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Abstract: This study investigates anomalous heat transfer in a radiative mixed convection flow of 

water-based drilling nanofluid (NF) immersed in a Darcy–Brinkman permeable medium. Since the 

underground fluids are exposed to anomalous temperatures, the extraction of gases and petroleum from 

rocks and soil requires the drilling fluids to have temperature-dependent viscosity and thermal 

conductivity. The variable thermal conductivity and viscosity of the drilling fluid provide resistance to 

high temperatures and pressure. Therefore, the objective of this study was to investigate anomalous 

heat transfer subject to frictional heating, melting heat, thermal radiation, and magnetic fields. Using 

the Brinkman–Maxwell–Garnett model, the effective thermophysical properties of drilling NF are 

considered. The computational performance of drilling NF is investigated using the Adams–Bashforth 

predictor and corrector approach. The findings suggest that the volume percentage and free convection 

parameter increases the Nusselt number considerably. The thickness of the boundary layer is increased 

by a higher permeability parameter, whereas the Darcy number exhibits the opposite tendency. Fluid 

velocity and skin friction are reduced by the magnetic number, whereas the temperature profile is 

raised by increases in the radiation parameter and the volume percentage of nanoparticles. The rate of 

heat transmission becomes significant in the scenario of variable characteristics. 

Keywords: drilling nanofluid; clay and graphene nanomaterials; variable viscosity; thermal 

conductivity; free convection; nonlinear thermal radiation; melting heat 
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1. Introduction  

In fluid dynamics, the boundary layer flow (BLF) over an expanding sheet is an important 

phenomenon that is frequently examined in the context of mass and heat transfer. A distinct flow 

pattern is produced when fluid flows over a stretched surface, resulting in an intersection of streamlines 

at a stagnation point (SP). Stretching sheets are used for industrial purposes, such as polymer 

processing, where it is essential to comprehend the fluid’s behavior when stretching materials are 

present. The boundary layer (BL) formation, near the stagnation region under a varying stretching 

sheet is significant in modern industry. The SP has been a significant field of research for almost a 

century, drawing the interest of scientist/engineers because of its wide range of applications. The SP 

can be found in many different application areas, including the use of fans to cool electronics, 

emergency shutdown cooling in nuclear reactors, aerodynamic submarine and aircraft design, rocket 

tips’ behavior in flight, wind currents’ effects on fundamental solar receivers, and a variety of drilling 

processes that are essential to many different engineering applications. The investigation of fluid flow 

near the SP originated with the groundbreaking study of Hiemenz [1] in 1911. His findings play a 

leading role while addressing the two-dimensional (2D) SP flow (SPF) across a movable surface. 

Afterward, Homann [2] investigated the axisymmetric fluid flow in the vicinity of the SP. The 

Hiemenz-type flows characterize the most recent set of nonaxisymmetric SPFs, which is another prime 

outcome recognized by Howarth [3]. The exploration of three-dimensional (3D) SPFs was discussed 

by Davey and Schofield [4]. The SPF of nanofluid (NF) flowing across a stretching/shrinking plate 

was assessed by Bachok et al. [5]. Dash et al. [6] expanded the investigation of [5] by including SPFs 

past a stretching sheet.  

Heat transfer (HT) frameworks have a significant impact on the performance and quality of the 

final product in an assortment of manufacturing sectors [7]. Fluids like alcohol, ethylene glycol, water, 

and oils were used before the development of NF, acting as an efficient heat transporters, allowing 

thermal energy to be transferred between various system components. Conduction, convection, and 

radiation are the three HT mechanisms that manufacturers can optimize to increase thermal 

management, energy efficiency, and the consistency of processing temperature, which ultimately 

improve performance and save operating costs. Choi and Eastman [8] proposed the concept of NF, a 

new class of heat-transferring fluids. Carbon nanotubes, silica, oxides, metallic compounds, and other 

minuscule particles combine to form NF. Scientists and industrialists are currently concentrating on 

the research and development of NF in order to address the issues related to HT in the industrial sectors. 

In a permeable medium with unpredictable radiation and chemical reaction effects, Liu et al. [9] 

examined the magnetic influence on the NF flowing across an extensible cylinder. In a permeable 

medium, Pattnaik et al. [10] examined the magnetohydrodynamic (MHD) axisymmetric flow of NF 

from a stretched cylinder. Sedki [11] investigated radiation-induced MHD mixed convective NF flow. 

The computational investigation of the radiative flow of non-Newtonian NF in the presence of 

gyrotactic microorganisms and activation energy was explored by Anjum et al. [12]. In an unsteady 

MHD Cattaneo–Christov flow in Oldroyd-B NF flow with slip impact was discussed by Bai et al. [13]. 

Bioconvective magnetized Williamson NF flow using radiation and activation energy was studied by 

Asjad et al. [14]. The effect of radiation on the convective flow of micropolar NF was examined by 

Mabood et al. [15]. The effects of activation energy and melting on MHD Reiner–Rivlin NF flow were 

discussed by Khan et al. [16]. Rehman et al. [17] investigated the enhancement of HT using Hybrid 

NanoFluid (HNF) comprising microorganisms over a linear sheet taking radiative HT. They introduced 
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a novel parameter 𝑁𝑏𝑡 (the Brownian to thermophoresis ratio) which frequently enhances the Nusselt 

number. Tian et al. [18] introduced the HT enhancement and entropy generation minimization 

mechanism using tri-HNF over a stretchable cylinder. They found that the fluid flow and HT rate were 

improved by elevating the fluid parameter and curvature of the cylinder. The HT rate was enriched in 

a thin film flow of micropolar NF taking Maxwell–Bruggeman and Krieger–Dougherty NF models, as 

revealed by Shen et al.’s study [19]. Their finding reveals that the HT rate increased significantly when 

the aggregation of nanomaterials was taken into consideration.  

Clay nanoparticles (NPs) are increasingly used to improve the rheological features of drilling 

fluids in high-temperature and high-pressure settings [20]. Their unique features increase the drilling 

fluid’s stability and viscosity, avoiding solidification and preserving ideal flow characteristics. These 

NPs ensure improved performance in difficult drilling situations by efficiently suspending cutting and 

minimizing fluid loss, which eventually leads to safer and more successful operations. High pressures 

and temperatures are experienced in deep drilling procedures, which produce an adverse effect on the 

efficacy of drilling fluids. A large amount of research has been done on the crucial impact of drilling 

fluids on drilling efficiency, but the temperature-dependent viscosity and thermal conductivity of 

drilling fluid has not been addressed before. Khan et al. [21] used clay NPs to investigate the convective 

heat transport of drilling fluid. The optimum thermal and physical properties of clay NFs were 

examined using the mathematical models developed by Maxwell-Garnett and Brinkman. In 

Cheraghian’s investigation [22], clay NPs were introduced into drilling fluid, which increased the 

drilling fluid viscosity. A comparison of numerous different kinds of base fluids encompassing clay 

NPs was carried out by Nisar et al. [23]. They examined the number of parameters that resulted in the 

minimization of irreversibility. Elattar et al. [24] examined a Williamson drilling fluid using clay NPs 

over a flat surface occupied in a Darcy–Brinkman porous medium. Their results showed that when the 

volumetric concentration rises, the Nusselt number increases considerably. In a recent study, Isede and 

Adeniyan [25] explored the flow and HT features of drilling NF containing clay NPs subject to 

radiative HT. A few recent developments on drilling fluid containing clay NPs are explored in recent 

studies [26, 27]. Besides all these developments on the said problem, the temperature-dependent 

thermophysical features of drilling fluid, which is another important aspect, has not been taken into 

consideration, even though drilling fluids are exposed to high temperature and pressure below the 

Earth’s surface.  

The Darcy–Brinkman model (DBM) is frequently employed to explain fluid flow in materials 

that include both microscopic and macroscopic permeable structures, such as filters, biological tissues, 

and soils [28]. In order to account for the effects of the fluid’s viscosity and the relationship between 

the fluid and the solid matrix, the Brinkman equation is combined with Darcy's law for slow, viscous 

flow through porous materials. This model offers insights into processes like HT in porous materials, 

contaminant transport, and groundwater movement, and it is especially helpful in situations involving 

flows with a low Reynolds number (𝑅𝑒) . Transportation and conserving energy are the usual 

applications of porous media. According to Darcy's law, the force of gravity and the pressure gradient 

have a linear relationship with the flow. For viscous liquids in permeable media at a low 𝑅𝑒, when the 

medium is tightly packed (low porosity), this rule is commonly accepted as the momentum equation. 

The standard viscous resistance term, frequently referred to as the Brinkman term, is considered in 

conjunction with Darcy’ resistance term [29]. Rosali et al. [30] investigated the buoyancy SPF across 

an upright plate submerged in a permeable medium with a constant heat flux. They found different 

solutions for buoyancy assisting and opposing the flow. The effect of suction and blowing on the erratic 



17462 

AIMS Mathematics  Volume 10, Issue 8, 17459–17482. 

flow of a Maxwell fluid across a stretchable sheet imbedded in a permeable medium was examined by 

Mukhopadhyay [31]. He found that an increase in the Maxwell parameter suppresses the velocity field. 

The forced convection flow with mass and HT through a porous parallel channel plate was examined 

by Wang et al. [32]. Zaib et al. [33] examined the flow and HT of a Casson liquid in a DB permeable 

medium with slip effects across an upright plate. They discovered a distinct outcome for assisting flow 

and several outcomes for opposing flow. The forced convective flow in a rotating conduit in a DB 

permeable medium with was covered by Wang [34].  

The goal of this study was to investigate the anomalous heat transfer of water-based drilling NF 

moving across an upright stretched surface dipped in a Darcy–Brinkman permeable medium. Drilling 

processes use drilling mud, which is composed of water-based clay nanomaterials. In order to increase 

the drilling efficiency, clay and graphene NPs are added to the water. Minimal torque, thermal stability, 

leakage prevention, suitable rheological characteristics for drilling hole extraction, and improved 

filtration are the core objectives of drilling engineers when performing drilling operations. Some 

modern drilling methods coat the drilling surface with a thin, stretchy layer of lubricant or coolant. 

This layer prolongs life and increases cutting efficiency by lowering heat generation and friction. 

Ensuring accuracy and avoiding destruction during high-speed or deep drilling operations depends on 

the stretching sheet’s ability to distribute the fluid evenly, improve cooling, and remove chips. Very 

few studies [35,36] are available in recent literature; however, these studies are limited to reviews of 

other studies. This study provides new insight into the anomalous heat transfer performance of drilling 

NF flow containing clay and graphene NPs. Furthermore, temperature-dependent viscosity, thermal 

conductivity and a Darcy–Brinkman permeable medium are the novel aspects of this study. The 

melting heat at the surface, nonlinear thermal radiation, and frictional heating are included. A multistep 

computational approach (the Adam–Bashforth approach, which relies on the predictor and corrector 

technique) is implemented for the numerical results. A comparison of the frictional drag coefficient 

and Nusselt number with constant and variable viscosity and thermal conductivity is provided.  

At the end of the mathematical analysis, we will be able to answer the following research 

questions: 

➢ How is the anomalous heat transfer performance in water-based drilling NF enhanced with the 

addition of clay and graphene NPs? 

➢ How does the heat transfer properties of drilling NF flowing over a vertical surface immersed in 

a Darcy–Brinkman permeable medium rely on temperature-dependent viscosity and thermal 

conductivity? 

➢ How can nonlinear thermal radiation, frictional heating, and melting heat at the surface impact 

the drilling NF’s thermal stability and effectiveness? 

➢ How do radiation, magnetic factors, changed porosity, free convection, Darcy number, and 

melting heat affect the skin friction and heat transfer rate during drilling? 

2. Materials and methods 

2.1. Mathematical background of the model and analysis 

The BLF of drilling NF, which is mixture of clay and graphene NPs near the SP are displayed in 

Figure 1(a). We have assumed mixed radiative convection and an incompressible flow of water-based 

NF past a vertical stretchable surface. The surface is oriented in such a way that the sheet is located 
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along the 𝑥 −axis, while the flow originates along the 𝑦 −axis due to surface stretching with a velocity 

𝑢𝑤(𝑥) = 𝑎𝑥. A strong magnetic field 𝐵 = 𝐵0 acts normal to the flow field.  

 

Figure 1. (a) Physical description of the model, (b) Model validation chart. 

In order to simplify the flow models some essential assumptions are made: 

• The flow is a BLF. 

• A Darcy–Brinkman permeable medium is considered, which accounts for the porosity and 

permeability of the permeable medium.  

• Nonlinear thermal radiation is assumed to account for practical scenarios in high-temperature 

drilling.   

• Temperature-dependent viscosity and thermal conductivity are considered.  

• There is a buoyancy assisting flow scenario due to (𝑇 − 𝑇∞). 

• Clay–graphene NPs with equal friction are dispersed in a drilling fluid (water).  

• Boussinesq approximation is implemented.  

• Viscous dissipation, Joule heating, and melting heat at the surface are assumed. 

• The wall and free stream velocities are taken as 𝑢𝑤(𝑥) = 𝑎𝑥 and 𝑢𝑒(𝑥) = 𝑏𝑥, respectively, where 

𝑎, 𝑏 > 0, indicating the stretching rate. 
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• The surface and far field temperature are assumed to be 𝑇𝑚 and 𝑇∞,defining the melting surface 

temperature and ambient temperature.  

The governing BL flow equation accounting for these assumptions is as follows [24,36,37]: 

𝜕𝑢

𝜕𝑥
+
𝜕𝑣

𝜕𝑦
= 0, (1) 

𝜌𝑛𝑓

𝛾𝑝
2 (𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
) = ((

𝜕𝜇𝑛𝑓(𝑇)

𝜕𝑦
)
𝜕𝑢

𝜕𝑦
+ 𝜇𝑛𝑓(𝑇)

𝜕2𝑢

𝜕𝑦2
) + 𝑢𝑒(𝑥)

𝑑𝑢𝑒(𝑥)

𝑑𝑥
−
𝜇𝑛𝑓(𝑇)

𝜌𝑛𝑓𝐾𝑃
(𝑢 − 𝑢𝑒(𝑥)) −

𝜎𝑛𝑓(𝑇)𝐵0
2(𝑢 − 𝑢𝑒(𝑥)) + 𝑔(𝜌𝛽)𝑛𝑓(𝑇 − 𝑇∞), 

(2) 

(𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
) =

1

(𝜌𝑐𝑝)𝑛𝑓
(
𝜕𝑘𝑛𝑓(𝑇)

𝜕𝑦

𝜕𝑇

𝜕𝑦
+ 𝑘𝑛𝑓(𝑇)

𝜕2𝑇

𝜕𝑦2
) −

1

(𝜌𝑐𝑝)𝑛𝑓

𝜕𝑞𝑟

𝜕𝑦
+
𝜎𝑛𝑓(𝑇)𝐵0

2

(𝜌𝑐𝑝)𝑛𝑓
(𝑢 − 𝑢𝑒(𝑥))

2
+

1

(𝜌𝑐𝑝)𝑛𝑓
((
𝜕𝜇𝑛𝑓(𝑇)

𝜕𝑦
) (

𝜕𝑢

𝜕𝑦
)
2

+ 𝜇𝑛𝑓(𝑇) (
𝜕𝑢

𝜕𝑦
)
3

), 
(3) 

subject to the following surface and far field constraints [38–40]:  

at 𝑦 → 0: 𝑢 = 𝑢𝑤(𝑥) = 𝑎𝑥, 𝑘𝑛𝑓(𝑇) (
𝜕𝑇

𝜕𝑦
) = 𝜌𝑛𝑓(𝜖 + 𝐶𝑆(𝑇𝑚 − 𝑇0))𝑣(𝑥, 0), 𝑇 = 𝑇𝑚, (4) 

at 𝑦 → ∞: 𝑢 → 𝑢𝑒(𝑥) = 𝑏𝑥, 𝑇 → 𝑇∞.  (5) 

In the governing equations above, ∈𝑑 is the permeability of the medium, 𝜌𝑛𝑓 is the density of the 

NF, 𝐾𝑃 is the porosity of the porous medium, (𝜌𝛽)𝑛𝑓 is the coefficient of the thermal expansion, and 

𝑔 = 9.8𝑚/𝑠2  is gravitational acceleration. Furthermore, 𝑇𝑚  and 𝑇0  are the melting and reference 

temperatures, respectively, and 𝐶𝑆 indicates the heat capacitance of a solid surface. 

The effective use of nonlinear thermal radiation in drilling fluids improves the thermal 

conductivity with the distribution of NPs, increasing the effectiveness of heat dissipation in high-

temperature boreholes. Its temperature-dependent radiative flux reduces the risk of overheating during 

deep drilling operations, while also decreasing fluid deterioration and machine wear. 

Here, 𝑞𝑟 is the nonlinear thermal radiation [41,42]. Using Rosseland’s approximation for 𝑞𝑟 [43], 

it is defined as  

𝑞𝑟 = −
4𝜎∗

3𝑘∗
𝜕𝑇4

𝜕𝑦
= −

16𝜎∗

3𝑘∗
𝑇3

𝜕𝑇

𝜕𝑦
. (6) 

Assuming that there is a significant fluctuation in the temperature within in flow field, the 

expression 𝑇 may be expressed as  

𝜕𝑞𝑟

𝜕𝑦
= −

16𝜎∗

3𝑘∗
(3𝑇2 (

𝜕𝑇

𝜕𝑦
)
2

+ 𝑇3
𝜕2𝑇

𝜕𝑦2
), (7) 

where 𝜎∗ and 𝑘∗ are the Stefan–Boltzmann constant and the mean absorption coefficient, respectively.  

The expressions 𝜇𝑛𝑓(𝑇) , 𝑘𝑛𝑓(𝑇)  and 𝜎𝑛𝑓(𝑇)  are the temperature-dependent viscosity and 

thermal and electrical conductivity of NF, respectively. Their formulations are given below [36,44] 

𝜎𝑛𝑓(𝑇) = 𝜎𝑓 (1 + 𝛿1 (
(𝑇−𝑇0)

(𝑇𝑚−𝑇0)
)), (8) 
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𝜇𝑛𝑓(𝑇) = 𝜇𝑓 (1 + 𝛿2 (
(𝑇−𝑇0)

(𝑇𝑚−𝑇0)
)), (9) 

𝑘𝑛𝑓(𝑇) = 𝑘𝑓 (1 + 𝛿3 (
(𝑇−𝑇0)

(𝑇𝑚−𝑇0)
)). 

(10) 

The characteristics of NF are defined according to the Brinkman–Maxwell–Garnett model [19]: 

𝜌𝑛𝑓

𝜌𝑓
= (1 − 𝜑 + 𝜑

𝜌𝑠

𝜌𝑓
), 
(𝜌𝛽)𝑛𝑓

(𝜌𝛽)𝑓
= 1 − 𝜑 + 𝜑

(𝜌𝛽)𝑠

(𝜌𝛽)𝑓
, ` 

(𝜌𝑐𝑝)𝑛𝑓

(𝜌𝑐𝑝)𝑓
= 1 − 𝜑 + 𝜑

(𝜌𝑐𝑝)𝑠
(𝜌𝑐𝑝)𝑓

, 
(11) 

where 𝜑 is the volumetric percentage of solid particles, and the subscript 𝑠 and 𝑓 indicate the solid 

nanomaterials and the working fluid, respectively.  

Incorporating the similarity variables [19,45,46], we have  

𝜂 = 𝑦√
𝑎

𝜈
, 𝜓 = √𝑎𝜈𝑥𝐹(𝜂), Θ(𝜂) =

𝑇−𝑇∞

𝑇𝑤−𝑇∞
. (12) 

In light of the stream function 𝑢 =
𝜕𝜓

𝜕𝑦
, 𝑣 = −

𝜕𝜓

𝜕𝑥
, the components of velocity take the following 

form: 

𝑢 = 𝑎𝑥𝐹′(𝜂), 𝑣 = −√𝑎𝜈𝐹(𝜂). (13) 

Using Eqs (10) and (11) in the governing equations above, we get 

𝜇𝑛𝑓/𝜇𝑓

𝜌𝑛𝑓/𝜌𝑓
𝜀𝐴(1 − 𝛼1Θ)𝐹

′′′ − 𝛼1Θ
′𝐹′′ + 𝐹𝐹′′ − 𝐹′2 +

𝜇𝑛𝑓/𝜇𝑓

𝜌𝑛𝑓/𝜌𝑓
𝐷𝑎−1(𝐴2 − 𝐹′) + 𝜀𝐴(𝐴

2 − 𝐹′2) +

(𝜌𝛽)𝑛𝑓/(𝜌𝛽)𝑓

𝜌𝑛𝑓/𝜌𝑓
𝐺𝑟Θ −𝑀

𝜎𝑛𝑓/𝜎𝑓

𝜌𝑛𝑓/𝜌𝑓
(1 + 𝜔1Θ)(𝐴

2 − 𝐹′) + 𝐴2 = 0, 
(14) 

1

(𝜌𝑐𝑝)𝑛𝑓

(𝜌𝑐𝑝)𝑓

(
𝑘𝑛𝑓

𝑘𝑓
+
4

3
𝑁𝑟) (1 + 𝛽1Θ)Θ

′′ + 𝛽1Θ
′2 + 𝑃𝑟𝐹Θ′ + 𝑃𝑟𝐹′

+
1

(𝜌𝑐𝑝)𝑛𝑓/(𝜌𝑐𝑝)𝑓

(
4

3
𝑁𝑟(Θ𝑤 − 1)

3(3Θ2(Θ′)2 + Θ3Θ′′)

+ 3(Θ𝑤 − 1)
2(2Θ(Θ′)2 + Θ2Θ′′) + 3(Θ𝑤 − 1)((Θ

′)2 + ΘΘ′′))

+
𝜇𝑛𝑓/𝜇𝑓

(𝜌𝑐𝑝)𝑛𝑓/(𝜌𝑐𝑝)𝑓

(1 + 𝛼1Θ)𝑃𝑟𝐸𝑐(𝐹
′′2 + 𝐹′′3)

+
𝜎𝑛𝑓/𝜎𝑓

(𝜌𝑐𝑝)𝑛𝑓/(𝜌𝑐𝑝)𝑓
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(15) 
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with  

𝐹′(0) = 1, 
𝜇𝑛𝑓

𝜇𝑓
𝑃𝑟𝐹(0) +

(𝜌𝑐𝑝)𝑛𝑓

(𝜌𝑐𝑝)𝑓
𝑀𝑒Θ

′(0) = 0, Θ(0) = 1, 
(16) 

𝐹′(∞) = 𝐴, Θ(∞) = 0, (17) 

where 𝜀𝐴 = 𝛾𝑝
𝜇𝑒𝑓𝑓

𝜇𝑓
  denotes the porosity parameter of the permeable medium , 𝐷𝑎−1 = 𝛾𝑝

2 𝜈𝑓

𝑎𝐾
  is the 

Darcy number, 𝑀 =
𝜎𝑓𝐵0

2

𝜌𝑓𝑎
  is the magnetic parameter, 𝐴 =

𝑏

𝑎
  denotes the stretching ratio, 𝑀𝑒 =

(𝑐𝑝)𝑓
(𝑇𝑤−𝑇∞)

𝜖+𝐶𝑆(𝑇𝑚−𝑇𝑤)
 is the melting heat parameter, Θ𝑤 =

𝑇𝑤

𝑇∞
 is the temperature ratio, 𝑁𝑟 =

16𝜎∗

3𝑘𝑓𝑘
∗
𝑇∞
3  denotes 

the radiative parameter, 𝑃𝑟 =
𝜇𝑓(𝑐𝑝)𝑓

𝑘𝑓
 is the Prandtl number, 𝐸𝑐 =

𝑢𝑤
2

𝜌𝑐𝑝(𝑇𝑤−𝑇∞)
, is the Eckert number, 

𝐺𝑟 =
𝑔(𝜌𝛽)(𝑇𝑤−𝑇∞)

𝜈𝑓
2   is the thermal Grashof number, Δ1 =

𝐺𝑟

𝑅𝑒2𝑥
  is the free convection parameter, and 

𝑅𝑒𝑥 =
𝑢𝑤𝑥

𝜈𝑓
 is the Reynolds number. Furthermore, 𝛼1 =

(𝑇𝑤−𝑇∞)

(𝑇𝑚−𝑇𝑤)
, 𝛽1 =

(𝑇𝑤−𝑇∞)

(𝑇𝑚−𝑇𝑤)
, and 𝜔1 =

(𝑇𝑤−𝑇∞)

(𝑇𝑚−𝑇𝑤)
 are 

the temperature-dependent viscosity, thermal conductivity and electrical conductivity parameters, 

respectively.  

The physical quantitates (skin friction 𝐶𝑓𝑥  and heat transfer 𝑁𝑢𝑥 ) related to this model are 

provided in the following equations:  

𝐶𝑓𝑥 =
2𝜇𝑛𝑓(𝑇)(

𝜕𝑢

𝜕𝑦
)|
𝑦=0

𝜌𝑓𝑢𝑤
2 , 

(18) 

𝑁𝑢𝑥 =
−𝑥

𝑘𝑛𝑓(𝑇)(𝑇𝑤−𝑇∞)

16𝜎∗

3𝑘∗
𝑇3

𝜕𝑇

𝜕𝑦
|
𝑦=0

. 
(19) 

In dimensionless form 

1

2
√𝑅𝑒𝑥𝐶𝑓 =

𝜇ℎ𝑛𝑓

𝜇𝑓
(1 − 𝛼1Θ)𝑓

′′(0), (20) 

𝑁𝑢

√𝑅𝑒𝑥
= −(

𝑘ℎ𝑛𝑓

𝑘𝑓
(1 + 𝛽1Θ(0)) +

4

3
𝑁𝑟(1 + (Θ𝑤 − 1)Θ(0))

3
) (Θ′(0)). (21) 

The thermophysical properties of the dispersed nanomaterials are given in Table 1 [47–49]. 

Table 1. Details of dispersed nanomaterials taking 𝑃𝑟 = 6.2, at room temperature (28 ℃).  

Materials 𝒄𝒑: [𝑱. 𝒌𝒈
−𝟏. 𝑲−𝟏] 𝝆: [𝒌𝒈.𝒎−𝟑] 𝒌: [𝑾.𝒎−𝟏. 𝑲−𝟏] 𝜷: [𝟏𝟎−𝟓𝑲−𝟏] 𝝈: [𝑺.𝒎−𝟏. ] 

Water 4179 997 0.613 21 0.005 

Clay 

nanoparticles 

531.8 6320 76.5 1.80 10−7 

Graphene 

oxide (𝑮𝒐) 

2100 2250 2500 0.284 107 
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2.2. Solution methodology 

The numerical method for solving our nondimensional system in (14) and (15) under the specified 

boundary conditions of (16) and (17) is addressed in this section. For this purpose, we employed the 

numerical approach of the linear multistep Adams–Bashforth (AB) predictor–corrector (PC) method 

[50]. By preserving and utilizing prior information regarding the phases instead of discarding it, 

multistep techniques aim to enhance performance, resulting in a large number of prior points and 

derivative values. It works in two stages. Initially, we use the AB approach to estimate the necessary 

value as a prediction phase. The Adams–Moulton technique is then used as a corrector step to rectify 

the first approximation. The AB method can be extended to higher orders by incorporating more past 

points, allowing the user to choose a compromise between precision and processing efficiency 

according to the needs of the scenario [51]. The PC systems, which use an implicit methodology to 

correct the initial prediction of an explicit method, are integrated with the AB procedures. The 

following variables are introduced in order to reduce the system to the first order: 

𝕌1 = 𝐹, 𝕌2 = 𝐹
′, 𝕌3 = 𝐹

′′, 𝕌4 = Θ, 𝕌5 = Θ
′
, (22) 

𝕌3
′ = 𝛼1𝕌5𝕌3− 𝕌1𝕌3 + 𝕌2

2 −

𝜇𝑛𝑓
𝜇𝑓
𝜌𝑛𝑓
𝜌𝑓

𝐷𝑎−1 (𝐴2 − 𝕌2)− 𝜀𝐴 (𝐴
2 − 𝕌2

2)−

(𝜌𝛽)𝑛𝑓
(𝜌𝛽)𝑓
𝜌𝑛𝑓
𝜌𝑓

𝐺𝑟𝕌4 +

𝑀

𝜎𝑛𝑓
𝜎𝑓
𝜌𝑛𝑓
𝜌𝑓

(1 +𝜔1𝕌4) (𝐴
2 − 𝕌2)−𝐴

2
,  

(23) 

𝕌5
′ = −

(

 
 
 

𝛽1𝕌5
2+𝑃𝑟𝕌1𝕌5+𝑃𝑟𝕌2+

1

(𝜌𝑐𝑝)𝑛𝑓

(𝜌𝑐𝑝)𝑓

4𝑁𝑟(Θ𝑤−1)
3𝕌4

2𝕌5
2+3(Θ𝑤−1)

22𝕌4𝕌5
2+4(Θ𝑤−1)𝕌5

2+

𝜇𝑛𝑓/𝜇𝑓

(𝜌𝑐𝑝)𝑛𝑓
/(𝜌𝑐𝑝)𝑓

(1+𝛼1𝕌4)𝑃𝑟𝐸𝑐(𝕌3
2+𝕌5

3)+
𝜎𝑛𝑓/𝜎𝑓

(𝜌𝑐𝑝)𝑛𝑓
/(𝜌𝑐𝑝)𝑓

𝑃𝑟𝐸𝑐𝑀(1+𝜔1𝕌4)(𝐴
2−𝕌2)

2

)

 
 
 

1

(𝜌𝑐𝑝)𝑛𝑓

(𝜌𝑐𝑝)𝑓

((
𝑘𝑛𝑓

𝑘𝑓
+
4

3
𝑁𝑟)(1+𝛽1𝕌4)+

4

3
𝑁𝑟(Θ𝑤−1)3𝕌4

3+4𝑁𝑟(Θ𝑤−1)2𝕌4
2+4(Θ𝑤−1)𝕌4)

, 
(24) 

with  

𝕌2(0) = 1, 
𝜇𝑛𝑓

𝜇𝑓
𝑃𝑟𝕌1(0) +

(𝜌𝑐𝑝)𝑛𝑓

(𝜌𝑐𝑝)𝑓
𝑀𝑒𝕌5(0) = 0, 𝕌4(0) = 1,  (25) 

𝕌2(∞) = 𝐴,𝕌4(∞) = 0. (26) 

Considering that this is multistep numerical process known as PC, the predictor formula is  

𝓎𝑚+1,𝑃 = 𝓎𝑚 +
ℎ

24
(55𝓎𝑚

′ − 59𝓎𝑚−1
′ + 37𝓎𝑚−2

′ − 9𝓎𝑚−3
′ ), (27) 

and the corrector formula is  

𝓎𝑚+1,𝐶 = 𝓎𝑚 +
ℎ

24
(9𝓎𝑚+1

′ − 59𝓎𝑚
′ + 37𝓎𝑚−1

′ − 9𝓎𝑚−2
′ ). (28) 

(24) 
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The results are compared using a small number 𝜀 after subtracting the boundary conditions from 

the predicted and corrected values that are derived from the AB formulas. We choose an alternative 

guess and repeat the same process if the numbers are greater than 𝜀. If the values are less than 𝜀, the 

desired results are correct. If the obtained values are not smaller than 𝜀 once again, we employ the 

secant approach to improve our estimations. The process continues until the boundary condition is met. 

This approach produces numerical solutions with the highest precision and improved convergence. 

Fourth-order convergence is obtained. 

A comparison of the validity of the current model for skin friction with the results of Nadeem et 

al. [52] and Khan et al. [53] is provided in Figure 1(b). The model validation for the Nusselt number 

is provided in Tables 2 and 3, compared with the results of Hayat et al. [54], Dogonchi et al. [55], and 

Rashidi et al. [56]. 

Table 2. Comparison of the Nusselt number Θ′(0) with the results of Hayat et al. [54] 

taking Θ𝑤 = 0, 𝑁𝑟 = 0, 𝐸𝑐 = 0, 𝛽1 = 0, 𝛼1 = 0,𝜑 = 0, and 𝐴 = 0.  

𝑷𝒓 𝑴𝒆 Hayat et al. [54] Present results 

1.0 0.0 0.64944 0.64939 

 0.3 0.54788 0.54767 

 0.5 0.49871 0.49858 

 0.8 0.44139 0.44124 

0.8 0.5 0.43557 0.43546 

Table 3. Comparison of the Nusselt number Θ′(0) with the results of Dogonchi et al. [55] 

taking Θ𝑤 = 0, 𝐸𝑐 = 0, 𝛽1 = 0, 𝛼1 = 0,𝜑 = 0, 𝑎𝑛𝑑𝐴 = 0.  

Rashidi et al. [56] Dogonchi et al. [55] Present results 

𝑵𝒓 𝑓′′(0) Θ′(0) 𝑓′′(0) Θ′(0) 𝑓′′(0) Θ′(0) 
1 1.41599846 0.71647710 1.41600362 0.71649390 1.41599 0.71845 

2 1.44214325 0.88544087 1.44214350 0.88544181 1.44523 0.88453 

3 1.4536332 0.96827471 1.45336336 0.96827499 1.45466 0.96825 

3. Discussion 

The computational study was carried out using the AB method in order to gain a physical 

understanding into the flow and HT features of water-based drilling NF which is composed of 3% clay 

and graphene NPs. The effects of physical parameters such as magnetic parameter, 𝑀,  porosity 

parameter 𝜀𝐴 , the inverse Darcy parameter, 𝐷𝑎−1 , melting heat 𝑀𝑒 , the free convection parameter 

∆1, and the thermal radiation parameter 𝑁𝑟 were considered. In order to obtain the desired results, the 

default values of these parameters were taken as follows: 𝑀 = 5, 𝜀𝐴 = 0.5 = 𝑁𝑟 = ∆1, 𝐷𝑎 = 1 = 𝑀𝑒, 

𝜑 = 0.03, 𝜔1 = 0.5, Θ𝑤 = 1, 𝐸𝑐 = 0.2, 𝐴 = 0.3. The ranges of the parameters, namely (5 ≤ 𝑀 ≤

15), (0.5 ≤ 𝜀𝐴 ≤ 0.9),(1 ≤ 𝐷𝑎 ≤ 3), (1 ≤ 𝑀𝑒 ≤ 3), (0.5 ≤ ∆1≤ 2.5), and (0.5 ≤ 𝑁𝑟 ≤ 2.5), were 

selected as suggested in well-known studies [57–60]. 

In Figure 2(a),(b), the impact of the magnetic parameter (𝑀 = 5, 10, 15) on the velocity 𝑓′(𝜂) 

and temperature profile 𝛩(𝜂)  for both constant (𝛼1 = 0.0)  and variable viscosity (𝛼1 = 0.5)  are 

depicted. It is evident from Figure 2(a) that the velocity 𝑓′(𝜂) close to the plate decreases when the 
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magnetic parameter increases. The decrease in 𝑓′(𝜂)  is more dominant in the case of 𝛼1 = 0.5 . 

Physically, the transverse magnetic field generates Lorentz forces, which act as a resistive force and 

control the fluid flow. The velocity profile is lowered as a result of the Lorentz force. The profile 𝛩(𝜂) 

rises as a result of the charged fluid particles and applied magnetic field interacting (Figure 2(a)). The 

expectations are qualitatively supported by well-known previous results. For 𝛼1 = 0.5 and 𝛽1 = 0.5, 

the effect of decreasing the temperature field and velocity decreases the thickness of the thermal BL 

and momentum when 𝑀 is fixed. Figure 3 (a),(b) depicts the effects of the permeability parameter 𝜀𝐴 

on the velocity and temperature profiles for both constant (𝛼1 = 0.0) and variable viscosity (𝛼1 = 0.5). 

The velocity profile increases for 𝛼1 = 0.0 and decreases for 𝛼1 = 0.5 due to the higher value of 𝜀𝐴. 

The temperature characteristics show similar trends for the two distinct case𝑠 (𝛼1 = 0.0 and 𝛼1 = 0.5). 

Increasing 𝜀𝐴 results in the shrinkage of the momentum and BL thickness. Physically, the macroscopic 

velocity and heat transfer are primarily controlled by inertia and surface-driven dynamics rather than 

porous medium drag because the flow happens over a sheet with a high stretching rate. Therefore, 

changes in 𝜀𝐴 only slightly change the properties of heat transmission and bulk flow. The clay NPs 

gain more space to accommodate the necessary postulated flow when the porosity or permeability 

parameters increase, which increases 𝑓′(𝜂) . The effects of the Darcy parameter 𝐷𝑎  on 𝑓′(𝜂)  is 

portryed in Figure 4(a). The reduced velocity results from an increase in 𝐷𝑎. Higher 𝐷𝑎 results in 

increased permeability, which increases the fluid velocity. The velocity gradient decreases as a result 

of the 𝐷𝑎 values. The increase in the temperature field with respect to the Darcy porosity parameter 

𝐷𝑎 is shown in Figure 4(b). Physically, when the Darcy 𝐷𝑎 parameter increases, the porous medium’s 

permeability increases, enabling higher fluid flow velocity and better convective heat transfer. This 

leads to a more effective distribution of thermal energy within the drilling NF, increasing its 

temperature because of decreased flow resistance and improved interaction between the NF and the 

porous structure. In Figure 5(a, b), the impact of the melting heat 𝑀𝑒 on 𝑓′(𝜂) and 𝛩(𝜂) for a clay-

based NF is explained. The melting parameter 𝑀𝑒  leads to improvements in the BL 𝑓′(𝜂)  and the 

associated thickness. Physically, the phase-change procedure consumes thermal energy close to the 

boundary, lowering the specific fluid viscosity and improving buoyancy-driven flow while also 

producing a cooling effect that decreases the temperature gradient and speeds up the fluid’s motion. 

As a result, 𝑓′(𝜂) increases. For removing impediments from the interior walls of the rough surfaces, 

like the hole bit, the melting heat is beneficial. Figure 5(b) explains how the melting factor 𝑀𝑒 affects 

the temperature of drilling NF. The temperature field reduces, and the thickness of the thermal BL 

increases as a result of increases in 𝑀𝑒. Physically, a larger melting parameter transmits heat from 

heated fluid to the cold wall more quickly, which leads to higher HT to the surrounding area and 

ultimately lowers the temperature of the NF. The influence of variable viscosity and variable thermal 

conductivity on 𝑓′(𝜂)  and 𝛩(𝜂)  are dominant compared with the effects of constant parameters. 

Figure 6(a),(b) illustrates the influence of the free convection parameter ∆1 on 𝑓′(𝜂) and 𝛩(𝜂) under 

both the constant and variable viscosity and variable thermal conductivity scenarios. Physically, the 

magnitude of ∆1  demonstrates the relative significance of free and forced convection. The 

augmentation of heat transfer brought on by temperature-induced density gradients in the drilling NF 

system is determined by the free convection parameter ∆1, which measures the relative dominance of 

buoyancy-driven thermal convection over inertial pulls. Figure 6(a) shows that as the buoyancy 

parameter 
𝐺𝑟

𝑅𝑒2𝑥
 is increased, the velocity field increases and the thickness of the BL grows. Physically, 

𝐺𝑟 > 0  refers to assisting flow. A rise in 𝑓′(𝜂)  is seen close to the stretching boundary and 
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exponentially diminishes as one moves away from the BL. From a physical perspective, the free 

convection enables the fluid to move away from the stretching surface to the free stream. The fluid 

flow increases as the free stream moves upward. This reveals the velocity profile when constant 

thermophysical effects are considered. On the other hand, 𝐺𝑟 > 0 results in a decrease in the thickness 

of the thermal BL, which increases the rate of HT across the surface (Figure 6(b)). The temperature 

profile in the case of constant thermal conductivity is lower than the variable case. The velocity and 

temperature profiles for various values of the radiation parameter 𝑁𝑟 are given in Figure 7(a),(b). It is 

clear from both figures that when 𝑁𝑟 increases, the temperature and velocity profiles inside the BL 

increase along with the momentum and thermal thickness. Physically, the radiation parameter has a 

significant impact on the temperature and velocity profiles by changing the fluid heat transfer 

mechanisms. As the radiation parameter rises, the thermal radiation improves the system’s energy 

exchange, which raises the temperature profile because of more radiative heat flux. The velocity profile 

is impacted indirectly because the higher temperature gradients change the buoyancy forces and 

viscous effects, which may accelerate fluid flow in natural convection scenarios or change the 

properties of the BL in forced convection systems. Since the fluid temperature rises with an increase 

in 𝛽1 , the variance in thermal conductivity cannot be disregarded. Furthermore, the noteworthy 

increase in temperature indicates that the volume rate of flow at a segment perpendicular to the plate 

rises as 𝛽1  grows. The vertical velocity profiles are found to decrease when the variable viscosity 

parameter 𝛼1 increases. For this reason, the thickness of the vertical velocity BL decreases as the fluid 

viscosity parameter 𝛼1 increases. This can be explained physically by the fact that a larger 𝛼1 indicates 

a greater temperature differential between the fluid’s surface and the surrounding air. 

The streamlines and isotherm pattern of the flow field are displayed in Figures 8(a) and 9(a) and 

Figures 8(b) and 9(b), respectively. The streamline patterns exhibit thicker BL and decreased flow 

velocity as the magnetic parameter 𝑀 increases. This is because the reverse Lorentz force dampens the 

fluid’s motion. The magnetic field increases Joule heating and inhibits convective cooling, resulting in 

more densely packed isotherm contours close to the surface, which indicates larger temperature 

gradients. As a result, the thermal BL becomes hotter and loses its heat dissipation efficiency.  

The comparative graphic (Figure 10) explicitly shows that the HNF (clay–graphene/water) 

performs better at heat transmission than the mono-NF (clay/water) by achieving a higher Nusselt 

number. The scattered clay and graphene NPs work in concert to boost thermal conductivity, maximize 

viscosity, and amplify microconvection within the boundary layer, resulting in this increase in 

efficiency. For drilling applications, where quick heat dissipation is essential, the HNF works better 

because it lowers thermal resistance and increases the energy exchange efficiency. 
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Figure 2. Flow and thermal field depending on 𝑀.  

 

Figure 3. Flow and thermal field depending on 𝜖𝐴.  
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Figure 4. Flow and thermal field depending on 𝐷𝑎.  

 

Figure 5. Flow and thermal field depending on 𝑀𝑒.  
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Figure 6. Flow and thermal field depending on ∆1.  

 

Figure 7. Flow and thermal field depending on 𝑁𝑟.  
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Figure 8. Pattern of streamlines and isotherms.  

 

Figure 9. Pattern of streamlines and isotherms.  

 

Figure 10. Performance of Nusselt number with mono-NF and hybrid NF, taking different 

loads of clay and graphene nanomaterials.  
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Table 4. Computational outcomes for 𝐶𝑓𝑥  (𝐺𝑜 +  clay  NP-based NF) taking 𝜑 = 3% 

versus selected parameters with 𝑃𝑟 = 7.56 and 𝐸𝑐 = 0.5. 

∆1 𝜀𝐴 𝐷𝑎−1 𝑁𝑟 Θ𝑤 𝐴 𝐶𝑓𝑥 

𝛼1 = 0.0 

𝐶𝑓𝑥 

𝛼1 = 0.5 

0.5 1.5 0.5 1.5 0.5 0.5 −1.27084 −1.01807 

1      −1.29655 −1.02741 

1.5      −0.31607 −0.29152 

0.5 1.5 0.5 1.5 0.5 0.5 −2.17048 −1.10458 

 0.6     −1.19657 −1.00168 

 0.7     −0.21709 −1.01922 

0.5 1.5 0.5 1.5 0.5 0.5 −1.16788 −1.10627 

  0.7    −1.13907 −1.11725 

  0.9    −1.19788 −1.12267 

0.5 1.5 0.5 1.5 0.5 0.5 −1.17828 −1.19085 

   60   −1.18901 −1.22205 

   70   −1.20919 −1.24228 

0.5 1.5 0.5 1.5 0.5 0.5 −1.38272 −1.27891 

    0.7  −1.98402 −1.42289 

    0.9  −2.08483 −1.80982 

0.5 1.5 0.5 1.5 0.5 0.5 −0.81678 −0.48930 

     0.4 −0.76090 −0.29801 

     0.6 −0.61087 −0.18890 

In this section, the numerical outcomes of the skin friction 𝐶𝑓𝑥 and Nusselt coefficient 𝑁𝑢𝑥 for 

graphene + clay NP-based NF with a volume percent 𝜑 = 3% of nanomaterials is presented in Tables 

4 and 5, respectively. A comparative analysis is performed for constant and variable thermophysical 

features in order to check their relative performance with these parameters. The skin friction can be 

significantly impacted by the free convection parameter ∆1, porosity 𝜀𝐴, inverse Darcy number 𝐷𝑎−1, 

and heat radiation 𝑁𝑟  in fluid flow conditions. In the event of variable viscosity, the fluid’s 

permeability results in a decrease in 𝐶𝑓𝑥 as the porosity and Darcy number rise, enabling smoother 

flow and less resistance. The thermal gradient produced by free convection and thermal radiation can 

nevertheless affect 𝐶𝑓𝑥 with a constant viscosity, which exhibits a more uniform frictional response. 

Increased heat radiation has the ability to increase fluid temperatures, which could change the viscosity 

and, consequently, raises 𝐶𝑓𝑥. The variables features considered in this problem result in intricate flow 

patterns that affect the functionality of systems like thermal exchangers and porous media applications 

in drilling operations. Thermal radiation, free convection, porosity, and the Darcy number all have a 

major impact on 𝑁𝑢𝑥 , which measures convective HT in comparison with conductive HT. When 

viscosity varies, the Nusselt number tends to rise as temperatures rise because of the reduced viscosity, 

which promotes convective HT. On the other hand, when the viscosity is not constant, the Nusselt 

number is more stable. Large porosity promotes more fluid movement, which enhances the rate of HT. 

Another important factor is the Darcy number, which indicates the flow’s resistance in porous media. 

A higher Darcy number typically improves the fluid’s movement, which increases 𝑁𝑢𝑥. There are two 

different impacts of the NPs on 𝑁𝑢𝑥: a positive effect brought on by the NPs when variable aspects of 

thermal conductivity 𝛽1 = 0.5  are considered and an unfavorable effect brought on by variable 
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viscosity, when 𝛼1 = 0.5 is considered. At low free convection numbers, conduction HT dominates 

over natural convection, while convection dominates at high free convection numbers. Convection is 

the primary physical mechanism of HT, and the addition of NPs will make the NF more viscous, which 

will lessen the convection currents and, in turn, the temperature differential at the surface and 𝑁𝑢𝑥. 

Because of the variable thermal conductivity of drilling NF, this will be accompanied by a great 

improvement in heat transmission. 

Table 5. Computational outcomes for 𝑁𝑢𝑥 (𝐺𝑜 +clay NP-based NF) taking 𝜑 =3% versus 

selected parameters with 𝑃𝑟 = 7.56 and 𝐸𝑐 = 0.5. 

∆𝟏 𝜺𝑨 𝑫𝒂−𝟏 𝑵𝒓 𝚯𝒘 𝑬𝒄 𝝎𝟏 𝑨 𝑵𝒖𝒙 

𝜷𝟏 = 𝟎.𝟎 

𝑵𝒖𝒙  

𝜷𝟏 = 𝟎.𝟓 

0.5 0.5 0.5 0.5 0.5 0.5 0.1 0.2 1.14823 2.05807 

0.7        1.16978 2.02741 

0.9        1.18923 2.0915 

0.5 0.5 0.5 0.5 0.5 0.5 0.1 0.2 1.20179 1.10458 

 0.6       1.22789 2.08168 

 0.7       1.44696 2.01922 

0.5 0.5 0.5 0.5 0.5 0.5 0.1 0.2 1.22917 2.10627 

  0.7      1.24068 2.11725 

  0.9      1.26875 2.12267 

0.5 0.5 0.5 0.5 0.5 0.5 0.1 0.2 1.19988 2.16716 

   0.6     1.18689 2.18816 

   0.7     1.21274 2.19989 

0.5 0.5 0.5 0.5 0.5 0.5 0.1 0.2 1.17898 2.19085 

    0.6    1.16807 2.22205 

    0.7    1.14046 2.24228 

0.5 0.5 0.5 0.5 0.5 0.5 0.1 0.2 1.21078 2.20185 

     0.5   1.9888 2.23446 

     0.5   1.14230 2.29906 

0.5 0.5 0.5 0.5 0.5 0.5 0.1 0.2 1.14327 2.67597 

      0.2  1.13427 2.23445 

      0.3  1.12008 2.07545 

0.5 0.5 0.5 0.5 0.5 0.5 0.1 0.2 1.43562 1.78904 

       0.8 1.32745 1.43325 

       `1.6 1.03359 1.68767 

4. Conclusions 

This study examined the anomalous heat transfer in a mixed convection flow of water-based 

drilling NF containing clay and graphene over a vertically extended plate in a Darcy–Brinkman 

permeable medium. The effects of free convection, Darcy number, porosity, magnetic effects 

temperature-dependent viscosity, thermal conductivity, melting heat, nonlinear radiation, and frictional 

heating were included in this study. Using a multi-step computational Adams–Bashforth-based 

predictor–corrector technique, governing equations are solved. The study analyzes the Nusselt 

numbers and frictional drag coefficients, taking constant versus variable viscosity and thermal 
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conductivity into account. This discussion shows that the results can be used practically to improve 

drilling fluid’s performance and deepen the comprehension of heat transfer in intricate fluid systems. 

The following inferences can be made from the current study. 

• The BLF is regulated by increasing the magnetic parameter, while anomalous rises in temperature 

against the magnetic parameter are seen. 

• The velocity and temperature of the NF show similar behavior with modified porosity parameters. 

A nearly similar trend was seen for radiative and free convection and the Darcy number.  

• The local skin–friction coefficient rises with the free convection parameter, while the opposite 

trend emerges for magnetic and porosity parameters. 

• The action of the Darcy number on velocity is discouraging, while opposite behavior was seen for 

melting heat. A conflicting effect was observed for temperature.  

• The Nusselt number declines with an increase in the magnetic, Darcy, porosity, and melting 

parameters. 

• Variable thermophysical features have a greater tendency to regulate fluid velocity as compared 

with constant features. 

• The variable properties can improve the general effectiveness of fluid systems, particularly in 

applications involving complex fluid behavior, such as thermal management in engineering 

systems. 

• Variable viscosity has a significant impact on skin friction and the heat transfer rate because they 

can change the flow characteristics and the BL’s behavior, resulting in lower skin friction 

coefficients, while variable thermal conductivity affects the temperature gradient at the surface, 

allowing high heat transfer rates. 

Study limitations: The Brinkman–Maxwell–Garnett model, which may not adequately represent 

the intricate interface’s interplay and the aggregation effects of NPs in drilling NF, is one of the study’s 

limitations. Furthermore, because the AB approach is explicit, it could introduce stability limitations 

and necessitate fine grid resolutions for convergence, which would increase the computing cost. The 

study is limited in its applicability to forced convection or mixed convection scenarios because it 

focuses primarily on free convection. Furthermore, the impact of surface changes, clustering, and NP 

shape on heat transfer characteristics is not specifically taken into account, which may affect how 

accurately estimations of thermophysical properties are made. 

Future recommendations: Future research will enhance this study by including sophisticated 

NF models that take interfacial effects and NP aggregation into consideration. This would increase the 

precision of thermophysical property estimations. The computational method could be combined with 

machine learning techniques or expanded to implicit methods to improve grid reliance and stability. 

The practical usefulness of the results would be strengthened by experimental validation under 

practical drilling settings. Further research on the effects of hybrid convection scenarios (mixed/forced) 

and NP morphologies (such as rods and platelets) may further shed light on how to best optimize 

drilling fluid’s performance. Investigating turbulent regimes and temporal flow dynamics would 

increase the study’s applicability to industry. 
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