-(C+0)(+0)
B = el+o) M,
B, = Mi[le+D @+ +@+0))-Ee T eM],
By = (1-NRyp).
where
[ oaoca  oo(l-a)
Mi = ((wl+t>+ (@2 +1) )

Hence, from (2.12) we see the following:

(i) If E = 0, then from (2.8)—(2.11), we see that the disease-free equilibrium point will be U, =

_(E EL
(80,0,0,0,Vp) = (£,0,0,0, =5).

(i) If E # 0, then B;E* + B,E + B3 = 0. Since B; - 48, B; > 0and B; < 0 if and only if
Ro > 1, which implies that there is a positive real root E* when Ry, > 1. By substituting E* into
(2.8)—(2.11), we get

E* 1- E*
I = G9=  and ]@:%
w1+t wy t+1L

AIMS Mathematics Volume 10, Issue 8, 17705-17739.



17712

—
=
[l

St =
ao 1-a)o % ’

(97;'1+L + 92”(072+L) )E + (g + L)
and

= 1

V' e 92(1—5)0 ] ]( car  o(-0c) .o :
(ZU'1+L + wo+t )E +(§+L) (’(D'1+L + w+L )8E +(Q+L)

It is observed that the endemic equilibrium point U* = (S*,E*, I}, I, V*) exists if Ry > 1. O

2.5. Global stability of the equilibrium points

This section explores the global stability of the fixed points of the system (2.1) by establishing
suitable Lyapunov functions. Suppose that the function D : R,y — R, is defined as G(Y) =
Y — 1 -1nY. To simplify, we assume (S(t), E(7), [4(2), Is (1), V(2)) = (S, E, 14,5, V).

Theorem 3. If R, < 1, then the disease-free equilibrium point U, of the system (2.1) is globally
asymptotically stable (GAS).

Proof. See Appendix A, subsection ‘“Proof of Theorem 3. O

Theorem 4. The endemic equilibrium point U* of the system (2.1) is globally asymptotically stable
(GAS) if and only if Ry > 1.

Proof. See Appendix A, subsection “Proof of Theorem 4”.

3. Control of the SEI,I5V model

The present section deals with the analysis of the mathematical model under the effect of a control
action v(¢), such that v(r) € [0, 1]. The case v(f) = 0 corresponds to no control action, while the case
where v(f) = 1 suggests that transmission is totally prevented.

3.1. System formulation

We develop the model in [16] to incorporate a control action to reduce the outbreak of infectious
disease v(t). The proposed model is follows:

dsS

% =E— (1 = v(0)) S (011a(1) = 02I5(1) — (£ + 0S(),

d]iit) = (1 —=v(®))(©01STy +0:SIs +£0,VIy + £0,VIg) — (0 + VE,

dI[:;t(t) = o B(t) — (@1 + )Li(0), (3.1)
? =1 -a)oB@) — (dr + ) (0),

dV (1)

7 = {S(t) - (1=v(2) (8Q1V(t) INGE 8Q2V(l) Is (1)) — (Q + ) V),

AIMS Mathematics Volume 10, Issue 8, 17705-17739.
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3.2. Preliminaries

Theorem 5. All solutions of the model (3.1) are positive and bounded, such that any solution with the
initial conditions in B remains within B for all t > 0. Thus, B is positive invariant, where B is defined

as
L}'

| ]

B = {(S,E,]IA,I[S,V) €R),:0<S,E I, L,V <

Proof. The first equation of (3.1) clearly shows that

for all ¢ > 0.
In the same way, the second equation of the system (3.1) implies that

dE(1)
dt

le=o =1 =v(O)@1SIa+ 0S5y +eo1VIy +e02VIs) 20
for all £ > 0.
Additionally, it can be demonstrated from the third equation of the system (3.1), that

dla(?)
dt

=0 =acE@{) >0

By applying the same approach used for S(¢), E(?), and I4(?), it is straight forward to demonstrate that
Is(#) > 0, and V(¢) > 0.
Adding the first three equations and the last three equations in the system (3.1) results in:

an _
dr

[1]

—N.
In this way
N = S(t) + E(r) + I4(¢) + I (1) + V(2).
It can be concluded that
dN
E-CL+EN< — <E-—-IN.
(t+E) o L

In order, this leads to

—
—
—

<liminfN(t) < lim supN(t) <
t—o00

+ 2 7 o

~ | [1]

Therefore

~ | [1]

lim supN(¢t) <
—o0

O
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3.3. The basic reproduction number

In order to establish the basic reproduction number Ry(v), we assume that v(¢) = v is constant. We
then determine the next-generation matrix JI1~! following a procedure similar to that in Section 2.3.
Thus, we have:

0 (I1-vo1So+eVy) 021 -v)(Sp+eVy),
3=10 0 0
0 0 0
and
o+t 0 0
II= —ao w +1t 0
-(1-ao)o 0 wy + 1
Thus, we get
(1-v) o(Sp+&Vp) (M + 2 (l—a)) (I-v)o1 (So+eVp)  (1-v) 02 (So+&Vp)
S (o+1) w1+t wo+t W+t wy+t
J = 0 0 0

0 0 0

Hence, the basic reproduction number Ry(v) is as

Ro() (1—V)0'(So+8Vo)( o o (1 —01))
(o +0) W+t wy + 1L
(1 =v)o(So +&Vy) 01 @ N (1 =v)o(Sp +&Vp)ox (1 —a)
(c+1) wy +1 (c+1) o+l
Ro.1 Ro2

Hence, Ry 1(v) and Ry, (v) describe the average number of secondary cases caused by contact with the
infected individuals without symptoms and the average number of secondary cases related to infected
individuals with symptoms, respectively.

3.4. Steady states

Lemma 6. The system (3.1) has a positive basic reproduction number R((v) such that the following
hold:

(1) When Ry(v) < 1, then only one equilibrium point U, exists.
(ii) When Ry(v) > 1, then two equilibria U, and U* exist.

Proof. To find the equilibria of (3.1), we assume that the point (S, E, 14, s, V) is an equilibrium that
solving the following equations:

0 = E-(-v(®)(@iSIs+ (025Is) = (£ +0)S, (3.2)
0 = (1=-v(®))01SITy+0,SIg +c0, VI +e0,VIs) — (0 +0)E (3.3)
0 = acE— (o +0)l4, 3.4)
0 = (1-a)cE - (m; + g, (3.5)
0 = {S-(0-v) (Vi -0V -0+ V. (3.6)

AIMS Mathematics Volume 10, Issue 8, 17705-17739.



17715

To simplify, consider 6; = (1 — v) 0y and 6, = (1 — v) 0,. After some calculations, we have

—
—

S = — , (3.7)
(‘;:—f + —525;2‘3)")15 + (L +0)
E
L = = (3.8)
w1+t
1- E
I = ﬂ, (3.9)
wy + 1L
(B 1
vV = ) (3.10)
(‘;:—f + —‘5222‘3‘7)]5 +(C+ L)][(‘;]‘—:‘L’ + —522;?‘7)315 +(0+0)
Now, by substituting Eqs (3.7)—(3.10) into (3.3), we get
HE(BE*+ B,E+8B;) =0, (3.11)
where,
1
H = 5 ,
—eMUE =M, (t+0) +e((+)E-(+1)(t+0)

B, = el+o0) M,

B, = Mi[le+0) (el +0)+ (T +1)-ZEeM],

B; = (1-Re)).

where

M] _ O'( 61a +52(1—Q’))’

(@ +0) (w2 +0)
Thus, from (3.11), we conclude the following:

(i) When E = 0, then, from (3.7)—(3.10), we obtain the disease-free equilibrium point U, =
_ (= EZ
(S0,0,0,0, Vo) = (£,0,0,0, >4,
(ii) When E # 0, then we find B,E* + B,E + B; = 0. Since B 48, 8; > 0and B; < 0 if and
only if Ro(v) > 1, implies a positive real root E* if Ry(v) > 1 exists. By substituting E* into

(3.7)-(3.10), we get

E* 1- E*
o= 998 e UZ®oE
wy +t wy + 1L

—
=
—

(M + —52(1‘“)‘7)]5* +(C+0)

w1+t w+L

St =

and
/= |
(220 + 20OV Be 4 (£ +0) ) (222 + 2E0T) 2B + (0 +1)

w1+t w+t w1+t wott

Vo=

It is clear that the endemic equilibrium point U* = (S*,E*, I}, I, V*) exists if Ro(v) > 1. m]

AIMS Mathematics Volume 10, Issue 8, 17705-17739.
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3.5. Asymptotic controllability

In order to simplify the calculations, we set o; (1 —v) = E; and 0, (1 —v) = &,. Hence, we examine
the global stability of the disease-free equilibrium point U, and the endemic equilibrium point U™ by
constructing the Lyapunov function. Model (3.1) can be formulated as a nonlinear control system

X = ZX(), (1)), X(0) = X,

where X = (S,E,I4,Is, V)T € Y, v(f) = v, and v € [0, 1]. Next, we prove that for any initial Y € Y,
v € [0, 1] exists such that lim,_,., X(0) = U,

Theorem 7. The system (3.1) is asymptotically controllable from T to U, if v > v, where v" =

_ (o+1) 1
max {0, 1 (a'(SO+£Vo)) ( e, 00

T wyH

Proof. See Appendix A, subsection “Proof of Theorem 7. O
Theorem 8. The endemic equilibrium point U* is GAS if and only if Ry(v) > 1.

Proof. See Appendix A, subsection “Proof of Theorem 8. m|
4. Numerical simulations

4.1. Sensitivity analysis

Sensitivity analysis of the model with respect to the basic reproduction number R, provides
valuable insight into the extent to which changes in the model’s parameters affect disease transmission
dynamics. To perform this analysis, we compute the partial derivatives of R, with respect to each
parameter, thereby quantifying the sensitivity of R to perturbations in those parameters. This approach
helps identify which factors most critically influence the potential for an outbreak and informs targeted
intervention strategies.

%, oc((o+ve T +eNe) [ 0, a Lo (1- a)) =

(c+0(+0) w) + 1 wy+t )+t

) )S) ) S
We notice that omo >0, %050, o o B Do By, ‘m" > 0, and

> Doy > 9w > 9w,y arre )
MRy (o1 a(@ +0)+0, (1 —a)(@ +1)oE( — (0 + e T 4+ emeNg)N)
o (0 + (¢ + (@) + (@2 + ) +1))? ’

where I' = (@ +1)(@2 + ) +0)(T+0)(C +0) + (0 +0)e T (wr + 1) +1)(0 +1) + () +0)(0+1)e T ) +
(o + 1) + (@) + 1) (@ + 1) +1)(o +1)e~¢7 . Consequently, an increase in the parameters o, 0,, Z, and
o results in an elevated basic reproduction number R, indicating a heightened potential for disease
transmission. In contrast, variations in the parameter ¢ exert no influence on R,. The remaining model
parameters exhibit a negative sensitivity, such that increases in their values contribute to a reduction in
Ro. These findings highlight the parameters that are most critical in shaping epidemic outcomes and
can thus inform targeted public health strategies.

AIMS Mathematics Volume 10, Issue 8, 17705-17739.
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To support our analytical findings, we present numerical simulations for System (2.1) and
System (3.1). These simulations confirm the validity of our theoretical results and offer further insight
into the systems’ dynamics. In particular, we illustrate the influence of time delays and the control
parameter on the asymptotic behavior of the system’s fixed points. Additionally, we examine the impact
of the vaccination rate on mitigating the spread of infectious diseases, demonstrating its effectiveness
in reducing an outbreak’s intensity.

As our study is performed to discuss a general infectious disease model, the parameter values will
be assumed and are given in Table 2.

Table 2. Parameters values.

E o 01 ¢ 4 o a w w p L € 6 &
10 varied varied vaied varied 03 0.5 03 03 02 02 04 04 03

4.2. Numerical examples of the system (2.1)

To solve the system (2.1), we apply the parameter values in Table 2. We also submit the following
three different initial conditions:

e IC, S(0) = 60,E(0) = 20,1,(0) = 15,I5(0) = 10, V(0) = 25.
e IC, S(0) =40,E(0) = 30,1,(0) = 20,I5(0) = 15,V(0) = 23.
o IC; S(0) = 10,E(0) = 5,14(0) = 4,15(0) = 4,V(0) = 3.

Case A: The effect of o, and o, on the stability of U/, and U*

In this case, we set N = 9 = 7 = 0.3. We then examine two scenarios.

Scenario 1: We choose o; = 0.02 and o0, = 0.03. We then compute Ry = 0.57 < 1. From Figure 1, it is
observed that the solutions approach U, ~ (17,0,0,0, 17). According to Theorem 3, the disease- free
equilibrium point U is GAS. This result corresponds to Theorem 3.

Scenario 2: We choose o; = 0.3 and o, = 0.2. We then compute R, = 5.76 > 1. From Figure 1, it is
clear that the solutions tend to U™ =~ (5, 16, 5, 5, 2). According to Theorem 3, the endemic equilibrium
point U* is GAS. This outcome is in accordance with Theorem 4.

Case B: The effect of time delays on the behavior of the system (2.1)

To study the effect of time delays in decreasing the spread of infectious disease, we assume N =
J = 7 and we select the values of o; = 0.3 and o, = 0.2 in the case where Ry > 1. From Table 3
and Figure 2, we conclude that the solution simulations reach to the equilibrium U,, when N = 7 is
increasing. Additionally, in Figure 3(a), the vaccination delay N is held constant while the infection
delay J is varied. The results indicate a clear decline in the basic reproduction number Ry as
increases. Similarly, Figure 3(b) shows that varying N while keeping J fixed also leads to a reduction
in Ry. A comparative analysis of Figures 3(a) and (b) suggests that the impact of J on R, is more
pronounced than that of N. In Figure 3(c), where both delays NV and (J are set to equal values, R,
declines significantly and drops below unity, indicating that synchronized delays in both transmission
pathways can effectively suppress disease spread. Biologically, this behavior can be interpreted as
follows: The inclusion of both vaccination and infection delays yields distinct mechanisms for reducing
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Ro. The vaccination delay N indirectly lowers transmission by limiting the contact and mobility of
individuals awaiting vaccine efficacy, thereby reducing their contribution to the infection process. In
contrast, the infection delay J directly interrupts transmission chains, decreasing the average number
of secondary cases produced by an infectious individual. Mathematically, these effects are captured by
exponential decay terms such as e~ and e~V which reflect the attenuation of transmission potential
over time. Collectively, these delays exert a synergistic influence, leading to substantial suppression of
the epidemic’s propagation.
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Figure 1. Solution of the system (2.1) with different initial values. Case I: Ry < 1; Case II:
mo > 1.
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Figure 2. Solution of the system (2.1) with different values of time delays and R, > 1.

Table 3. The values of R, with different values of N = 7.

N=9 Equilibria

Ro

0.5
2.5
4.6
5.5

U = (4, 14,4,4,17)
U ~(8,5,2,2,5)

U, ~ (16,0,0,0, 16)
U, ~ (16,0,0,0, 16)

5.32
2.39
1.03
0.72
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Case C: The effect of the vaccination rate £ on the solution trajectories of the model (2.1)

In this case, we numerically solve the system (2.1) for varying values of the vaccination rate
parameter { to investigate its impact on the transmission dynamics of the infectious disease. The
parameters are fixed at N = J = 03, oy = 0.3, and o, = 0.2. As illustrated in Figure 4,
increasing the value of { causes the trajectories of the system (2.1) to converge toward the disease-
free equilibrium . This outcome indicates that higher vaccination rates are effective in steering the
system toward disease eradication. Consequently, we conclude that vaccination plays a fundamental
role in controlling and preventing epidemic outbreaks.
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Figure 4. Solution of the system (2.1) with different values of the vaccination rate ¢.

4.3. Numerical examples of the system (3.1)
In this subsection, we present the solution of system (3.1).
Case A: Effect of the control parameter v on the stability of the equilibria for the model (3.1)

We choose 0; = 0.3 and 0, = 0.2. According to Table 4 and Figure 5, the value of Ry(v) is
decreased as v increased. We observe that the control parameter helps to prevent the outbreak of
infectious diseases.
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Case B: Effect of the vaccination rate  on the stability of the model (3.1)

In this case, we set v = 0.6. Figure 6 displays the solution trajectories of the system (3.1) with
different values of {. Furthermore, we see that the solution approaches U, as ¢ reaches 1. This finding
agrees with Theorem 7 and Theorem 8.
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5. Conclusions

In this study, we developed two mathematical models to examine the effects of key epidemiological
factors—including vaccination, time delays, and control interventions—on the transmission dynamics
of infectious diseases. The proposed models stratify the population into five compartments: susceptible
individuals, exposed individuals, asymptomatic infected individuals, symptomatic infected individuals,
and vaccinated individuals. The first model incorporates two discrete time delays: J, representing the
incubation period between exposure and infectiousness, and N, accounting for delays in vaccination
availability or administration. The second model introduces a control parameter v that reflects
intervention efforts aimed at reducing disease transmission. For both models, we established the
non-negative and boundedness of the solutions, ensuring their biological validity. We derived the
basic reproduction number R, and used it as a threshold parameter to analyze the system’s equilibria.
Specifically, we identified the disease-free equilibrium U, and the endemic equilibrium U*, and
examined their global stability using Lyapunov function techniques in conjunction with La Salle’s
invariance principle. Two key findings emerged from the analysis: (i) U is globally asymptotically
stable (GAS) when R, < 1, implying that the disease will die out under these conditions; and (ii)

the endemic equilibrium U* is GAS if and only if Ry, > 1, indicating sustained disease presence.

Numerical simulations were conducted to validate and illustrate the theoretical results, confirming
consistency between analytical insights and the dynamic behavior of the models.
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Appendix A: Proofs of the main results

A.l. Proof of Theorem 3

Proof. We construct the Lyapunov function Q as follows:
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€_€2N(L+ID'1)(L+ID'2)§SO [g(%)_*_g(ﬁ)]

- (e78ISg + e=2Ne V) S So

Thus, since the geometric mean is less than or equal arithmetical mean, we observe

3<% _VOS X

+ + —.
- S VS, VY
Furthermore, when Ry < 1, we have % < O for all S,E,I4,Is,V > 0. Note that % = 0if
and only if S = So, E = 0, and V = V,. Thus, the subset ¥ is the largest invariant set of ¥ =
{(S,E, I, I, V) € a: il—? = O}. In addition, for each elements of ¥, we have E = 0, then ‘;—IIE =0, and
we find

0=e™ S0 = J) (@Ialt = ) + s (1 = ) + € HNe V(e = N)(o1a(t = N) + 2l (1 = N)). (A1)

From (A.1), we conclude that I, = 0 and Iy = 0. By applying La Salle’s invariant principle [19], we
obtain all solutions approaches to ¥’. In ¥, the elements are equal to S = Sy, V = Vy, and E = 0.
Thus, ¥’ = {(S,E,I4,Is,V) € F :S =850,V =Vo,E =1, =Is =0} = {Uy}. Therefore, U, is GAS
when Ry < 1. O
A.2. Proof of Theorem 4

Proof. Suppose

0 —€1J Qx* -aN *
Q — e_ﬂjg(g)+Q(E)+€_QN§(%)+ 01 ]IA(e S*+e eV )Q(I[—A)

E* a o B Iy
ol I s +eNeVr) (I\ . fff S(t = )Tyt — A)
+ —|+e oIS da
a(l-0)E g T AR S Ry g ST,
. T (St =Dt -2 N V(@ = DIat— A
+e T o, IL S f G ( )f*( ) dA+ e Neo I V* f G ( )*A*( )\ ia
0 ST 0 VI,
N
V(t— Dls(t— A
+e" N g, IV f g( LU= Vst = D)
0 VoI

The % is expressed as

*

1- %) (=(o + E(?)

+e7 St = ) (011t = ) + @alls (t = D)) + e Ne V(e = N)(ila(t = N) + alls (t = N)))

v
Y (1 -5 )(é« S(1) — 01V 14(1) — 0. V(@) Is (1) — (0 + ) V(1))

o1 (eI S* + emN g V¥)
+

a o EB*

d S
d_? = 7 (1 - §) E = S0 (0140 + 02I5(1) = (£ + 0)S(1)) + (

(1 - %) (@ o E@) — (@ + )Ia(0)
A
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0 i (eI §* + 7N g V) I;
’ a(l-o0)E (1 ‘g) (1= ) o E(®) = (@2 + v)Is(1)

_ ST StE-=DE-9) SHE-=) (@ -9)
ag * Q¥ A _ —
tet ol s (S* I, ST, ln( S, ))

_ ST St-N(t-9) St-NIt-9)
a9 * Q@ S _ _1
+e Y 0, I S (S* r ST n ( ST, ))
_ VI VYt =Nt - N) V=Nt - N)
alN * * A _ —
+ce o'V (V*]IZ VI, ln( VI, ))
_ VI VYit-N)Is(t-N) Yit-N)Ig(t-N)
aN o ey [0S 1
e el (V*ﬂ; VT n( Vi ))

dQ

S* .
- = e (1 - g) E-C+0S0)—e T 01SIy— e 0, SIg +e7 0, S,

+e T 0, 8 Is + € 01S(t = Ta(t = J) + € 028t = D (1 - F)

+e"Neo V(1 = N)La(t = N) + e Negy Vit — Ns(t = N) - (%) e 7018t = Nt = )

*

E* E
- (E) e 08t = Ns(t = J) - (E) e N 018V (t = N)u(t = N) = (o + )E

e 7 o, STy ILE N e N g, VT, LE

- (E) e N o eVt — Nt —N)+ (0 +0)E" +

E E* E*
e aJ o1S" I, LE e~ N 01eV* I TE .
_e—glj Ql S* I[A _ e_EZN{j‘Ql V* I[A _ E* — E* =+ e_elj QIS* ]I:Z
eI 0, ST L E e 9N go, VVIE I B
+€_€2N8Q1V* ]IZ + QZE* g S " Q?E* N _ 6—61502 S* IS _ €_€2N8Q2 v* I[S
e aJ 08" I [GE e~eN 026V [ ILE

—€ * * —€ * TR —€ V*
- = - = +e 0,8 T + e N g, VI + e ZN(l—V)gS

*

\%
—eNp eV, — N 0,6V + e N0 eV Iy + 6N 0,6V — eV (1 - V) (0 +0)V

T g I 5 ( S _ Sa-DLE=T) _ ln(sa — DL —J’)))

S* I ST STy
+e T oo IL §° Sy _St-DLt-J) | (St=-DNIs(-T)
S* I, S*Ig S
_ VI V(- N4t - N) V(- N4t - N)
alN * F A _
+ee o L'V (V*]IZ v, ln( VI, ))
_ VI Vi -N)Ls(t - N) V(- N)Is(t - N)
62N * * S _ _
+ee P 0 IV (V*JI; VT, ln( VI, ))
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From the equilibria, we set Z = o; S* I, + 0, S* I + ({ +1)S*. After deleting some terms, we get

dQ g E+0E =87 (2 & _LE

S i
dt S S ILE*

S* FE
) _E‘jg ST, +(2— 5 _I[SE*) e‘f‘jQIS*]I§

. E
+ (e_eljgls* I[: +€_EIJQZS* Hz‘ +€_EZNQ18V* I[j; +e -aoN QZSV* }I*)(E ) (Q+L)E

Neo VIt I:E N g0, VI TLE
Q1Y iy + e N g0, V' — @2V L iy

+ @+ VB +e Nego VT, -
@+ VB + e eaV, T, E* s I B

e N (1 _ %) S - e~eN (1 — V;) @+0)V - (i) ElelS(t—j)HA(t_j)

(A.2)
E* E*
- (E) e 08(t = st = ) - (E) e N 01eV(t = N)a(t = N) = (0 + OE
— (Ej) e N 0,6Vt - N)Is(t — N) + eI, S'T; In (S(t L\ U j))
E STy
+¢ 70, §'T5 In (S(t VR U j)) +eNo eV} In (V(t — Nl N))
SI[S VI[A
. Vi -N)s(t-N
No, eV'I; ln( ( V?Ii( )),
We then have the following equalities:
ln(S(t—j)I[A(t—j) ln(S(I—J)HA(t—[T)E*)Hn(IZE)+IH(§)’
STy ST E I, E* S
IH(S(I—J)Hs(t—j) 1n(S(t— )I[S(t_j)E*)+ln(H§E)+ln(§),
ln(V(t - N)L(t-N) (V(t - N)Ia(t - N)E*) N ln( LLE ) I (V*)’
\an VI, E I, B \%
1H(V(I—N)JIS(I—N) _ ln(V(t—N)I[S(t—N)E*) +ln( ILE ) +ln(V*),
VI VI E I B \Y

By using e T 0;S* I + e 90, S* T + e N0 eV T, + e N 0,eV* I = (0 + 1) E* and (A.3) in (A.2),
we get

c;_ct) < _e_ﬂj({ + L)(S* -S)? e‘QN( ) S - _QN(

1];) 0c+0V

. BSOS D)

LE S* S*
( (E:E*)) re e, (1 B ln( S ))
_ E*S(I—j)ﬂs(l‘—j) E*S(t-J)Is(t-9)
aJ
+e QZS I (1 ES I[* + ln( ES*I; ))
ILE S* S*
eI e - =
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+e N 01 VI, [1 -
+e N go1 VI, (1 -

N 02 SV*IS 1-

+e N o, V', ln(

Thus
@

A% v*
v ) + e_QNgz eVl ln( v )

E*V(t - N)I4(t - N) i (E Vit — N)L(t - N)))

E VT, EV*T,
I’ E I’ E I} E I E
4 thn|A—||+eNeo, VI [1 - 2— +1In[2
I, E* I, E* I E* I E*
E*ViE-N)Is(t—N)
+ In
EV*I:

E*Vit-N)Is(t—N)
E VI

£

dt

e €O =S e_QN(

St -

)gs -sz( —%) e+0)V

—ee'jng*]I (

)I[A(t—[f)) (E ) )

*S(t—J)Hs(t—J))+ (E )

=) olz)(5)
o(5)

E S*T

—ee'jQZS*]I ( (
G

lev*z[*( (E*V(z—N)]IA(t—N)) (EI[* ))

V’*
EVT Q]SV]IAlH(V)

E*I4

Ve ) relen )

+e N (1

From the equilibria, g0, V' I, + £0, V"I

)(8Q1V I +e0, V* ]IS)—e‘QN(l

V*
V'Is In [ —
EVT: E I, Y2 V'l n(v)

)(8Q1V I +e0, V' I§).

={S" - (0o+ )V~

% B _e_qj(g + L)(g* - S)? e-qN( ) (S=¢SY—eNo+0) (W)
o FUST) 5] o)
0% (oS ZR =) 022 o5
o o[EUSH) o )
a1 L (L)) e i Ll
—eN e V'L, (Q(E*W Eﬁ?f - N)) e (5 }51 ))

This implies
Q¢ e 8- S° | e—sz(l _ %) (S -8 -e Mo+ >(W)

AIMS Mathematics

Volume 10, Issue 8, 17705-17739.



17733

0T ST (g( S —Ejgﬂga—j)) (Eﬂ* ) (%))
T ST ( ( *S(r—Jzﬂi(t—[f)) ( ) (S;))
E ST S
v o) (2B o )
N, V'I; (Q(E*W _E/;ZIIE(I - N)) (E*i) (%))
Then
‘;—GZ < sl ‘)(S* e ( z ) (¢S-¢8)-e Mo+ L)((V*X_IV)z)
—e"70ST (G ( (E*S(t _ES)?IA(I_j)) +Q(E*£4) +g(§))
—e 70,8 |G ( (E - _Ejs)]JIIS(t _j)) " g(%) ’ g(%))
e (LAY 62 (1)
e (6T o ) 67
s gs(2) - o s(Z) oo 1) - oves( L2)
Hence
_Mm;(g(E*Sv—Egg@-ﬁ)+g(E +)+6(5)
~e19 0,87 (Q(E*S(t = S)]?(t_j)) +g( = ) ( ))
—eNo e V', (Q(E*V(t —EQQI]E(I— N)) g( ) g(i’}))
—eN oo V' (Q(E*W _Efé)jﬁ(t - N)) "o (%) "o (VV))
reaN s (_1 . v;s* ) IH(V@*)) feeNgs (_1 4 Sig* - IH(VYE*))
+e N ¢Sn (V{;?) +e M ¢Sn (Q,’;g*),
% < —e‘f'j(g i L)(i* 8" _ e N+ ((V* ;]V)Z) +e NS (3 B % - % - VY? )
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s e e
75 (g *SO_EQE“‘T))+( ) o(%)
e
o) 1) o)
el ) )
Hence

) (5] )
sl 258-2) o) of )
o). 53 )
o) o 5 o)

e Vs VS
esfel ) ol

Hence, from the geometrical and arithmetical means relationship, we see that

S* vV VS
STV Ty
Accordingly, dQ <0ifRy > 1 forall S,E,I,I;,V > 0. Moreover, 44 = =0ifandonlyif S =S*, E =
E, I, =T, I[S =1I;,and V = V", Let F be the largest subset of ¥ = {(S,E, I, Is, V) : th’ = 0}.
Then, H’ = {U*}. Thus, from La Salle’s invariant principle [19], the endemic equilibrium point U*
is GAS when R, > 1. O

A.3. Proof of Theorem 7
Proof. We establish a Lyapunov function @« — R3 as follows:

C) =a (GO +G(V) +E) + 114 + a3,

where, a; = %, a = 2, (t + @), andaz = Z, (¢t + @). It is clear that C is positive definite.

The time derivative of C along the solutions of (3.1) is defined as

d So\ d d Yo\ d d d
EC < (1_§O)ES+aIEE+a1(1_V9)EV+GZE]IA+CL3EI[S’
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S
< 1= (B2 SL-5SL - +0S)+q, (ESL +5S1, + 5,V
S n n

V.
+e5, VI, = (o +)E) + ( )((S —eE VL -5V, -(0+1)V)

1 -2
\Y
+u (@0 E - (m + ) L) + a3((1 —a) 0 E - (@, + )I,).

By using E = ({ + 1) Sy and £ Sy = (0 + 1) V), we obtain

d S
EC < o (1—go)(LSQ—LS)'FalElSo]IA+(11EQS()I[S +01{SO—C[1(O'+L)E

+tua0E-q(@+)hi+ag0(l-a)E-a3(my+0)Ig —a; (0+0)V

\% S
—(I]KS (VQ)+C(]8}E] V()IA +(11832V()I[S + a4 (Q+L)V()+Cl] (1 _§0) gSQ,

d S S VoS \%
-C < a (l—gf))(LSO—LS)+a1§SO(2—§9—SOLV)+C(1(Q+L)VO(I—V—6)
t+w) L+
+ ( Sol-l)-(gVO 2)(So+8V0)E]—(L+1D'1)(L+1D'2)El)) ]IA
t+@)(+ @
¢ Soli(sVO 2) (SO+SV0)EZ—(L+1D'1)(L+1D'2)Ez)) I
— ~ (t+ @) (L +@2)
+lo+m)E1a+0o(t+wm)E0 —a) - (t+0)| E.
So + €Yy
Then
d S S VoS \%
—-C < q (1—§°)(LSO—LS)+aIgSO(2—§°—SOLV)+a]gSO(1—V—b)
+((L+w2)510/0'+(L+w1)52(1—05)0'—(L+w1)(L+w2)(L+O'))E.
So+8V()
Therefore
d S S VoS 'V
C < a (1—§0)(LSO—LS)+aIgSO(3—§—&%—%)
N (SO+8V0)(L+TD'2)510’O'+(SO+SV0)(L+1D'1)52(1—Q’)O'_1 =
G+@)(+ @) +0) t+@)+ @)+ 0) )
Hence
d (t+ @) (L + @) , Syt + @) (L + @) So VoS V
—C < - S-S 3— ——— — —
dlc - tS(Sy + eVy) ( o) So + &V, S SoV 'V,

+(Ro(v) = ) E.

Since the geometric mean is less than or equal to the arithmetical mean, we have

3s%+w+y.
S VS, Vy
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: (o+0) 1 : . d
Moreover, in cases where (1 —v) < (g<so +svo)) ( T +g2<1_m) implies Ro(v) < 1, £C < 0 for all

TR
S,E,It,Is,V > 0. Clearly, £C = 0 if and only if S = Sy, E = 0, and V = V,. Therefore, the
subset 9’ is the largest invariant set of D = {(S,E, I4, I, V) € a: d%C = 0}. By applying La Salle’s
invariant principle [19], we see that all solutions converge to 9’. In 9, the elements are equal to
S = S0, V=YV, and E = 0. Moreover, from the system (3.1), we get I, = 0 and Iy = 0 when E = 0.
Thus, 9 = {(S,E,I4,Is,V) € D:S =S50,V =V,,E =1, =1Ig =0} = {Uy}. Hence, U, is GAS
when Ry(v) < 1. O

A.4. Proof of Theorem 8
Proof. We construct a Lyapunov function as follows:

2 155" + £ V) 5, (S* + V)

> = G(S E I Is) + G(V).
C =605 +GE) + B G + d-a)oE GIs) +G(V)
Clearly, C is positive definite. By obtaining the time derivative of C along the solutions of (3.1), we
find
d - S*\ d E*\ d E LS +eVr) L\ d
—C < |[1-—=|=S+|1-=]=—E 1-=|—1I
aC = ( S)dt +( E)dt T aoE L) a
E I(S* +eVr) I\ d v*\ d
l-=]|=-L+[1-—=]| =V,
Tl-aoE Iy) ar V) dt

*

E
) ESL+ESL +e&E, VI,

- S _
C < (l—g)(_—:1SIC—:ZSI,,—(§+L)S)+(1—E

E LS +eVY)
o E*

(1 - %) (1 -a)cE - (w, + 0l
s

]I*
+eE, V1, — (0 + 0)E) + (1 - —A) (@0 E— (@ + L)

Ia
EoI5 (ST + V)
(1-a)ocE*

V*
+(1 — V) ({S—EE]VIC—SEZVIU_(Q'FL)V)'

From the equilibria, we have the following relationships:

E=ESL+ESL++0S,

acE" = (w +0) 1,

(I-a)cE = (@ +0)I;

@+ V" =8 —eE [V -5, IV

(S =(+0) V" +eE, V' I, +eE, V' I},

(C+0)E = E\STL+ES'[+eB, VI +eE, V'I§.

By substituting the previous relationships and then eliminating some terms, we get

d > S* * S* — * TR S* — * Tk
EC < (1—§)((§+L)S —({+L)S)+(l—§):18I[A+(l—§):28 Ig
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E* E* E*
+Z; S*EA +528*]IS —(O'+L)E—(E) =1 STy —(E) EQS]IS —(—) ce=E1 VI,

E
E\ .= e e [EIT(ST + V)
“|E eG VIg+ (B S+ 5,8 [ +eE, VI +eE, V') + g7 acE
E LS +eVr (S + VY (I
(2 ) (@ +0 1 —|— Al ) (L acE
aoB* ao B I.
E (S + V) 5 I5(S* + V)
+ +0)T, + 1 - E
2o E () +0) T, d-a)oF l1-a)o
S, I5(S" + £ V) I\ (B T(S" + £ V)
- +0Is - = l1-a)oE
d—a)oE (wr +0) I I d-a0)oF 1-a)o
E,I(S" +£V) V- v
+ +0 - |1-—=| t+0)V+[1-—=]|¢S
Q-a)oF (@2 + 01 v (t+0) v 4

+ex, V*I[A +852V*]15.

d - (S* - S)? S*
—C £ -+ )————+|1-—|ESL+EST)+E Sy +E,S"]
dr +0 S S (& A 2 5) 1 A 2 S
—E:lsﬂA—EEQSES—E851VHA—E852VIS—(U+L)E
E
+E(EIS*HZ+851V*HZ+EQS*I{§+852V*H§)—EIS*IA—EZS*]IS
ILE I E ILE I E
- B ST~ (2| eE VI — (2 | B2 87T — | 2| 2, V' I
(I[AE*) e (]IAE*)S o (ESE*) 2 (I[SE* eE s
+2518*I[Z+2831V*HZ+2528*EE+2852V*I§—Ealv*ﬂA—Sazv*Hg
+eE1 V', +e5,V }IS—(I—V) (L+Q)V+(l—v)§s
Hence
d . (S* - §)? S Y
EC < —({+L)T+ 1—§ E ST +ESL)-(c+0)E
E* _ E* _ E* _ E* _ E .
_E'—'ISIA_E:‘ZSES_ESEIVKA_E8:2VIS+§(L+O-)E
ILE LLE ILE ILE
- =2, ST — =V - =, ST — =, VI
(JIAE*) s (I[AE*)El A (I[SE*) 28 s (]ISE* #=2 ¥ s
25 ST +2eE, VI, 425, S +2eE, V' [ — 1—V t+0)V+ 1—V {S.
Therefore
d (s -5y s* SLE EIL
—C £ - (+)y———+5, ST} |I3-——————-———|-(c+0)E
dr €+0—yg it s snE EL) Y

_ **(3 s* SIE EL

VI,E* ET
)+(a+L)E+351V*11;;(2— - A)

V'I,E  El,
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+332V*I[§(2 VLB _ S)—(l V)(L+Q)V+(1—1]})L:S.

CVILE Bl v
Then
d - (s -8y s* SILtE* EI,
L0 < —¢+) 2= 15 8T (3-2 - 24 24 ) _(0+0E
aC = T ! A( s sLE EIL) Y
s* SLE EI VI,E* EI,
+E5 S 13- ———= - +(0c+0)E+eE, VT, (2- -
2 S( s sLE B TOrOErERVL -G g TR,
VIsE* EL v e
4+ V' (2- ——— - —S |- [1-—| (+0)V+[1- =] ¢S
V'IE Bl v v
+H1- =) EE VI +eE VI)—-(1-—=])(EE VI, +e5, V).
v v
We obtain
d - (" -8y s* SLE* EIL
L0 < —@+y——2 45T, (3-2 - 2A- _ A _(c+)E
aC = TUrTg : A( s s rE BI) Y
S* SIgE* EI V* VILE* EI,
ST (3-S5 E+eE VT, (3- — - -
= S( ST SLE B OrORTERVL PSR E B,
V¢ VIE* EI v v
+eE, V' (3- — — - (1-=) «+ov+{1-=|¢s
e S( vV V'LE El; v) ero V)¢
V*
—(1—V)(§S*—(L+Q)V*)-
Thus
d - (s* -8y s* SILB EI,
L0 < =2 45 sT 3-2 -S4 _ A ) (o +)E
a® ‘TS ! A( s s rLE BI) Y
s SIE EI V' VI,E* EI
FE ST (3-2 25 (e +0E+eE VT, [3- — - -
2 S( S TS LE B OrORTERVL P g E T,
V¢ VI E* EI (V" = V)2 s* sV v
+eE, VT [3— — - - —(+0)———+S 1 - = - +—.
£ S( v vLE BL) ‘T9T v ¢ S SV WV
Therefore
d - (s* -8y s* SILLB* EI,
L0 < =2 45 sT 3-2 -S4 _ A (0 +)E
a© ‘T s ! A( s s rLE BI) Y

s* SIE* EI
S SLE Bl

V' VILE EI[;;)

+(+)E+eE5, VT, [3- —= -
) (rok+es A( vV V'ILE EI,

V¢ VIE* EI (V* = V)2
+eE5, VT [3- — - - e+ o—
£=2 S( vV V'LE El; t+o—
e ) s sV v
+HeEI VI, +e5,V I[S+(L+Q)V)(1—§— v +V)
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Finally, we have

d - (S*=98)? S* SI4E* EI, S* SIgE* EI;
Lo« 2 hmeT 3o - 2A P EST (3o o252
T ! A( S SLE BL) ST S SLE E

s* SV VLB EI s oSV v

2V 4-2 -2 - ve(3-2 -2

e A( s sv vre EI,) 09 S sV OV

S* SV* VIgE EIL
+852V*1[;(4— - S).

S SV VLE FE;

Hence, from the geometrical and arithmetical means relationship, we find

s* SI,E* ET,
3< A A
S ST,E El,

S* SILEB* EI;

3c 42 5

S S*LE Bl

S* SV VIL,E* EI,
< —+ + + ,

S SV VLE E*ly

S* SV* VIgE* EIg
< —+ + + )

S SV VIE E*lg
Accordingly, %C’ < 0if Ry > 1 for all S,E,I4,Ig,V > 0. Moreover, %C_’ = 0 if and only if
S =8E =E,Ih =I,I; = I, and V = V*. Assume that 9 is the largest subset of D =
{(S,E,I4,I,V) : %C_‘ = 0}. Then, © = {U*}. Hence, from La Salle’s invariant principle [19], the
endemic equilibrium point U* is GAS when Ry(v) > 1. O
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