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Abstract: Predicting a functional response from scalar predictors is challenging, especially with
complex data structures. Traditional function-on-scalar regression (FOSR) methods emphasize
smoothness or sparsity, but few address group structures in functional data. To address this
gap, we introduce the network function-on-scalar Lasso (NFL), an innovative FOSR model that
integrates simultaneous clustering and optimization (SCO) principles. The NFL model introduces a
graph-structured sum-of-norms regularization to encourage similar functional responses for related
observations (e.g., neighboring regions), while also performing sparse variable selection. An efficient
semi-proximal alternating direction method of multipliers (ADMM) algorithm is developed for model
estimation, scaling to high-dimensional functional data. We provide theoretical guarantees for the
NFL estimator under regularity conditions, ensuring model accuracy and insight into its clustering
consistency. Simulations and an environmental application predicting US county-level air quality
trends demonstrate the NFL’s superior prediction accuracy and ability to uncover meaningful group
structures compared to existing methods.
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1. Introduction

Functional data analysis (FDA) provides a unified framework for studying observations recorded
over a continuum—curves, images, or surfaces—by treating them as elements in infinite-dimensional
spaces. Within the FDA, functional regression lies at the core, encompassing scalar-on-function,
function-on-scalar, and function-on-function models [1]. Foundational estimation theory was laid
by, among others, [2–6], and subsequent surveys charted key methodological advances [7, 8]. More
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recently, extensive reviews of non-parametric and semiparametric approaches have appeared [9–11].
Rapid progress in scalar-on-function [12–16] and function-on-function regression [17–19] has

set the stage for intensive study of function-on-scalar models. Important themes include non-
parametric estimation of mean and covariance functions [20], robust functional mixed modelling [21],
and Bayesian discrimination [22]. Central to these developments is regularization, where ideas
such as the Lasso [23], Elastic Net [24], and MCP [25] have been adapted to infinite-dimensional
settings. Functional counterparts include basis expansion with MCP penalties [26], `1-sparse
coefficient estimators [27], adaptive smooth-sparse procedures [28], and weighted group bridge
methods [29]. Broader innovations blend sparsity with semiparametrics [30], deliver consistent
variable selection [31], model discrete points of impact [16], extend to additive frameworks [32, 33],
accommodate multi-functional predictors [34], and expand shrinkage to categorical covariates [35].

Despite these advances, most functional-on-scalar methods ignore known relational structure
among subjects—information naturally represented by a graph and often crucial for interpretability and
prediction. Simultaneous clustering and optimization (SCO) addresses this by augmenting a convex
loss with a graph-based sum-of-norms penalty, an idea pioneered in the Network Lasso for scalar
data [36, 37] and later analyzed for generic [38] and dynamic graphs [39], with inferential theory
in [40]. Functional extensions remain limited: [41] introduces penalized clustering for large-scale
data, [42] extends graphical lasso to functional setting, AFSSEN adapts SCO to scalar-on-function
models [28], and the Smooth-Lasso fuses smoothness and sparsity in a common-surface function-on-
function setting [43]. To date, no existing work explicitly fuses subject-specific coefficient functions
along a pre-specified graph within a function-on-scalar model. Bridging this gap is the goal of the
present study.

Motivated by this gap, we introduce a function-on-scalar linear regression model that directly
captures similarities among functional responses. Such structure often comes from external
knowledge—geographic proximity, network connections, or hierarchical links between observations.
When these relationships are taken into account, the resulting coefficients become easier to interpret
and tend to improve predictive accuracy because each scalar predictor can act in a structured way
across observations.

Environmental science offers a clear example of why structural similarities matter in functional
regression—consider forecasting air quality. Daily air quality index (AQI) curves for each county are
functional data, and we often try to explain them with scalar covariates such as population density,
industrial activity, or weather. Yet AQI shows strong spatial dependence: neighboring counties tend
to share similar temporal patterns. Figure 1 highlights the year-long AQI profiles for several U.S.
counties, underscoring temporal dynamics and the need for FDA tools, while Figure 2 maps AQI on
a single day, making the spatial clustering obvious. Standard function-on-scalar models can include
the covariates, but they rarely encode these spatial ties unless a separate—and often complex—spatial
layer is added. Although existing air-quality studies do incorporate space in various ways [44, 45],
few embed prior geographic information directly into a functional-regression framework through a
principled tool like SCO. Our goal, therefore, is to build a function-on-scalar method that uses a graph
of geographical proximity to impose similarity across related counties, yielding more interpretable
coefficients and better predictions.
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Figure 1. AQI index heatmap for 10 random counties.

Figure 2. Geographical distribution of AQI.

Beyond the challenge of incorporating structural information, fitting functional regression models,
especially with complex regularizers or large datasets, poses a significant computational challenge. The
infinite-dimensional nature of functional data, coupled with potentially large numbers of observations
and predictors and the structure-inducing penalties, can strain the efficiency of generic optimization
solvers like standard implementations of the alternating direction method of multipliers (ADMM)
within frameworks such as CVX [46]. Developing efficient and scalable algorithms specifically tailored
to the proposed model is therefore essential to meet the need in modern practice.

In summary, this paper makes the following principal contributions:

(1) We extend the graph-fused penalty framework to linear function-on-scalar regression, proposing
the network function-on-scalar Lasso (NFL) model. The model leverages prior structural
information, represented by a graph, to jointly capture model similarities and improve prediction
accuracy.

(2) We establish non-asymptotic error bounds for the proposed NFL estimator in a Hilbert-space
setting. This analysis extends the existing error-bound theory for graph-fused lasso from the
standard vector setting to the more complex functional coefficient setting.
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(3) We implement an efficient semi-proximal alternating direction method of multipliers (sp-
ADMM) algorithm specifically designed to solve the NFL optimization problem, addressing the
computational challenges associated with large functional datasets.

(4) We demonstrate the model’s effectiveness through simulation studies and showcase its practical
utility by applying it to spatially linked functional data in a U.S. air quality analysis, highlighting
its improved predictive power and interpretability in real-world scenarios.

The remainder of this paper is structured as follows. Section 2 details the formulation of the
network function-on-scalar Lasso model. Section 3 presents its theoretical properties and describes
the estimation procedure, including the proposed semi-proximal ADMM algorithm. Section 4 reports
the findings from our simulation studies, evaluating the performance of NFL and comparing it to other
existing methods under various simulated scenarios. Section 5 presents the results of the real-data
application, demonstrating its practical application in analyzing air quality data. Concluding remarks
and potential future work are discussed in Section 6. Theoretical proofs are provided in the Appendix.

2. Network function-on-scalar Lasso (NFL) model

2.1. Preliminaries

Function-on-scalar regression (FOSR) is an important branch of functional data analysis focused
on modeling the relationship between a functional response and scalar covariates. In this setting, we
consider n observations and p scalar covariates. LetH = L2(T ) denote the separable Hilbert space of
real, square-integrable functions on a compact interval T ⊂ R (without loss of generality, T = [0, 1]),
where R is real space. For f , g ∈ H , we equip this space with the inner product

〈
f , g

〉
=

∫
T

f (t) g(t) dt,
and induced norm ‖ f ‖H =

〈
f , f

〉1/2
. A standard FOSR model for the i-th observation is typically

expressed as:

yi =

p∑
d=1

xidβd + εi, i = 1, 2, . . . , n. (2.1)

Here, yi ∈ H is the functional response (e.g., a curve), βd ∈ H are the functional coefficients associated
with the d-th scalar covariate xid ∈ R, and εi ∈ H is the functional error term. This traditional
formulation assumes that the same set of coefficient functions {β1, . . . , βp} applies to all n observations.

Our approach incorporates a network model to leverage potential group structures or similarities
among observations, as inspired by the simultaneous clustering and optimization (SCO) framework.
We represent the relationships among the n observations using a graph G = (V,E), where V =

{v1, · · · , vn} is the set of vertices, with each vi corresponding to the i-th observation, and E is the set of
edges connecting pairs of similar observations:

V = {v1, · · · , vn},E =
{
ei j, i, j ∈ N

}
,N = {1, 2, · · · , n}.

The edge set is typically constructed based on some prior information or data-driven proximity
criterion. A common method is to connect each vertex vi to its K nearest neighbors based on a relevant
distance metric (e.g., `2 distance on sample features or external coordinates like geographical location).
An edge ei j exists between vertices i and j if they are deemed similar according to this criterion.
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Let |E| = m be the number of edges in the network. To represent the graph structure and its use
in promoting similarity between connected nodes, we define a matrix QE ∈ Rm×n. Each row of QE
corresponds to an edge ei j ∈ E. If the k-th row corresponds to the edge connecting vertices i and
j, this row is constructed as (QE)>k = ei − e j, where ei ∈ R

n is the standard basis vector with a 1 at
the i-th position and 0 elsewhere. This matrix effectively captures the differences between connected
observations across the network.

2.2. The network function-on-scalar Lasso model

In contrast with the standard FOSR specification (2.1), which assigns the same set of coefficient
functions to every subject, the proposed network function-on-scalar Lasso (NFL) allows the
coefficients βi

d ∈ H to vary by subject so that group-specific relationships can be captured. For subject
i, we assume

yi =

p∑
d=1

xid β
i
d + εi, i = 1, . . . , n. (2.2)

Let βi = (βi
1, . . . , β

i
p)> ∈ H p denote the vector of coefficient functions for subject i. When β1 = · · · = βn

the model coincides with (2.1); in general, βi = β j whenever observations i and j belong to the same
group.

The NFL model is formulated as an optimization problem designed to estimate the coefficient
vectors β1, . . . , βn. It incorporates three components: A squared loss term, a penalty for sparsity, and a
sum-of-norms regularizer leveraging the network structure to encourage similarity between coefficients
of connected observations. The objective function is

min
β1,...,βn

1
2

∑
i∈V

∥∥∥∥∥∥∥yi −

p∑
d=1

xidβ
i
d

∥∥∥∥∥∥∥
2

H

+ α1

∑
i∈V

∥∥∥βi
∥∥∥
H ,1

+ α2

∑
(i, j)∈E

ωi j

∥∥∥βi − β j
∥∥∥
H ,1

, (2.3)

where
∥∥∥βi

∥∥∥
H ,1

=
∑p

d=1

∥∥∥βi
d

∥∥∥
H

is the `1 norm of the vector of function norms for subject i, α1, α2 > 0 are
regularization parameters, and ωi j > 0 is a weight associated with the edge (i, j), typically inversely
proportional to the dissimilarity between observations i and j. The first penalty term induces sparsity
in the coefficient functions so that—within each subject’s model—only those scalar predictors that
meaningfully affect the functional response remain active. The second penalty term involves a sum
over all edges in the network E and penalizes the functional difference between the coefficient vectors
of connected subjects. A larger ωi j strongly encourages βi and β j to be similar; this enables the model
to estimate models customized for each subject while capturing inherent similarities dictated by the
network structure.

3. Theoretical properties and computation for NFL

3.1. Statistical guarantees

To establish the theoretical properties of the NFL estimator, we rely on several assumptions:
Assumption 1. The functional responses yi are independent random elements of a separable Hilbert
spaceH , generated according to the model (2.2).
Assumption 2. The true model is sparse, with S 0 representing the set of non-zero covariates, and the
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cardinality of S 0 denoted as q.
Assumption 3. The design matrix X = (xid) ∈ Rn×p is deterministic with standardized columns.
Assumption 4. The errors εi are independent and identically distributed Gaussian elements with
mean 0 and covariance operator C, denoted εi ∼ GP(0,C).
Assumption 5. Let xi be the i-th row of X, and let Z = diag(x1, . . . , xn) ∈ Rn×np be a block diagonal
matrix where each block is xi viewed as a 1 × p vector. Z satisfies the functional restricted eigenvalue
condition REF (q, α) with parameter α > 0, such that for all subsets S ⊂ {1, . . . , np} with |S | ≤ q, we
have ‖Zz‖2

H
≥ αn‖z‖2

H
for all z ∈ Hnp satisfying ‖zS c‖H ,1 ≤ 3 ‖zS ‖H ,1.

Remark 1. Assumptions 1 and 2 are standard in linear regression under scalar settings and have
also been explored in various functional settings. Assumptions 3 and 4 are standard in the context of
functional regression, as demonstrated in the research of [26, 29].

Remark 2. The functional restricted eigenvalue condition REF (q, α), as stated in Assumption 5, is an
adaptation of the scalar restricted eigenvalue condition, which is a well-established concept in Lasso-
related research. It has been proved that the functional restricted eigenvalue condition is no more
restrictive than its scalar counterpart in the work of [27].

Remark 3. In practical applications, functional data yi are often observed as discrete measurements
yi = (yi1, . . . , yiti) ∈ Rti at time points. When ti is sufficiently large, these discrete data points can
be used to reconstruct or represent the underlying continuous function yi ∈ H through smoothing or
basis expansion techniques [47]. Our subsequent computations operate directly with the reconstructed
functional objects.

Under these assumptions, we establish theoretical guarantees for the NFL model.

Theorem 1. For the design matrix X ∈ Rn×p and the block diagonal matrix Z = diag(x1, . . . , xn) ∈
Rn×np, if Assumptions 1–5 hold, and the regularization parameters satisfy α1−α0−α2r > 0 (the explicit
forms of α0 and r are given in the Appendix), then for any minimizer β̂ = (vec(̂β1)T , . . . , vec(̂βn)T )T ∈

Hnp of problem (2.3) and the true coefficients β?, with high probability, we have the following error
bounds: ∥∥∥∥Z

(̂
β − β?

)∥∥∥∥
Hn
≤

4α1
√

q
√
αn

,

‖̂β − β?‖H ,1 ≤
4α2

1q
αn (α1 − α0 − α2r)

,

where vec(βi) = (βi
1, . . . , β

i
p)T ∈ H p.

We emphasize that our proof handle tackles three challenges absent from earlier work: (i) an
arbitrary weighted graph Laplacian Q, whose spectrum and heterogeneous degrees invalidate standard
Lipschitz arguments; (ii) infinite-dimensional coefficient functions, approximated via FPCA, which
require simultaneous control of truncation and fusion errors; and (iii) the joint presence of an `1 sparsity
term and a graph-fusion term, which introduces distinct selection and fusion biases. We established
convergence rates in this broader framework. Also, in practice we avoid overly dense graphs, because
a large r = ‖Q‖∞ forces α1 to grow relative to α2, over-sparsifying the model and potentially discarding
important variables.
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3.2. Computational implementation

Directly solving the optimization problem (2.3) involving infinite-dimensional functional objects
is computationally challenging. Therefore, we employ a data preprocessing step using functional
principal component analysis (FPCA) to represent the functional data in a finite-dimensional space.

3.2.1. Functional data representation via FPCA

FPCA is a standard technique for dimension reduction and representation of functional data. For a
collection of sample curves {y1, . . . , yn} drawn from a process y ∈ L2[0, 1], we consider the covariance
kernel Cy(s, t) = Cov(y(s), y(t)). By Mercer’s Theorem, Cy(s, t) admits a spectral decomposition
Cy(s, t) =

∑∞
k=1 λkek(s)ek(t), where λk are non-negative eigenvalues (λ1 ≥ λ2 ≥ . . .) and ek(t)

are orthonormal eigenfunctions forming a complete orthonormal system (CONS) in L2[0, 1] [48].
Estimation of ek and λk is based on estimating Cy(s, t) [49, 50].

The Karhunen–Loève expansion allows each functional object yi to be represented as a linear
combination of the eigenfunctions:

yi =

∞∑
k=1

〈yi, ek〉ek =

∞∑
k=1

sikek, (3.1)

similarly, the functional coefficients βi
d can be expanded:

βi
d =

∞∑
k=1

〈βi
d, ek〉ek =

∞∑
k=1

bi
dkek, (3.2)

where sik = 〈yi, ek〉 and bi
dk = 〈βi

d, ek〉 are the FPC scores. For practical computation, we truncate these
infinite series expansions at a chosen number of components, K:

yi ≈

K∑
k=1

sikek, βi
d ≈

K∑
k=1

bi
dkek. (3.3)

The truncation is justified by the property that the truncated expansion provides the best K-dimensional
approximation [51]. The number of components K is typically selected to explain a large proportion
of the total variance using the criterion:

PVE(K) =

∑K
k=1 λk∑∞
k=1 λk

. (3.4)

In most cases, a PVE of 95%-99% can be achieved with small K. This allows us to work with low-
dimensional vectors of FPC scores.

Following the FPCA procedure and employing the representation in (3.3), each functional object in
model (2.3) can be represented by its corresponding FPC score vector. Substituting these into (2.3),
the functional `2 norms become Euclidean `2 norms of the score vectors, and the optimization problem
transforms into a finite-dimensional problem in terms of the scores bi

dk:

min
{bi

dk}

1
2

∑
i∈V

K∑
k=1

sik −

p∑
d=1

xidbi
dk

2

+ α1

∑
i∈V

p∑
d=1

∥∥∥bi
d

∥∥∥
2

+ α2

∑
(i, j)∈E

ωi j

 p∑
d=1

∥∥∥bi
d − b j

d

∥∥∥
2

 , (3.5)
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where bi
d = (bi

d1, . . . , b
i
dK)T ∈ RK is the vector of FPC scores for the d-th functional coefficient of

sample i.
The notation that follows involves several block-structured matrices. For ease of reference we

collect the most important objects, their sizes and, their roles in Table 1; symbols not listed are standard
and explained in the text.

Table 1. Key matrices and their roles in the NFL optimization.

Symbol Dimension Definition Purpose

si 1 × K (si1, . . . , siK)T response FPC scores for sample i

Y n × K (s>1 , . . . , s
>
n )> response FPC scores

Z n × np diag(x1, . . . , xn) block-diagonal design
Bi p × K (bi

1, . . . ,b
i
p)T matrix of coefficient scores for sample i

B np × K ((B1)T , . . . , (Bn)T )T matrix of coefficient scores
QE m × n graph incidence node differences
Q′
E

mp × np Ip ⊗ QE predictor-wise fusion
U np × K auxiliary sparsity penalty
V mp × K Q′

E
B fusion penalty

Λ np × K dual variables ADMM duals
M mp × K dual variables ADMM duals

For computational efficiency, we express (3.5) in matrix form. The term
∑p

d=1 xidbi
d is the i-th row

of ZB; the penalty terms in (3.5) involve norms of rows of B. Specifically, bi
d is the (p(i−1)+d)-th row

of B, denoted Bp(i−1)+d,:. The term
∑

i∈V
∑p

d=1

∥∥∥bi
d

∥∥∥
2

is
∑np

r=1 ‖Br,:‖2. The difference bi
d − b j

d corresponds
to the difference between row p(i − 1) + d and row p( j − 1) + d of B. Let er ∈ R

np be the r-th standard
basis vector. The vector difference is (ep(i−1)+d − ep( j−1)+d)T B. The term

∑
(i, j)∈E ωi j

∑p
d=1

∥∥∥bi
d − b j

d

∥∥∥
2

is∑
(i, j)∈E ωi j

∑p
d=1 ‖(ep(i−1)+d − ep( j−1)+d)T B‖2. This leads to the equivalent matrix optimization problem:

min
B∈Rnp×K

1
2
‖Y − ZB‖2F + α1

np∑
r=1

∥∥∥Br,:

∥∥∥
2

+ α2

∑
(i, j)∈E

ωi j

p∑
d=1

‖(ep(i−1)+d − ep( j−1)+d)T B‖2. (3.6)

3.2.2. Optimization algorithm: Semi-proximal ADMM

Solving the optimization problem (3.6) is challenging because it contains two coupled `2,1-norm
penalties, particularly for large n and p. We implement an efficient scheme based on the semi-proximal
alternating direction method of multipliers (sp-ADMM) to address this challenge.

We reformulate problem (3.6) into a constrained optimization problem suitable for ADMM. The
penalties can be written using auxiliary variables U for the `2,1 row norm penalty and V for the network
penalty. Let P1(U) = α1

∑np
r=1

∥∥∥Ur,:

∥∥∥
2
, P2(V) = α2

∑mp
t=1 ω

′
t‖Vt,:‖2, where ω′t are the corresponding

weights ωi j associated with each stacked difference. The problem (3.6) becomes:

min
B,U,V

1
2
‖Y − ZB‖2F + P1(U) + P2(V),

s.t. B − U = 0,
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Q′EB − V = 0. (3.7)

The augmented Lagrangian function for (3.7) with penalty parameter σ > 0 and dual variables Λ,M
is:

Lσ(B,U,V; Λ,M) =
1
2
‖Y − ZB‖2F + P1(U) + P2(V) + 〈Λ, B − U〉 +

〈
M,Q′EB − V

〉
+
σ

2
‖B − U‖2F +

σ

2

∥∥∥Q′EB − V
∥∥∥2

F
.

The sp-ADMM algorithm iteratively updates B, (U,V), and the dual variables. Let W = (U,V) and
Ψ = (Λ,M). With a step length τ > 0 and positive semi-definite matrices S,T for the proximal terms,
the updates are (following [52, 53]):

Bk+1 = argminB

{
Lσ

(
B,Wk; Ψk

)
+ σ

2 ‖B − Bk‖2
S

}
,

Wk+1 = argminW

{
Lσ

(
Bk+1,W; Ψk

)
+ σ

2 ‖W −Wk
∥∥∥∥2

T
},

Λk+1 = Λk + τσ
(
Bk+1 − Uk+1

)
,

Mk+1 = Mk + τσ
(
Q′
E
Bk+1 − Vk+1

)
,

(3.8)

where ‖B − Bk‖2
S

:= trace((B − Bk)TS(B − Bk)). The T proximal term on W = (U,V) decomposes due
to the separability of P1(U) and P2(V).

The B-subproblem update in (3.8) is:

Bk+1 = argminB

{
Lσ

(
B,Wk; Ψk

)
+
σ

2
‖B − Bk‖2

S

}
= argminB

1
2
‖Y − ZB‖2F +

σ

2
‖B − Uk + Λk/σ‖2F +

σ

2
‖Q′EB − Vk + Mk/σ‖2F +

σ

2
‖B − Bk‖2

S
. (3.9)

This strongly convex problem has a unique solution

Bk+1 =C−1{ZT Y + σ
(
Uk + (Q′E)

T Vk + SBk
)
− Λk − (Q′E)

T Mk}, (3.10)

where C = ZT Z + (npσ + σ)Inp − σ1np1T
np and S = npInp − 1np1T

np − ((Q′
E
)T Q′

E
) � 0.

The W-subproblem in (3.8) separates into independent updates for U and V . Similarly, the closed-
form solution can be given by row-wise group soft-thresholding:

Uk+1
r,: = max{1 −

α1

σ‖Bk+1
r,: + Λk

r,:/σ‖2
, 0}(Bk+1

r,: + Λk
r,:/σ);

Vk+1
t,: = max{1 −

α2ω
′
t

σ‖(Q′
E
Bk+1)t + Mk

t /σ‖2
, 0}((Q′EBk+1)t + Mk

t /σ). (3.11)

The dual variables Λ and M are updated via standard ADMM steps based on the residuals of the
constraints, as shown in (3.8). Algorithm 1 summarizes the sp-ADMM procedure. We set τ = 1.618
and a stopping tolerance of 10−3.

Remark 4. The convergence of Algorithm 1 to an optimal solution of problem (3.7) (and thus (3.6)) is
guaranteed under standard conditions for sp-ADMM for convex problems with affine constraints and
separable objectives [54].
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Algorithm 1 Semi-Proximal ADMM for solving Problem (3.7)

1: Choose parameters τ > 0, σ > 0, tolerance tol = 10−3, maximum iterations kmax = 10000.
Initialize k = 0.

2: Initialize B0,U0,Λ0 ∈ Rnp×K , V0,M0 ∈ Rmp×K .
3: Precompute C−1 = (ZT Z + σI + σ(Q′

E
)T Q′

E
+ σS)−1.

4: repeat
5: k ← k + 1
6: Update B: Bk+1 = C−1

{
ZT Y + σ

(
Uk + (Q′

E
)T Vk + SBk

)
− Λk − (Q′

E
)T Mk

}
7: for r = 1 to np do
8: Update U: Uk+1

r,: = max
{
1 − α1

σ‖Bk+1
r,: +Λk

r,:/σ‖2
, 0

} (
Bk+1

r,: + Λk
r,:/σ

)
9: end for

10: for t = 1 to mp do
11: Update V: Vk+1

t,: = max
{
1 − α2ω

′
t

σ‖(Q′
E

Bk+1)t+Mk
t /σ‖2

, 0
} (

(Q′
E
Bk+1)t + Mk

t /σ
)

12: end for
13: Update dual variables:
14: Λk+1 = Λk + τσ

(
Bk+1 − Uk+1

)
,

15: Mk+1 = Mk + τσ
(
Q′
E
Bk+1 − Vk+1

)
.

16: Compute residuals: rB
p = Bk+1 − Uk+1, rQ

p = Q′
E
Bk+1 − Vk+1, rB

d = Bk+1 − Bk.
17: until max(‖rB

p‖F , ‖r
Q
p ‖F) ≤ tol and ‖rB

d ‖F ≤ tol, or k ≥ kmax.

4. Simulation studies

In this section, we conduct extensive simulation studies to evaluate the finite-sample performance
of the proposed network function-on-scalar Lasso (NFL) regression model and compare it
comprehensively with several existing methods.

4.1. Experimental settings

The simulation study consists of four distinct scenarios designed to assess model performance
under varying data characteristics. In each scenario, we generate synthetic data comprising predictor
variables X ∈ Rn×p, true functional coefficients β∗i ∈ H p for each observation i, functional error terms
εi ∈ H , and functional response variables yi ∈ H . Functional data are simulated by generating values
at 50 equally spaced time points and then converting them to functional objects using basis expansion
techniques available in the ‘fdaM’ package.

Scenario 1: Low-dimensional data. Scenario 1 focuses on evaluating performance in low-
dimensional settings (p not significantly larger than n), exploring different relative sizes of n and p.
The predictor variables X ∈ Rn×p are generated from a multivariate normal distribution with zero
mean. The covariance structure between variables Xi,d and Xi,d′ for a given observation i is set as
Cov(Xi,d, Xi,d′) = ρ|d−d′ |, implementing an AR(1) dependence with ρ = 0.5. Predictor variables are
independent across observations. We vary the sample size n ∈ {30, 60, 90, 120, 150} with either a fixed
p = 20 or p = n/5, the sparsity level is set to be 0.1. The true functional coefficients β∗i are set to be
the same (β∗i = β∗ for all i) and generated using a Matérn process kernel with parameters ν = 2.5 and
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z = 0.25. The corresponding covariance function is C 5
2
(d) = σ2

(
1 +

√
5d
ρ

+ 5d2

3r2

)
exp

(
−
√

5d
z

)
, where d

represents the distance in the time domain (typically 1). The functional error terms εi are generated
independently from a Matérn process with parameters ν = 1.5 and z = 0.25. The functional responses
yi are then computed based on the linear model yi =

∑p
d=1 xidβ

∗
d + εi.

Scenario 2: Low-dimensional data with group structure. Scenario 2 evaluates model
performance when the data have a built-in group structure—i.e., the true coefficient functions differ
across groups—under both homoskedastic and heteroskedastic noise. Observations are randomly
partitioned into G = 3 equally sized groups. For each group g = 1, . . . , 3, the predictor variables
X(g) ∈ Rng×p are generated from a uniform distribution U(g − 1, g), where ng = n/3 is the size of group
g. The true coefficient functions β∗i are specific to each group g, i.e., β∗i = β∗(g) for all i in group
g. Each group-specific coefficient function set {β∗(g)

d }
p
d=1 is generated similarly to Scenario 1 (using a

Matérn kernel with ν = 2.5, z = 0.25) but independently across groups. To study noise robustness, two
error schemes are considered: a homoskedastic design where all εi are independent Matérn functions,
and a heteroskedastic design where each group has its own independent generation of Matérn functions.
The response yi for an observation i in group g is yi =

∑p
d=1 xidβ

∗(g)
d + εi. Sample sizes considered are

n ∈ {30, 60, 90, 120, 150}, with p = 20.
Scenario 3: High-dimensional data with group structure. Scenario 3 extends the group design

of Scenario 2 to a high-dimensional setting (p ≥ n). We set the total number of predictors to p = 200.
To introduce sparsity, only p0 = 20 randomly selected predictors are set to have non-zero coefficients.
For these active predictors we generate the data exactly as in Scenario 2—using the Matérn kernel and
the same two noise schemes (homoskedastic vs. heteroskedastic). The response yi is computed based
on this sparse model. Sample sizes n ∈ {30, 60, 90, 120, 150} mirror those in Scenario 2.

For Scenarios 2 and 3, the network graph G used in the NFL model is constructed based on the true
group memberships: an edge exists between any two observations i and j if and only if they belong to
the same group. The weights ωi j are set to 1 for existing edges and 0 otherwise.

4.2. Competing methods and evaluation criteria

We compare the proposed NFL model with four benchmark methods:

(1) Group Lasso (GLasso): A standard multivariate regression method with an `2,1 penalty on
coefficients grouped by predictor. Solved using the groupwise majorization-descent (GMD)
algorithm [55]. This method does not account for functional structure but considers grouping
predictors.

(2) Network Lasso (NLasso): A standard multivariate regression method with an `2-norm penalty on
differences of coefficients across a predefined network, solved via ADMM [36]. This method
accounts for the network structure but not the functional structure.

(3) Functional Principal Component Analysis (FPCA): Applies standard linear regression on the
estimated FPC scores of the response, treating scores as the response variables and using scalar
predictors X. Solved using the ‘PACE’ package for FPCA and subsequent regression. This method
accounts for the functional structure through dimension reduction but does not incorporate sparsity
or the network structure explicitly in the regression coefficients.
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(4) Function-on-Scalar Lasso (FSL): A functional regression method that uses an `2,1 penalty on the
vector of coefficient functions βd ∈ H , assuming a common βd for all observations, as in (2.1).
Implemented following the strategy of [27] and solved using the CVX framework. This method
handles functional structure and sparsity across predictors but assumes homogeneous coefficients
across observations.

(5) Network Function-on-Scalar Lasso (NFL): The proposed model incorporates functional structure,
sparsity, and the network-induced grouping structure. Solved using the proposed semi-proximal
ADMM algorithm introduced in Section 3.

Finite-sample performance is gauged by four criteria: root mean-squared prediction error (RMSP),
the Adjusted Rand Index (ARI), the Normalized Mutual Information (NMI), and computation time.
RMSP compares the predicted functional response with the truth via

RMSP =

√√√
1
n

n∑
i=1

∫
T

ŷi(t) −
p∑

d=1

xidβ
∗i
d (t)

2

dt. (4.1)

ARI assesses pairwise label agreement with chance correction (−1 ≤ARI ≤ 1), while NMI quantifies
the mutual information shared by the true and estimated partitions on a 0−1 scale; larger values for
either indicate more accurate clustering. For methods that do not natively output cluster labels, we first
apply k-means (with the true number of groups) to their predicted response curves and then compute
ARI and NMI from the resulting labels.

4.3. Results

The simulation results are presented in Figures 3–7 and Tables 2–3, based on 50 replications for
each setting.

Result 1: Scenario 1 Performance (Low-dimensional). In Scenario 1, we evaluate performance
when the true coefficient functions are homogeneous across all observations (i.e., no group structure).
The prediction accuracy results are shown in Figure 3, where shaded regions represent the standard
error across replications. The results show that NFL, FSL, and NLasso achieve significantly better
prediction accuracy than the FPCA and GLasso methods. The potential disadvantage for FPCA is that
its response-driven dimension reduction can discard predictor-relevant signals, while GLasso’s penalty
may introduce bias by shrinking unrelated coefficients toward each other. As expected, prediction
accuracy increases monotonically with larger sample size N; the accompanying reduction in standard
error confirms greater stability at larger N.

Result 2: Scenario 2 Performance (Low-dimensional Group Structure). When the coefficient
functions are group-specific, Figure 4 shows that NFL achieves the lowest RMSP for every sample
size and under both homoskedastic and heteroskedastic noise. FSL ranks second, whereas FPCA
records the highest errors. Heteroskedastic noise raises RMSP for all methods, confirming its added
difficulty. The NFL’s narrow shaded band further indicates the most stable performance. Table 2
reports clustering accuracy: NFL consistently attains high ARI and NMI, FSL produces weaker but
still usable partitions, and FPCA, GLasso, and NLasso exhibit virtually no clustering ability.

Result 3: Scenario 3 Performance (High-dimensional Group Structure). Under the high-
dimensional setting, as shown in Figure 5, NFL consistently delivers the lowest RMSP for every
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sample size and for both noise schemes. FSL remains the runner-up, while FPCA performs worst;
notably, FPCA’s error increases with larger N, suggesting overfitting. Table 3 confirms NFL’s strong
clustering ability across all N and noise configurations, FSL ranks next, and the remaining methods
provide substantially poorer clustering. Figure 6 reports computation time with standard-error bands.
NFL and FPCA are the fastest across all settings, and NFL scales more favorably as N increases. The
other methods require substantially more time, with heteroskedastic noise imposing a particularly large
overhead on GLasso.

Result 4: Influence of FPCA Components K. Figure 7 shows how the number of FPCA
components retained in NFL affects performance. An intermediate range of K is optimal: Very small K
misses relevant signals and yields larger RMSP, whereas overly large K introduces noisy or irrelevant
directions, degrading accuracy and raising computation time. Heteroskedastic noise shifts the curve
upward and widens the error bands, indicating generally higher RMSP and greater variability.

Regarding the assumptions in Section 3, from the simulations with heteroskedastic errors, we can
find that NFL still converges, albeit more slowly. When sparsity or the restricted-eigenvalue condition
is violated, key covariates may be missed, which in turn slows convergence and can introduce bias.
In such cases the loss can be replaced by a robust alternative (e.g., the Huber loss), or an adaptive
weighting scheme can be introduced to mitigate the impact of these violations.

In summary, the simulations show that NFL delivers the best prediction accuracy across all
scenarios—especially when coefficients are group-specific or the problem is high-dimensional and
sparse—while also outpacing competing methods in clustering quality and computation time.
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Figure 3. Scenario 1 RMSP: p = 20 (left) vs. p = n/5 (right).
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Figure 4. Scenario 2 RMSP: homoskedastic noise (left) vs. heteroskedastic noise (right).
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Figure 5. Scenario 3 RMSP: homoskedastic noise (left) vs. heteroskedastic noise (right).
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Figure 6. Scenario 3 runtime: homoskedastic noise (left) vs. heteroskedastic noise (right).
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Figure 7. NFL RMSP: homoskedastic noise (left) vs. heteroskedastic noise (right).
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Table 2. Clustering performance in Scenario 2.

N = 30 N = 60 N = 90 N = 120 N = 150
ARI NMI ARI NMI ARI NMI ARI NMI ARI NMI

Hom.

NFL 0.166 0.271 0.305 0.350 0.576 0.599 0.713 0.699 0.949 0.934
FPCA 0.003 0.079 0.003 0.044 0.002 0.026 0.011 0.030 0.004 0.017
FSL 0.160 0.260 0.427 0.445 0.611 0.631 0.744 0.715 0.611 0.716
GLasso 0 0.109 0 0.063 0 0.043 0 0.039 0 0.031
NLasso 0.051 0.152 0.173 0.205 0.346 0.396 0.425 0.449 0.468 0.520

Het.

NFL 0.050 0.222 0.227 0.297 0.383 0.458 0.380 0.452 0.402 0.455
FPCA 0.070 0.200 0.071 0.169 0.083 0.167 0.094 0.174 0.089 0.093
FSL 0.009 0.082 0 0.003 0.127 0.162 0.054 0.083 0.123 0.151
GLasso 0.038 0.142 0.012 0.078 0.006 0.050 0.008 0.046 0.015 0.050
NLasso 0.134 0.330 0.121 0.263 0.117 0.225 0.129 0.229 0.125 0.215

Table 3. Clustering performance in Scenario 3.

N = 30 N = 60 N = 90 N = 120 N = 150
ARI NMI ARI NMI ARI NMI ARI NMI ARI NMI

Homo.

NFL 0.445 0.563 0.520 0.633 0.508 0.630 0.568 0.673 0.691 0.739
FPCA 0.014 0.089 0.001 0.033 0.002 0.022 0 0.015 0.002 0.015
FSL 0.529 0.697 0.514 0.686 0.543 0.706 0.562 0.721 0.544 0.701
GLasso 0 0.077 0.002 0.065 0.002 0.052 0.002 0.048 0.001 0.039
NLasso 0.012 0.090 0.002 0.032 0.009 0.030 0.000 0.017 0.011 0.013

Hetero.

NFL 0.520 0.642 0.529 0.637 0.535 0.651 0.578 0.676 0.667 0.732
FPCA 0.085 0.210 0.076 0.153 0.078 0.147 0.081 0.154 0.105 0.177
FSL 0.483 0.676 0.509 0.684 0.535 0.701 0.562 0.721 0.550 0.704
GLasso 0.056 0.164 0.002 0.059 0.011 0.056 0.010 0.045 0.010 0.039
NLasso 0.097 0.244 0.082 0.172 0.104 0.186 0.108 0.188 0.103 0.179

5. Real data analysis

In this section, we apply the NFL model to analyze Air Quality Index (AQI) data for counties
in the conterminous United States. The dataset consists of daily AQI records for various counties
during 2021, obtained from the U.S. Environmental Protection Agency (US EPA)*. We incorporate
several scalar predictors, including geographical coordinates (longitude and latitude) and socio-
economic indicators from ICPSR†, which may influence AQI levels. The objective is to explore
the relationship between the daily AQI curves (functional response) and these scalar predictors.

*https://www.epa.gov/outdoor-air-quality-data
†https://www.icpsr.umich.edu/web/pages/
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Importantly, we utilize the geographical information (longitude and latitude) to construct the network
graph among observations for the sum-of-norms regularizer in the NFL model, thereby integrating
spatial considerations directly into the analysis framework.

Figure 8. County-level AQI across the Conterminous United States on four selected day.

Figure 9. County clusters from NFL: α2 = 3 (left) vs α2 = 5 (right).

Figure 8 visualizes the spatial distribution of AQI values on four specific days throughout 2021.
Each point represents a county, colored by its AQI value intensity. This visualization supports two key
observations: Firstly, there is a discernible geographic pattern, where nearby counties tend to exhibit
similar AQI values, suggesting spatial dependency and potential shared underlying models. Secondly,
air quality patterns evolve temporally, with noticeable changes across January, April, July, and October,
indicating non-stationarity or seasonal effects in the functional response.

To analyze the patterns, we first construct a K-nearest-neighbors graph from the latitude-longitude
coordinates, yielding the network. To respect spatial autocorrelation, we adopt spatial leave-one-
region-out cross-validation [56]: The data are partitioned into geographic blocks, and each fold omits

AIMS Mathematics Volume 10, Issue 8, 17518–17542.



17535

one entire block for testing. Within every training split, the tuning parameters α1, α2 and k are selected
by five-fold cross-validation; all remaining settings follow Algorithm 1. The scalar predictors X are
used to predict the daily AQI curves yi. We apply the NFL model to the training data and evaluate
performance on the testing data. Figure 9 shows the estimated clustering of counties (those assigned
the same coefficient model β̂i) under different values of the network penalty parameter α2. A larger α2

imposes a stronger penalty on differences between coefficient functions of connected counties, leading
to more aggressive merging of models and thus fewer estimated clusters. As shown, increasing α2

from 3 to 5 reduces the number of estimated clusters, illustrating the parameter’s role in controlling the
granularity of spatial grouping.

Figure 10 displays the estimated functional coefficient curves for two selected scalar predictors,
population and computer ownership rate, within the four clusters (M1–M4) identified when α2 = 10.
For population, the effect differs by region: Northeast clusters M1 and M2 have a mainly negative link
with AQI, whereas the Northwest cluster M4 is positive, likely reflecting regional industry, urban form,
or climate. For computer ownership, clusters M1–M3 again give a negative effect—higher ownership,
and thus greater urbanization, coincides with poorer air quality—while M4 is positive. The contrasting
curves underscore NFL’s ability to uncover region-specific relationships that a single global model
would miss.

Figure 10. Cluster coefficients: Population (left) vs. Computer ownership (right).

Finally, we evaluated prediction accuracy on the real data using 100 replications. As Table 4 shows,
NFL yields the lowest RMSP, the smallest standard error, and the shortest run-time of all methods.

Table 4. RMSP and Runtime (standard error) for five methods.

NFL FPCA FSL GLASSO NLASSO

RMSP 0.330 (0.004) 1.982 (0.181) 0.493 (0.007) 0.448 (0.006) 0.644 (0.017)
Time (s) 0.110 (0.005) 1.781 (0.118) 1.821 (0.047) 14.558 (0.674) 1.367 (0.095)

6. Conclusions

We propose the network function-on-scalar Lasso (NFL), which extends existing graph-guided
penalization techniques to function-valued regression coefficients. NFL links entire coefficient curves
through a known network so that estimation and clustering are carried out simultaneously. We
outline its finite-dimensional representation, develop an efficient FPCA-based semi-proximal ADMM
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algorithm, and provide accompanying risk bounds. Simulated studies and an application to county-
level AQI data show that NFL achieves the lowest prediction error, scales well to high-dimensional
predictors, and reveals clear region-specific effects.

Despite these promising results, several avenues for future research remain. Establishing variable
selection consistency is challenging because NFL estimates unit-specific coefficient functions rather
than a single sparse vector; precise selection guarantees therefore require further investigation.
Extending the framework to non-Gaussian errors, longitudinal functional responses, or alternative
network penalties would also broaden its scope.
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Appendix

Proof. We provide the proof for Theorem 1, following the proof structure outlined in Theorem 4
by [27]. We begin by stating an equivalent formulation of Model (2.3) for convenience in computation:

min
β∈Hnp

1
2
‖y − Zβ‖2H + α1 ‖β‖H ,1 + α2 ‖Qβ‖H ,1 , (6.1)

where y = (yT
1 , . . . , y

T
n )T ∈ Hn (concatenated functional responses), denote ‖·‖Hn = ‖·‖H for simplicity,

Z = diag(x1, x2, · · · , xn) ∈ Rn×np is the block diagonal design matrix with xi being the i-th row of the
design matrix X ∈ Rn×p as a 1 × p vector, β = (vec(β1)T , . . . , vec(βn)T )T ∈ Hnp is the concatenated
vector of all functional coefficients, with vec(βi) = (βi

1, . . . , β
i
p)T , and ‖β‖H ,1 =

∑np
k=1 ‖βk‖H . The

operator Q ∈ Rmp×np represents the differences between coefficients of connected nodes in the network
as constructed in Section 2, such that ‖Qβ‖H ,1 represents the weighted sum ofH-norms of differences
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between coefficients of connected observations, corresponding to the third term in (2.3) when weights
ωi j are incorporated. For clarity, we use ‖Qβ‖H ,1 to denote

∑
(i, j)∈E ωi j

∑p
d=1 ‖β

i
d − β

j
d‖H .

Part 1. Let β̂ be any minimizer of problem (6.1) and β? be the true coefficients. We aim to derive
the error bound ‖̂β − β?‖H ,1. From the optimality condition of problem (6.1), we have:

0 ∈ −ZT (y − Zβ̂) + α1∂‖̂β‖H ,1 + α2∂‖Qβ̂‖H ,1.

Since β̂ is a minimizer, we have,

1
2

∥∥∥∥y − Zβ̂
∥∥∥∥2

H
+ α1

∥∥∥∥̂β∥∥∥∥
H ,1

+ α2

∥∥∥∥Qβ̂
∥∥∥∥
H ,1
≤

1
2

∥∥∥y − Zβ?
∥∥∥2

H
+ α1

∥∥∥β?∥∥∥
H ,1

+ α2

∥∥∥Qβ?
∥∥∥
H ,1

.

Let y = Zβ? + ε, where ε = (εT
1 , . . . , ε

T
n )T ∈ H . Substituting this into the inequality:

1
2
‖Zβ? + ε − Zβ̂‖2 + α1‖̂β‖1 + α2‖Qβ̂‖1

≤
1
2
‖ε‖2 + α1‖β

?‖1 + α2‖Qβ?‖1.

Expanding the term on the left:

1
2
‖Z(β? − β̂) + ε‖2 =

1
2
‖Z(β? − β̂)‖2 + 〈Z(β? − β̂), ε〉 +

1
2
‖ε‖2

=
1
2
‖Z(̂β − β?)‖2 + 〈Z(β? − β̂), ε〉 +

1
2
‖ε‖2.

So,

1
2
‖Z(̂β − β?)‖2 + 〈Z(β? − β̂), ε〉 +

1
2
‖ε‖2 + α1‖̂β‖1 + α2‖Qβ̂‖1

≤
1
2
‖ε‖2 + α1‖β

?‖1 + α2‖Qβ?‖1.

Canceling 1
2‖ε‖

2 and rearranging:

1
2
‖Z (̂β − β?)‖2 + α1‖̂β‖1 + α2‖Qβ̂‖1

≤ 〈ε,Z (̂β − β?)〉 + α1‖β
?‖1 + α2‖Qβ?‖1

≤ ‖εT Z‖H ,∞‖̂β − β?‖H ,1 + α1‖β
?‖H ,1 + α2‖Qβ?‖H ,1,

(6.2)

where ‖εT Z‖H ,∞ = maxk=1,...,np ‖ε
T Z(k)‖H , and Z(k) is the k-th column of Z.

Part 2. By Lemma 9 in [27], if ε1, ε2, · · · , εn are iid Gaussian elements in H and Assumption 4
holds, and if Z has standardized columns, for δ > 0, we have

P
(

max
1≤k≤np

∥∥∥εT Z(k)
∥∥∥
H
≤ α0

)
≥ 1 − δ, (6.3)

where α0 =
√

n max 1≤i≤p
1≤ j≤n

x jic, c =

√
‖Λ‖1 + 2‖Λ‖2

√
− log δ + 2‖Λ‖∞(− log δ). Here, Λ = (λ1, λ2, · · · )

is the vector of the eigenvalues of the covariance operator of ε = (εT
1 , . . . , ε

T
n )T ∈ H .
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Part 3. Using (6.3), with probability 1 − δ, we have ‖εT Z‖H ,∞ ≤ α0. Substituting this into (6.2) and
multiplying by 2:

‖Z
(̂
β − β?

)
‖2
H

+ 2α1‖̂β‖H ,1 + 2α2‖Qβ̂‖H ,1

≤ 2α0‖̂β − β
?‖H ,1 + 2α1‖β

?‖H ,1 + 2α2‖Qβ?‖H ,1.

Rearranging the terms involving α1 and α2:

‖Z
(̂
β − β?

)
‖2
H
≤ 2α0‖̂β − β

?‖H ,1 + 2α1(‖β?‖H ,1 − ‖̂β‖H ,1 + 2α2(‖Qβ?‖H ,1 − ‖Qβ̂‖H ,1), (6.4)

with probability 1 − δ.
We analyze the terms on the RHS. Let S 0 be the set of indices {k|β?k , 0}, and S c

0 its complement.
By the triangle inequality for the `1 norm inHnp:

‖̂β‖H ,1 = ‖̂βS 0‖H ,1 + ‖̂βS c
0
‖H ,1.

Also, ‖β?‖H ,1 = ‖β?S 0
‖H ,1 since β?S c

0
= 0,

‖β?S 0
‖H ,1 ≤ ‖̂βS 0‖H ,1 + ‖β?S 0

− β̂S 0‖H ,1.

So, ‖β?‖H ,1 − ‖̂β‖H ,1 ≤ ‖β?S 0
− β̂S 0‖H ,1 − ‖̂βS c

0
‖H ,1. The second term in (6.4) is bounded as:

2α1(‖β?‖H ,1 − ‖̂β‖H ,1) ≤ 2α1‖β
?
S 0
− β̂S 0‖H ,1 − 2α1‖̂βS c

0
‖H ,1.

For the network penalty term difference, by the triangle inequality for norms:

2α2‖Qβ?‖H ,1 − 2α2‖Qβ̂‖H ,1 ≤ 2α2‖Q
(
β? − β̂

)
‖H ,1

≤ 2α2‖Q‖∞‖β? − β̂‖H ,1

= 2α2r‖β? − β̂‖H ,1,

where r = ‖Q‖∞. Thus we have∥∥∥∥Z
(̂
β − β?

)∥∥∥∥2

H
≤ 2α0

(
‖̂βS 0 − β

?
S 0
‖H ,1 + ‖̂βS c

0
‖H ,1

)
− 2α1

(
‖β?S 0
‖H ,1 − ‖̂βS 0 − β

?
S 0
‖H ,1 + ‖̂βS c

0
‖H ,1

)
+ 2α1‖β

?
S 0
‖H ,1 + 2α2r

(
‖̂βS 0 − β

?
S 0
‖H ,1 + ‖̂βS c

0
‖H ,1

)
.

Which means∥∥∥∥Z
(̂
β − β?

)∥∥∥∥2

H
+ (2α1 − 2α0 − 2α2r) ‖̂βS c

0
‖H ,1 ≤ (2α1 + 2α0 + 2α2r) ‖̂βS 0 − β

?
S 0
‖H ,1.

If α1 ≥ 2α0 + 2α2r, then REF(q, α) property can be used to conclude∥∥∥∥Z
(̂
β − β?

)∥∥∥∥2

H
+ (2α1 − 2α0 − 2α2r) ‖̂β − β?‖H ,1 ≤ 4α1‖̂βS 0 − β

?
S 0
‖H ,1

≤ 4α1
√

q‖̂βS 0 − β
?
S 0
‖H ,1
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≤
4α1
√

q
√
αn
‖Z(β? − β̂)‖H

≤
1
2

∥∥∥∥Z
(
β? − β̂

)∥∥∥∥2

H
+

8α2
1q

αn
.

We can conclude that

1
2

∥∥∥∥Z
(̂
β − β?

)∥∥∥∥2

H
+ (2α1 − 2α0 − 2α2r) ‖̂β − β?‖H ,1 ≤

8α2
1q

αn
,∥∥∥∥Z

(̂
β − β?

)∥∥∥∥
H
≤

4α1
√

q
√
αn

,

‖̂β − β?‖H ,1 ≤
8α2

1q
αn (2α1 − 2α0 − 2α2r)

.

�
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