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Abstract: In this paper, we use the grand variable Herz-Morrey spaces, and our main objective is to
prove the boundedness of multilinear Calderén-Zygmund operators on the product of grand variable
Herz-Morrey spaces. We first define the Lebesgue spaces with variable exponents and some basic
lemmas including Hoélder’s inequality for Lebesgue spaces. To prove the boundedness of multilinear
Calder6n-Zygmund operators on grand variable Herz-Morrey spaces, we use the well known Holder’s
inequality and Minkonwski’s inequality. We split the summation of grand variable Herz-Morrey spaces
to find the L")(R") estimate of the characteristic function under some conditions. After finding estimate
of each term, we conclude that multilinear Calderén-Zygmund operators are bounded on grand variable
Herz-Morrey spaces. Our results generalize some results on variable Herz spaces and grand variable
Herz spaces.
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1. Introduction

Variable exponent function spaces have been extensively studied due to their many important
applications. One example of a work in this field is [1]. Understanding variable exponent function
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spaces is necessary for studying applied mathematics problems and partial differential equations.
In particular, Izuki [2] points out that variable Herz spaces are a generalization of classical Herz
spaces. The Herz-Morrey spaces MKZ(./;,,,(R") generalize the idea of variable Herz spaces KZ(’)’ (R™).
The original definition of these function spaces was given in [3]. Lu and Zhu [4] investigated
the Morrey-Herz spaces MKZ;K(R”) in more detail and demonstrated the boundedness of integral
operators on these spaces. Most recently, Abdalmonem et al. [5] showed the boundedness of intrinsic
square functions S 3 on generalized variable Herz-Morrey spaces M Kj((_')),}f(.)(R”). For variable exponent
function spaces see [6-9].

Izuki and Noi [10, 11] introduced the concept of weighted variable Herz spaces K?(i;(w).
Subsequently the boundedness of homogeneous fractional operators in weighted variable Herz spaces
was examined in [12].

The generalization of Herz spaces are grand variable Herz spaces; see [13, 14] for boundedness
results in these spaces. Grand weighted Herz spaces I'(Z(’f)’)’g(w) were defined and the boundedness
of integral operators in these spaces was demonstrated in [15]. The proof of fractional integral
operators in grand weighted variable Herz-Morrey spaces was demonstrated in [16]. see also [17-19].
In [20], Meskhi introduced the concept of grand Morrey spaces denoted by LP%*, which represent
a generalization of Morrey spaces. The author demonstrated how to establish the boundedness of a
certain class of integral operators within these grand Morrey spaces. This class of integral operators
includes well-known operators such as the Hardy-Littlewood maximal function, Calder6n-Zygmund
singular integrals, and potentials. For more results on variable exponent function spaces see [21-25].
Motivated by above papers, we prove the boundedness of the multilinear Calderén-Zygmund operator
( MCZ shortly) in grand variable Herz-Morrey spaces M KZ(vi[; (R™).

There are different sections of this paper. Apart from introduction, one section is for preliminaries.
Another section deals with the boundedness results of MCZ operators on grand variable Herz-Morrey

(GVHM shortly) spaces.
2. Basic definitions and lemmas

We are introducing some necessary definitions and lemmas as a foundation for our main results.
For more details see [26-28].

Definition 2.1. Let ¥ be a measurable subset in R” and a measurable function g(-) : ¥ — [1, o). Then

(a) Now Lebesgue space with variable exponent LI{©(F) is defined by

LIY(F) = {g is measurable - f ('g(l)l
A\ T

Norm in L°(F) can be defined as,

1\ 4D
||g||Lq<-><¢>=inf{I“>O: [ (lf(Tl)') disl}.
?

(b) The space Lq(')(?' ) can be defined as

loc

q(0)
) di < oo wherel is a constant} .

loc

LIY(F) = {g : g € L19(K) for all compact subsets K C 7:} i
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We use these notations below in this paper:

(i) Ifg e L! (), now the Hardy-Littlewood maximal operator 9t can be given as

loc
. 1 e
Mg(i) := sup p f lgldi (ieF),
r>0
B(i,r)
where B(i,r) :={x € F :|i—x| <r}.

(i) Assume that ¢g(-) be a measurable function, then the set B(F) is consists of those measurable
functions satisfying the following properties:

p_:=essinf ¢g(i) > 1, p, :=esssup g(i) < oo. 2.1
xef” i€F

(iii) Assume that g € B(F) then B2 = B°¢(F) is the class of functions satisfying (2.1) and log-
condition given by,

. . n .. .
In(i) —m(i)| £ ——————, lii— bl <=, i1,ib €F. (2.2)

—Inli; — iy

| —

(iv) For an unbounded set ¥ in R”, B (F) is the subset of B(F) and values are in [1, co) satisfying

the following condition:
C

) = Moo € ————, 2.3
(i) — 7 Inte £ 1 (2.3)
where 7., € (1, 0). By (F) is the subset of B(F) satisfying the following condition
C 1
) — 1ol < —, il < <. 2.4
ln(i) = 7ol < lnll.l,lll <5 (2.4)

(v) For an unbounded set ¥ in R”, then B (F) and B ..(F ) are the subsets of B(F).

(vi) Consider an unbounded set ¥ in R” then %ff,g(f ) is the set of exponent g € B (F) satisfying
condition (2.1). B (F) satisfy the conditions (2.2) and (2.3) with value in [1, oo].

(vii) g(-) € F then B(F) is the collection of g(-) where M is bounded on LIV (F).
(viii) S = 8(0,2) = {z1 €R" : |z1] < 2} forall [ € Z. F, = S,\ Sy, 1, = 1,.

Lemma 2.2. [29] Let D > 1 and p € By (R"). Then

1 _n_ n_ .
=570 < g, llpe) < 10570, if0 < 5 <1 (2.5)

0

s,Dg

and
lpe) < fwsT, if s> 1, (2.6)

[
s < gy,

(s

respectively, where ty > 1 and t, > 1 and depending on D but independent of s.
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Lemma23. [/]LetF CR", and 1 <p_(F) <p,.(F) < co. Then

g o) < 11glleow@ I llgoo
holds, where g € LP(F), f € g(-)(F) and %) = [% + ﬁfor everyie .
Now we will define GVHM spaces.

Definition 2.4. Let r € [1,00), 0 > 0,0 < 8 < o0, and a(-), s(-) € B(R"). The norm of homogeneous
GVHM is defined as:

a(-),r).0 mny _ sC) n .
MESD®Y = (g € LR\ OD : I8l < o)

where

>0 1,eZ

k=—0c0

1
Iy u(1+0)
(008 = 270N RMOgl Y
gl 520920, = Sup SUp (é DR g1
For further details regarding the contents of this section we refer the reader to [1,30,31].
3. Boundedness of multilinear Calderén-Zygmund operators

3.1. Notations

(1) N is the set of natural numbers, and Ny, is the set of positive integers from O to k.
(2) Z s the set of integers.

(3) Z_ 1s the set of negative integers.

@D n m=mn+1,n+2,...m—1,m}forn,m € Z and n < m.

(5) f < g means that f < C, and f ~ g means that f < g < f.

Consider the multilinear operator 7 of the form

T(81, 825> 8m)(2) = f K(z 11, ..o 1) (@1 (1) gm(tm)d1y ... 1y, (3.1

(R’l )m

where z ¢ (L, spr(g)) and g1, ...,gm € LT7(R"), the space of compactly supported functions. Let
K(z, 1,1, ..., 1,) 1s a locally integrable functions defined away from the diagonal z = t; = ... = t,, €
(R™™! satisfying the following estimate:

< ¢ 3.2)

mn
(lz—t1| +lz—t|+..+ Iz—tml)

‘K(Z’ tl’ ceey tm)

for some ¢ > 0 and all (z, t, ..., ,,) € (R")"* with z # t; for some j. For somoothness, suppose that for
some € > 0,

clz—=7|

IA

‘K(z, t, tm) - K(z’,tl,...,tm (3.3)

mn+e’
(Iz— B+l = bl o Iz rm|)
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provided that |z — z'| < § max({lz — 1], ..., |z — ,,]} and

clt; =)
< R (3.4)

— mn+e?
(Iz —tl+lz=t|+..+]z- tml)

'K(z, Hy oo tm) - K(z’, Hy oo tm)

whenever |¢; — t}l <1/2 max{|lz—t|,...,|z—t,|} forall j € 1,” m.

These kernels are called Calderén-Zygmund kernels and those functions which satisfy (3.2)—(3.4)
with parameters m, ¢ and € is denoted by m — CZK(c, €).

Any operator 7 be as in (3.1) is m-linear Calderén-Zygmund operator, if

(a) The kernel belongs to m — CZK(c, €) class.
(b) T is bounded from L*'XL*2X...xL" to L* for some 1 < s1, 52, ..., 8, <ocoand 1/s = 1/s1+...+1/s,,.
The following lemma is given in [32].

Lemma 3.1. Let 5; € BR"), i € 1,”m,s € %Eog(R") with 1/s(x) = 1/s1(x) + ... + 1/s,,(x) and
(s/t) € BR") for some O < t < s~, then the m-linear Calderon-Zygmund operator T is bounded
on the product of variable exponents Lebesgue spaces.

7@l < [ il (3.5)
i=1
where C is the constant not depending ong = (g1, ..., gm)-

Now we will prove boundedness of MCZ operator on GVHM spaces.

Theorem 3.2. Let s, s; € By (R") fori € 1,7 m such that s;(0) < s;(0), 1/s(x) = 1/51(x)+ ...+ 1/5,,(x),
1 <57 <5 <oo,and (s/t) € BR") for some 0 <t <s™. Let >0, 1 <0; <ooanda; € By.R") be
a log-Holder continuous both at the region and at infinity for i € 1,” m with

< ;(0) < aj(o0) < n(l - L) (3.6)

n
5i(00) i(0)

Suppose that a(z) = Za(z) A= Z/l for 0 < A; < oo and 1/r = Z 1/0;. Then, the m-linear
Calderon-Zygmund operator T is bounded on the product of GVHM spaces Moreover,

m
—_
T ggesnany < | |1l ggiomaceny 37
i=1 i

ﬁ
where C is the constant not depending on f = (fi, ..., fm)-

Proof. We restrict ourselves to m = 2, the general case following in a similar manner. Defining

fo(2) = fi(D)1g,(2) and f(2) := f2(2)1g,(z). We decompose the component functions of 7 as

A@ =D 12, £@) = ) f(2). (3.8)

QEZ o€Z
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We divide Z into the following sets

E,:=ln€eZ|n<p-2}
F,=neZ|p-1<n<p+1},
G, ={n€eZ|n>p+2}

and for X and Y arbitrary subsets of Z, we define

20 XN Ty, fo)l,

peX oeY

VI(X,Y) = . and vy(X,Y) == W)(X,Y). (3.9)

s()

From the decay condition at the origin and (3.8), we have

r(la—{)
r(140)
s() ]

|3 X 2orc o,

ko
ITCho Sollposey =Supsup 2 ot [49 D rorr, pt,

0 ko€Z p=—co0

HI+)\ 7D
< kod
sup sup 2% | 7
>0 ko€Z o
N

p=—o || p€Z T€Z
9
<>
=1
where
r(1+()
I; := supsup Z_ko’l( Z Fr(HO) , (3.10)

>0 koeZ
I = vz(EP’ EP)9 I = vg(Ep’ Fp)’ I; = VZ(EP’GP)’
I, = VZ(Fpa Ep), I's = VZ(Fp’ Fp)’ I's = V;(Fp’ Gp)a
T =G, Ep), T = %(G,, F,), Iy =G, G,).

We will estimate 1y, I, I, I, Is, I, and Iy, as I, I, and Iy can be estimated similarly to I,, I3, and I,
respectively. For estimation of /;: splitting Z = Z_ U N and

(i) 2r9@ ~ pa®) (z€ R, and p <0),
(i) 2P%Q@ ~ ppa() (z€ R, and p > 0).
We get

r(1+4)
I ssup sup 270 £ ) 20 OO (B, Ep)’(ﬁg))

(>0 koeZ* Pz

r(1+0)
+sup sup 7—kod s Z 9 pa()r(1+) v (E,, Ep)r(l +§)]

>0 koeZ* PENkO
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_1
r(1+0)

ko
+sup sup 7-kod {9 Z 2pa(0)r(l+{)vp(Ep, Ep)’“ +0)
>0 koezZ=U{0}

p:—OO

=111 +112+Iil.
Forp,c € E,,z€R,, 11 € R, and 1, € R,, we have
lz— 1] > |zl = |l = 2P71 =27 > 2p71 — P72 > 2P,

lz—t2] > Izl = ||l = 2P~ = 27 > 2P~V = 2P72 > 2P,

as aresult

|T(fwfrr)(z)|§ff(|z |fo (DI fo(22)] diydi,
Rn Rﬂ

— 11| + Iz — t))*
S2_2p”f|f¢(l1)|dﬁf|fo—(l2)|dfz-
R’l Rn

From Holder’s inequality, 1/s(z) = 1/s1(z) + 1/52(z), and Lemma 2.2, we obtain

Vp(Ep Ep) < Y 27 foll ol ollfollaolallgo Tl

pEE, 0€E),

) (0 5(0)~ykn/s(0
<0 2 2 Il 22 A Ol ol 287021

¢@€EE, 0€E),

— 0)— - 0)-
<| D5 27Ol || D 27O flg |-

QOGEP O'GEP

(3.11)

(3.12)

Taking into account the estimate of v,(E,, E,), the inequality 1/r = 1/0; + 1/0,, A = 4; + A, and

Holder’s inequality yields

Iy <sup sup 2754 | /2 Z Z PP/ 510)=n)y+par O)) Follsir

>0 koeZ*
¢ 0 pEZ_\y€E,

X Sup sup ykod2 {9 Z Z 2(P=0)n/520)=n)+pasO)| Lol

>0 koeZ*

peL_\o€k,

=:Iinhs.

If 2-(*921 < 2701 then Fubini’s theorem and Holder’s inequality yield.
Let by = n/s1(0) —n+ a;(0) < 0 we get,

(1+oy

(1+)o
I111 <sup sup 2—kos [{9 Z Z b1 (p—9)=3 2¢a1(0)(1+g)m||f¢||(1+§)01

>0 koeZ* 510)
0 peZ_ \g€eE,

AIMS Mathematics
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% Z 2b W(p- 50)((1+()0])

(1+)0y
((1+0)o) 1
Do

wEE),
! ! +0o, |1 oy
—kody | #0 0)(1 (1+0)o b £y | Broen
<sup sup 27 1[{ Z e O +§)0'||f¢||sl(.§ : Z 2b1r=p—=— ]
>0 koeZt p=—c0 p=p+2
-1 -1 -
_ 0L |00
<sup sup 2ot [{6 Z 2 O+0on || Z 201 4’)2]
50 koeZ* Pl e
! 0
_ 0o,
< sup sup 2 koa [419 Z 29001(0)(“’001||fso||§-1:f)m]
>0 koeZ* !

p=—00
S”fl ||MK::(3>1(0;)0(R'1)

can be obtained in similar manner, so

The estimate for I;;, < IIfZIIMKazo(Q)e(Rn)

111 = ||f1 ||MK‘;11(§)I’E’} )'H(Rn)||f2||MK/‘:22Y(X;’Z$)’9(Rn)' (3' 1 3)

For estimating /,,, we split as following

1
r(1+)\ r(0+0)

I» <sup sup 275t |/? Z QpeIrl+0) Z Z T(fe, f)1,
>0 koeZ* PpeNy, @el_ o€ s()
b2 p r(40\ 7T
+sup sup 2% 7 Z gpatemi+g Z T(fos f)1,
§>0 k()EZJr PENkO (10:0 o=0 S()
=:1p1 + .

The estimate /5, can be obtained similarly to /;; by simply replacing a;(0) by @;(c0) and using the fact
that 5,(0) < s;(c0).
For I,,,, by Holder’s inequality, Lemma 2.2, and s;(0) < s5;(c0) we get

p(ZnZ) < 30 27 ol ol ol ol 1o Lol ey

QEZL_ o€
-2 s71(0 55(0)~ykn/s(co
<33T 2 Ll 2 O Sl 28 ORI
QEL_ o€
Z 2=/ Oy ey Z 2= Oy ey
516 20 |-
QEeZ_ €7

By the estimate of v,(Z_,Z_), the equalities A = A; + Ay, 1/r = 1/0; + 1/0,, and Holder’s inequality
yield

1
(1+0)o1 | T+Do;

Loy <sup sup 27504 [ £ Z Z D(P=¢)n/510)=n)+par(e0) Follsio
o

>0 koeZ* petiy, ez
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1
02(140) | 02140

X sup sup 2—k0/12 éve Z Z 2(p—0')(n/s2(0)—n)+paz(oo)||f0”s2(')

£50 koeZ! pem \oez.

:IA1A2.

Applying Holder’s inequality, and defining w; := n/s;(0) — n + a;(c0) < 0 we get,

(1+o1
_ _U+Dog o
A, <sup sup 274 [ée Z Z 2= o100 (14001
>0 koeZ* peNko =
_U+Doy
S\ @007 1
((1+0)oy) T+o;
% Z wi(p=9) =75 — ]
QeZ_
1
_ i o (1+{)oy (+00 1 T+00;
< sup sup 2~kodi §9 Z 2pai(e)(1+5)o1 gpw) ”fgpll(xllz_)()m Z pwik—5—+ ]
>0 koeZ* el kENkO
i 1
- (+doy or | 0+Doy
<sup sup 2 koA gé’ Z peai()(1+)o1ypwi—; ”f;o”g:;“)m Z qwik 2]
>0 koeZt el kENkO
1 .
~kodi| #0 gay(@)(1+0o1) £ ((1+0o1 [T
<sup sup 2040 37 oo |

>0 koeZt

(10:—00

S”fl ”MK;Yl]’(S')l,Zi),G(Rn).

for A, <

The estimate 1A MEOD g CAN be obtained in similar manner, so
25,59

1Al MK;’I{‘S';'("_;)"’(Rn)|| Al Mki’;ii;i’%)‘” ®")’ The estimate of /], can be estimated similarly to /,;. Hence
< S (0),0 @9 (),00 ), .
Il — ||.f1 ||MK/111,(S:’(<; )’G(Rn)||f2||MK122’(S;(§)'0(Rn)
Estimation for /5:

1
r(1+0)

I, <sup sup 2701 /0 Z 2peOK4D,, (0
>0 koeZ+ =
1
r(1+0)
+sup sup 2% 7 Z QeI+, (0
>0 koeZr f=r
ko e

+sup sup 27Ft| Z 2pa<0)r(1+(>vp( E,, Fp)r(1+()

>0 koeZ- U0}

::121 + 122 + Iél .

p=—c0

Note that, forz € R,, 11 € Ry, 1 € R, ¢ € E,,, and o € F,, we have

lz—tl+lz—tl>lz—tul >z -l > 27,

AIMS Mathematics
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by Lemma 2.2, we have

- 0)- - - 0
vp(Ep, Fp) < Z 2(p=¢)(n/51(0) n>||f<,0”51(~) Z 2@ =plny(p=cin/ sy ))||fo-||s2(~) )

‘pEEp O'EFp

Taking into account the estimate of v,(E,, F,), and the equalities 4 = A; + A», 1/r = 1/0y + 1/0,, and
Holder’s inequality yields

- (1+)oq (1+})01
—koA 6 — 0)— 0
L <sup sup 2~kodi g Z Z 2 (p=¢)(n/51(0)=m)+pa ( ))||f¢||sl(~)

>0 koeZ*
¢ 0 peZ_\y€E,

1
02(140) 1 0r(1+D

X sup sup 27t | 7 Z Z 27Ol

>0 koeZ*
¢ 0 peZ_\oeF,

=:L1bs.

As 12]1 = 11]1, to estimate 1212,

1
02(1+0) 1 0,01+D

Dy <sup sup 2% |7 Z 9Pa2(0)0x(1+0) Z P (AT

>0 koeZ* pez. ek,

1
0,110

<sup sup 27%% |7 Z 27 02(0)02(]+§)||f0'||(;§((.1)+§)
50 kez*

pEZ_
<Al porr0000 -
g MKfizz’Sz(g 1020
The term I, is estimated by

1
r(1+0)

Iy <sup sup 2701 0 " 20Dy (Z, i,y

(>0 koeZ* PENkO
_1
Fa+0)
+sup sup 27010 % 2prieDy, (0,7 k2, F)y 0+
>0 koeZt petii,
=1 + L.

For I,,;, by Holder’s inequality, Lemma 2.2, and the inequality s,(0) < s1(c0), yield

vo(Z_, M,) < Zz<p—w><n/s1(0>—n>” Fllsio Z D(P=oIm/sa(e)p(e—kom A

peZ oeM,

Thus, by using the above estimate and Holder’s inequality, we have

1
(1+)o1 | T+e

Iy <sup sup 27t | £ Z Z 2P Oy @)y o))

>0 koeZ* pENkO ez

AIMS Mathematics Volume 10, Issue 8, 17403-17422.
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1
02(1+0) 1 0r(1+D

x sup sup 2ot | 7 Z Z 207 || fl

>0 koeZ* peEN;, \oeM,

::Ble.

The term B, is equal to A;.
For the term 1,5, similarly, we get

p—2
vp(0,7 K2, Fp) < | D 2079 YT 2Pl |-
¢=0

o€F,

As aresult, we get

=2 (1+)oy (I+é)0|
—koAy | #0 - c0)— o0
Iy < sup sup 2~kodi év Z Z 2(17 @)(n/s1(00)—n)+pa; ( )”f(p”s](')
>0 koeZ+ peiiy, (o0

1
02(1+0) T or(1+D)

—koA 0 — 00
xsup sup 27508 |0 % P VA [

(>0 koeZ*t

pENkO o€l
— R’ R/
_-BlB2-
As we can see B, = B, and estimate for B} is similar to I;, we obtain I <
£l M,-(;m.),ol).a(Rn)ll £ll,, K202 - For B, we use similar arguments as we used for I, by replacing
S0 W ,S2'

a>(0) with a,(c0). The estimate of I, is similar to the estimate of I, from which we get

< . a1(:),0 @9 (+),0 . .
12 —_ ”fl IIMK{A,I,(S;(;)VQ(R")l|f2||MK422,(s;(§)ﬁ(Rn) (3 16)
For the estimation of /5 we have
1
Fa+2)
—kod | #0 0yr(1 1
I <sup sup 27|/ Z e Or+0y, (E,, G,y 10
(>0 koeZt pez._
+sup sup y—kod 59 Z 2pa(oo)r(l+{)vp( Ep, Gp)r(1+§)
250 koeZ* peT,
ko ﬁ
+sup  sup 7—kod ga Z 2pa(0)r(1+{)vp( E,, Gp)r(1+{)
>0 koeZ~U{0} p=—oo
=3 + I3 + Iél
Note that, forz € R, t1 € Ry, 1 € R, ¢ € E,,, and 0 € G, we have
lz—tl 2z =1l =2 27, |z — o 2 |t = |2] = 27, (3.17)

AIMS Mathematics Volume 10, Issue 8, 17403-17422.
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by considering (27 + 27)*" > 2" we have
T (fpr f)@|< 277" f |fot)ldn 27" f [fert2)ldt.
Rn Rn

By Holder’s inequality, Lemma 2.2, 5,(0) < s5(c0), and p € Z_, we have

— 51(0)— — $57(c0
vy(Ep E,) < Z 2 (P=)(n/51(0) n)||f¢||ﬂ(_) Z 2 (p=0In/sx( )”f(r”sz(-)

<P€Ep U'GG];

To estimate I5; we have

1
(1+0)oy T+Doy

I3, <sup sup 27t |70 Z Z 2(P=¢)n/510)=n+a1 ) ppai O) Follsio

>0 koeZ*
¢ 0 pEZ_\y€EE,

1
02(1+0) V1 0,01+D

X sup sup 2—k0/12 {9 Z Z 2(p_0-)n/52(00)+az(0»20-02(0)||fo-||sz(~)

>0 koeZ*
¢ 0 peZ_\0€G)

=:L111312.

We have I3;; < L1 (2,01)0
311 ||f1||MK:’151(401

R’ since I31; = I11;. For I31,, we split as follows
)

[ _1 02(1+4) 02<}+,z>
Ly < sup sup 2—k0/12 {0 Z Z 2(P—U)(n/sz(oo)+az(0))2(m2(0)”fa_”s o
< 5(-
¢>0 koeZ* PEZ_ \o=p+2

1
02(1+0) T 0r (1)

+ sup sup 2—k0/12 {9 Z Z 2(p—a')(n/s2(oo)+a2(0))20'(12(0)||fo_||s2(.)
>0 koeZ*

=:D{ + D».

pEZ_ oeNy

By applying Fubini’s theorem and Holder’s inequality, and the inequality n/s,(c0) + a,(0) > 0 and
2-U+) < 2-2 e have

-1

D; <sup sup 27 [g" Z Z 27020002150 £ 1021+0 (=0 sz ()2 Ohox(1+0)1/2

0 ket $2()
¢>0 koe PEZ_ \o=p+2

03(1+0)
-1 0107 1

X Z Dl(p=0In/s52(00)+a2(0)(02(144))1/2 ]”2“*“
o=p+2

-1 1

07 (1+0)
< sup sup 270k [g" § E 200002140 fo_||;’§E.1)+§)2[(P—0')n/sz(0°)+(l2(0)02(1+,()]/2 ] 2
>0 koezZ*

pEZ_\o=p+2
-1 o2 ﬁ
. 0p(1+¢
< sup sup ko2 [{H Z Z 20'(22(0)02(1+§)||fo_||(s)§(('1)+§) Z 2 [(p=In/sa(e0)+a2(0)]/2 ]
>0 koeZ*t el bt e
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For D,, by using the same arguments and the inequality a,(0) < (o), we obtain D, <
||f2 | |MK:22’(V;’(O§)9(R”) » SO

131 S ||f1 |MK:11(Y)12))1 )vg(Rn) | |f2 | |MK(;22(;?$)9(R”) .

The term /3, can be estimated as

1
r(1+0)

I <sup sup 2704 20 " 2p(erDy, (7 Ny 0

>0 koeZ* p=r

1
r(1+9)

+sup sup 270170 % 2r Dy, (0,7 m2, G,) 10
>0 koeZ*

PENy,

=31 + I3p.

To estimate /3,1, by Holder’s inequality, Lemma 2.2 and the inequality s,(0) < s;(c0), we have

vp(Z_,N,) < Zz(p—go)<n/s1<0>—n>” Lllsio Z 2(P=o)n/sx(e)-m)| Frllso |-

peZ- o€N,
By Holder’s inequality, we get

1
(1+)o1 | T+D0;

I3 <sup sup 9—koi Vs Z Z 2(P=p)n/51(0)=m+ar(eo) s (o) Follsio

¢>0 ko€Z* PEN; \peZ_

1
02(1+0) Y 0x(1+D)

X sup sup 2—1{0/12 §9 Z Z 2(p—0')(n/52(oo)+a2(oo))20'a/2(oo)||fo_||S2(A)

{>0 koeZ* peN;, \oeN,

=:D\D,.

Notice that D} = A;. The estimate for D) can be obtained by similar way as for I3;,, by replacing a,(0)
with a,(c0).
To estimate I3,,, we use Holder’s inequality and Lemma 2.2, we have
p-2
Vp((),_ k2, Gp) < Z 2(P—s0)(n/S1(W)—n)llf‘o”m.) Z 2(17—0')/&2(00)”]‘0_”“(.) .

=0 oeGy

By using above estimate and Holder’s inequality,

[7_2 (1+§)01 (1+})U]
L1 < sup sup 2—k0/11 §9 Z Z 2(p—90)(n/51(00)—n+m(°°)2¢C¥1(00)||f¢”51(.)
(>0 koeZ* pery, om0
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x sup sup 27Fot | 7 Z

(>0 koeZt PeNko
. N
_-D] D2 .

As DY = D) and the estimate of DY is

1
02(1+0) T or(1+0)

Z 2(17—0)11/S2(00)+(l2(f><>)20'02(00)||f0_||Y 8
s2(-

o€eG

similar to D|. Remaining estimate of I}, can be estimated

similarly. By taking all the estimates into consideration we get

L <|fi

Estimate of /5: We have

Is <sup sup 2%

>0 koeZ*

+sup sup 274

>0 koeZ*

(3.18)

o1 (),01).0 2 (+),00),0 .
”MK:IINZ; (R")”fﬂlejzz’xz(”j’ ®")

1
1+
0 0)r(1 1
g § 217(!( )1 ( +{)vp(Fp,Fp)F( +0)
PEZ_

1
r(1+)

0 oo)r(1 1
’ Z prelri+dy, (F i+

PENg,

ko

_1
HI+D

+sup sup 274/ Z 2O+, (p  y(+0
>0 koeZ~Uf0) el

22151 + 152 + Igl
By the boundedness of T from the product space to L*), we obtain that
vp(Fp Fp) <| D il || D Wfellss
wEeF), g€l

By applying Holder’s inequality we obtain

Z Z 2Pa1(0)(1+{)oy Z [T

PEZ_ peF),

9 0)oa(1
l Z ypa20)ox(1+2) Z Al

PEZ- o€l

(]+})01
(1+)oy
s1()

Is; <sup sup 2ot

>0 koeZ*

IRy
02(1+0)
52(+)

X sup sup 2~Fob

>0 koeZ*

< .a1(:),0 @9 (+),07), .
_||f1 ||MK/111,($>{(;),5(R)1)||f2||MK1122’(S;.(§),9(Rn)
Similarly, we can estimate for I5; and I3, by replacing @;(0) by a;(c0) with p € Ny. Therefore

15 S ||f1 ||MKjlyll(v:f; )*H(Rn)”le|MK”2(')’E?)'H(R11)' (3' 19)

A2,59 (¢

Estimate of I, we have

1
r(1+0)

>0 koeZ* bz,
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1
r(1+0)

+sup sup 9kod 59 Z 2pa(oo)r(l+{)vp( Fp, Gp)r(1+§)

>0 koeZ* peTT,

_1
r(1+0)

ko
+sup sup 27Ft| /0 Z 2P Or140, (F G40
>0 koezZ~U{0}

p:700

::161 + 162 + Iél
ForzeR,, o€ F,,andoce€G,,peZ_,t, €R,, 1, € R,, we have

lz = Bl < || = 1227,

IT(f,, f)@)] <27 f [fo(t)ld 27" f |fo(t2)ldts.
Rn

R}‘l

If peZ_, and s5,(0) < s5,(c0), then Holder’s inequality and Lemma 2.2 yield

—k - o0
Vp(Fp Gp) <[ D297l [ D 27 N follo |-

weF, oeGy

Consequently, we get

1
(I+£)o1 1 T+00;

—koA 0 —kn+ka(0
Iy <sup sup 27400 |7 ) | " 2k Oy g

0 ko€Z*
>0 ko peZ_ \geF,

1
02(1+0) T 0r(1+D)

x sup sup 2ot | 70 Z Z 2=l (a2 greO) £ )

>0 koeZ*
¢>0 ko PEZ_\0€G,

=s111612-

Notice that Iy, = I5; and estimate of /5, can be obtained similarly to I315.
For p € Ny, we have

—k - 52(c0
vp(Fp Gy < | D7 29A o || D 2777 N £l |-

(’DEFP O'EGP
By Holder’s inequality, we get

1
(1+0)o1 1 T+00;

—koA 0 —k)n+kay(co
Iz < sup sup 27001 g0 71 2Rk )

>0 koeZ*
¢ 0 pEZ_\y€eF,

1
02(14+4) V015D

x sup sup 2750 [ 7 Z Z 2PN g )

>0 koeZ*

PEZ_\0o€eG,
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=Ie211622.

The estimate of /g can be obtained similar to /s, and we notice that Is; = DY. The estimate of I, can
be obtained similarly. So we have

< a1 (-),0 @ (+),0 . 3-20
16 — ||f1 ||MK‘/II1‘(S?(-;)ve(Rn)||f‘2||MK422,(X;’(§)*9(Rn) ( )
Estimation of 19,

1
1+
Iy <sup sup 27M0d ge E 2Im(o)r(lJrév)vp(Gp, Gp)r(1+§)

>0 koezZ* pez._

_1_
HI+2)

+sup sup y—kod {9 Z 2pa/(oo)r(l+§)vp(Gp, Gp)r(1+{)
>0 koeZ*

PENy,

1
HI+D

ko
+sup sup Pl Ve Z 2pa/(0)r(1+§)vp(Gp’ Gp)’(l +0)
>0 koeZ~U{0}

p=—c0

21191 + 192 + Iél

Forp € G,, 1, € R, and z € R, we have |z — ;| < 2¢. Whereas for o € G, 1, € R, and z € R,,, we have
|Z - lzl <2°.

T f) @] < 27" f o)l 2" f o (t)lda.
R2 R2

By using Holder’s inequality, by Lemma 2.2 and ¢;(0) < g;(c0), we obtain

vp(Gp Gy <| D5 27O Ll || D 27 N el

weG, oeG,
Thus we get

1
(1+)o1 1T+D0;

—koA 0 - oo 0 0
Ioy <sup sup 270 |7 Z Z (P=P)n/s1()+arO)+¢ar(O)) Follsir
>0 koeZ* pez. \¢eG,

1
02(1+0) Y 0r(140)

% sup sup 2—ko/12 ‘:9 Z Z 2(p—(7)(n/s2(oo)+az(0))20’&2(0)”fo_”sz(')

0 koezZ*
>0 ko€ peZ_\oeG,

=oy11o12.

Estimations of Io;; and ly;, are obtained similarly to I5;,. Therefore
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1
(1+§)01 (1+)oy

Ioy <sup sup 2%t |79 Z Z 2(P=¢)n/s1()+ar (@) +pan(e) Follsir

0 ko<t pelly \¢<G,y

1
02(1+) Y0y (1+D)

x sup sup 27401 | £ Z Z 2P/ sa(eraxEN yra ) £ )

>0 koezZt

pENy \o€G,,

=or11o.

The estimates for Ioy;, I92; can be obtained in a similar way to I35;. The estimate for /g, can be obtained
similarly. Thus

Iy < |Ifi ”MK:ll(viF; ),H(Rn)||f2||MKaQ(-),g>,9(Rn). (3.22)

2,59 (+

Taking into account all the estimates (3.14), (3.16), (3.18)—(3.20), and (3.22), we get
||T(fl s fZ)”MKj:(TE;)’H(R”) < ||fl ||MK/‘:1|,(S';~E’-;)A,H(Rn)l|f2||MI'{jl'22V(S';»K§),9(Rn)9
which completes the proof. O
4. Conclusions
In this paper, we proved the boundedness of the multilinear Calderén-Zygmund operators on
grand vaiable Herz-Morrey spaces under some proper assumptions on the exponents. These results
generalized some previous results on variable Herz spaces and grand variable Herz spaces.
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