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1. Introduction

In recent years, scientists have recognized the complexity and subtlety of natural patterns, which
require a more complete understanding. Exploring these nuanced phenomena demands advanced tools
and methods, such as partial differential equations (PDEs) that can be used to describe these phenomena
by modeling them. Additionally, 3D imaging techniques have been developed to gain insight into
these processes. PDEs are used to model intricate patterns and behaviors, forming the foundation for
understanding physical systems, and their coordinated dynamics.

A soliton is a unique type of wave that can travel across a distance without changing its shape
or losing energy even after interacting with other waves. Unlike broad-spectrum, conventional waves,
solitons exhibit extreme stability and persistence. These qualities make them critical to various research
areas such as nonlinear optics [1], plasma physics [2], hydrodynamics [3], biology [4], engineering [5],
mechanics [6], communication systems [7], optical fibers [8], and fluid dynamics [9, 10]. Solitons
offer critical insights and significantly contribute to advancements across these fields. Analyzing
solitary wave solutions of nonlinear partial differential equations (NLPDEs) is essential for a deeper
understanding of the physical processes they represent. From a practical perspective, NLPDEs
are particularly important, because they offer a more detailed and nuanced description of physical,
chemical, and biological processes. Solitary wave solutions of NLPDEs are especially noteworthy,
and can be studied and solved using many different techniques, including the extended auxiliary
equation mapping method [11], Backlund transform method [12], exp-function method [13], improved
extended fan-sub equation method [14], homotopy perturbation method [15], generalized Kudryashov
method [16], Hirota bilinear method [17], extended trial equation method [18], Darboux transformation
[19], modified extended tanh method, extended simple equation method [20], novel (G′

G ) expansion
method [21], extended direct algebraic method [22], exp (−χ(Θ)) expansion method [23], and extended
mapping method [24], among others [25,26]. These approaches have greatly contributed to advancing
the understanding and solving of NLPDEs. Alongside solitary wave solutions, chaotic behavior,
bifurcation analysis [27], and sensitivity analysis [28] play an essential part in characterizing the
fundamental behavior of NLPDEs.

NLPDEs have emerged as important tools in scientific research, offering useful insights into fields
such as plasma, dynamics, acoustics, optics, and condensed matter physics. These equations not only
deepen our understanding of complex phenomena but also enable precise predictions of their future
development. Consequently, researchers continue to investigate a wide variety of NLPDEs to better
understand complex behaviors in natural systems. Recent studies have examined equations such as the
Schrödinger equation [29, 30], Batman-Burger equation [31], Benjamin-Bona-Mahony equation [32],
Date-Jimbo-Kashiwara-Miwa equation [33], thin-film ferroelectric material equation [34], Boussinesq
equation [35], Buckmaster equation [36], and nonlinear non-classical Sobolev-type wave model [37],
nonlinear Boiti-Leon-Manna-Pempinelli model [38], among many others [39, 40].

Joseph Boussinesq first proposed the Korteweg-de Vries (KdV) equation in 1877, which was then
refined and disseminated by Diederik Korteweg and Gustav de Vries in 1895. This equation is a
fundamental model in fluid dynamics. It is renowned for describing the propagation of nonlinear
dispersive waves in shallow water. The standard form of the KdV equation is [41]:

Pt +Wxxx − 6WWxxx = 0. (1.1)
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In the context of weakly nonlinear shallow water waves, U(x, t) characterizes the wave profile as a
function of spatial coordinates x and t. The KdV equation has been adapted and extended into various
forms to address more complex physical scenarios. One notable extension is the Schwarz-Koeteweg-de
Vries (SKdV) equation, whose form is as follows:

Pt + Px

(Pxx

Px

)
−

1
2

(
Pxx

Px

)2 = 0. (1.2)

HereP(x, t) denotes the unknown wave function that was originally derived by Krichever, Noviko [42],
and Wesis [43, 44] to account for higher-order effects and extend the scope of the classical KdV
equation.

In this work, we investigate the (2+1)-dimensional integrable Schwarz–Korteweg–de Vries equation
(ISKdV), which incorporates an additional spatial dimension for modeling more complex wave
dynamics. The generalized equation is expressed as:

W +
1
4
Wxxy −

WxWxy

2W
−
WxxWy

4W
+
W2

x Wy

2W2 −
Wx

8

∫ (
W2

x

W2

)
y

dx = 0. (1.3)

Toda and Yu [45] derived Eq (1.3). By applying the following transformation on Eq (1.3),

W = Tx, T = eH , Hx =W, Ht = P. (1.4)

Here, T (x, t),H(x, t),T (x, t),W(x, t), P(x, t) represent the unknown functions, and we derive the
following results:4W2Px − 4WWxP +W

2Wxxy −WWxxWy − 3WWxWxy + 3W2
xWy −W

4
xWy = 0,

Wt −Px = 0.
(1.5)

The equation presented originates from the research by Bruzon [46]. By applying the Miura
transformation [47, 48] to Eq (1.5), the following expression can be derived:Rx =

Wxx
4W −

W2
x

8W2 −
W2

8 ,

Ry =
P

W .
(1.6)

and we obtain [49]

4Rxt + 8RxyRx + 4Rxt + Rxxxy + 8RxyRx + 4RyRxx = 0. (1.7)

The ISKdV model has been widely investigated by several researchers. Khater investigated a novel
solitary solution for the ISKdV model utilizing the Khater methodology and Bernoulli sub-equation
approach [50]. Attia et al. focused on numerical and computational solutions for the same model
using the Miura transform [51]. Prior to investigating various soliton excitations of the ISKdV model,
Li et al. employed the Darboux transformation [52] to derive soliton solutions [53]. Ramirez et
al. applied the Mobius transformation to examine different solutions for the ISKdV model [46].
Toda et al. studied soliton solutions using Lax pairings and a higher-dimensional method [54].
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Gandarias et al. conducted classical symmetry reductions of the ISKdV model by applying symmetries
and arbitrary functions [55]. Lastly, Aslan investigate solutions of the ISKdV model using an enhanced
technique [56].

After a complete assessment of the available literature, we found no publications addressing the
ISKdV model through the generalized Arnous approach and modified sub-equation method. As such,
here we provide the generalized solutions to the ISKdV model using the generalized Arnous approach
and the modified sub-equation method. These findings not only highlight the multitude of ways utilized
to analyze Eq (1.7) but also emphasize the significance of studying multiple solution strategies for a
full knowledge of its dynamics.

This paper is structured as follows: In Section 2, the given PDE is converted into an ODE by
applying traveling wave transformation. In Section 3, we apply the generalized Arnous method to
construct solitary waves. Section 4 presents the accurate derivations of solutions of Eq (1.7) via the
modified sub-equation method. Finally, Section 6 summarizes the paper.

2. Mathematical investigation

The generalized NLPDE can be expressed in the following form:

L(R,Rt,Rx,Ry,Rz,Rt,t,Rx,x, ...) = 0. (2.1)

While the function R = R(t, y, x) is still not known, by applying the below transformation, we can
convert the NPLDE as shown in Eq (1.7) into an ODE.

R(t, y, x) = F(ξ), ξ = δx + µy + ωt. (2.2)

As a result, the ODE has the following form:

T(F,F′,F′′,F′′′, ...) = 0. (2.3)

To obtain the exact solution of Eq (1.7), it is assumed that the equation allows traveling wave
transformation. The assumption arises from the compatibility of the transformation outline in Eq (2.2)
with Eq (1.7). With Eq (2.2) substituted in Eq (1.7), it reduces to the following ODE:

4ωF′ + δ2µF′′′ + 6δµF′2 = 0. (2.4)

If we let F′ = S, Eq (2.4) becomes:

4ωS + δ2µS′′ + 6δµS2 = 0. (2.5)

3. The generalized Arnous method

The basic steps of the generalized Arnous (GA) method are as follows:
Step 01: The GA method provides the solution of Eq (2.4) as follows:

F(ξ) = y0 +

N∑
1=1

yi + zi (p′(ξ))i

p(ξ)i . (3.1)
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where yi, zi (for i = 1, 2, . . . , N), 1
p(ξ)i , which is valid for when p(ξ) , 0 are constants with constraint

y2
N + z2

N , 0, and the function p(ξ) verifies the relation

[p′(ξ)]2 = [p(ξ)2 − ϵ] ln[F]. (3.2)

with,

p
(n)(ξ) =

p(ξ) ln(F)n, if n is even,
p′(ξ) ln(F)n−1, if n is odd,

(3.3)

where n ≥ 2, and 0 < F , 1, and ln F is defined for a positive real number. Then, Eq (3.2) has solutions
of the following form:

p(ξ) = β ln(F)Fξ +
ϵ

4β ln(F)Fξ
. (3.4)

where β, F, and ϵ are arbitrary real parameters, but Eq (3.4) will become undefined when β = 0, ln F =
0, and F=1.
Step 02: By balancing the nonlinear term and the term with the highest order derivative in Eq (2.5),
the positive integer N is determined for Eq (3.1).
Step 03: After inserting Eqs (3.2) and (4.20) in Eq (2.5), and since pi(ξ) , 0, as a result of this
substitution, we get a polynomial of 1

p(ξ)

(
p′(ξ)
p(ξ)

)
. Equivalently, we set all terms with the same power

to zero. Then, by solving this set of non-linear algebraic systems and with the help of Eqs (4.17) and
(2.2), the solutions of Eq (1.7) may be determined.

3.1. Solitary wave solution by generalized Arnous method

To find the exact solution of Eq (2.5), first we find the value of the positive integer N = 2. Adding
the value of N to Eq (3.1), then Eq (3.1) will become as follows:

F(ξ) = x0 +
y1

p(ξ)
+

z1p
′(ξ)
p(ξ)

+
y2

p(ξ)2 +
z2(p′′(ξ))2

p(ξ)2 . (3.5)

By inserting Eq (3.5) into Eq (2.4), together with Eq (2.4) and Eq (3.2), we have a polynomial in terms
of 1
p(ξ)

(
p′(ξ)
p(ξ)

)
. This creates a system of algebraic equations when we aggregate all terms of the same

power and equal them to zero. The values of unknown constants are obtained.

Set 1.
y1 = 0, z1 = 0, y2 = ϵ ln2(F)z2. (3.6)

By putting set 1 in Eq (3.5), we obtain the exact solution as follows:

R1(t, x, y) =
z2ϵ ln2(F)(

ϵF−ξ
4β ln(F) + βF

ξ ln(F)
)2 +

z2

(
βFξ ln2(F) − ϵF

−ξ

4β

)2(
ϵF−ξ

4β ln(F) + βF
ξ ln(F)

)2 + x0. (3.7)

when we choose F = e and ϵ = 4β2, the Eq (3.7) will be

R2(t, x, y) = z2 tanh2(tω + δx + µy) + z2sech2(tω + δx + µy) + x0. (3.8)
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when we choose F = e and ϵ = −4β2, the Eq (3.7) will be

R3(t, x, y) = z2 coth2(tω + δx + µy) − z2csch2(tω + δx + µy) + x0. (3.9)

Set 2.
y1 = 0, z1 = 0, y2 =

ϵz2

δ2 , F =
1
δ
, µ = −

4ω
δ2 ln2(δ)

. (3.10)

By putting set 2 in Eq (3.5), we obtain the exact solution as follows:

R4(t, x, y) = y0 +
ϵz2

δ2

 ( 1
δ )
−xδ−tω+ 4yω

δ2 ln2(δ) ϵ

4β ln( 1
δ )

+ β
(

1
δ

)xδ+tω− 4yω
δ2 ln2(δ) ln

(
1
δ

)2+

− ( 1
δ )
−xδ−tω+ 4yω

δ2 ln2(δ) ϵ

4β + β
(

1
δ

)xδ+tω− 4yω
δ2 ln2(δ) ln

(
1
δ

)2
2

z2 ( 1
δ )
−xδ−tω+ 4yω

δ2 ln2(δ) ϵ

4β ln( 1
δ )

+ β
(

1
δ

)xδ+tω− 4yω
δ2 ln2(δ) ln

(
1
δ

)2 ).

(3.11)

when we choose F = e and ϵ = 4β2, the Eq (3.11) becomes

R5(t, x, y) = y0 +

ln2
(

1
δ

) ((
1
δ

)−2+ 16yω
δ2 ln2(δ) +

(
1
δ

)−2+4xδ+4tω
ln

(
1
δ

)4
− 2

(
1
δ

)2xδ+2tω+ 8yω
δ2 ln2(δ)

(
−2 + δ2 ln2

(
1
δ

)))
z2

δ2

((
1
δ

) 8yω
δ2 ln2(δ) +

(
1
δ

)2(xδ+tω)
ln2

(
1
δ

))2 .

(3.12)
when we choose F = e and ϵ = −4β2, the Eq (3.11) becomes

R6(t, x, y) = y0 +

ln2
(

1
δ

) ((
1
δ

)−2+ 16yω
δ2 ln2(δ) +

(
1
δ

)−2+4xδ+4tω
ln

(
1
δ

)4
+ 2

(
1
δ

)2xδ+2tω+ 8yω
δ2 ln2(δ)

(
−2 + δ2 ln2

(
1
δ

)))
z2

δ2

((
1
δ

) 8yω
δ2 ln2(δ) −

(
1
δ

)2(xδ+tω)
ln2

(
1
δ

))2 .

(3.13)
Set 3.

y1 = 0, z1 = 0, y2 = δ
2ϵz2, F = δ. (3.14)

By putting set 3 in Eq (3.5), we obtain the exact solution as follows:

R7(t, x, y) = y0 +
δ2ϵz2(

δ−xδ−yµ−tωϵ
4β ln(δ) + βδ

xδ+yµ+tω ln(δ)
)2 +

(
− δ

−xδ−yµ−tωϵ
4β + βδxδ+yµ+tω ln(δ)2

)2
z2(

δ−xδ−yµ−tωϵ
4β ln(δ) + βδ

xδ+yµ+tω ln(δ)
)2 . (3.15)

when we choose F = e and ϵ = 4β2, the Eq (3.15) becomes

R8(t, x, y) = y0 +
ln(δ)2

(
1 + δ4(xδ+yµ+tω) ln(δ)4 + 2δ2(xδ+yµ+tω)

(
2δ2 − ln(δ)2

))
z2(

1 + δ2(xδ+yµ+tω) ln(δ)2)2 . (3.16)
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when we choose F = e and ϵ = −4β2, the Eq (3.15) becomes

R9(t, x, y) = y0 +
ln(δ)2

(
1 + δ4(xδ+yµ+tω) ln(δ)4 − 2δ2(xδ+yµ+tω)

(
2δ2 − ln(δ)2

))
z2(

−1 + δ2(xδ+yµ+tω) ln(δ)2)2 . (3.17)

Set 4.

y1 = 0, z1 = δ, y2 = −
ϵ
(
2ω + δ2µ ln(δ)2

)
z2

δ2µ
, F = δ. (3.18)

By putting set 3 in Eq (3.5), we obtain the exact solution as follows:

R10(t, x, y) = y0 +

(
− δ

−xδ−yµ−tωϵ
4β + βδxδ+yµ+tω ln(δ)2

)2
z2(

δ−xδ−yµ−tωϵ
4β ln(δ) + βδ

xδ+yµ+tω ln(δ)
)2 −

ϵ
(
2ω + δ2µ ln(δ)2

)
z2

δ2µ
(
δ−xδ−yµ−tωϵ

4β ln(δ) + βδ
xδ+yµ+tω ln(δ)

)2 . (3.19)

when we choose F = e and ϵ = 4β2, the Eq (3.19) becomes

R11(t, x, y) = y0 +
ln(δ)2

(
δ2µ + δ2+4xδ+4yµ+4tωµ ln(δ)4 − 2δ2(xδ+yµ+tω)

(
4ω + 3δ2µ ln(δ)2

))
z2

µ
(
δ + δ1+2xδ+2yµ+2tω ln(δ)2)2 . (3.20)

when we choose F = e and ϵ = −4β2 the Eq (3.19) becomes

R12(t, x, y) = y0 +
ln(δ)2

(
δ2µ + δ2+4xδ+4yµ+4tωµ ln(δ)4 + 2δ2(xδ+yµ+tω)

(
4ω + 3δ2µ ln(δ)2

))
z2

δ2µ
(
−1 + δ2(xδ+yµ+tω) ln(δ)2)2 . (3.21)

4. The modified sub-equation method

The basic steps of the modified sub-equation (MSE) method are as follows:
Step 01: The MSE method provides the solution of Eq (2.5) as follows:

F(ξ) = h0 +

N∑
i=1

h jM j(ξ). (4.1)

h0, hi (for i = 1, 2, . . . , N) are non-zero constants, with the condition hN , 0, and the function M(ξ)
in Eq (4.1) satisfies the relation:

M′(ξ) =
√
σ2M4 (ξ) + σ1M2 (ξ) + σ0. (4.2)

Here, σ0, σ1, and σ2 , 0 are real constants. The answer to Eq (4.2) is as follows:
Case 01: When σ0 = 0, σ1 > 0, and σ2 , 0, then,

M01(ξ) = ±
√
−
σ1

σ2
sech

[√
σ1ξ + ρ

]
. (4.3)

M02(ξ) = ±
√
σ1

σ2
csch

[√
σ1ξ + ρ

]
. (4.4)
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Case 02: In case of constants B1 and B2, σ0 = 0, σ1 > 0, and σ2 = ±4A1A2, then,

M03(ξ) = ±
4
√
σ1B1(

4B2
1 − σ2

)
cosh

(√
σ1 (ξ + ρ)

)
+

(
4B2

1 + σ2

)
sinh

(√
σ1 (ξ + ρ)

) . (4.5)

Case 03: Consider σ0 =
σ2

1
4σ2

, σ1 < 0, and σ2 > 0, then,

M04(ξ) = ±
√
−
σ1

2σ2
tanh

√−σ1

2
ξ + ρ

. (4.6)

M05(ξ) = ±
√
−
σ1

2σ2
coth

√−σ1

2
ξ + ρ

. (4.7)

M06(ξ) = ±
√
−
σ1

2σ2

[
tanh

( √
−2σ1ξ + ρ

)
+ ι sech

( √
−2σ1ξ + ρ

)]
. (4.8)

M07(ξ) = ±
√
−
σ1

2σ2

[
tanh

( √
−2σ1ξ + ρ

)
+ ι sech

( √
−2σ1ξ + ρ

)]−1
. (4.9)

Case 04: When σ0 = 0, σ1 < 0, and σ2 , 0, then,

M08(ξ) = ±
√
−
σ1

2σ2
sec

[√
−σ1ξ + ρ

]
. (4.10)

M09(ξ) = ±
√
−
σ1

2σ2
csc

[√
−σ1ξ + ρ

]
. (4.11)

Case 05: Consider σ0 =
σ2

1
4σ2

, σ1 > 0, and σ2 > 0, then,

M10(ξ) = ±
√
σ1

2σ2
tan

[√
σ1

2
ξ + ρ

]
. (4.12)

M11(ξ) = ±
√
σ1

2σ2
cot

[√
σ1

2
ξ + ρ

]
. (4.13)

M12(ξ) = ±
√
σ1

2σ2

[
tan

( √
2σ1ξ + ρ

)
+ sec

( √
2σ1ξ + ρ

)]
. (4.14)

M13(ξ) = ±
√
σ1

2σ2

[
tan

( √
2σ1ξ + ρ

)
+ sec

( √
2σ1ξ + ρ

)]−1
. (4.15)

Case 06: If σ0 = 0, σ1 > 0, then,

M14(ξ) = ±
4σ1e

√
σ1ξ+ρ

e2
√
σ1ξ+ρ − 4σ1σ2

. (4.16)

M15(ξ) = ±
4σ1e

√
σ1ξ+ρ

1 − 4σ1σ2e2
√
σ1ξ+ρ
. (4.17)
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Case 07: When σ0 = σ1 = 0, σ2 > 0, then,

M16(ξ) = ±
1

√
σ2ξ + ρ

. (4.18)

Case 08: If σ0 = σ1 = 0, σ2 > 0, then,

M17(ξ) = ±
ι

√
−σ2ξ + ρ

. (4.19)

Step 02: By balancing the non-linear term and the term with the highest order derivative in Eq (2.5),
the positive integer N is determined for Eq (4.1).
Step 03: After inserting Eqs (4.1) and (4.2) in Eq (2.5), and since Mi(ξ) , 0, for (i = 1,2,3,..., N)
as a result of this substitution, we get a polynomial of Mi(ξ). Equivalently, we set all terms with the
same power equal to zero. Then, by solving this set of nonlinear algebraic systems and with the help
of Eqs (4.2) and (2.2), the solutions of Eq (1.7) may be determined.

4.1. Solution by the modified sub-equation method

To find the exact solution of Eq (2.5), first we find the value of the positive integer N=2 and add the
value of N to Eq (4.1). Then, Eq (4.1) will become as follows:

R(ξ) = h0 + h1M (ξ) + h2M(ξ)2. (4.20)

By inserting Eq (4.20) into Eq (1.7), together with Eqs (2.2) and (4.2), we have a polynomial in terms
of M j(ξ). This creates a system of algebraic equations when we aggregate all terms of the same power
and equal them to zero. The values of unknown constants are obtained.

Set 01:

µ =

√
− 1

3σ0σ2−σ
2
1
ω

δ2 , h0 =

(√
− 1

3σ0σ2−σ
2
1
σ1 + 1

)
δ

3
√
− 1

3σ0σ2−σ
2
1

, h1 = 0, h2 = δσ2. (4.21)

By putting Set 1 in Eq (4.20), we get the exact solutions as follows:
Case 01: When σ0 = 0σ1 > 0, and σ2 , 0, then,

R01(t, y, x) =

(√
− 1

3σ0σ2−σ
2
1
σ1 + 1

)
δ

3
√
− 1

3σ0σ2−σ
2
1

− δσ1sech
(√
σ1 ξ + ρ

)2
. (4.22)

R02(t, y, x) =

(√
− 1

3σ0σ2−σ
2
1
σ1 + 1

)
δ

3
√
− 1

3σ0σ2−σ
2
1

+ δσ1csch
(√
σ1 ξ + ρ

)2
. (4.23)

Case 02: In case of constants B1and B2, σ0 = 0, σ1 > 0, and σ2 = ±4A1A2, then,
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R03(t, y, x) =
16δσ2σ1A2

1((
4A2

1 − σ2

)
cosh

(√
σ1 (ξ + ρ)

)
+

(
4A2

1 + σ2

)
sinh

(√
σ1 (ξ + ρ)

))2+

(√
− 1

3σ0σ2−σ
2
1
σ1 + 1

)
δ

3
√
− 1

3σ0σ2−σ
2
1

.

(4.24)

Case 03: Consider σ0 =
σ2

1
4σ2

, σ1 < 0, and σ2 > 0, then,

R04(t, y, x) =

(√
− 1

3σ0σ2−σ
2
1
σ1 + 1

)
δ

3
√
− 1

3σ0σ2−σ
2
1

−
δσ1 tanh

( √
−2σ1 ξ

2 + ρ
)2

2
. (4.25)

R05(t, y, x) =

(√
− 1

3σ0σ2−σ
2
1
σ1 + 1

)
δ

3
√
− 1

3σ0σ2−σ
2
1

−
δσ1 coth

( √
−2σ1 ξ

2 + ρ
)2

2
. (4.26)

R06(t, y, x) =

(√
− 1

3σ0σ2−σ
2
1
σ1 + 1

)
δ

3
√
− 1

3σ0σ2−σ
2
1

−
δσ1

(
tanh

(√
−2σ1 ξ + ρ

)
+ I sech

(√
−2σ1 ξ + ρ

))2

2
. (4.27)

R07(t, y, x) =

(√
− 1

3σ0σ2−σ
2
1
σ1 + 1

)
δ

3
√
− 1

3σ0σ2−σ
2
1

−
δσ1

2
(
tanh

(√
−2σ1 ξ + ρ

)
+ I sech

(√
−2σ1 ξ + ρ

))2 . (4.28)

Case 04: When σ0 = 0, σ1 < 0, and σ2 , 0, then,

R08(t, y, x) =

(√
− 1

3σ0σ2−σ
2
1
σ1 + 1

)
δ

3
√
− 1

3σ0σ2−σ
2
1

−
δσ1 sec

(√
−σ1 ξ + ρ

)2

2
. (4.29)

R09(t, y, x) =

(√
− 1

3σ0σ2−σ
2
1
σ1 + 1

)
δ

3
√
− 1

3σ0σ2−σ
2
1

−
δσ1 csc

(√
−σ1 ξ + ρ

)2

2
. (4.30)

Case 05: Consider σ0 =
σ2

1
4σ2

, σ1 > 0, and σ2 > 0, then,

R10(t, y, x) =

(√
− 1

3σ0σ2−σ
2
1
σ1 + 1

)
δ

3
√
− 1

3σ0σ2−σ
2
1

+

δσ1 tan
( √

2
√
σ1 ξ

2 + ρ
)2

2
. (4.31)
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R11(t, y, x) =

(√
− 1

3σ0σ2−σ
2
1
σ1 + 1

)
δ

3
√
− 1

3σ0σ2−σ
2
1

+

δσ1 cot
( √

2
√
σ1 ξ

2 + ρ
)2

2
. (4.32)

R12(t, y, x) =

(√
− 1

3σ0σ2−σ
2
1
σ1 + 1

)
δ

3
√
− 1

3σ0σ2−σ
2
1

+
δσ1

(
tan

(√
2
√
σ1 ξ + ρ

)
+ sec

(√
2
√
σ1 ξ + ρ

))2

2
. (4.33)

R13(t, y, x) =

(√
− 1

3σ0σ2−σ
2
1
σ1 + 1

)
δ

3
√
− 1

3σ0σ2−σ
2
1

+
δσ1

2
(
tan

(√
2
√
σ1 ξ + ρ

)
+ sec

(√
2
√
σ1 ξ + ρ

))2 . (4.34)

Case 06: If σ0 = 0, σ1 > 0, then,

R14(t, y, x) =

(√
− 1

3σ0σ2−σ
2
1
σ1 + 1

)
δ

3
√
− 1

3σ0σ2−σ
2
1

+
16δσ2σ

2
1

(
e
√
σ1 ξ+ρ

)2(
e2
√
σ1 ξ+ρ − 4σ1σ2

)2 . (4.35)

R15(t, y, x) =

(√
− 1

3σ0σ2−σ
2
1
σ1 + 1

)
δ

3
√
− 1

3σ0σ2−σ
2
1

+
16δσ2σ

2
1

(
e
√
σ1 ξ+ρ

)2(
1 − 4σ1σ2e2

√
σ1 ξ+ρ

)2 . (4.36)

Case 07: When σ0 = σ1 = 0, σ2 > 0, then,

R16(t, y, x) =

(√
− 1

3σ0σ2−σ
2
1
σ1 + 1

)
δ

3
√
− 1

3σ0σ2−σ
2
1

+
δσ2(√
σ2 ξ + ρ

)2 . (4.37)

Case 08: If σ0 = σ1 = 0, σ2 > 0, then,

R17(t, y, x) =

(√
− 1

3σ0σ2−σ
2
1
σ1 + 1

)
δ

3
√
− 1

3σ0σ2−σ
2
1

−
δσ2(√
−σ2 ξ + ρ

)2 . (4.38)

5. Results and discussion

In this section, we have selected specific values for the physical parameters to illustrate the
significance of the new optical solutions for the current governing equation. The effect of both
parameters x and t on the existing soliton solutions is portrayed through two-dimensional (2D)
and three-dimensional (3D) graphs, streamline plots, and polar plots. Figures 1–8 present 3D, 2D,
streamline plots, and polar plots, illustrating the behavior of the current solutions.

Figure 1 illustrates the spatiotemporal dynamics of the bright soliton solution Q01(t, y, x), providing
a graphical visualization of the derived solution of Eq (3.7), The figure includes (a) a 3D surface plot,
(b) 2D surface plot, (c) streamline plot, and (d) polar plot , illustrating solution’s evolution with varying
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values of the temporal parameters, namely ρ = 1, µ = 1, ω = 1, β2 = 1, δ = 2.1, η = 0.1, B = 1, y =
−1, α0 = −1, and A = 2. Bright solitons are characterized by localized peaks in intensity, emerging
from a zero or near-zero background due to the interplay between dispersion and nonlinearity.

Figure 2 represents the dark soliton solution Q04(t, y, x), providing a graphical visualization of the
derived solution of Eq (3.11) by illustrating its evolution through (a) a 3D surface plot, (b) 2D surface
plot, (c) streamline plot, and (d) polar plot, for varying values of the temporal parameters, namely
ρ = 1, µ = 1, ω = 0.6, β2 = 1, δ = 2.5, η = 0.1, B = 1, y = −1.5, α0 = −1, and A = 3. of the solution.
A dark soliton is a type of localized wave solution that appears as a dip or notch in the amplitude
of a continuous wave background. It is a stable, self-reinforcing structure that occurs in nonlinear
dispersive media.

(a) 3D surface (b) 2D surface

(c) Streamline plot (d) Polar plot

Figure 1. Graphical visualization of the derived solution of Eq (3.7) as a (a) 3D surface
plot, (b) 2D surface plot, (c) streamline plot, and (d) polar plot of Q01(t, y, x) with parameters
ρ = 1, µ = 1, ω = 1, β2 = 1, δ = 2.1, η = 0.1, B = 1, y = −1, α0 = −1, and A = 2.
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(a) 3D surface (b) 2D surface

(c) Streamline plot (d) Polar plot

Figure 2. Graphical visualization of the derived solution of Eq (3.11) as a (a) 3D surface
plot, (b) 2D surface plot, (c) streamline plot, and (d) polar plot of Q04(t, y, x) with parameters
ρ = 1, µ = 1, ω = 0.6, β2 = 1, δ = 2.5, η = 0.1, B = 1, y = −1.5, α0 = −1, and A = 3.

Figure 3 provides a detailed visualization of the kink-type soliton solution Q07(t, y, x) for varying
values of the temporal parameter t and ρ = 1, µ = 1, ω = 0.6, β2 = 1, δ = 2.1, η = 0.1, B = 1, y =
1, α0 = 1, and A = 1.1. A kink soliton is a topological soliton that represents a smooth but localized
change from one asymptotic state to another, typically moving through space with constant shape and
speed. It connects two different constant values of a field at spatial infinity and is non-periodic and
stable. The soliton profile exhibits a smooth, monotonic rise, demonstrating its stability and persistent
structure over time. The resulting profile becomes noticeably sharper and more abrupt, with enhanced
gradient steepness and increased localization. This reflects the influence of fractional-order dynamics
in intensifying nonlinear effects and compressing the soliton structure.

Similarly, Figure 4 illustrates the spatiotemporal dynamics of the bright soliton solution R01(t, y, x),
providing a graphical visualization of the derived solution of Eq (4.22) through (a) a 3D surface plot,
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(b) a 2D surface plot, (c) a streamline plot, and (d) a polar plot, illustrating its evolution with varying
values of the temporal parameters σ0 = 0, σ1 = 0.4, σ2 = 1, δ = −0.9, ω = 0.5, y = 0.3, ρ = 0.8, and
µ = 1.54.

(a) 3D surface (b) 2D surface

(c) Streamline plot (d) Polar plot

Figure 3. Graphical visualization of the derived solution of Eq (3.15) as a (a) 3D surface
plot, (b) 2D surface plot, (c) streamline plot, and (d) polar plot of Q07(t, y, x) with parameters
ρ = 1, µ = 1, ω = 0.6, β2 = 1, δ = 2.1, η = 0.1, B = 1, y = 1, α0 = 1, and A = 1.1.
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(a) 3D surface (b) 2D surface

(c) Streamline plot (d) Polar plot

Figure 4. Graphical visualization of the derived solution of Eq (4.22) as a bright soliton,
including (a) a 3D surface plot, (b) a 2D surface plot, (c) a streamline plot, and (d) a polar
plot of R01(t, y, x) with parameters σ0 = 0, σ1 = 0.4, σ2 = 1, δ = −0.9, ω = 0.5, y = 0.3,
ρ = 0.8, and µ = 1.54.

Figure 5 illustrates the spatiotemporal dynamics of the multiple dark-bright soliton solution of
|R04(t, y, x)|, illustrating its evolution for varying values of the temporal parameter t and σ0 =

0.009, σ1 = −0.15, σ2 = 0.6, δ = 0.8, ω = 0.8, y = 0.2, ρ = 0.6, and µ = 2.94I. A dark-bright soliton
is a combination of a dark soliton and a bright soliton. It has the characteristics of both solutions.
The soliton maintains a well-defined structure as it propagates, combining localized dips and peaks, a
signature of the mixed dark-bright soliton class.

Similarly, Figure 6 illustrates the spatiotemporal dynamics of the bright soliton solution of
|R06(t, y, x)|, illustrating its evolution with varying values of the temporal parameter t and σ0 =

−0.1, σ1 = 1, σ2 = 0.1, δ = 0.8, ω = 0.3, y = 1, ρ = 0.8, and µ = 6.62I.
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(a) 3D surface (b) 2D surface

(c) Streamline plot (d) Polar plot

Figure 5. Graphical visualization of the derived solution of Eq (4.25) yielding a dark-bright
soliton, including (a) 3D surface plot, (b) 2D surface plot, (c) streamline plot, and (d) polar
plot of |R04(t, y, x)| with parameters σ0 = 0.009, σ1 = −0.15, σ2 = 0.6, δ = 0.8, ω = 0.8,
y = 0.2, ρ = 0.6, and µ = 2.94I.
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(a) 3D surface (b) 2D surface

(c) Streamline plot (d) Polar plot

Figure 6. Graphical visualization of the derived solution of Eq (4.27) yielding a bright-dark
soliton, including (a) 3D surface plot, (b) 2D surface plot, (c) streamline plot, and (d) polar
plot of |R06(t, y, x)| with parameters σ0 = −0.1, σ1 = 1, σ2 = 0.1, δ = 0.8, ω = 0.3, y = 1,
ρ = 0.8, and µ = 6.62I.

Figure 7 represents the periodic wave solution R07(t, y, x)| by using suitable parametric values: σ0 =

0.05, σ1 = 1, σ2 = 0.1, δ = 1.2, ω = 1.5, y = 1, ρ = 0.6, and µ = 29.62I. Periodic waves are defined
as a standard soliton, which is a single, localized pulse that maintains its shape during propagation. A
periodic soliton repeats itself in space or time and typically arises in nonlinear dispersive systems.

Figure 8 represents the dark soliton solution R15(t, y, x) using suitable parametric values: σ0 =

0, σ1 = 0.9, σ2 = −0.1, δ = 0.6, ω = 0.2, y = 0.5, ρ = 0.4, and µ = 0.61. A dark soliton is a
type of localized wave solution that appears as a dip or notch in the amplitude of a continuous wave
background. It is a stable, self-reinforcing structure that occurs in nonlinear dispersive media.
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(a) 3D surface (b) 2D surface

(c) Streamline plot (d) Polar plot

Figure 7. Graphical visualization of the derived solution of Eq (4.28) showing a periodic
soliton structure, including (a) 3D surface plot, (b) 2D surface plot, (c) streamline plot, and
(d) polar plot of |R07(t, y, x)| with parameters σ0 = 0.05, σ1 = 1, σ2 = 0.1, δ = 1.2, ω = 1.5,
y = 1, ρ = 0.6, and µ = 29.62I.
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(a) 3D surface (b) 2D surface

(c) Streamline plot (d) Polar plot

Figure 8. Graphical visualization of the derived solution of Eq (4.38) showing a dark soliton
structure, including (a) 3D surface plot, (b) 2D surface plot, (c) streamline plot, and (d) polar
plot of R15(t, y, x) with parameters σ0 = 0, σ1 = 0.9, σ2 = −0.1, δ = 0.6, ω = 0.2, y = 0.5,
ρ = 0.4, and µ = 0.61.

6. Conclusions

In conclusion, we introduced two new methods to find exact solutions for NLPDEs, specifically
focusing on the (2+1)-dimensional integrable Schwarz–Korteweg–de Vries equation. The NLPDE was
converted into a PDE through traveling wave transformation, after which the generalized Arnous and
the modified sub-equation methods were applied to the proposed Eq (1.7). The solutions demonstrate
the applicability of our model. These methodologies resulted in a wide range of dark, bright, kink,
dark-bright, and bright-dark solitary waves. These results were graphically represented through 3D
surface (including density and contour plots), 2D surface plots, streamline plots, and polar plots. Our
proposed method presents a systematic and efficient technique to solve NLPDEs, especially by showing
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its application in the Schwarz–Korteweg–de Vries equation. We tested the methods using Maple and
Python, which confirmed the precision and usefulness in nonlinear differential equations. In the future,
we can apply these methods to different NLPDEs to verify their applicability and precision in various
mathematical fields. Moreover, our key focus is to develop numeric models to achieve high precision
in the real-time modeling of real systems. Evaluating these methods against a wide range of benchmark
problems and contrasting their performance with other methods can help us in assessing their stability
and sensitivity. Moreover, the scope of this study by can be widened including lump interactions,
researching multi-soliton situations, and analyzing the dynamics of breather-type rogue waves. Such
additions might improve the practical application and relevance of this research.
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43. J. Weiss, M. Tabor, G. Carnevale, The Painlevé property for partial differential equations, J. Math.
Phys., 24 (1983), 522–526. https://doi.org/10.1063/1.525721
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