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Abstract: In this paper, we introduce the concept of S-closure spaces and demonstrate that
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S-morphisms between S-closure spaces to represent Scott continuous functions between stably
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1. Introduction

Closure spaces are mathematical structures that formalize the concept of closure within a set. A
closure space (Y, τ) consists of a set Y and an associated closure operator τ, where a closure operator
is an expansive, monotonic, idempotent map on the powerset of Y . Closure spaces play a crucial
role in characterizing various types of lattices [1–3]. Early foundational results can be traced back
to Birkhoff’s [4] representation theorem for finite distributive lattices and Stone’s [5] duality for
Boolean algebras. These seminal works have inspired extensive research into the connections between
lattices and closure spaces, as seen in [6–9]. For instance, Winskel [10] demonstrated that completely
distributive algebraic lattices are isomorphic to complete rings of sets. Edelman [11] introduced the
notion of anti-exchange closures and showed that the closed sets of an anti-exchange closure generate
a meet-distributive lattice under the inclusion order. Conversely, every meet-distributive lattice can
be derived in this manner. Erné [12] conducted a systematic categorical study on representing

https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.2025781


17484

various complete lattices using closure spaces. Guo and Li [13] introduced the concept of F-
augmented closure spaces by enriching closure spaces with additional structures, thereby enabling the
representation of algebraic domains. Recently, Li et al. [14] proposed the concept of continuous closure
spaces and established a categorical equivalence with that of continuous domains. Wang et al. [15]
further developed interpolative generalized closure spaces, which provide a framework for capturing
continuous domains.

In this paper, we introduce the notion of S-closure spaces, which offers a novel method for
representing stably continuous semilattices. The paper is organized as follows. Section 2 provides
the necessary definitions and foundational results from domain theory. In Section 3, we propose the
concept of S-closure spaces by augmenting interpolative generalized closure spaces with an additional
condition. We then prove that S-closure spaces precisely characterize stably continuous semilattices
and vice versa. In Section 4, we define S-morphisms between S-closure spaces, which leads to an
equivalent category to that of stably continuous semilattices with Scott-continuous functions.

2. Preliminaries

Given a set A, we write F ⊑ A to indicate that F is a finite subset of A. Suppose (L,≤) is a poset. A
subset E of L is directed, if it is non-empty and every pair of elements of E has an upper bound within
E. We denote the least upper bound of E by

∨
E and the greatest lower bound of E by

∧
E. L is called

a semilattice if it has a meet x ∧ y for any x, y ∈ L. A poset L is a dcpo if every directed subset E ⊆ L
has a least upper bound

∨
E in L. Furthermore, L is a complete lattice if every subset of L has a sup in

L.
Let L be a dcpo. We say x is way below y, denoted x ≪ y, if for every directed subset E of L, then

y ≤
∨

E implies x ≤ e for some e ∈ E. For any subset X ⊆ L, we write ↓↓X = {b ∈ L | (∃a ∈ X)b ≪ a}.
And ↓↓a for ↓↓{a}. A dcpo L is called a continuous domain, if for every element x ∈ L, there exists a
directed subset E ⊆ ↓↓x with x =

∨
E. A continuous domain L that is also a complete lattice is called

a continuous lattice. A dcpo is called a continuous semilattice if it is both a continuous domain and a
semilattice. The way below relation ≪ in L is called multiplicative if x ≪ y, z implies x ≪ y ∧ z. In
this case, L is called a stably continuous semilattice.

Definition 2.1. [16] A function h : L → L′ between dcpos L and L′ is called Scott continuous if for
all directed subsets E of L, we have h(

∨
E) =

∨
e∈E h(e) .

Definition 2.2. [12] A closure space is a pair (Y, τ) consisting of a set Y and a closure operator τ on Y
such that for any B, B′ ⊆ Y ,

(1) expansive: B ⊆ τ(B),
(2) monotonic: B ⊆ B′ ⇒ τ(B) ⊆ τ(B′),
(3) idempotent: τ(B) = τ(τ(B)).

Definition 2.3. [15] A generalized closure space is a pair (Y, ⟨·⟩) consisting of a set Y equipped with
an operation ⟨·⟩ : P(Y)→ P(Y) which is

(1) monotonic: ⟨B⟩ ⊆ ⟨B′⟩ whenever B ⊆ B′ ⊆ Y;
(2) sub-idempotent: ⟨⟨B⟩⟩ ⊆ ⟨B⟩ for all B ⊆ Y .
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Definition 2.4. [15] Let (Y, ⟨·⟩) be a generalized closure space. Then (Y, ⟨·⟩) is said to be an
interpolative generalized closure space (for short, an IG-closure space) provided that:

(In) (∀y ∈ Y,M ⊑ ⟨y⟩)⇒ (∃z ∈ ⟨y⟩)(M ⊑ ⟨z⟩).

Definition 2.5. [15] Suppose (Y, ⟨·⟩) is an IG-closure space. A subset U of Y is called a generalized
directed set of (Y, ⟨·⟩) if, for any M ⊑ U, there exists y ∈ U such that M ⊑ ⟨y⟩ ⊆ U.

In the sequels, we use G(Y) to denote the family of all generalized directed sets of (Y, ⟨·⟩).

Theorem 2.6. [15] Suppose (Y, ⟨·⟩) is an IG-closure space. Then (G(Y),⊆) is a continuous domain.

By the proof of Wang and Li, ( [15], Proposition 3.14.). Let (L,⩽) be a continuous domain. Define

⟨A⟩ = ↓↓A,

for all A ⊆ L. The following conclusion holds.

Theorem 2.7. [15] Let (L,⩽) be a continuous domain. Then (L, ⟨·⟩) is an IG-closure space, and (L,⩽)
is order-isomorphic to (G(L),⊆).

3. S-closure space

In this section, we introduce the notion of an S-closure space in order to represent stably continuous
semilattices.

Definition 3.1. An IG-closure space (Y, ⟨·⟩) is called an S-closure space, if, for any y, z, y′, z′ ∈ Y , the
following hold:

(SC) (∀M ⊆ Y)(M ⊆ ⟨y′⟩ , y′ ∈ ⟨y⟩)(M ⊆ ⟨z′⟩ , z′ ∈ ⟨z⟩)⇒ (∃s ∈ Y)(M ⊆ ⟨s⟩ , s ∈ ⟨y⟩ , s ∈ ⟨z⟩).

Example 3.2. Consider a poset (L,≤) in Figure 1.

cb

a

Figure 1. Hasse diagram of the poset L.

For all A ⊆ L, define
⟨A⟩ = {x ∈ L | ∃a ∈ A, x ≪ a}.

Then it is easy to see that (L, ⟨·⟩) is an S-closure space.

Proposition 3.3. Consider an S-closure space (Y, ⟨·⟩). Then ⟨A⟩ ⊆ ⟨A′⟩ for any A ⊆ ⟨A′⟩.

Proof. If A ⊆ ⟨A′⟩, then ⟨A⟩ ⊆ ⟨⟨A′⟩⟩ by part (1) of Definition 2.3. Again using part (2) of
Definition 2.3, we have ⟨A⟩ ⊆ ⟨A′⟩. □

Proposition 3.4. Given an S-closure space (Y, ⟨·⟩).
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(1) For any E ∈ G(Y), it holds that {⟨y⟩ | y ∈ E} is directed and

E =
⋃
{⟨y⟩ | y ∈ E}.

(2) Suppose {El | l ∈ L} is a directed subset of G(Y), then∨
l∈L El =

⋃
l∈L El.

(3) For any E1, E2 ∈ G(Y),
E1 ≪ E2 ⇔ (∃y ∈ E2)E1 ⊆ ⟨y⟩ .

(4) For any y ∈ Y, ⟨y⟩ is an generalized directed set of (Y, ⟨·⟩),

⟨y⟩ =
⋃
{⟨z⟩ | z ∈ ⟨y⟩}.

Proof. (1) Given y1, y2 ∈ E, then {y1, y2} ⊑ E. By Definition 2.5, there is y ∈ E with {y1, y2} ⊑ ⟨y⟩ ⊆ E;
from Proposition 3.3, it follows that ⟨y1⟩ , ⟨y2⟩ ⊆ ⟨y⟩. Hence the family {⟨y⟩ | y ∈ E} is directed. Suppose
e ∈ E; then e ∈ ⟨y⟩ ⊆ E for some y ∈ E by Definition 2.5, which implies that E ⊆

⋃
{⟨y⟩ | y ∈ E}. On

the contrary, for any e ∈ E, ⟨e⟩ ⊆ E. Therefore,
⋃
{⟨e⟩ | e ∈ E} ⊆ E.

(2) We only need to verify that
⋃

l∈L El ∈ G(Y). For any M ⊑
⋃

l∈L El, as {El | l ∈ L} is directed and
M is finite, we obtain that M ⊑ El0 for some l0 ∈ L. For M ⊑ El0 , by Definition 2.5, there is y ∈ El0

such that M ⊑ ⟨y⟩ ⊆ El0 . Therefore,
⋃

l∈L El ∈ G(Y). As a consequence,
∨

l∈L El =
⋃

l∈L El.

(3) Suppose E2 ∈ G(Y), then the family {⟨y⟩ | y ∈ E2} is directed, and E2 =
⋃
{⟨y⟩ | y ∈ E2} by

part (1). If E1 ≪ E2, then there is y ∈ E2 with E1 ⊆ ⟨y⟩. Conversely, suppose E1 ⊆ ⟨y⟩ for some y ∈ E2.
Let {S l | l ∈ L} be a directed subset of G(Y) and E2 ⊆

∨
l∈L S l. Since

∨
l∈L S l =

⋃
l∈L S l, there exists S l0

such that y ∈ S l0 for some l0 ∈ L, which implies that E1 ⊆ ⟨y⟩ ⊆ S l0 . Thus E1 ≪ E2.
(4) By Definition 2.4 and Proposition 3.3, we obtain that ⟨y⟩ is a generalized directed set of (Y, ⟨·⟩).

From part (1), ⟨y⟩ =
⋃
{⟨z⟩ | z ∈ ⟨y⟩} follows. □

Proposition 3.5. Let (Y, ⟨·⟩) be an S-closure space. For any y, z ∈ Y, the following holds:

(SC1) (∀F ⊑ Y)(F ⊑ ⟨y⟩ , F ⊑ ⟨z⟩)⇒ (∃s ∈ Y)(F ⊑ ⟨s⟩ , s ∈ ⟨y⟩ , s ∈ ⟨z⟩).

Proof. Suppose F ⊑ Y, F ⊑ ⟨y⟩, and F ⊑ ⟨z⟩. By part (4) of Proposition 3.4, there are u ∈ ⟨y⟩
and v ∈ ⟨z⟩ with F ⊑ ⟨u⟩ and F ⊑ ⟨v⟩. According to Definition 3.1, then there is s ∈ Y satisfying
F ⊑ ⟨s⟩ , s ∈ ⟨y⟩, and s ∈ ⟨z⟩. Thus condition (SC1) holds. □

Proposition 3.6. Consider an S-closure space (Y, ⟨·⟩). Then E1 ∩ E2 ∈ G(Y) for any E1, E2 ∈ G(Y).

Proof. Since ∅ ⊑ E1 and ∅ ⊑ E2, by part (1) of Proposition 3.4, there are y ∈ E1 and z ∈ E2 with
∅ ⊑ ⟨y⟩ and ∅ ⊑ ⟨z⟩. From Proposition 3.5, we have ∅ ⊑ ⟨s⟩ , s ∈ ⟨y⟩, and s ∈ ⟨z⟩ for some s ∈ Y .
Thus s ∈ ⟨y⟩ ∩ ⟨z⟩ ⊆ E1 ∩ E2 , ∅. Now, we prove that E1 ∩ E2 satisfies condition (SG). For any
M ⊑ E1 ∩ E2, as E1 and E2 are generalized directed sets, there exist z ∈ E1, t ∈ E2 with M ⊑ ⟨z⟩ ⊆ E1

and M ⊑ ⟨t⟩ ⊆ E2. Again using Proposition 3.5, we obtain that M ⊑ ⟨e⟩ , e ∈ ⟨z⟩, and e ∈ ⟨t⟩ for some
e ∈ Y . It follows that M ⊑ ⟨e⟩ ⊆ E1 ∩ E2 and e ∈ E1 ∩ E2. Therefore, E1 ∩ E2 ∈ G(Y). □

Theorem 3.7. Given an S-closure space (Y, ⟨·⟩). Then (G(Y),⊆) is an stably continuous semilattice.
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Proof. First, we claim that (G(Y),⊆) is a continuous domain. Assume E ∈ G(Y). By Proposition 3.4,
then E =

⋃
{⟨y⟩ | y ∈ E}, and the family {⟨y⟩ | y ∈ E} is directed. For any y ∈ E, it is obvious that

⟨y⟩ ≪ E by part (3) of Proposition 3.4. Thus E =
∨
{⟨y⟩ | y ∈ E}. As a result, (G(Y),⊆) is a continuous

domain.
Next, suppose E1, E2 ∈ G(Y). From Proposition 3.6, we have E1 ∧ E2 = E1 ∩ E2 ∈ G(Y). Thus,

(G(Y),⊆) is a semilattice.
Finally, we claim that the way-below relation ≪ is multiplicative. Suppose E, E1, E2 ∈ G(Y) with

E ≪ E1, E2, by part (3) of Proposition 3.4, we have E ⊆ ⟨t⟩ and E ⊆ ⟨s⟩ for some t ∈ E1, s ∈ E2.
For t ∈ E1 and s ∈ E2, from Definition 2.5, there are t′ ∈ E1 and s′ ∈ E2 such that t ∈ ⟨t′⟩ ⊆ E1 and
s ∈ ⟨s′⟩ ⊆ E2. Then, we obtain that E ⊆ ⟨e⟩ , e ∈ ⟨t′⟩ and e ∈ ⟨s′⟩ for some e ∈ Y by Definition 3.1. It
implies that E ⊆ ⟨e⟩ and e ∈ ⟨t′⟩ ∩ ⟨s′⟩ ⊆ E1 ∩ E2. Thus E ≪ E1 ∧ E2. □

Theorem 3.8. Let (L,⩽) be a stably continuous semilattice. Then there exists an S-closure space
(L, ⟨·⟩) such that L � G(L).

Proof. Suppose (L,⩽) is a stably continuous semilattice. For any B ⊆ L, we define

⟨B⟩ = ↓↓B.

It is routine to show that (L, ⟨·⟩) is a generalized closure space. We now prove that (L, ⟨·⟩) satisfies
condition (In). For any e ∈ L and N ⊑ ⟨e⟩, we have n ≪ e for any n ∈ N. As ↓↓e is directed and N is
finite, there is z ∈ ↓↓e with N ⊑ ↓↓z. Therefore, N ⊑ ⟨z⟩ for some z ∈ ⟨e⟩. Thus, condition (In) follows.

Next, we check that (L, ⟨·⟩) is an S-closure space. From Definition 3.1, for any u, v, u′, v′ ∈ L with
M ⊆ L; suppose M ⊆ ⟨u′⟩ ,M ⊆ ⟨v′⟩ , u′ ∈ ⟨u⟩, and v′ ∈ ⟨v⟩. Then u′ ≪ u and v′ ≪ v by the
definition of ⟨·⟩. Since the way-below relation≪ is multiplicative, then u′ ∧ v′ ≪ u ∧ v, it follows that
u′ ∧ v′ ≪ s ≪ u ∧ v for some s ∈ L. As a result, then M ⊆ ⟨s⟩ , s ∈ ⟨u⟩, and s ∈ ⟨v⟩. Therefore, (L, ⟨·⟩)
is an S-closure space.

Define
ϕ : L→ G(L), y→ ↓↓y,

ψ : G(L)→ L, E →
∨

E.

It is obvious that ϕ and ψ are well-defined, order-preserving and mutually inverse. Hence, (L,⩽) is
order isomorphic to (G(L),⊆). □

4. Categorical equivalence

In this section, we study the categorical equivalence between stably continuous semilattices and
S-closure spaces.

Definition 4.1. Let (Y, ⟨·⟩) and (Y ′, ⟨·⟩′) be two S-closure spaces. A relation Φ ⊆ Y × Y ′ is an S-
morphism from (Y, ⟨·⟩) to (Y ′, ⟨·⟩′) if the following conditions hold:

(1) y ∈ Y ⇒ (∃y′ ∈ Y ′)yΦy′;
(2) yΦy′ ⇒ (∀z′ ∈ ⟨y′⟩′)yΦz′;
(3) yΦy′, y ∈ ⟨z⟩ ⇒ zΦy′;
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(4) yΦy′, y′ ∈ G′ ⊑ Y ′ ⇒ (∃z ∈ ⟨y⟩ , z′ ∈ Y ′)(zΦz′,G′ ⊑ ⟨z′⟩′).

Proposition 4.2. Let Φ : (Y, ⟨·⟩)→ (Y ′, ⟨·⟩′) be an S-morphism. For any y ∈ Y and F ⊑ Y ′:

(1) yΦF ⇔ (∃z ∈ ⟨y⟩)zΦF,
(2) yΦF ⇒ (∃z′ ∈ Y ′)(yΦz′, F ⊆ ⟨z′⟩′),

where yΦF means that yΦ f for any f ∈ F.

Proof. (1) Suppose yΦF. Then by condition (4) of Definition 4.1, we have zΦz′ and F ⊑ ⟨z′⟩′ for some
z ∈ ⟨y⟩ and z′ ∈ Y ′. For zΦz′, from condition (2) of Definition 4.1, zΦ ⟨z′⟩′ follows. As F ⊑ ⟨z′⟩′, we
have zΦF. Conversely, if zΦF for some z ∈ ⟨y⟩, then yΦF by condition (3) of Definition 4.1.

(2) Suppose yΦF. Then there are z ∈ ⟨y⟩ and z′ ∈ Y ′ satisfying zΦz′ and F ⊑ ⟨z′⟩′ by condition (4)
of Definition 4.1, which implies that yΦz′ by condition (3) of Definition 4.1. □

Theorem 4.3. Consider two S-closure spaces (Y, ⟨·⟩) and (Y ′, ⟨·⟩′).

(1) Suppose Φ : (Y, ⟨·⟩)→ (Y ′, ⟨·⟩′) is an S-morphism. Define a map ϕΦ : G(Y)→ G(Y ′) by

ϕΦ(E) = {y′ ∈ Y ′ | (∃y ∈ E)yΦy′}.

Then ϕΦ is Scott continuous.
(2) Suppose ϕ : G(Y)→ G(Y ′) is Scott continuous. Define Φϕ ⊆ Y × Y ′ by

yΦϕy′ ⇔ y′ ∈ ϕ(⟨y⟩).

Then Φϕ is an S-morphism.
(3) Moreover, ϕ = ϕΦϕ ,Φ = ΦϕΦ .

Proof. (1) First, we claim that ϕΦ is well-defined. Assume that G ⊑ ϕΦ(E). For any g ∈ G, there is
yg ∈ E such that ygΦg. As

⋃
g∈G{yg} ⊑ E and E ∈ G(Y), it follows that

⋃
g∈G{yg} ⊑ ⟨z⟩ ⊆ E for some

z ∈ E, which implies that zΦG by condition (3) of Definition 4.1. For zΦG, from condition (2) of
Proposition 4.2, there exists z′ ∈ Y ′ with zΦz′ and G ⊑ ⟨z′⟩′. Therefore, G ⊑ ⟨z′⟩′ ⊆ ϕΦ(E), that is,
ϕΦ(E) ∈ G(Y).

It is obvious that ϕΦ is monotone. Suppose {El | l ∈ L} is a directed subset of G(Y); then
{ϕΦ(El) | l ∈ L} is a directed set of G(Y ′). From part (2) of Proposition 3.4, we have

∨
l∈L El =⋃

l∈L El and
∨

l∈L ϕΦ(El) =
⋃

l∈L ϕΦ(El). Now, we show that
⋃

l∈K ϕΦ(El) = ϕΦ(
⋃

l∈L El). Suppose
y′ ∈ ϕΦ(

⋃
l∈L El); then there exists y ∈

⋃
l∈L El such that yΦy′, which implies that y ∈ El0 for some

l0 ∈ L. Hence y′ ∈ ϕΦ(El0) ⊆
⋃

l∈L ϕΦ(El). As a result, we have ϕΦ(
⋃

l∈L El) ⊆
⋃

l∈L ϕΦ(El). Conversely,⋃
l∈L ϕΦ(El) ⊆ ϕΦ(

⋃
l∈L El) is obvious. Therefore, ϕΦ is Scott continuous.

(2) We show that Φϕ satisfies Definition 4.1.
For Condition (1): If y ∈ Y , then ϕ(⟨y⟩) ∈ G(Y ′). Since ϕ(⟨y⟩) , ∅, there is y′ ∈ ϕ(⟨y⟩), yΦϕy′

follows.
For Condition (2): If yΦϕy′, then y′ ∈ ϕ(⟨y⟩). As ϕ(⟨y⟩) ∈ G(Y ′), we have ⟨y′⟩′ ⊆ ϕ(⟨y⟩). Hence

yΦϕ ⟨y′⟩′.
For Condition (3): If yΦϕy′ and y ∈ ⟨z⟩, then y′ ∈ ϕ(⟨y⟩) with ⟨y⟩ ⊆ ⟨z⟩. As ϕ is monotone, we have

y′ ∈ ϕ(⟨y⟩) ⊆ ϕ(⟨z⟩), which implies that zΦϕy′.
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For Condition (4): If yΦϕy′ and y′ ∈ G′ ⊑ Y ′, then G′ ⊑ ϕ(⟨y⟩). As ⟨y⟩ =
⋃
{⟨z⟩ | z ∈ ⟨y⟩} and

{⟨z⟩ | z ∈ ⟨y⟩} is directed, we have ϕ(⟨y⟩) = ϕ(
⋃
{⟨z⟩ | z ∈ ⟨y⟩}) =

⋃
{ϕ(⟨z⟩) | z ∈ ⟨y⟩}, which implies

that G′ ⊑ ϕ(⟨z⟩) for some z ∈ ⟨y⟩. From Definition 2.5, we obtain that G′ ⊑ ⟨z′⟩′ ⊆ ϕ(⟨z⟩) for some
z′ ∈ ϕ(⟨z⟩). Therefore, zΦϕz′ and G′ ⊆ ⟨z′⟩′ for some z ∈ ⟨y⟩ and z′ ∈ Y ′.

(3) For any E ∈ G(Y). Then

ϕΦϕ(E) = {s′ ∈ Y ′ | (∃s ∈ E)sΦϕs′}

= {s′ ∈ Y ′ | (∃s ∈ E)s′ ∈ ϕ(⟨s⟩)}

=
⋃
{ϕ(⟨s⟩) | s ∈ E}

= ϕ(
⋃
{⟨s⟩ | s ∈ E})

= ϕ(E).

This implies ϕ = ϕΦϕ .
For any s ∈ Y and s′ ∈ Y ′, it follows that

sΦϕΦ s′ ⇔ s′ ∈ ϕΦ(⟨s⟩)
⇔ (∃t ∈ ⟨s⟩)tΦs′

⇔ sΦs′.

This implies Φ = ΦϕΦ . □

Theorem 4.4. Let (L,≤) and (L′,≤′) be two stably continuous semilattices.

(1) Suppose ψ : L→ L′ is Scott continuous. Define a relation Ωψ by

yΩψy′ ⇔ y′ ≪′ ψ(y).

Then Ωψ is an S-morphism.
(2) Suppose Ω : (L, ⟨·⟩)→ (L′, ⟨·⟩′) is an S-morphism. Define a function ψΩ : L→ L′ by

ψΩ(y) =
∨
{y′ ∈ L′ | (∃z ∈ L)(z ∈ ↓↓y, zΩy′)}.

Then ψΩ is Scott continuous.
(3) Moreover, ψ = ψΩψ ,Ω = ΩψΩ .

Proof. (1) We show that Ωψ is an S-morphism as follows.
For Condition (1): Assume that y ∈ L, then ψ(y) ∈ L′. As L′ is a continuous domain, we have

↓↓ψ(y) , ∅, which implies that there exists y′ ∈ ↓↓ψ(y). yΩψy′ follows.
For Condition (2): Suppose yΩψy′, then y′ ≪′ ψ(y). Because ⟨y′⟩′ = ↓↓y′, we have ↓↓y′ ⊆ ↓↓ψ(y).

Hence yΩψz′ for any z′ ∈ ⟨y′⟩′.
For Condition (3): If yΩψy′ and y ∈ ⟨z⟩, then we have y ≪ z with y′ ≪′ ψ(y). As ψ is Scott

continuous, we have y′ ≪′ ψ(y) ≪′ ψ(z). Therefore, zΩψy′.
For Condition (4): Suppose yΩψy′ and y′ ∈ G′ ⊑ Y ′. Then y′ ≪′ ψ(y) for any y′ ∈ G′, which implies

that G ≪′ z′ ≪′ ψ(y) for some z′ ∈ L′ by the interpolation property of≪′. Note that ψ(y) = ψ(
∨
↓↓y),
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which means that z′ ≪′ ψ(z) for some z ≪ y. As a result, we have z ∈ ⟨y⟩ and z′ ∈ L′ with zΩψz′ and
G′ ⊑ ⟨z′⟩′.

(2) As L′ is a stably continuous semilattice, the function ψΩ is well-defined. For any s, t ∈ L with
s ≤ t, we have ψΩ(s) ⩽ ψΩ(t), that is, ψΩ is order-preserving. Suppose E ⊆ L is directed. Then we
claim that ψΩ(

∨
E) =

∨
ψΩ(E). If s ∈ {s ∈ L′ | (∃e ∈ L)(e ∈ ↓↓(

∨
E), eΩs)}, then e ∈ ↓↓(

∨
E) and eΩs

for some e ∈ L, which means that e ≪ e′ for some e′ ∈ E. Thus s ∈ {s ∈ L′ | (∃e ∈ L)(e ∈ ↓↓e′, eΩs)}.
Then we obtain that ψΩ(

∨
E) ≤

∨
ψΩ(E). For the opposite, it is obvious that

∨
ψΩ(E) ≤ ψΩ(

∨
E).

Therefore, ψΩ is Scott continuous.
(3) For any s ∈ L,

ψΩψ(s) =
∨
{s′ ∈ L′ | (∃t ∈ L)(t ∈ ↓↓s, tΩψs′)}

=
∨
{s′ ∈ L′ | (∃t ∈ L)(t ∈ ↓↓s, s′ ≪′ ψ(t))}

=
∨
{s′ ∈ L′ | s′ ≪′

∨
ψ(↓↓s)}

=
∨
{s′ ∈ L′ | s′ ≪′ ψ(s)}

= ψ(s).

This implies that ψ = ψΩψ .
For any s ∈ L and s′ ∈ L′,

sΩψΩ s′ ⇔ s′ ≪′ ψΩ(s)

⇔ s′ ≪′
∨
{t′ ∈ L′ | (∃t ∈ L)(t ∈ ↓↓s, tΩt′)}

⇔ (∃t′ ∈ L′,∃t ∈ L)(t ∈ ↓↓s, tΩt′, s′ ≪ t′)
⇔ (∃t ∈ L)(t ∈ ⟨s⟩ , tΩs′)
⇔ sΩs′.

This implies that Ω = ΩψΩ . □

Let (Y, ⟨·⟩) be an S-closure space. Define a relation idY ⊆ Y × Y by

s idY t ⇔ t ∈ ⟨s⟩ .

Suppose (Y, ⟨·⟩), (Y ′, ⟨·⟩′) and (Y ′′, ⟨·⟩′′) are S-closure spaces. Let Φ : (Y, ⟨·⟩) → (Y ′, ⟨·⟩′) and Ω :
(Y ′, ⟨·⟩′)→ (Y ′′, ⟨·⟩′′) be S-morphisms. Define a relation Ω ◦ Φ ⊆ Y × Y ′′ as follows:

s(Ω ◦ Φ)s′′ ⇔ (∃s′ ∈ Y ′)(sΦs′, s′Ωs′′).

It is a routine check that idY is an S-morphism from (Y, ⟨·⟩) to (Y, ⟨·⟩) and Ω ◦ Φ is an S-morphism
from (Y, ⟨·⟩) to (Y ′′, ⟨·⟩′′).

For convenience, we use SC to denote the category of S-closure spaces with S-morphisms, and SCS
to denote the category of stably continuous semilattices with Scott continuous functions.

From Theorem 3.7, for any (Y, ⟨·⟩), define a map ξo : SCo → SCSo by

ξo(Y) = G(Y).

From Theorem 4.3, for any S-morphism Φ : (Y, ⟨·⟩)→ (Y ′, ⟨·⟩′), define a map ξa : SCa → SCSa by

ξa(Φ) = ϕΦ.
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Proposition 4.5. ξ : SC→ SCS is a functor.

Proof. Let (Y, ⟨·⟩) be an S-closure space. Suppose E ∈ G(Y). Then

ξa(idY)(E) = ϕidY (E)
= {s′ ∈ Y | (∃s ∈ E)sidY s′}

= {s′ ∈ Y | (∃s ∈ E)s′ ∈ ⟨s⟩}

=
⋃
{⟨s⟩ | ∃s ∈ E}

= E.

It implies that ξa(idY) = idξo(Y).
Suppose (Y, ⟨·⟩), (Y ′, ⟨·⟩′) and (Y ′′, ⟨·⟩′′) are S-closure spaces. Let Φ : (Y, ⟨·⟩) → (Y ′, ⟨·⟩′) and Ω :

(Y ′, ⟨·⟩′)→ (Y ′′, ⟨·⟩′′) be S-morphisms. If E ∈ G(Y) and s′′ ∈ Y ′′, then

s′′ ∈ ξa(Ω ◦ Φ)(E)⇔ s′′ ∈ ϕΩ◦Φ(E)
⇔ (∃s ∈ E)s(Ω ◦ Φ)s′′

⇔ (∃s ∈ E,∃s′ ∈ Y ′)(sΦs′, s′Ωs′′)
⇔ (∃s′ ∈ Y ′)(s′ ∈ ϕΦ(E), s′Ωs′′)
⇔ (∃s′ ∈ Y ′)(s′ ∈ ξa(Φ)(E), s′Ωs′′)
⇔ s′′ ∈ ϕΩ(ξa(Φ)(E))
⇔ s′′ ∈ ξa(Ω)(ξa(Φ)(E)).

It implies that ξa(Ω ◦ Φ) = ξa(Ω) ◦ ξa(Φ). □

Theorem 4.6. The cateory SC is equivalent to SCS.

Proof. According to Theorem 3.7, it suffices to prove that ξ is full and faithful.
Suppose (Y, ⟨·⟩) and (Y ′, ⟨·⟩′) are S-closure spaces. For a Scott continuous function ϕ : G(Y) →

G(Y ′). From Theorem 4.3, we get an S-morphism Φϕ : Y → Y ′ with ϕΦϕ = ϕ, which implies that
ξa(Φϕ) = ϕΦϕ = ϕ. Hence ξ is full.

Let Φ,Ω : (Y, ⟨·⟩) → (Y ′, ⟨·⟩′) be two S-morphisms such that ϕΦ = ϕΩ. For any s ∈ Y and s′ ∈ Y ′,
we have that

sΦs′ ⇔ (∃t ∈ ⟨s⟩)tΦs′

⇔ s′ ∈ ϕΦ(⟨s⟩)
⇔ s′ ∈ ϕΩ(⟨s⟩)
⇔ (∃t ∈ ⟨s⟩)tΩs′

⇔ sΩs′.

It implies that Φ = Ω. Therefore, ξ is faithful. □
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5. Conclusions

This paper introduces the concept of S-closure spaces and establishes a direct correspondence
between stably continuous semilattices and S-closure spaces. We demonstrate that every stably
continuous semilattice induces a family of generalized directed sets within S-closure spaces.
Furthermore, we define S-morphisms between S-closure spaces, thereby constructing a category that is
equivalent to the category of stably continuous semilattices equipped with Scott-continuous functions.
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