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Abstract:  In this paper, several boundary value problems for second order complex partial
differential systems of bi-analytic functions were investigated on the bicylinder. Homogeneous
and nonhomogeneous Dirichlet problems for (4, 1) bi-analytic functions were first discussed on the
bicylinder. Applying the Cauchy-Pompeiu formula and the properties of the Poisson kernel, the
expressions of the solutions to the Dirichlet problems were obtained. Thereafter, the Riemann problems
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1. Introduction

Dirichlet and Riemann problems are classical boundary value problems. The associated research on
analytic functions has been very comprehensive. A class of generalized functions, namely bi-analytic
functions, has aroused considerable interest.

The concept of bi-analytic functions in the complex plane was introduced by Sander [1] in 1961.
He first gave the exact definitions of bi-analytic functions of type k(# —1):

(1.1)

uy—vy, =0, u,+v,=w,

(k+1)0, +w, =0, (k+1)f,—w,=0,
in which u(x, y), v(x, y), and 8(x, y), w(x, y) have continuous derivatives of the first order, and (k+1)6—iw
is called the associated function of u(x,y) + iv(x,y). Sander also introduced bi-analytic functions of
type —1:

{ux—vy:ﬁ, u, +v, =0, (1.2)

O, —w, =0, 0,+w,=0,
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where u, v, 6, and w have continuous derivatives of the first order and 6 + iw is called the associated
function of u(x,y) + iv(x,y). Bi-analytic functions of type —1 are not special cases of bi-analytic
functions of type k(# —1). However, the system of Eq (1.1) converts to (1.2) provided that k£ and w are
set equal to —1 and 0, respectively, and % is replaced by —w. Sander showed the connection between
biharmonic functions and bi-analytic functions of type k with k # 0, and discussed the constructing,
the algebra, and the Cauchy theorem of bi-analytic functions. He first proposed that the equations of
the flow of viscous fluids can establish a connection with bi-analytic functions. Thus, problems of
viscous fluid flow, plane strain, and generalized plane stress can be related to the theory of bi-analytic
functions.
Lin and Wu [2] extended bi-analytic functions of type k to type (4, k):
k+10f k-10f A-k + k—
2 e 2 a YT
which are connected with the system of the elliptic equations of second order:

[106_2+o A=k 62+/106_2]u_0
0 &)ox2 \& 0 )oxay \0 1)ay2I\v] ™ 7

in which A, k are real constants with 2 # 0, 1, k%, and O < k < 1, and the analytic function ¢(z) is called
the associate function of f(z) = u + iv. They investigated the properties of (4, k) bi-analytic functions
and extended the Cauchy theory of analytic functions to (4, k) bi-analytic functions and obtained some
approximations.

Applying the function theory of bi-analytic functions, some boundary value problems for the elliptic

system
[k()i_i_()ﬂg][%()i_i_o—lg]u_o
0 —a)ax \k 0/aylt\o +Jaox \1 0)ayllv)™ ™

were solved in [3, 4]. The theory of (4, k) bi-analytic functions, which are closely associated with
systems of partial differential equations of second order, was developed by Hua, Wu, and Lin [5, 6].
In addition, Gilbert and Lin [7] explored the representation formula for the Dirichlet problem of (4, 1)
bi-analytic functions on the unit disc. Then, applying the (4, 1) bi-analytic function theory, they put
forward a simplified method to solve the plane strain problems of orthotropic elasticity. It is thus clear
that (4,k) bi-analytic functions provide a favorable tool to deal with isotropic elasticity and
orthotropic plane elasticity. Many scholars have been dedicated to studying the boundary value
problems of (A4, k) bi-analytic functions. For instance, Xu [8] studied the properties of generalized
(4, k) bi-analytic functions on a bounded domain in the complex plane and explored the solution to a
Riemann-Hilbert boundary value problem on the unit disc for a class of nonlinear second order
elliptic systems associated with (4, k) bi-analytic functions.

In [9], Begehr and Kumar developed the theory of complex bi-analytic functions in n variables
determined by

kj+ lafk kj—lafk /1]'—]{]' X
A N 4+
2 0z 2 oy 41 T T4y

where A;,k; are real constants with A; # O,I,k? and 0 < k; < 1 (1 < j <),z = xg501 + ixg,

A+ k—
J JSDI;'a

fk = (X1, X0p) + Ups1)-k(X1, - -+, X2,) (1 £k < 1), and ‘Rﬁ(zl, -+ ,Z,) 18 analytic, and
0 1, 0 .0 0 1, 0 .0
— == +i—), — == —i—).
(')Zj 2(8X2j_1 lc’ixzj) aZj 2((')x2j_1 8)62])
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They obtained the generalized Cauchy integral formula, Taylor series, and Poisson integral
formula on the polydisc. Xu [10] discussed the Riemann problem and inverse Riemann problem of
(4, 1) bi-analytic functions in the complex plane. An interesting question related to the generalized
classical second-order linear PDEs is the uniqueness of solutions for nonlocal equations. In recent
years, there have been many excellent conclusions for second-order linear PDEs. For example,
Ma [11] discussed the nonlocal partial differential equations and obtained the solution to the
corresponding Cauchy problem via Fourier series. There exist, of course, many conclusions about
nonlinear, nonlocal PDE problems. For example, a local and nonlocal second-order boundary value
problem with in-homogeneous Cauchy-Neumann boundary conditions were discussed in [12]. The
existence of the solutions to a class of nonlinear problems with nonlocal reaction term were
investigated via Topological methods in [13]. These conclusions provide the inspiration for studying
the corresponding complex partial differential equation problems. There have been some new
conclusions regarding the boundary value problems for bi-analytic functions.

The conclusions about bi-analytic functions are almost on the complex plane. However, there are
few results available regarding the boundary value problems of (A, 1) bi-analytic functions in spaces
of several complex variables. Stimulated by this, in this paper, we mainly investigate several Dirichlet
and Riemann boundary value problems for bi-analytic functions on the bicylinder in C?.

Throughout this paper, let G = G; X G, be the generalized bicylinder in C, where G, and G,
are bounded domains. The boundary L,, of G,, (m = 1,2) is a finite smooth simple closed curve.
Let L = L, X L,, and let G, and G,, denote bounded domains and unbounded domains, respectively,
enclosed by L,. Let f**(¢), f*(¢), f~*(¢), and f~(¢) denote the limit values of f(z) asz — #(t € L)
along the side of G7 X G, G| X G5, G| X G3, and G| X G, respectively. Let H,(G) represent the set
of Holder continuous functions on G.

2. Some definitions and lemmas

To get the major results, we need the following definition and lemmas.

Definition 2.1. Let G be the generalized bicylinder in C?, and let A € R\{0, 1, —1}. Then, f(z) is called
a bi-analytic function of type (4, 1) on G, if

A+
42

where ¢(z) is determined by 0;,0;,¢(z) = 0, which is called the associate function of f(z).
Lemma 2.2. [I4] Let w € CY(Gy;C)N C(G_O; C), where Gy is a bounded smooth domain in the

complex plane, then
@ =50 [ wo -2 W 4%
w(z) = — wil)—— — — | wi({)—,
2mi 4Gy ( -2 TJg, < g —Z

1 1
f wz(z)do, = % f w(z)dz, f w.(z2)do, = ~5; w(2)dz.
Go 1 Jac, Go L' JaG,

Lemma 2.3. [14] Let Gy be a bounded smooth domain in the complex plane, and let f € L,(Gy;C)
and

1 —
(JD(Z)’ 621622‘70(Z) = O’ = (Zla ZZ)’

A-1
821822f(z) = 41 QD(Z) +

—1
Tf) = — f IQ gean, ¢ = @,

T GO{—Z
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Then 8:T f(z) = f(2).
Lemma 2.4. [15] Let G be the generalized bicylinder in C*. Let ¢(t) € H,(L) and

1 (11, T2)dTdT

m Lm 9
2ri)? Jp (11 — 21)(12 — 22) @ ¢ Ln)

D(z1,22) =

then

{<I>++(t1,tz)=%[90+5190+st0+53¢], O (11, 1) = 1[—¢ — S1¢ + S20 + S3¢],
O (11,0) = ;[ +S19—S20+S30], O (11,1) = [ — S19 - S20 + S30],

where t,, € L, O*(t,t,) represents the limit value of ®(z) when z — t in D} X D5 (D,, and D,,
represent the interior and exterior domain enclosed by L, respectively, m=1,2) and
@(11, 1) @(t1,72)

Sip=— dry, 5290_—
mJp, T1—h mtJp, Ta— Db

1 f o(t1,7T2)
Sip = — drdrs.
I wR ) o — )@y

dm,

3. Dirichlet problems

In this section, we discuss several Dirichlet problems for (A, 1) bi-analytic functions on the
bicylinder D = Dy X D, = {(21,22) : |z1] < 1,1z2] < 1}. Let dyD be the characteristic boundary of D.

Theorem 3.1. Let h € C(0yD), ¢ € C(D; X dD,), and ¢, € C(0D| X D,) be given functions, and let
A€ R\ {-1,0,1}. Then, the solution of the problem

{ 9-,05,D(2) = Hlo(2) + Ml(P(Z) 0:,05,¢9(2) =0, O() = () (z€ D, { €dD), 3.1
0:,D(z1, ) = @121, £2), 05, P(1,22) = 02(81,22) (&1 € 0Dy, &, € 0D,) '

(where 7 = (21, 22), and ¢(2) is the associate function of ©(z)) is given by

(§1+ZI+ZI+ZI)(§2+ZZ §2+Z2)h({)
@Qriy Joop 1 =21 L -0\ -2 L-2/400

+ L (41 +21 + é:l +Zl)[1f ( 1 _ 1Z2)902(§)d0-{2]%

D(z) =

2niJop, "m0 L -7 > fz—é & 24,
1 Fe 5+ oyl 1 1 d 2

2+ 22 2t 22 2

" 2ni oD, (42 -2 ’ b —Zz)[ fl;l (51 -= 4-a )901(5) ] 24

A- 1 1

1 1
(= —(— —5)— -0 0)|[—— - 5 |da.
“g m%z%mgwmm%mﬂ@rw Aa
Proof. By Lemma 2.2, for Yz; € Dy, applying the Cauchy-Pompeiu formula on ®(zy, -), we get that

o= [ o2y, 1 f RGP (3.3)
D,

2ri Jop, {1 — 21 n -2
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Similarly, for Yz, € D,, applying the Cauchy-Pompeiu formula on (¢}, z,), we get that

DO, 20) = L (D(gl’gz)d{z - lf (D&(gl’é)da&. (3.4)
27 Jop, o — 22 ndp, L2

Plugging (3.4) into (3.3), we obtain that

1 f O({)dé1dd, N if 0;,05P(Q)do g do,
(27”')2 oop (G —2)L—22) mJp ((1 - 2)(2 — 22) (3.5)

f fazzq)(f) dg, f faclq)@) ds,
27” 8D1 02— 22 51—21 27” ﬂDz p, {1 — 21 ’1 2—22'

Let o(z) = OZI OZZ e(0)d dl,, then we have that

O(z2) =

aflafzq)(g)dgélda§z
2Jp & —Z1)(§2—Zz)
/l +1 do—(fl do—(z
:_f [0+ ) G -G -2 (3.6
_A-11 34.(9;’2[515290(()] . +/l_+1 lf (94134290(5) o dore,
40 )y (G- —22) T 4 w2 p (G -2 - Zz) &

In consideration of d;,0:,¢(z) = 0 (i.e., ¢(z) is analytic with respect to z; and z,), by (3.5) we get that

1 0505101 5]
2Jp (&1 —2)(& — 22)

= 2720(0) — 1‘ f LHOe(Odddd
2ni)? Jap (&1 — 202 — 22)

d0'§1 dO'éVz

- 1 3@((29"(5)) d{l 1 11 [ 0;5(L1e)) dé,
L[ L[ L[ B, | e
27” aD D, ©2—22 {1 -z 27iJep, ‘ndp, L1 -2 H-2
= 2 50(0) - 1 f {169()ddidd
(27T')2 ap (1 =282 — 22)
5He(d) , dg,
- 3.7
27rl j;D Wori LDz OH - szg2 Zng({l,Zz)] G-z -7)

Gip(0) . dés
2711 LDz 2mi LDI {1 — 21 al ZISO(ZI’Q)] H—2

= 270(2) + f H09(0)dEdd
2ni)? Joop (&1 — 2L — 22)
1 f Lzap(O)ddE, 1 f 215e(0dde,
Q2ri)? Jop (G =20 —22) Q2mi)? Joop (&1 = 2 = 22)
1 (&1 = 2)(& — 2)e(OHdLidl,
— Qi) Jan (&1 =22 — 22) .
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Similarly, we have that

i 3&3&%
m* Jp (& —2)(& — 22)

=i f Y)dde
2ni)? Jyop (&1 — 202 — 22)

B a0 g 1 f 1 f 9590 dt,
- 2mi Jop, [nfl;z OH—2 dagz]zﬁ - 21 - 2mi 5D2[ p, {1 — 2 d%]éz -2

dO'é“l dO'g2

_ (3.8)
= 1 @(Ddgidd f f 20 der — Sz o] 44
P~ iy faoD G —2lo—22) 271 Jopy 27t o, 1o — 22 ] o
) ——— d&
27rl L‘D 2mi LD i — Z1d{1 ¢(Z1’§2)] H—2
—— d{ ¢, dé, dés
(2 )2f (g)(lfl =2 +§1—z1)(§2—22 +§2—Zz).
Plugging (3.7) and (3.8) into (3.6), we get that
m?Jp (& =2l - 22)
_ A-1 1 (&1 = 2% — 22)p(Dd&d (3.9)
41 2ri)? Jaop (&1 —z21)(&r — 22) ’
A+1 1 —— d diy ¢ di, di,
- 42 (2mi)? j;oD ‘P({)({l -2 * b -z )(52 -2 " O — Zz).
As ©() = h({), (3.5) and (3.9) follow that
1 h()d{di,
(D =
= G2 Jop @ - 2o - 2
agzcb({) d{l 1 1 [ 0;590) dés
27Tlf f 2—Z2 §1—Zl _% [;f 1— 2 da-{l]gz—Zz
BDl D, oD, Dy (3.10)

+ 1 (&1 = 24 = 22)p(OdL1dd,
4/1 2ni)* Jayp (&1 — 2L — 22)
A+1 1 == d& | dé, s, dés )

40 (2mi)? 301)"0@)({1—21 -7 02 {2—22.

As Iil > 1, if z; 1s replaced with Zil then the left-hand end of Eq (3.3) is zero, so the left end of
Eq (3.10) as well as (3.5) is zero, that is

_ 1 h()ddds
2ni)* Jaon (&1 - l)(52 - 22)

6,;2CD({) d{l 1 1 [ 9;0(0) dd
i l7 ), vl Pl e o v
 2mi 0D1 D, 52—12 {1 —5 2o, ' mp & - = H-2
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A-1 1
42 (2ni)? Joop

(&1 = 2% — 22)p(Dd&d L
(&1 - %)(éuz - 22)
A+1 1 — d{ dé, dg, dé,
T I e e

{1—5 H—-2 H-2

Similarly, as %I > 1, we have that

_ 1 h()d{ dd,
ri)2 Jap (&1 — 21 )& — l)

f f %CD({) d{l 1 [1f 85‘13({)610 ] dg

© 2ni oD, Dy 2—% {2 G-z 2ridap, ' ndp, G2 ‘ & _é
1 (&1 = 20)(& — 2)e($)ddd

4/1 (27i)* Jayp G-z~ 2)

A+1 1 — di dé, dc, dé,
T (27ri)2j;1) (g)(fl -2 * G-z 42_é * Z, - é)

+

As | > 1, |1] > 1, we have that
71 22

_ 1 f h($)d&ds
ri)* Jaop (&1 — l)(52 - L)

f f%cb(g) 1 f L f %G 4, 1
27 o, p &r— % —% 27ti Jop, ‘7 Jpy &1 = £ -1

+ f (&1 = 2 — 22)p(Od&d
4/1 (2mi)? (&1 - l)@z - é)

A+1 1 —— di dZ, dés d,
ST DA LS )

Therefore, (3.10) minus (3.11) minus (3.12) plus (3.13) follows that

1 1 1
D(7) = _
© (27Ti)2faob[(§1—21)(§2—22) G- D -2

1 1
_ h(O)d
G- G-D- %)1 (e

Lo Do) D00, 1 do,
o ], (2 IRl o] o

0:00) ;00\ 1 do,
d
f 27Tl 3D1(§1—Z1 {1—%1) gl]gz_zlz
G CD({) azl (I)(é’) do—(l
dé,
f ZHILD( 2__)§]§I_Z
f 1 f (aaq)(g) aflcb(e’)) g] doy,
2711 L-% h-2 G-

AIMS Mathematics
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A-1

+ A

A+1
+ B

44
1

Qi) Jap i —

1

1

2mi oD,

A=1

+ A+

1 1 1 1
’ 2ri oD, (51 —a {1 — %)[;Lz ({2 L

42
41+ 2z +§1+%1 §2+Z2+4:V2+%2)h(§)d
H-21"\0 -2 L-27400

)0, 0()do, |d,

1
LH-2 (3.14)

22

1 1 1 1 1
(52 —n -4 )[;Ll (51 -4 T 4-z )as’lq)(f)do'{l]d{z

T
A+1
B,

41
where

42

& -2 - 2)

_ 1 f [(fl )& -2)
(2mi)? doD (1 —z21)(&r — 22) (& — %)(42 - 22)

B (&1 —2)(H - ) N &1 — 2o - 22)

G -2 - 1)

d
G- Dt - gﬂ*p@ ¢

= Qniy

1 H-21 G-Ziyve-2 L-2
fa:)D(fl —a )( P _L)s0(§)d§

1 51—21_51—51)

gl_% H-—2 O

22

27l Jop, "1 — 21

b ) I

L1
2 ez

1
. {% LDZ [éVz

—22

+
L-n Loy by (3.15)

1 (Zl -2 & —21)[(90(51,22) B 90(5;2’ 0)) - 229({1,22) + 2290(51’0)]61{]

2ri Jop, &1 — 21

27

_ 1
{1— 3 2

1 1 L7 L-7
- C-npn [ (B - S e
22 oD

1
1 gl_zl é/]—a

2mi

J1— 2

1 L-72 4-2
N = = S, 00 |

1
gl_f_l

1 1 1
= (= - D|(= - 2[e(r 22) — 9(0.22)] — (= = 2)[(z1. 0) - (0, 0)]}
22 21 <1

<1

and

1 1
=(=- Zl)(z — 2)le(z1,22) = ¢(0,22) — ¢(z1,0) + ¢(0,0)],

_ b == dd di, i, di, \ ¢ dé déi
b (27”.)2‘15‘00()O(O[(g1 < ' G- )(§2 —2 " L-2 (§1 - % - %)
(_4dh dés (44 d¢, d, dé
(52—22+{2—Z2) (51—Z1+§1—Z1)(§2—%2 Zz—é)
dg, di, dés df
+(§1_% Zl_;T)(gZ_ZLZ 22_%)]

AIMS Mathematics
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1 — d¢ dz d¢ dc ac dc
:wam(&_;g_l N2+ =20) - (2 + =)

_ 1 -
b -7 2= H-2 275 {2—1—2

i 2%” - (gldflzl + %)
& f m(@diz ' 4%) ) (4@ ' gdg— )l
s, G D)

1 =/ d& s, dg, dé
{am [, PG+ 22 (e 5]

ZZ

22

=0,
and the last equal sign in Eq (3.16) is due to

1 ~(—§)[( dé> N dé> _( dg, N dés )]

2 oD, §Z_Z2 52—Z2 gz—ziz 22—é
_ -t _ . db -1 — . dO
27ti Jop, "0({){2 — 2 " 2ni Jop, )§2 - 22
—1 dé/g —1 d{Z
-5 - (f)g2 é " 3 - (()g ~ 5
_ 1 edy ) - 2pde
2ri Jop, (1 = 220)8s b 27Tl D> (Zz -0
= ¢(£1,0) = (&1, 22) = [0(£1,0) — ©({1,22)] =
Plugging (3.15) and (3.16) into (3.14), we obtain that
1 L+ L+aybh+z L+ h(Q)
D(z) = = = d
@ (2mi)? aOD(é'l -2 " {1- 2 )(fz -2 * O —22)44?1(:2 ¢
1 1 1 1 1 1
A M %)[; f (= = —)a0)doeJdz
1 1 1 1 1 1
o oDy (4«2 "2 - i)[_fbl (4«1 -1 T4 )a&q)(é)da'a]d(z
A-11

—(Z - Zl)(— — 2)[e(z1,22) — (0, 22) — (21, 0) + (0, 0)].

On the other hand, as ¢ is analytic, so we have that

AIMS Mathematics
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1 f (&1 = 2% — 22)p(Od&dE
(2”i)2 &1 - Z%)((z - 22)

1 - b -
dz,

= 21 o, 2 S, g]—— #0) g]é mp

1 1 e()d, éVz—Zz
_ Ly d

27Tl oD, [2KZ£D] é’l(gl—l)]gz—Zz 52

_ -1 b — 1f 20(0, %) 1 ¢(0,4>)
. 0, d = Ao, — —

Wi o PO D =0 | T e i ) B

_ { 21[220(0, 29) + 202 — M] 2 #0,
_21822‘70(0, O)a 2= 0,

and

1 — d{ dé, di, do,
(2mi)? LD (5)(51 21 . %)(42 -2 + —évz — Zz)
_ ! f S, L] f PQdsdl,

@iy Jap (&1 = )& —22) Qi)Y Jap (41 = )G = 22)
N 1 o(O)dLde, N 1 f @(O)dLdz,

@72 Jan (¢ = & —22) QD) Jop € - D& - 22)

_ L [ -1 f w(é)d&] o 1 f [ -1 f Z,E(g)le] &,
2ni Jyp, L 21 Jap, {1—— OH—20 270 Jop, 270 Jop, Zl_% H-o

L b [—_lf so(é)dél] dg +Lf [—_1f Z,E({)dgl] dZ,
2mi 2 Jop, &1 =3+ M=z 2miJap, 1 2mi Jop, &~ - m

1 —
=5 - [90(0, ) = o(zi, 52)]4

§2—Zz

ds |

— f 200.2) - @i, @)]
1

L[ s d, | -l
= St o, (0,0 - 81,0 2% % 3, [70.0 -1, )| =

= 9(0,0) — ¢(z1,0) + @(2) — ¢(0, 2,).
Therefore, we use Eq (3.11) to obtain that

_ 1 h()d{ di,
2mi)* Jaon (&1 - -i)(fz - 2)

g,

f f%@(é) dél _Lf [lf 0&‘1’@)(10] dg,
 2mi oD, D, Hr— 2 l 2ni Jap, "7 Jp, 4'1—%1 o -z

+ E RS [ZZ(P(O Zz) + m 47(012)] 2 # 0,
4 —Z 2290(0 0), Z2 =

A+1 _ — — —
+ %[90(0, 0) = 321, 0) + F(2) — (0, 22)].

AIMS Mathematics Volume 10, Issue 7, 17117-17143.
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(3.18)
}

Thus,
©(0,0) = 9(z1,0) + @(2) — (0, 22)
_ M (- f WOdg,dg;
A+ 10 Qri)* Jap (&1 - -L)(gz - 22)
f f 3:2(1)({) d{l N 1 f [ f (I)({) do; dés
27” oDy p, {2 —Zz {1 1 2ri Jop, $i - Z “ H—2
A-1 | 21290, 2,) + €22 M] 2 #0,
A+l ~210,,9(0,0), z, =
As ¢(z) = 1 022 ©(0)d1d,, and then 0,,0,,0(z) = ¢(z). By taking the second-order partial derivative

with respect to z; and z; at the left and right ends of (3.18), we get that

() = 42 5.9 {_ 1 h({)dg dg,
A+17720 @iy Jyn ({1—})@2—22)
;. d)({) dg“l 1 1 [ 9590 dd
2mf f = ¢ L +Tf [_f — do-{l] - }
aDl D, & Zz 1—5 T Jop, TIp, {1 = 5 H-2
A=1 [ 90.22). 22 20,
/l + 1 O, = 0
4 { -1 h(Q)dZ
A+ 17728 @ri2 Jop (G — l)(é_uz - 2)
f f %CD({) d(ll _L. [lf (9_4’1(1)({)610_(1] dé, } (3.19)
 2mi oD, D, {z—zz 51 2midop, I S L -2
A-1 ()D(O, Zz), 2 F O,
/l + 1 0,2=0
42 -1 1 [ 959(0) dé, -1 (0,22), 22 # 0,
- /l+laz'{2_7rif a“[;f —doa|>—7) - A+1 g 2—o2
oD, D, 52—22 {1_5 , 22 =
4 1 —  z1d{, A-1 ©(0,27), z2 # 0,
- ol—| e, R S
A+1 Z'[Zm'j;l)] At Zz}(l({l _Zl)] A+1 { 0,z2=0
424 1 — d{ A-1 ©(0,22), 20 # 0,
-2 | e,
A+ 1270 Jop, 7o ey W {o, =0,
which follows that Al 1 dc,
,0)= ——— 0-,0(¢1,0 ,
(@1, 0) A+127iJop @ )(4?1—2)2
41 1 —d{l )
0, 3 ()] 0
¢(0,20) = o120 L P, 22)— 2 T 190( ,22),
4/1 1 ——d{(,
0,0)= —— | 8.0z, 0=t
¢(0,0) 127 Sy 2 (&1 )51
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Consequently, the above equations yield that

@(z1,22) — (0, 22) — ¢(z1,0) + ¢(0,0)
41 (1 — d d
= —{—f 522@(51&2)[ b %]

A+12mi oD (f - )2 é/l
1 ———1d{ dé,
+ 2—7” oD, 05, D1, 0)[? - (& - 21)2]} (3.20)
_ a1 ) _7 _d4 _db
= T+ 1250 o, [5zzq)(§1,zz) 5ZQ®(§1,0)][(§1 RNy ]
42 1 1
= 1o 1m0 - [902@1,12) - 901(51,0)][((1 .. 41] i
As
0, P(z1,02) = ¢1(21,82), 05, P81, 22) = ¢2(d1,22) (&1 € OD1, & € ODs),
plugging (3.20) into (3.17), we obtain that ®(z) is given by
1 i+ 2 §1+Zl Lo &+ 22\ h(Q)
d
(27”)2fﬁoo(§1 —Z1 {1 -7 )( $H—2 (z —Z2)4§1§2 ¢
1 1
to - (lfl - (1 — %)[ f;z( oo _2 2 _Z2)902(§)d042]d§1
1 1 1 1 1 1
+ 2_7_” ({2 -2 - 2:2 _ L)[_Ll (41 _ % - gl _Zl)%@)do'gﬁ]d{z
PG s [ - e @0 s - e
A+ Tz " i o, 700 G )2 & 1 191
1 f (§1+21+51+21)(§2+Zz §2+Z2)h(§) -21)
Qri)Jop1—21 L -2\~ L -2400
1 OH+z L+l 1 1 déy
5 6D1(§1 . + a _Zl)[;f (g“ _% "Lz )wz(g)dﬁiz]zg
b Lt H+h lf 1 g
+ 5 002(52 — + % —Zz)[ﬂ N ({1 -1 _Zl)Sol(f)dO'a]zg
A— 1
m(——zlx——@)z f D[¢z<§1,zZ)—¢1(§1,0)][ =N él] 4.

On the other hand, if z € 9yD (that is |z;| = |zo| = 1), as

(§1+Z1+§1+%1)(§2+Z2+€2+%2) 1
-2 H-2/Oh-—22 L-274008

is the Poisson kernel on D, and from (3.21), we have that ®(z) = h(z) for z € 9yD. If z, € dD,, as

(§2+22+Zz+52)i
L- 6H-72720
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is the Poisson kernel on D,, and from (3.21), we have that
1 hL+z O+ —1f 1 do,
0: D(z) = — +=——)0; | — (Odo ¢, | = = ¢1(2).
o 2mi aDz({z -2 O —Zz) Zl[ m Jp, &1 _Zl‘pl ¢ 41]242 1

Similarly, d:,®(z) = ¢1(z) for z; € dD;.
The above results indicate that (3.2) is the solution to (3.1). O

If we denote that

DD(2) = (1 — )2 02.D(z) + (1 + 2)d.,0:,0.,0:, D(2),

1722
then D®(z) = 0 implies that
07,05, [(1 = )0;,0;,D(z) + (1 + 1)9,,0,,D(2)] = 0.

Denote
(1 = D8:,05,P(z) + (1 + 1)9.,0.,D(2) = ¢(2),

then 0;,0;,¢(z) = 0 and

A-1 A+l— -1 -
)+ G = (- D059 + (1 + 1,0, 8]
+ L+ 00,09 + (1 - 03, 0,5

= 021622(1)(Z).
On the other hand, provided that ®(z) satisfies
A-1 A+1—
0,0:,0(z) = W‘P(Z) + WCP(Z), 0z,0:,¢(z) = 0,
then
DD(2) = (1 — )2 32 D(z) + (1 + 1)d.,0:,0.,0-, D(z)

122

A-1 A+1—
= (1= D005 | = (0) + =60

A-1 A+1—
+(1+ /Uazlazz[WSD(Z) + WSD(Z)]

A+]l— A—-1—
= (1 - A)Wamazz‘p(z) + (1 + /I)Wamazz(p(z)
=0.

The above results mean that

DD(z) = (1 — D)2 FZ2,D(z2) + (1 + 2)d.,0,0,,0-,P(z) = 0

1722

can be decomposed into

A-1 A+1—
07,0:,0(z) = W(’D(Z) + TSD(Z), 0:,05,¢(z) = 0,

where ¢(z) is called the associate function of ®(z). Therefore, from Theorem 3.1, we can get the
following conclusion:
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Theorem 3.2. Let h € C(0yD), ¢, € C(Dy X dD;) and ¢, € C(OD; X D,) are given functions, and let
A€ R\ {-1,0,1}. Then, (3.2) is the solution to the problem

{ D®(z) =0(z € D), @) =h({) (£ €dyD),
0:,D0(z1, () = ¢1(z1,02), 0:;,D((1,22) = ¢a2(1,20) (&1 € 0Dy, { € 0D»).

Corollary 3.3. Let A € R\ {—1,0, 1}. Then, ®(z) = 0 is the unique solution to the problem

{ DO(z) =0(z € D), @) =0 ({ €dyD),
0:,D(21,5) =0, 0:,D(1,22) =0 ({1 € 0Dy, & € ODy).

Theorem 3.4. Let 6 € L?(D) (p > 2), h € C(0yD), ¢1 € C(Dy X dD»), and ¢, € C(0D; X D;) be given
functions, and let 1 € R\ {—1,0, 1}. Then, w(z) = I'0(z) — E0(z) + ®(z) is the solution to

{ Dw(z) = 0(2)(z€ D), w() =h({) (£ € dyD), .
0:w(z1,4) = 01(21,42), 0:,w({1,22) = ¢2(L1,22) ({1 € 0Dy, §p € ODy), .
where
Dw(z) = (1 - 132,82 w(2) + (1 + 1)3;,0;,,,0:,w(2), (3.23)
To(z) = ;11 f AR d% s
e (3.24)
+ 4/1 2 f9(§)1n 161 — 21l* I8, — lPdoy dog,,
_ 1
E0(z) = a1 _z‘fD évl _Z z—z—2d ndoy,
A+
+ —4/1 2 fé’({) ln|1 —21§1| 1n|l - Z2§2| dO'(IdO'(Z
(3.25)

1 -11 1—414/1 1_4151
Z (1- 1- — 3 7,
+ F ( z1 (1 = |22 ){ = f (()[1 — a4 (1 —2141)2]

1- 1-
[ 4252 §2€2 : ]dUgl dop+itl f 0 5’
1-20 (1 —2242) 4/1 1- 2151 1-20>
and @(z) expressed by (3.2) (in which ¢, and ¢, are replaced by ¢, —0-,1'6+0:, 260 and ¢, —0-,10+0-,Z6,
respectively) is the solution of the problem

2

dog,do,),

DO(z) =0z € D), @) =h() ({ € dyD),
0:,D(z1, ) = (@1 — 0: 10 + 0:,201(z1,{2) ({2 € OD»),
05, P({1,2) = [¢2 — 05,10 + 0:,201({1,22) ({1 € ODy).

Proof. (1) It is obvious that Z6(J) = I'6(() for £ € dyD. Thus, I'0(¢) — Z6(0) + (L) = h({). In addition,
0:,[I'0 — E0 + ®(21, () = 05,10 — Z61(z21, L) + [¢1 — 0: 16 + 0:,E01(z1, L) = ¢1(21, o).

Similarly, we have that
95,110 — B0 + ©1({1, 22) = ¢2({1, 22)-
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The above results indicate that I'0 — 26 + @ satisfies the boundary condition of (3.22).
(2) In the following, we prove D[I'6 — =0 + @] =

First, (3.24) leads to

11
8(91"6—/1——

0()do s doy,

420 n?

p (§1 —z2)(&r — 20)

+/l+1if 0(dogdoy, | —
4l 7 Jp @ =2l - 22)

Combining this with (3.23) and applying Lemma 2.3, we conclude that

Dré = (1 -

1722

D32 02T6(z) + (1 + D)., 0:,0.,0-,T0(2)

= (1 = )8, 0-T0(z) + (1 + 1)8,,8.,T6(z)

A+11

= (-] 0 +

410 n? Jp (G = 20X — 2)?

= 0(2).

Second, (3.25) leads to

005,80 = —

A+11
40 n?

+ (1 4 /1)[ 1ﬂif (glg(é)dO'(ldO'(Z + A+1

G T A

1 lizf‘g(i)@z? Zlazgz sz%d%
L= Zl

§2 22

6({)8 In|l - zl&lz(?%z In|l - z222|2d0'{1d0'§2

48)2(1 - 6b)

—11 2(1 —
f@)(

A+11 —
*Wﬁf o

(1-210)° (1 =-20)°

dO'{l dO'é‘z

-G -5

(1 =215 (1 = 225)?

d0'§1 do—@'

LA -604)1-04

1-44 ][1 - 00
(1 - )2 - sz_z

o
—dodoy,,
f ({)1 —Zlfl I -20 7ados

251(1 -04) 1-64

Denote
A-11 1-
E- __2f ({)[ 5151
41 7 Jp 1 -z
1 -0/
—2_22]d0'§1d0'§2
(1 -220)
which follows that
A-11
0E="r | 00|

1-z)* 1- Zz(z
51(1 - §1§1) 1-54

(-4 (=207
1 - §2§2 241(1 {léll)]do'gl do—(z

(1 -4 (1- 2242)2

/l+11

1-26 (1-24)°
2

4!

AIMS Mathematics

dord
f (g)(l—zlgl)Ql—ngz A0,

=10.

(3.26)

(3.27)

(3.28)

(3.29)
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9. F = A-11 f (é«)[l - 04 53 —5252) 1 —§1{1 25(1 —5_252)
RV [—2d (I-26?  (-20) (-840
N 1-44 &3 - §2§2) 1 - 40251 - 540)
(1 -z24) (1 -25)° 1 -z2151 (1 - 20)°

A+11 4t I
dod
+ — f ({)1 _ Z1{1 (1 _ 2242)2 0400,

]da'gl do,

and

0.6 F = A-11 ({)[41(1—5151)52(1—5252) 2{1(1—{151)252(1—4:2472)
o 44 n? (1 =z101)* (1 = 220)* (A -z15) (1 -20)

N 20,(1 - {151)52(1 - é?(z) L = 04D 201 - 6D)
(1-24)° (-207 (A-z240)P (-nb)

3 z3

/1+1 1 14}
o d
e f 1 (1—Z1§1)2<1—ZZ§Z>2 Tade:

From (3.25) and (3.28), we get that

]dO’{l dO'{z

GZIGZIGZZGZZEQ = 6225@ [351 3Zl Eg]

A1-1

= mazzazz{azlam [(1 =z )1 = [22HE]
/l —

= A—%%[(Iaf - DE - z1(1 - |20, E]
/1 —

= A—[E + 220,E + 210, E + 212:0,,0;, E].

Therefore, from (3.27)-(3.32), we obtain that

DZE6 = (1 — )32 02,26(2) + (1 + )d.,0-,0.,0-,26(2)

122

= (1 - )32 02 26(z) + (1 + )0-,0.,0-,0.,26(2)

71 22
= (1 = 182 02E0(2) + (A — DIE + 220, E + 210, E + 21220,,0,, E]

—(1 - /1)2 f 2(1 = 68200 = L)
= — 6
({)(1 - 2151)3 1- Z2§2)3

- az 1 & 5
f T TR e

(/1—1)2 1 -4 1 -4
T Efl,e(g)h—z]gl*(l—zlw]

1-06L  1-60 2-11 (— &

. [1 — 2242 + (1 _Zzgz)z]dO'gldO'é'z + —4/1 ; LQ({)I _ 21{1 1 —Zzgzdo-{ldo-é
_(A=-171 1-0460-00)  1-440 260 - 5Hb)

+Z2{ 44 —2f9(§)[1 -215 (1 =20)° " (1-215)? (1 -20)7°

N 1-04 60 -60) N 1 - 64260 - 60)
(1-20)? A =-20)7° 1-24 (1-20)°

do 0 do—(z

]dagl do,

(3.30)

(3.31)

(3.32)
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A+11 (— & 4
i 4 pfg(g)l—Z1§1(1—Zz§2)2d0-§]d0-{2}

+Z1{(/1 -1y 1 f@({)[él(l HOD 1= 04 251(1 -40) 1-0640
a4 (1-z14)* 1 - Zz{z A=z (0 =20)
51(1 -40) 1-04 N 2060 - 5L 1 =64
(1 - Zl§1)2 (1- szz)2 A =-z24) 1-20

' &

(1 -210)* 1 -8

{(/l 1)2if9(§)[§1(1 - 464) L1 - 5L0) N 201 - 68) 260 - 65)

41 n? (1 =210 (1 =20)? 1 -z210) (1 -20)

N 26(1 = H4) L - H5) N L = 64) 251 - LHb)

(1 —2151)3 (1 -0 (A-z20) A-20)°

A 4 & irdoy)
(-2 (1 -007 7~

]cio'év1 do,

doy, dO'Q}

+Z122

]do',(l doy,

=0.
Hence, we obtain that

DII'6(z) — E6(2) + ©(2)] = 6(2).

(3) Corollary 3.3 shows that the solution of (3.22) is unique.
Combining the above results, we conclude that ['6(z) — Z26(z) + ®(z) is the solution of (3.22). O

Corollary 3.5. Let 0 € LP(D) (p > 2) be a given function, and let 1 € R\ {—1,0,1}. Then, w(z) =
I'6(z) — E6(z) + ©(2) is the solution of

{ Dw(z) = 0(z)(z € D*),w({) =0 (£ € dyD),
0:w(z21,0) =0, 0:w({1,22) =0 ({1 € 0Dy, (> € 6D»),

where Dw, 10, and Z60 are defined by (3.23), (3.24), and (3.25), respectively, and ®(z) expressed
by (3.2) (in which ¢\, ¢, and h are replaced by —0;1'0 + 0;, 26, —0:,1'0 + 0:,20 and 0O, respectively) is
the solution of the problem

D®(z) =0(z € D), O) =0 (£ € dyD),
0z, ®(z1, ) = [-0;,10 + 0;,E201(21,{2) (L € ODy),
05, D1, 22) = [-0:,1'0 + 0:,201({1,22) ({1 € ODy).

4. The Riemann problems
In this section, we discuss several Riemann problems for (4, 1) bi-analytic functions on the
generalized bicylinder in C?.

Problem R1. Let G be the generalized bicylinder in C?. Find a (4, 1) bi-analytic function f£(z) in

AIMS Mathematics Volume 10, Issue 7, 17117-17143.



17134

GH* UG UGt UG such that

0,05, f(2) = 411 Alg(z) + )1+1¢(Z) 7€ G,

0,05, f(2) = 4/12 L1g(2) + AZ+1¢(Z) z€G*,
aﬁa@=ﬁwo+“%@zewh

0:,0:,(2) = 42 6(2) + 4 9(), 2€G, (4.1)
07,0:,¢(2) = 0, zeGTU G+ UG UG~
fTO-f~QO-fO+f=b0, (€L,

¢ () — a1 (P () — D)) — as(Dp™ () = (L), (€L,

where z = (z;,22) and ¢ is the associate function of f, 4; € R\{-1,0,1} (i = 1,2,3,4), b(0), a(0),
as(0), a3(£), and B({) are known functions.

Theorem 4.1. Let G be the generalized bicylinder in C*. Let A; € R\{-1,0,1} (i = 1,2,3,4), and
b({), @1({), aa({), a3({), B({) € Ho(L) (@ € (0,1]). Then

Fp(2), zeG™,

Fp(2), ze G,
=C+ 4.2
f@) Fu(), z€G™, 4.2)

Fi(2), z€ G~

is the solution to Problem R1, where C is an arbitrary complex constant and

F(2) = Tg(2) + 451 X0() + 42Y0(2), i = 1,2,3,4,
T8@) = iy |, it g,

(T1—z1)(72— Zz)’ (43)
X02) = g J, 01, 7)) B2 22, 2 ¢ L,
Y6(2) = gz J, 6r1,m2) In vy = 21 e, — zoPdTidy, 2 ¢ L,
and
o) =¢" () =" (- D+¢ (), (€L, (4.4)
1 1 1\X0() - YO()
g@—MON——Z—E+ZF—jr—<§€L (4.5)
in which ¢(z) is the solution to the problem (see [15, 16]):
{ 0:0,0(2) =0, zeGTUGT UG UG, “6)
¢ () = ai(DP" () + a2(DP™ (D) + a3(P™ () + B(), { € L. '

Proof. By (4.2) and (4.3), we get that

821622f (2) = 321622F A (Z)

B 0(t)dr /l +1 dtid7t,
4/1 (27Tl)2 f(Tl —z)(12 — Zz) 4; (27”)2 f o )7'1 —UT2 -2

_Ai— O(t)dr /l +1 6(t)dr

T4 (27Tl)2 L (T —z2)(m - Zz) 4; (27Tl)2 f (11 —2)(12 = 22)
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In consideration of (4.4), we have

1 O(t)dr 3
@iy fL TR

which satisfies (4.6). Thus, ¢(z) is analytic on D? and

Ai—1 Ai+1—
0:,0/(2) = "= 9(0) + “—000),

therefore, f(z) is a (4, 1) bi-analytic function associated with ¢(z).

As a1(0), ax(0), a3(0),B() € H,(L), and ¢(z) is the solution of (4.6), then ¢** € H,(L), which
follows that 6({) € H,(L). In addition, as b({) € H,(L), thus g({) € H,(L). Consequently, for t € L,
the singular integral

g(r1, mo)dt Ai—1

1 A+
R0 = G e T X0+ e “.n

exists in the sense of the Cauchy principal value (see [17]), and its Cauchy principal value is

Fa () =

1 f g(t, h)dr N 1 ﬁg(Tl,Tz)—g(Tl,fz)—g(fl,Tz)+g(11,f2)]dT

Qi) (t1 — )12 — ) 2mi)?J;, (t1 —ti)(12 — 1)
1 f [g(71, 1) — g(t1, 1)]dT N 1 [g(t1,72) — g(t1, )]dT
(2mi)? (Tl - fl)(Tz —1h) Qri? J, (T —h)(12— 1)
LA Lyoo.

42; 4/1,

Moreover, applying Lemma 2.4, we get the following Plemelj formula:

Fir(r) = flg + 518 + Sag + Sagl + 42 X6(0) + 52 Y0(0),
Fy () = 4[ g-S g+52g+Sgg]+ 4AIX6(t)+ “lye(t),

4,
Ff)= Hlg +Sig = Sag + Sogl + Mlxem + Wy ()
For(1) = flg — S18 — Sag + Sagl + 4 X6() + 4 “‘ Lye),
where
Sig = 5 I, T
1 (fl 72)
Sap = i e ,j( drz), (4.9)
S3¢ = i |y mimamdnidn.
From (4.7) and (4.8), we have that
Fir (1) = Fy () + [g + S1g + Sagl,
Fi=(t) = Fu(t) + Y[—g -
b () =F(0)+ 4[ g— 518+ 528l (4.10)

_+(l‘)—F/1(l)+4[ g+S18— 528l
Fim () = Fp () + 1[g - S1g - Sagl.
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Combining (4.2), (4.5), (4.7), and (4.10), we conclude that
ffO-fO-fO+f0
= F35(t) = F, (1) = F3 (1) + F; (1)
= F, (1) = Fp, (1) — Fa, (1) + F o (1) + g(0)

A1 -1 A1 +1 A =1 A +1
= X0(t) + YOo(r)| - X0(t) + Yo(t
[ 42 @ 41 ( )] [ 41, ® 41, ( )]
A3 —1 A3+ 1 Ay —1 Ay +1
- X6(r) + YO(r)| + XO(t) + YO(r)| + g(¢
[ X0 + S Yo+ [F X0 + S =v0w] + ¢
1 1 1 1\X6(t) — YO(r)
=g (———-—+—)——
8() (/11 L 14) 4
= b(1)
for t € L. Therefore, (4.2) is the solution to Problem R1. O

Now, we investigate the corresponding inverse Riemann problem.
Problem R2. Let G be the generalized bicylinder in C?. Find a (4, 1) bi-analytic function f(z) in
G UG* UG UG and the corresponding function ¢(z), ¥(z), and the constants 4; (i = 1,2,3,4)
such that

0:,0:,f(2) = 492 + 4 ¢(2), z€ G,

0:,0:,f(2) = 29(2) + 2 9(2), 7€GT,

0:,0:,f(2) = S-0(2) + 4 9(2), 7€G,

0:,0-,f(2) = % p(2) + 214(2), z€G,

0:,0.0(2) =0, zeGH UG UG UG, (4.11)
fHO=fQ - O+ =bQ), L€,

¢ () = (D" (O) + @D () + a3~ () + B, L €L,

¢ () = V1D (D) + 12D () + ¥3(DP™ (D) + BoOW (), L €L,

(o) =c1, fT()=c () =cs,

where b({), aj({),y;({) (j = 1,2,3), and 1({), B2({) are known functions with 51({) # B2({), and ¢ is
a given point on L, and cy, ¢, are given constants.

Theorem 4.2. Let G be the generalized bicylinder in C*. Let b({), a;({), v;(), Bi({), B(d) € Hy(L)
(e €(0,1], j =1,2,3). Then, the solution to Problem R2 is

Fﬂ](z), Z€ G++’
F/lz(z)’ 7€ G+_a

)=C+ _
/ Fr(), €G-, 12)
F/l4(Z), Z€ G__’
_ (-1 DT (-2 (-3 ()
¢’(Z) - ﬁl ({) ’

where C is an arbitrary complex constant, F,,,Tg,X60,Y0,0({), and g({) are defined by (4.3)—(4.5),
and ¢(z2) is the solution to the problem (see [16, 17]):
{(951(922¢(Z) = O, Z € G++ U G+_ U G_+ U G__,

(ﬂZ _ﬁl)¢++(§) = (ﬁZal _:8171)¢+_(§) + (ﬁza’z —ﬁ1y2)¢_+(é’) + (ﬂZG”j _ﬁ173)¢__(§), (4.13)
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and
1= |E] = |E] = |E] L= |E]
] B — Y - T~ 1 - T~ 1
|E| |Es| |E5| |E4|
in which
A, -By -B, B D, -By -B, B
Ay =B, -Ay A, D2 =B, -A, A _
B4 —B4 —B4 A4 D4 —B4 —B4 A4
Al _Bl Dl Bl Al _Bl _Bl
_ A2 —Bz D2 A2 _ A2 —B2 —A2
B4 —B4 D4 A4 B4 —B4 —B4
and

A, =T,[Y0 - X01({) + [X6 + YO1(Lp), m= 1,4,

Ay =To[Y0 - X6](5o), n=2,3,

B =A;,—[X0-Y01({), i=1,2,3,4,
D; = 4[Tib({p) + T2 ), i =1,2,3,4.

Proof. From (4.11), we have that

(B2 = B1P () = Baar = L1y1)d" (O) + (Boaz = B1y2)d ({) + (Bras = Bry3)¢™ (),

(4.14)

(4.15)

(4.16)

4.17)

therefore, ¢(z) is the solution to (4.13), and thus ¥(z) is represented in (4.12). Similar to the discussion
in Theorem 4.1, we get f(z) is represented in (4.12), in which C is an arbitrary complex constant, and

Fy,,Tg,X6,Y0,0(0), and g({) are defined by (4.3)—(4.5).

In the following, we determine A; (i = 1,2, 3,4). Combining (4.12) and (4.10), we get that

1
F7 (&) = Fy (o) = Fa, (&) + é_l[g + 518 + 5281(o)

=1 A+ 1 1
= Tg(o) + T X0 + T Y) + 718 + 518 + S2g1o) (4.18)
N A —1 A +1
vy X6(o) + 4—/11Y9(§0) + T18(%o)s
in which 1
T18(%o0) = Tg(4o) + é_l[g + 818 + 5281(40)- (4.19)
Plugging

1 1
8lo) =bl)+(—-—-— +

A A Ay

into (4.18) to deduce that

1 1 1 1
) =Tib() +|— - — - — + —
£ o) = Tib(o) + ( LTI
A -1 A +1
X0 Yo
+ i (do) + i, (4o)
= (1,

AIMS Mathematics

4

1 l)XQ(fo) - Y0(%o)

T,[X60 - Y6]({o)

4
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which follows that

1 1

/l_l{Tl[YH = X01(Jo) + [XO — YO1(o)} — ﬂ—le[YH — X61(%o)
1 1

- A_TI[YQ - X01(&) + /l_Tl[YG — X61(%o)
3 4

(X6 +Y60)(&)

=4[Tb({o) + 1

C]].

Denote that
Ay =T [Y0 - X01(Lo) + [XO — YO1(Lo),
By = Ay - [X0 - Y0](o),
Dy = 4[T1b(4) + T — 1],

and then we have that

Similarly, combining (4.12) and (4.10), we get that

1
f7 (&) = Fy, (o) = Fa,(&o) + Z[_g - 818+ 5281()

/12—1 /7.2+1

= T8(&) + G X0G) +

_/12—1 A +

1
= v X0(%) + o Y0(%o) + T28(4o)

1
YO(Zo) + é_l[_g - 8518+ 8281()

1 1 1 1\T,[X0-Y60()
=T2b(§0)+(/1—1—/1—2—/1_3+/1_4) 2

A —1 Ay +
2 X0(%) + =

1
Yo
i PN (%o)

in which {
T>8(%0) = Tg(do) + Z[_g — 518 + 5281(&o).
Therefore,
/%Tz[Y@ — X61(do) - %{Tz[YH — X01(5o) — [X6 — YO1(Lo)}

1 1
= 1 TalY0 - X01(&o) + —=T2[Y6 ~ X6 (%)
3 4

(X6 +Y0)(lo)

4 ],

=4[T>b({o) +

and thus we obtain that

where
Ay = To[YO - X601({o),
B, = Ay — [X6 - Y01({),
D, = 4[Tyb(&) + S22 — ¢y,

(4.20)

4.21)

(4.22)

(4.23)

(4.24)
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Similarly, from f~*({y) = c3 and f~7({p) = ¢4, wWe can get that

A _ A By A
{ ————— +%& =D,

where
Az = T3[Y6 - X61({),

By = A; - [X0 - YO({),
Ds = 4[T3b({y) + FH20) — 4],

Ay = Tu[Y0 - X01(Zo) + [XO + YO1(Lo),
By = Ay — [X0 - Y01(4p),

Dy = 4[Tub(&y) + 572 — cq].

(4.25)

(4.26)

Therefore, combining (4.21), (4.23), and (4.25) we obtain that A; is determined by (4.14), and A, B;,

and D; are represented by (4.15).

O

Problem R3. Let the bicylinder in C* be D = D; X D, = {(z1,22) : |21l < 1,1z2] < 1}. Find f(z) in

D™ U D*”UD™ U D such that

azlazzﬂz)— 267 () + ¢ (2), z€ DY,
0,0, f(2) = ¢+<>+”2“¢+<> ze D,
02,05, f(2) = +(>+”3*1 ~(z), z€ D™,

0,0, f(2) = ¢"<z) + ”4” “ep(2), ze D

0:,0:,0""(2) = q(z) ZE€ D++

0:,0:,¢" () =0, ze D,

0;,0:,¢ () =0, ze€ D™=,
ffO=f~QO+fQO-fQ+bQ), {€L,

() = a1 (D (D) + (D™ (D) + a3 () + BU), (€L,

where z = (z1,22), and ¢ is the associated function of f, 4; € R\{-1,0,1} (i = 1,2,3,4),

b(D),ai({) (j=1,2,3), and B({) are known functions.

Theorem 4.3. Let the bicylinder in C> be D = D, x D, = {(z1,22) : lzil < 1,]z2) < 1}

R\{-1,0,1} (i =1,2,3,4), and b({), @ ;({),B({) € H,(L) (e € (0,1],j = 1,2,3). Then,

fo@+ [ (@), ze D™,
[ @, ze D™,
[ (@), ze D,
. (@, ze D™

f@) =

is the solution to Problem R3, where f,(z) is the solution (see Corollary 3.5) to the problem:

122

{ (1 = V822 f,(2) + (1 + D)8, 0:,0.,0:, f,(2) = q. z € D*,
Jo(0) =0, 0; f(z1,5) =0, 05,f,({1,22) =0 ({1 € Dy, § € OD»),

and
Fo (), z€ D™,

F{.(2), ze D",
F.(2), z€ D™,
F,@, ze D™,

fe@=C+

(4.27)

and ¢(z),

Let /l,' €

(4.28)

(4.29)

(4.30)
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in which C is an arbitrary complex constant and

F{(2) = Tg(z)+ EX0() + Y0, i =1,2,3,4,

Tg(z) (2m)2 L A’En T2)dT e L,

(T1—z21)(12—22)°

X0(z) = (W f 0 22dr, 2 ¢ L,

T1—21 T2—22
Y6(z) = [ 6. t)In|r) — 21 In|r, — PdTidT, 2 ¢ L,

(2771)2

and

0 = ¢ (D= (D=7 +¢.7 (), (€L,

11 X0(0) - YO(0)

g(g)_b(§)+(/l_1_/l_2_/l_3+/l4) 1

in which ¢.(z) is the solution (see [16, 17]) to the problem:

, (€L,

0;,0:,¢:5(2) =0, z€ D™
¢ () = a1 (P () + 2D (0) + a3~ () + (L)
—(1 = 21)0:,0:, /() — (1 + 41)0,,0,, f,({), {€L.

Proof. As f,(z) is the solution to the problem (4.29), let

¢rt = (1 = 05,05, f,(2) + (1 + 3,0, £,(2),

then we get that
ailaiz¢;+(z) = CI(Z)

and
-1

44,

/11+1
41,

A -
44
/11

1 -
¢y + ¢ = [(1 = D)0z,0z, f4(2) + (1 + D)3, 0, f4(2)]

m D3,0,f,@) + (1 + )3z, 02, 1,(2)]

= 821822 fq(z).
That is, f, satisfies that

++

821 a@fq(z)

¢++(z)

Applying Theorem 4.1, we obtain that (4.30) is the solution to the problem:

azlazzfc++(z) /2,1 ++( )+ /ll+1¢++( ) ze D++,

02,00, f17(2) = w<wﬁmww@ze0h

02,05, 1" (2) = @+ /13“ *(z), ze D™,

0,05, (2) = 4 ¢“( )+ ‘:;41¢;—(z), zeD,

621(922¢fi(z) =0, z€

Q=+ O - O+, (€L,

9.7 () = a1 () + (D@ () + as(D)d, (D) + B()
_(1 - /11)621622]‘;1({) - (1 + /ll)amazzf;]({)’ { €L,

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)
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(1) In the case of z € D**, let ¢**(2) = ;*(z) + ¢ "(z). By (4.36) and (4.38), we get that
0:,0-,0""(2) = q(2). (4.39)
By (4.28), (4.37) and (4.38), we get that

821822f(z) = 021622fq(z) + 821822f++(z)

/l
= <¢++(z>+¢++< )+ 2 <¢++<z>+¢++<z>> (4.40)
_ /11 - 1 ++ l———
= 4—/11¢ (Z)+ 4/11 ¢ (2).

(2) In the case of z € D*7, let ¢ (2) = ¢~ (2). Then, (4.4) leads to that
821822¢+_(Z) = O (441)
Additionally, by (4.28) and (4.38), we get that

+—

0:,0, f(2) = azlazzf:_(z) = A -

¢+ & (2). (4.42)

4/12

(3) In the case of z € D™*, let ¢ *(z) = ¢.*(z). Similar to the above discussion, we have that

05,0,/ (2) = %cp ")+ 424772, ze D,
0:,05,f(2) = 414 ST )+i;‘;;¢”<z), zeD™, (4.43)
821822¢_i(Z) 7 Z€ D_+-

In addition, (4.28) and (4.38) lead to that

7= ="+ - 1@+ b))

L . - (4.44)
=+ fO-fD+b), <L
(4.35) and (4.38) follow that
() = ¢, () + . ()
= (1 = 00,05, /,2) + (1 + V0,85, (D) + [ (D)™ (0) + ax(D)¢. (0) 4.45)
+ as()¢; () +BE&) = (1 = )87, 07, () = (1 + 21)0,0, /(D)

= a1()¢" () + @2 () + a3 (P (O) + Q).

Combining (4.39)—(4.45) concludes that (4.28) is the solution to Problem R3. O

5. Conclusions

We first investigate a type of homogeneous Dirichlet problems for second order complex partial
differential systems of (A,1) bi-analytic functions on the bicylinder. With the help of the
Cauchy-Pompeiu formula and the properties of the Poisson kernel, we get the specific representation
of the solution. On this basis, with the help of the properties of the T-operator, we discuss the
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nonhomogeneous Dirichlet problems for (4, 1) bi-analytic functions on the bicylinder. In addition,
applying the Plemelj formula, we obtain the expressions of the solutions to a kind of homogeneous
Riemann problem and the inverse problems for systems of (4,1) bi-analytic functions on the
generalized bicylinder in C?. Thereafter, we discuss the corresponding nonhomogeneous Riemann
problems of (4, 1) bi-analytic functions on the bicylinder. Expect for the above results, we also
discuss the higher order complex partial differential systems of (A, 1) bi-analytic functions with the
same method used in this paper. The conclusions obtained here make a solid foundation for studying
other boundary value problems of bi-analytic functions or bi-ployanalytic functions.
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