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1. Introduction

Uniform estimates for strongly elliptic equations in high-contrast composites are considered here.
The composites consist of an e-periodic lattice of fibers with high conductivity, included in a connected
material with normal conductivity. The diffusion coefficients of the elliptic equations, depending on the
conductivities, are not bounded above. Let Q c R? be a bounded smooth domain with boundary 0Q,

e, 1€ (0,1), Q) = {x € Q| dist(x,0Q) > €}, I, = {j € Z*| (Y +j) C Q(¢)}, where Y = 2 , 2)2
is a disc centered at 0 with aradius §, Y, = Y \yﬂ m> Qi = Ujer, €Y um+J) is a disconnected subset

of Q, and Q;’ f (= Q\Q; ) is a connected sub-region of Q. Moreover, ® = QX (0,L) C R3 is the whole
composite, Df = Qf >< (0, L) is the union of the e-periodic lattice of fibers, and DE = Qf x (0,L)
isa connected region. Let EE =X ot 6X 6, denote the diffusion coefficient for €U € (0 1) and
6 > 0, where X is a characterlsuc functlon on S The strongly elliptic equations are

(1.1)

-V. (EZZ#VU) =F in?D,
U=0 on 0D,
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where €,u € (0,1) and w € (1,00). Note 1 < EE < w? < co. The unique existence of an HI(D)
solution for problem (1.1) is by the Lax-Milgram Theorem [17].

Problem (1.1) has applications in flows in fractured media, photonic crystal fibers, and the electrical
conductivity of fiber-reinforced composites (see [5, 18, 20] and references therein). Problem (1.1)
contains elliptic equations with fiber-like stiff inclusions, Eq (1.1) has fast diffusion inside the fibers
and slow diffusion elsewhere, and the homogenized macroscopic equations of (1.1) can have nonlocal
terms. For reference, some homogenized macroscopic equations of (1.1) are listed in the last section
of this work (or see [4, Theorem A], [7, Eq (1.2)], and [8, Theorem 3]). Similar nonlocal behaviors
are also found in the homogenized equations for other elliptic equations in high-contrast composites
[6,9,25]. However, Briane (see [7, Theorem 1]) shows that in the case of two-dimensional (2-D) space,
nonlocal macroscopic behavior does not appear in the homogenized solutions for the elliptic equations
in high-contrast composites.

We now recall the regularity results related to (1.1). The Lipschitz estimate uniformly in € for
the Laplace equation in periodic perforated domains is shown in [21]. By the periodicity of the
domains, the L™ norm is established uniformly in € for discrete difference quotients of the Laplace
equation. Then we solve local elliptic problems with boundary conditions from the solutions of the
abovementioned discrete difference quotients. Lipschitz estimates are derived uniformly in € for the
Laplace equation by a scaling argument to the solutions of the abovementioned local elliptic problems.
The Holder, W', and Lipschitz estimates uniformly in € for uniform elliptic equations with Holder
periodic coefficients are shown in [2,22,26] by a three-step compactness argument. These estimates
are proved by studying the homogenization problems of uniform elliptic equations first. Then we
solve local elliptic problems from some scaled given functions. The expected estimates are derived
by applying a scaling argument to the solutions of the local elliptic problems above. Similar ideas to
the three-step compactness argument are also employed in the Holder, W', and Lipschitz estimates
uniformly in €, w for degenerate elliptic equations with grain-like soft inclusions [28]. Recently, two
papers concerned uniform estimates for degenerate elliptic equations with grain-like soft inclusions
(see [15, 24]); uniform non-tangential maximal function estimates for the Dirichlet, regularity, and
Neumann problems with L” boundary data are obtained.

A few results on the regularity for strongly elliptic equations with fiber-like stiff inclusions are
reported. Equation (1.1); (that is, the first equation in (1.1) or -V - (EZZ#VU) = F in D) with
nonhomogeneous Dirichlet boundary conditions in the case of w > 1, wZIDZ’m ~ 1, and €|lny| ~ 1
are studied in [8] (here, a ~ b means mya < b < m; a for some positive constants m,, m; independent
of €,w,u). A WP (for p > 2) estimate can not be expected uniformly in €, w, u for Eq (1.1); with
nonhomogeneous Dirichlet boundary condition in the whole domain D in general (see [8, Corollary 2]).
Moreover, nonlocal behaviors appear in the homogenized macroscopic solutions of (1.1) (see [8,
Theorem 3]). Local W6 estimates and local C'% convergence are obtained uniformly in €, w,u in
the interior of the sub-region D¢ o f of D for the solutions of (1.1); with nonhomogeneous Dirichlet
boundary conditions. Shen [23] c0n51ders elliptic systems for elasticity with periodic grain-like stiff
inclusions in R" for n > 3. By the periodicity of the diffusion coefficients, local Lipschitz estimates
are proved uniformly in €, w for the solutions of the elliptic system. For strongly elliptic equations
in two-dimensional space, Lipschitz estimates for the solutions of the elliptic equations in the whole
domain can be found in [29].

Under w > 1 and aﬂmfm ~ 1, this work derives a W'? (for p > 2) estimate uniformly in
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€, w,u for (1.1) in the whole domain. Here, the parameters €, w, u satisfy (i) wyu = 1 (equivalent to
a)zli);’ml ~ 1) and (ii) €, u are free. By [4, Theorem A], [7, Eq (1.2)], and [8, Theorem 3], we know
that under w > 1, w?|D;,,| ~ 1, and €’|Iny| ~ 1, the nonlocal term appears in the homogenized
macroscopic equations of (1.1). In other words, our results can be applied to strongly elliptic equations
that their homogenized macroscopic equations may have nonlocal behaviors. Next, we describe the
idea of derivation for the W'? estimate. As mentioned above, (i) the solutions of the homogenized
macroscopic equations of (1.1) in three-dimensional (3-D) space have nonlocal behaviors (which
explains the difficulty of obtaining the regularity of solutions of (1.1) in 3-D space case) and (ii) the
solutions of the homogenized macroscopic equations for the 2-D elliptic equations in high-contrast
composites do not have nonlocal behaviors [7]. Therefore, to avoid the difficulty from the nonlocal
behaviors, we transform the 3-D problem (1.1) into 2-D problems but with strange external sources.
More precisely, we apply separation of variables to replace the 3-D problem (1.1) by 2-D Helmholtz-
type strongly elliptic equations in e-periodic composites . Then we study the uniform convergence,
the homogenization problems, and the Lipschitz estimates for the strongly elliptic 2-D equations.
This is achieved by employing the layer potentials [11], the reverse Holder inequality [16], and a
three-step compactness argument [2, 3]. In order to employ the three-step compactness argument,
we need uniform convergence of the solutions of the 2-D elliptic equations with “uniform L'’ (or
“uniform L' \ L* for s > 1”’) external sources (see Remark 4.1 for the definition of “uniform L'’ (or
“uniform L' \ L* for s > 1”)). Indeed, this is an essential step used to obtain the uniform estimate
for the problem (1.1). The uniform convergence of the 2-D elliptic equations with “uniform L' (or
“uniform L'\L* for s > 1) external sources for the case of periodic size < ypand for u < periodic size
is considered separately. To study the boundary Lipschitz estimate for the 2-D strongly elliptic
equations, we need the corrector functions of the 2-D elliptic operators (see [29, Lemma 6.9]). Finally,
the W' (for p > 2) estimate uniformly in €, u (= i) for the problem (1.1) in ® C R? is proved by
combining the estimates obtained from the abovementioned 2-D strongly elliptic equations. Note that
the Lipschitz estimate for the solutions of 2-D strongly elliptic equations with L° for s > 1 external
sources can be found in [29].

The rest of this work is organized as follows: The notation and main results are stated in Section 2.
The main results are proved in Section 3 by the separation of variables and the Lipschitz estimate
for 2-D Helmholtz-type strongly elliptic equations (i.e., Lemma 3.2). Next, we study two convergence
results for the 2-D elliptic equations with “uniform L' (or “uniform L'\ L* for s > 1”) external
sources. The first one is the uniform convergence of the 2-D elliptic equations shown in Section 4;
the second one is the L2-gradient convergence of the 2-D elliptic equations shown in Section 5.
Furthermore, a Lipschitz estimate for 2-D diffraction problems (i.e., Lemma 4.1), L*-estimates for 2-D
elliptic equations, and a local W!* estimate for the 2-D elliptic equations are derived in Section 4.
Lipschitz estimates for the 2-D elliptic equations are given in Section 6 and shown by a three-step
compactness argument [2, 3] and the results from Sections 4 and 5. Lemma 3.2 is proved in Section 7;
Lemma 4.1 is in Section 8; some of the homogenized macroscopic equations of (1.1) are listed in
Section 9 for reference.

2. Notation and main results

cke, 1P, Wkr H* denote the Holder space, Lebesgue space, Sobolev space, and Hilbert space
(see [17]). Hy(S) (resp. Cy(S)) is the closure of C3(S) under the H' norm (resp. C' norm). [¢]ce
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is the a-th Holder seminorm of ¢; ||¢llce = |l@llz~ + [¢lce; supp(e) is the support of function ¢.
B.(2) = {x € RY ||x — z|| < r} is a disk centered at z with a radius r. For a set S, S is the closure of S,
0S is the boundary of S, |§]| is the volume of S, and S /r = %S ={xlrxe S}forr>0.S5; €S, means
that S, is a compact subset of the interior of S,. If ¢ € L!(S),

1
(p)s = J( e(x)dx = — | @(x)dx. (2.1)
s IST Js

If x € R x = (x1,x,x3) = (¥, x3). Since E;, , is independent of x3 (see Section 1), Ef, , can be
regarded as a function defined in R%. Define E;z;(x) = Eg’ﬂ(rx) on Q/r for any €, 1,6, u > 0. Also define
S (x) = Br(x) N Q/r, 85", .(x) = Br(x) N Q o/r, and S g(X) = Br(x) N Q5 /7.

wf.R wm.R
Now we make the following statements:

(Al). Qis a bounded C'” domain in R?;
(A2). we(1,00), wu =1;

1 1 _ 2 _ — p=2
(A3). €€ (0,1), pe (2,00), St = 1, S =TE€ (1,2),y = -5
(A2) and (A3) imply (i) w*|D5,,| ~ 1 and (ii) €, (= 1) are free. We know that under w > 1, w?| D¢, | =
1, and €’|Inu| ~ 1, the nonlocal term appears in the homogenized macroscopic equations of (1.1)
(see [4, Theorem A], [7, Eq (1.2)], and [8, Theorem 3]). Our results can be applied to the equations
considered in [4,7, 8]; the results are below.

Theorem 2.1. Under (Al1)—(A3), L > 0, g € (2,0), and F € LP(D), there is a constant c independent
of €, w, u such that the solution of (1.1) satisfies

o0 1/s * 1/t
S, D Ul + B, D Ullocor < o D B, Fillngy) o+ e 2 I r Fillay)
k=1 k=1

where s,t € (1,00) and ¢ € (0, %_1) satisfy lg + % =1 (+9- %ﬂ)s’ > 1, 275/ > 1, % + tl =1, and
7 s TS

Ut > 1. Here, 0., (resp. Oy ) is the partial derivative with respect to the x5 (resp. x') variable. If m

is the ratio of the circumference of a circle to its diameter, F; : Q — R for k € N are the Fourier sine

coefficients of F in (1.1) satisfying F(x', x3) = Y50, Fx(x') sin (kf”x3).

Theorem 2.1 shows the W!¢ estimate uniformly in €,y (= i) for problem (1.1) in the domain
D. High integrability for the derivatives of the solutions of (1.1) is derived. The solutions are less
oscillatory in the fibers Dy, than in the connected region ¢ ;- Moreover, to obtain high integrability
for the derivatives of the solutions, more constraints are required in the horizontal directions than in
the vertical direction. Theorem 2.1 implies the following result.

Corollary 2.1. If (A1)-(A3),L >0, g € (2,), F(x',0) = F(x',L) =0, F € LP(D), and 0,,F € L*(D),
there is a constant c independent of €, w, u such that the solution of (1.1) satisfies

2 12
dx')

L
IS, D Ul + G, 00 Ul < [ | [ 16,0000 P
Q 0

wz/l’,#
p 1/p
+c(f dx') .
Q
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Remark 2.1. The constant c is independent of €, w, u but depends on p, q.

Proof. The Fourier sine coefficients F; of F in (1.1) can be written, by integration by parts and
F(x',0) = F(x',L)=0, as

2 (* .k -2 (- , kr
Fu(x) = ff F(X', x3) sin (fx3) dx; = Ef 0., F(x', x3) cos (fx3) dx;.
0 0

Therefore, for s € (1, c0),

K 2
D IES Bl g, = f IS, il dx
k=1 k 1

00 s/2
< c; o f ‘ (x )0, F(X', x3)| dxs dx)
s/2
< f 0 F (s x| ds| ax ) (2.2)
Q

Similarly, for ¢ € (1, 00),

00 L P t/p

Z ||ET/wT,MFk||ZLP(Q) S C (f ' f ET/wT’#(x,)ax3F(x” _X3)| dX3 dx,) . (2.3)

k=1 Q1Jo
Corollary 2.1 follows from Theorem 2.1, (2.2), and (2.3). ]

3. Proof of the main result

This section aims to prove Theorem 2.1.

Lemma 3.1. Suppose (Al), w € (1,0), €, € (0,1), 8> 0, and G € LA(Q) for A € [2, ). A solution

of
{—V (B, VV)+BES, V=G inQ, A1)
V=0 on 0Q
exists uniquely in H'(Q) and satisfies
[ 45 )
“BE‘U#VVHLZ(Q) G||L2(Q)’

1 1 _ . .
where S + 5 = 1 and c is a constant independent of €, w, u, B.

Proof. The unique existence of (3.1) is by the Lax-Milgram Theorem [17], and (3.2) is obtained by
testing (3.1) against |8>V|*"25?V and applying the Holder inequality. i

Lemma 3.2. Under (Al)—(A3), B> 1, and G € LP(Q), any solution of (3.1) satisfies
IV Vi) < ¢ (IS, Gl + 1ES e Gllve)

where c is a constant independent of €, u (= %), B. See (A3) for T, p.
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Proof of Lemma 3.2 is given in Section 7. Lemmas 3.1 and 3.2 imply the following.

Lemma 3.3. Under (Al1)—(A3), B> 1, G € LP(Q), and q € (2, o), any solution of (3.1) satisfies

1=2
187 E<.., YV, < € (||E1/w,,G||Lz<g) + ||EUWG||L2(Q)||EW G||L,,:Q)),
where c is a constant independent of €, u (= i), B, q. See (A3) for 7, p.
Proof. By (3.2), and Lemma 3.2,

YVl < CIBES, VI IVVIEGg) < ¢ (IS, GllL ) + NES Gl ) ES e, Gl ) -

O

18*7 ES

w2/q M

The Fourier sine representations of U, F in (1.1) are
UX',x3) = iU (x") sin(k—ﬂx )
s A3) — k L 3 )
k=1
- k
F(xx3) = ; F)sin (o )
Comparing the Fourier coeflicients, we obtain, for any k € N,

-V (B, VU = JUe=F inQ,
{ ( ) = Fy 33)

U,=0 on 0Q.

Proof of Theorem 2.1. By Lemmas 3.1 and 3.3, the solution of (3.3) satisfies

k2||Ew2/p Uillzr@ < C||E€_2,,,/ Fellr) = cllE],,-  Fellor), 3.4
KINES,, VUl <c(||E Fullag + IES,, il 22t IIES '

1-2/q
S P,

1/w,u 1/w,u 1/w'u LP(Q)

where k € N, g € (2,00), and ¢ is independent of €, u(= i),k, q. See (A3) for 7, p,p’. By (3.4) and
Young’s inequality,

ES .y, , 0 Ullacey + 1B, 0 Ullroy < ¢ > (IBS,,,, VUil + KIES,, Uilie)
k=1

2/ 1-2/ -1
<o Y (kTS TRl IS e Bellyond + k7 VS, Fillizy + K7 IES e Fillo)

I/\

D1 M

((kzﬂ 1-9 + k q )”E]/wﬂPk”Lz(Q) + (k + k” )“El/a)" IF?k”LP(Q)) s

>~
Il

1

for any 19 > 0 Suppose 9 € (0, 725), there exist 5,7 € (1,00) such that L + L = 1, (1 + ¢ — 9)s" > 1,
£ >, - + < =1,and 9+ > 1. By the Cauchy inequality,

oo s 1/s
19-1-9 | 1,22 '

E (k2 +k)IE],, Fillzg < C( E ”Ei/w,qu”bLz(Q)) ’

k=1 aal
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- e 1/[
-9 -1

20+ KIES o Bl < o D IS Fllna)

k=1

k=1
Theorem 2.1 follows from the above estimates. O

We are ready to show Lemma 3.2. From now on, the functions are defined in 2-D space. In Sections
4 and 5 below, we study the convergence of strongly elliptic 2-D equations with “uniform L'’ (or
“uniform L' \ L* for s > 1”) external sources. See Remark 4.1 for the definition of “uniform L' (or
“uniform L' \ L* for s > 1”). Consider the following problem:

{_v (E5; V¥) =G inBi(0)NQ/r, (3.5)

Y=Y, on B{(0) N oQ/r,

where €, u, 7 € (0, 1), w € (1, 00), ¥, is smooth, and G € “uniform L' (or “uniform L'\L* for s > 17).
Here, EZ); p is a highly oscillatory function and G is a non-smooth function. We plan to show uniform
convergence for Eq (3.5) in Section 4 and L*-gradient convergence for Eq (3.5) in Section 5.

4. Uniform convergence

This section studies uniform convergence for the elliptic Eq (3.5). Convergence analysis for the
case of periodic size < u (resp. u < periodic size) is in Subsection 4.1 (resp. Subsection 4.2).

4.1. Convergence for periodic size < u

We first show a uniform Lipschitz estimate for diffraction problems. Then we show a maximal
principle and uniform convergence for Eq (3.5). Lemmas 4.3 and 4.4, and Remark 4.2 are true under
periodic size < y; the external sources G in Lemma 4.4 and Remark 4.2 belong to “uniform L' (or
“uniform L' \ L* for s > 17).

For any 6,v € (0,00) and p € (0, 1), define a periodic function K, (resp. Kg’#) with a period Y
(resp. vY) in R? as

{KW(Z) = 0Xy,,(2) + Xy, ,(2) ifzed, @

K}, (x) = Ko, (%) if x € R2,

Lemma 4.1. Suppose that w € (1,00), u € (0, 1), “nzzl <1, p>2GelLlY) and Q € C'(Y) for

Yy = ”T_z Any solution of

V- Ky (V¥+0)=G  inY (4.2)

satisfies ||VY¥|L=,50) < C(||‘P||L2(y\B./4(0)) + 1Qlleryy + K02 uGllerwy)), where ¢ is a constant
independent of w, .

Lemma 4.1 is proved in Section 8. We follow the proof of Lemma 12 in [8] to see the following.
Lemma 4.2. Suppose that (A2), €, € (0,1), r > 0, and » > 2 and suppose that D is a Lipschitz
subdomain of Q/r. In this case, there is a constant c (independent of €, w, u, r,|D|) such that, for any
{ € Hy(D),

€2 1
B, Ll < ¢ max {1, =¥ lnmz} IES Vl2m)-

AIMS Mathematics Volume 10, Issue 7, 17012-17048.
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Consider the equation
-V. (EZQ#V‘I’) =G inD (c Q/r). 4.3)

Modifying the argument of Lemma 11 [8], we have the following result.

Lemma 4.3. If (A2), (A3), € € (0,1), r > 0, G € LP(D), and D is a bounded Lipschitz subdomain
of Q/rand if x > 2, 0 < g < 71, and |§|§| In u| are bounded independent of €, w, u, r, then any weak
solution ¥ € H' (D) of (4.3) satisfies

sup'¥ < sup¥* + c(p, #)D|'" 7" Ei/rwr G”U’(D)’

D oD ] _ ., 4.4)
sup(=¥) < sup(¥Y") + c(p, »)|D| El/wT G”LP(D)’

D oD

where ¥* = max{0,V},¥Y~ = max{0, -V}, and c is a constant independent of €, w,u,r,|D|. Note
% <1- é - % < 1 and see (A3) for p, p’, 7.

Proof. Consider (4.4), first. By Lemma 4.1, any solution of (4.3) is a Lipschitz function. Set X =

||E1/w, Gllrmy, 6 = sup P*, and A(k) = {x € D| ¥(x) > k} for any k > €. Note that A(k) is a Lipschitz
aD

subdomain of D. Since » > 2 and g <T= [%, there is a 6 € (1, %) satisfying % + % + 19 = 1. Test (4.3)
against { = (W - k)* € H(l) (D) and apply Lemma 4.2 to obtain

ES (¥ -k

€r _ o
m2| L) = fu © sz#V‘PV§ dz = fu (k)G(‘I’ k) dz

< X[[ES (% - k)" B, Mo < B CP = 0 || RABNE, (45)

L*(Ak)) | L*(U(k))

where o = ;%, A= g > 1, and m, is a constant independent of €, w, u, r, |A(k)|. Note that % + % + % =1
implies (t — 0)0 = 2. For any 6 < h <k,

|(\P - l’l)+|% ”(\P - h)+||%"(‘ll(k))
(k)| < dz = .
| ()'<Lk) K=y T G—hy

For any ‘6 < h < k, by (4.5),

x Y =mll

#(A(k))
W — k)" ||x < —2 . 4.6
IIC ) M@ m "= (4.6)
Let us define
21 0% (P -<€6)* U(QW)) “4.7)

If (¥ —6)" =0o0rG =0, then (4.5) implies (4.4), true. By (4.7), (¥ —“6)* = 0 if and only if 6 = 0.
We consider 6 > 0 below. Define

1;=26(1-57)+6,
N= il
m;

1
;= R||(¥ - fj)+||L%(91(t,)),

for j > 0. (4.8)

AIMS Mathematics Volume 10, Issue 7, 17012—-17048.
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By (4.7) and (4.8),,
1-1

=
N=2%2T ||(‘P ~ 6| ey -

4.9)
By (4.8); with j = 0 and (4.9), {, < 2%(%1)2ﬁ. By (4.8),3,setk = t;,; and h = t; in (4.6) to see

Ciar < 252RTTN( = 1) sy < 25271 1.
Lemma 4.7 in [19] implies €;,; < ZﬁZﬁZ%. Since 4 = % > 1, we obtain lim £; = 0. Since
Jj—ooo
lim ¢; = 26 + €, by (4.8)3,
1Y =€) " llom) < 26. (4.10)
= A A= 1 A= A=

Equations (4.7) and (4.10) imply 6 < [mo|7 2772527 [¥]'6"% [(€)| % . So

S < c(p, %, M) AE)|* X. .11

Sinced=%%<2Z andi+1+1=1wehavetl =1-1-2>150 By(4.10)and (4.11),
)4 )4 x (2 % )4 b4 4

(¥ = 6)* ||y < c(p, 2%, m)[D[' "7 * X. (4.12)

Equation (4.4), follows from (4.12). To obtain (4.4),, we simply replace ¥ by —¥ and repeat the
argument for Case (4.4);. |

By translation, we can move any point z € JQ to 0. By (A1), there is a y, > 0 (independent of z)
and a C'” function  : R — R such that

T(0) =0,

IVl o®) < ms,

B, .(0) N Q = B, (0) N {(x1, x2)| x1 €R, x3 > T(x1)},

my x; < dist(x,00Q) <msx, foranyx=(0,x,)€ B, (0)NQ.

(4.13)

Here, dist(x,0Q) is the distance from x to 0Q; y., m3, my, ms are positive numbers independent of
z(€ 0Q), x (€ B,,(0) N Q). Recall Section 2 for Sy (x) = Br(x) N Q/r.

Lemma 4.4. Consider the following problem:

_V-(EY V¥ =G in B(0)nQ/r,
{ (B, V) in B\(0) N Q/r (4.14)

\P:\Pb on BI(O)(\IGQ/V

Suppose that a sequence {Gk, Wies Mics T \Pk, Gk? \Pb,kv Slrk(o)} and a set S Satisfy (A])_(A3): f_i’ I, @ €
(0,1),d € (1,2), (4.13), and (4.14) and suppose the following:

(i) x>2,0< S <71, and |f—i|§| In ;| are bounded independent of k;
(ii) ||‘Pk||W1,d(S,1rk ) ”E?/’:)k;,yka” LSOy and ||Tb’kllcl,a(s,lrk(0)) are bounded independent of k;

(iii) 1S7(0) \ S| + IS \ S™(0)] = 0 as k — co;
(iv) ¥ € WH(ST*(0)) N C(S*(0)) converges to ¥ € WH(S) N C(S) weakly in W'4(S) as k — oo,

AIMS Mathematics Volume 10, Issue 7, 17012—-17048.
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then ||¥Yy — lPlle(Svlrk(O)ﬁs) — 0 as k — oo. See (A3) for p,t.

Remark 4.1. Although each source function Gy in Lemma 4.4 is in LP space, the whole sequence
{Gi}, is bounded (uniformly in k, €, wy, p, ry) only in L' space. This is the reason we say that
Gy € “uniform L' (or “uniform L'\ L* for s > 17”). We now show that the sequence G, in
Lemma 4.4 is bounded (uniformly in k, €., w, i, rx) in L' space. By the Holder inequality, (ii) of
Lemma 4.4, and (A3),

) €k>Tk €k>Tk
”Gk”Ll(S’l'k(O)) < ”El/w;,ﬂkal|L1’(S’1r"(0))”Ew]:,yk||LP'(S’1"‘(O)) <c,

where % + [% = 1 and c is a constant independent of k, €, wy, ty, k-

Proof. Step 1. By Lemma 6.37 [17], for any r,a € (0, 1), there exists an extension operator II, :
Cl’“(S’I’(O)) — C1%(B,(0)) such that, for any / € Cl’“(S’l’(O)),

I, {=¢ in S7(0),
L, Lllcrac, o) < clillcres? o))

where ¢ is a constant independent of r. Define ¢, = WiXgn () + T1, VoiXp, 570 BY (ii) of the

assumptions, [|@ellwracs ) + ML, ¥sillcres, 0y are bounded independent of k. There are "I\’, Y, €
C(B;(0)) and a subsequence of {¢y, II,,'¥;«} (with the same notation for the subsequence) such that,
by (iii) and (iv) of the assumptions, and Theorem 7 in [14], we have

¢ converges quasi-uniformly to ¥ e C(B1(0)) and @ls =Y,
%1_{% ”Hrk\}lb,k - \Ijb”C‘(B](O)) + %1_1;18 ||¢k - lI’bl|c1(j_r;l(())\s’l’k(o)) =0, (415)
[¥,(x) = P = 0 if x € B;(0)\ U, S7(0).

Step II. Claim a subsequence of ¢, converges to ¥inC (B 1 (0)). If this is true, the whole sequence ¢,
converges to ¥ in C(B%(O)) by a contradiction argument.
Proof of the claim. If m (e N) > 6, by @, Y, € C(B;(0)), thereis a8, € (0, i) satisfying

@ - @ La YT
{l () = ¥ON < 3, if x,y € Boy3(0), [x = 31 < S,n. (4.16)

[¥5(x) — P(x) — ¥p(0) + POl < 2,

Let €, (2) for s € (1,d) be the s-capacity of a unit segment £ in R? (see [10, page 458]). For any
s € (1,d), by [14, Theorem 7] and (4.15),, there is an open subset O;,, C B,/3(0) and a number
Nem € N so that

C(Osm) < C(DN6u~, @.17)

Ipe(x) — B )| < [2m]™" if x € Byy3(0) \ Oy k = N, '
where €,(0,,,) is the s-capacity of O;,,. Moreover, by (4.15)3, (4.16),, and (A1),

¥, (x) — @(x)| < |4m|™" if x € By3(0) \ S7(0), k> Ny (4.18)
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Then (4.15), and (4.18) imply
e (x) = B(x)| < [2m]! if x € By3(0) \ $7%(0), k > N (4.19)

Find a connected component O of Oy, so that on B1,2(0) # 0 (see Section 2 for the definition of the
closure of a set). Since O is connected, for any y, z € O, there is a curve L (c O ¢ Oy,,) connecting y
and z. By [10, Lemma 2.8] and (4.17);,

Cy(Oly — 27 < CL) < €(Oym) < C(D)5,1". (4.20)
In this case, (4.20) implies diam(O) < 6,, (here, diam(O) is the diameter of O). Therefore,
0l < l6ul’, O C Bij245,(0), 9O C By3(0) \ O 4.21)

If a sequence {€&, Wi, k> Txs Pis G, P s S’I”‘(O)} satisfies (4.14), then Lemma 4.3 and (4.21) imply, for
xeONQ/r,

. Z—Q—A €Tk
- % ’ Ry <
8((52%21}@) Gr — Cloml” 7 ||E1/w;,#ka”LP(SI"(O)) < ¢i(x)

2 4
< max + |6 P IES™ Gl rark oo 4.22
6(OOQ/rk)¢k 19 I 1wl "”L’(Slk(o)) ( )

where c is independent of €, wy, ux, rv, m, k, 6,,. By (4.16), (4.17),, (4.19), and (4.21),

min > min @—LZ@x—i,
AONQ/ 1) P A0NQ/r) 2m )=

— o, forkz N, xe€O. (4.23)
max ¢ < max Y+ - <W(x)+ -,
AHONQ/ 1) AONQ/1y) mn mn
By (4.22) and (4.23), for any m € N and k > N,
o 1 —2_4 €T
||¢k - \P”L""(Oﬂﬂ/rk) < I’I_’l + C|5m|2 e ””Elk/’af]:,#kal|U)(S’1’k(0))- (4.24)
Since O, is the union of its connected components, (4.17), and (4.24) imply
w 1 —2 4 e
lpx = Pl s, poingin) < " + C|5m|2 b ”||E1]}’of;wGk||Lp(s-|’k(0)), (4.25)

%
the assumptions, we prove the uniform convergence of ¢;. So we prove the claim, and Lemma 4.4 is
proved. O

form e N, k > .N,,. Note 1 <1 - % — 2 < 1by Lemma 4.3. By 6, < 1, (4.19), (4.25), and (ii) of

Remark 4.2. Lemma 4.4 proves a convergence result for Eq (4.14) around the boundary of the domain.
A straightforward modification of the argument of Lemma 4.4, we see that the convergence result is
also true in the interior of the domain.
Consider the following problem:
-V. (EZ};#V‘P) =G in B1(0) (€ Q/r). (4.26)

Suppose that a sequence {€, Wy, Uy, rv, Yi, Gy} satisfies (A2) and (A3), f—z, re € (0,1),d e (1,2), and
(4.26) and suppose the following:

(i) x>20< g <7, and |f—';|%| In ;| are bounded independent of k;

(ii) 1¥kllwracs, ) ||Ef"/’:f;’ﬂka|| Lr(B,(0)) are bounded independent of k;
(iii) ¥ € WH4(B,(0)) N C(B,(0)) converges to ¥ € W'4(B,(0)) N C(B,(0)) weakly in W'4(B,(0)).

In this case, ||¥Yy — Pllz~5,0) — 0 as k — oo. See (A3) for p, 7.
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4.2. Convergence for u < periodic size

We show a regularity result for interface problems and show local L?>*°-gradient estimates and a
uniform convergence for (3.5). Lemmas 4.10—4.12 are true under u < periodic size; the external
sources G in Lemmas 4.10-4.12 are “uniform L'’ (or “uniform L' \ L* for s > 1”). Convergence
(i.e., Corollary 4.1) is from Lemma 4.12 and Sobolev’s embedding theorem [17].

Assume that A, A, are two positive functions and 6 > 0, and define

{Te(x) = X120 (%) + 0X (¢ 2)<0) (1), 4.27)

Po(x) = A1X () 22102201 (X) + 042X () 2510 <01 (X)-

Following the proof of Lemma 3.2 [29], we have the following result.
Lemma 4.5. If w,t,q € (1,00), 0 € [0,2], 0 < mg < A}, A, € C2(B,(0)) in (4.27), Q € L*(B,(0)), and
G € L'(B(0)), then any solution of =V - (P V¥ + Q) = G in B,(0) satisfies

. 1
ITor V28, 0 < € (1T w2 Ollis oy + Tur=Glla, o) + e min {1 Tor Pl o 1(Tur VEI)5,0/")

where c is a constant independent of w, t,q,o. See (2.1) for (|T,-V¥|?)p, ) and (4.27) for Ty, Py.
H'(D)/R = {¢ € H'(D)| ({)p = 0} for any set D. See (2.1) for ({)p. Below is an extension result.
Lemma 4.6. If u € (0, 1), there is an operator ﬁ“  HY(Y wm)/R — Hé(Zy m) Such that

{Hu{ = in yﬂ’m’ fOl" (€ Hl(«y,u,m)/R’

ITLSe 0y, < VW,
where c is a constant independent of u.

Proof. Let ¢ be a constant independent of u. By [17, Theorem 7.25 and the Poincaré inequality], there
is an operator I1 : H'(B,(0))/R — H}(B,(0)) such that

for ¢ € H'(B,(0))/R.

Mg = ¢ in B,(0),
[Tl 1 8,00y < clIVPllr2s, 0y

Extend Il¢ € H,(B>(0)) from B,(0) to R? by 0 and consider H)(B»(0)) ¢ H'(R?). Recall that Y, ,,

B,,;4(0). Define an operator ﬁ# : Hl(yﬂ,,,l)/R - Hé()/) as follows: Set ¢(x) = g(ﬁx) for any { €
H'(Y,,»)/R and x € B(0), and set [1,{(y) = H¢(§y) for I1p € H'(B(0)) and y € 2Y,,,,. Then

M, =¢ in Y.,

ITL Sl 2, < Bl B,0) < cllVRllr2s,0 < cllVEll2w,,.)-
Thus we prove the lemma. O

Next is a local L?-gradient estimate for the solutions of elliptic equations. The idea is from [23].
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Lemma 4.7. Suppose w,t € (1,00), £,r,u € (0,1), Q € Lz(%yﬂ,m), and G € U(%yﬂ,m). Then any
weak solution of
-V (KZ)/{#V‘I’ +0)=G  in<Y (4.28)

satisfies
c €U 2
IVPlizs 0 < IV, 029,00 + 1Q0 0,0 + | WG, )

1,1 _ . . /
where ; + 5 = 1 and c is a constant independent of €, w, u, r, 1. See (4.1), for KZ{#.

Proof. Take a constant / such that (‘P—h)gym = 0(see (2.1)). By Lemma4.6, thereisa V € Hé(z—fyy,,n)
satisfying

{v ¥ _h in Y, m, (4.29)

IVl ey, < cllV¥llicey,,)

where c is a constant independent of €, w, u, r. Extend V from 2—;y Lm 10 £Y by 0 and test (4.28) against

V to get
f K, V®VV dx + f QVV dx = f GV dx.
Yy H Y Y um

We then have

2 2
w ”V\P”y(g%m) < (”lelly(%yuqm\gyﬂ,m) + ”Q”LZ(%J/HM)) ”VV”LZ(%yM,m) + ”G”U(Lf‘y%m)||V||Lr’(%yﬂ,m)-
The lemma follows from the inequality above and (4.29). O

Lemma 4.8. Suppose (Al), w,1,q € (1,), 1 + 4 =1, £,r,u € (0,1), ¢ € [0,2], ? € Q/r, Q €
L*(Br(®) N Q/r), and G € L'(Br(%P) N Q/r). Consider the following problem:

-V (E® V+0)=G inBr(PP)NQ/r,
(E;, Q) R(P)NQ/ 4.30)
¥Y=0 on Br(PP) N oQ/r.
@ IfR € (0, %], any solution of (4.30) satisfies
IES:  VWllias; @) < C<||EZ;_2#Q||LZ(S;§(@)) + Rz/r’||EZ;£_2,#G||LI(S~,§(9>)))
. — €1 €r 1/
+¢ min {R NS, Wy, RIGES, Y150 ”’}, 4.31)

where c is independent of €,w,u,r,0,t,q,R,%. See Section 2 for Sp(P) and see (2.1) for
(S, 9¥1)s:
(D) If R € (£,32%], any solution of (4.30) satisfies

B, V¥l o < €(RIOTY g0

1/q , 2/ ,
+ ”EZ;z’#Q”LZ(S};(W’)) + R ||Efu;z#G||U(s;g(@))) , (4.32)
where c is independent of €, w,u,r, o, t,q,R,%. See (2.1) for (IV‘I’I’?)S;@).
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Proof. For Case (I). If Br(9?) C Q;’f/r or Br(¥) c &, /ror P € 0Qfr, then (4.31) is proved
by the energy method. Consider % € <0(Y,,, +J) for j € I.. By translation, let % = 0. Define
#(x) = P(Rx), Q(x) = RQ(Rx), and G(x) = R?G(Rx). Then ¢, Q, G satisfy

-V. (EZ;’;VQS +Q) =G in B1(0). (4.33)
Any solution of (4.33) satisfies, by [1, pages 3964 and 3965] and Lemma 4.5,
ESE Vollzqa, o < ¢ (IS, Qlliza o) + ESE, Glli, o)

€1 1/
(ESE VoIT) 5 0| q} , (4.34)

+c min {||EZ£{2¢||L2(BI(0)),

where #,¢ > 1 and c is a constant independent of €, w, u, r, o, t,q, R. Here, (4.31) is from (4.34) and a
change in the variables.
For Case (II). By translation, set 2 = 0. Define h = %, ¢(x) = Y(hx), Q(x) = hQ(hx), and G(x) =
h*G(hx). Then ¢, Q, G satisfy

-V (EZ'V¢+Q) =G in Bgy(0) N Q/rh,

¢ =0 on BR/h(O) ﬂ@Q/rh
Next, we take some finite points {Z;}%_ such that (i) By/3(%) ﬂ@i(yﬂ,m +j)=0or %, € a}l(y m+J) for
j € I and (ii) Brian(0) € Uiy B12(2) € Uiy Bos(2)) € Bry(0). For each point 2; € 9L(Y,. + ),

we consider
-V (EZ?LV(/) +Q) =G in By/3(%;). (4.35)

Following the argument in [1, pages 3964 and 3965] and applying Lemma 4.5 with o = 0, any solution
of (4.35) satisfies the following, for ¢ > 1,

rh rh
IVRllr2B, p@) < C(||¢||L2(Bz/3(9>,-)) + ”Eziz#Q”Lz(Bz/g(@’,-)) + ||E;z’yG||L'(32/3(@,-)))~ (4.36)

For each point ; with B,/3(%;) N 6}1(3/ wm +J) = 0, we consider

{_V (ELVe+Q) =G inSy(P) = Bys@) N Q/rh, (4.37)

¢ =0 on 32/3(95) N OQ/rh

By the energy method, any solution of (4.37) satisfies, for ¢ > 1,

2

e,rh e,rh
||V¢||L2(S~]V/h (@) < C(”(blle(S’z'/’g(@,-)) + lle—Z,lele(ng3(@i)) + ”Ew—Z#G”L’(S‘Z’/’g(@,«))) . (438)

Square both sides for (4.36) and (4.38); sum these equations fori = 1,--- ,k to get

VoI, <c( 2 + B QIP +[ES" G2 ) 439
|| ¢||L2(S£72h(0)) — ||¢||L2(S1;}/1h(0)) || wfzan”Lz(Sgh(O)) ” w ||L’(S’rh 0)) ( )

2
H Rk

In (4.39), the sum is over a finite numbers. After a change in the variables,

IVl WM +IIES”, Ol + h;i’IIEZ;L#GII2 ) (4.40)

2
12(87,0) S C( L2(50) L2(S§(0) LI(S5(0)
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By Lemma 4.7, (4.40), and R € (%£,32%],
S 2 o-2 - o-2
”Efu”',,uV‘P”LZ(S (0)) - (HV\P”LZ(S (0)) + ”(1) Q”LZ(S (0)) + h[ ||C() G”Lt(s (0)))

< c(RIV¥sg0 " + 1B, O sy, + WIES . Gl )
for t,q > 1. Inequality (4.32) follows from the inequality above. O

Lemma 4.9. Suppose (Al), (A3), £,r € (0,1), g € (1,00), P € Qfr, Q € LA(Sz(9)), E”2 Q €
CY(Sp(2)), and G € LP(Sx(2)). If32€” < £ and R € (32%, €], any weak solution ¥ of (4.30) satzsﬁes

er
||szfr’ﬂV‘P||L2(s§/2(@)) < C(

L] —
0™ Ol sy
+RIE., Olicrs;ey + RTIE],- G||Lﬂ(s;g(9>)))’

where c is independent of €, u (= i), r,p,q,R,%. See (A3) for p, p’, 7,7y, and Section 2 for S}g(@) and
(IV¥)sz).

Proof. For (Y, +J) C Brp(P) € Q/r. By translation and dilation, assume %Y., C Bi2(0) C
Q/rR. Define ¢(x) = ¥(Rx), Q(x) = RQ(Rx), and G(x) = R°’G(Rx). Then ¢, Q, G satisfy

~V-(EIVe+Q) =G inBp(0).
By (A2) and Lemma 4.1,
IVOll28,40) < IVPllL=es,4000) < C(||¢||L2(Bl(0)m§yﬂ,f) + ||Ej/r§z Qllersiop + ||Ef/r§z G”LP(BI(O))) ;

where y = pT—Z and c is independent of €, u (= i). After a change in the variables,

-1 s s
IVllz2550500 < € (R I zeoney, ) + RIES,  Ollcrsyoy + RIES Gllursyo)
1/q
<c (R|(|V‘P|q)BR(0)| + RIE,  Ollersron + RT”EZiz’#G”LP(BR(O))) ;

for g € (1,00). By Lemma 4.7 with ¢ = p,
g 2 —t 2 (ST -
B, VU750 0000 < (||W||L2(Sw o H 10Oy o+ [T G ))

2 /q — 2 2 2
< (RIIVE s 4107 Oy, + RIEEL Ol + RTES e Gl

So Lemma 4.9 is true for the case of £(Y,,, +J) C Brj2(¥) C Q/r.
For & € 0Q/r or £(Y,.m +J) N Bgj2(P) = 0. In this case, Lemma 4.9 can be proved by the energy
method. |

Lemma 4.10. Suppose (Al)—(A3), <,r € (0, 2) R e (max{5,16%},2), u < 9}’ € Q/r, Q €
LZ(S (2)), G € LP(Sp(2)), and‘staweaksolutlon of (4. 30) Ifte[® R- —”] and@e (0, 1), then

el”
,

IES, VP + e)nwn

L[y = O(R — 5)2” ”L2(s A(2) ( LA(SH(@))
- 2 27
+CQ (”El/a)" Q”LZ(SI;(@’)) + R ”El/wr G”U’(S (g))))

where c is independent of €, u (= i), r,p,R,0,,%. See (A2) and (A3) for w,u, p, p’, 7.
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Proof. Recall Si(%), SE; »(P), E:M,(@), and (¢)p from Section 2. By Lemma 4.7 with ¢ = 2 and
(A3) and summing up all £(Y + j) with £(Y +j) N S; (%) # 0, we have

€,r L2, _;
”E w2 -7 V\PHLZ(S ((y))) —= (”V\P”LZ(SEV Cp)) + ”(l) Q”LZ(S (@)) | | ” G”LZ(S (@))) (441)

where c is a constant independent of €, w,u, r, €,%. Since R — £ > 8%, there is a bell-shaped function
1 € Cy(Bg_z=(?P)) so that n = 1 in By,3(%) and

Vil < R - ¢ - 65 | <cR-¢"

For each £(Y,,, +j) with j € I, there exist V; € H(l)(%yﬂ,m + £j) and h; € R such that, by Lemma 4.6,

{Vj =Wt — Iy in $(Yyum +J), (4.42)

2
Vil 2ey,,v 5 < VD200 -

0 if S<(Ym+J)\Br(@P) %0
Notethathj:{ 5T+ DA B . Extend V; from 22Y,,,, + £j to R? by 0 and

(Pn?)e <W,.+j) Otherwise
set £ = ¥n* — Yz, Vjin Q/r. Then { € Hy(Bg(?)) and V{ = 0in S omg(P). Test (4.30) against ¢ to

get
‘f VIV dx| < IOVEIise @y + 11G sy (4.43)
S ’
By Holder’s inequality and (4.42),
1OV El s oy < Qs IV 2cs)- (4.44)

Apply Holder’s inequality and Sobolev’s embedding theorem to get, by 7p’ = 2,

IG sz = |G {Xser o) + GZXSZ’;R@)”LI(SJ@))
< ||G||LI’(S” R(@))”{”U"(SE' (@) + ||G||LI'(S” R(@))||{||Ln'(s“mR(9>))
< C”G”LP(S” (@))RT||V§||L2(S” HED) + C”El/rwr G||Lﬂ(sk(5j>))||wT§||Lp'(s;:jnR(@)y (4.45)

Since u < |¢ R |%|T_1, there is a number s > 1 satisfying 45 = 27!. There is a constant ¢
(independent of €, u (= i), r, R, s, p,??) so that, by Holder’s inequality, (4.42), é + Si =1, and (A2) and
(A3),

2,0 €M1 2 2 20
llw® §|| o <c E wh = <cw [P |
LY (S5, 1P i o
S,u,m,R(J))

(Y m +j)mS"j',1R(OJ’)¢<D
2
< cRIIVCPII,

< co|uRI7 NP1 (4.46)

LV'S(Sg@)) — LASz@))’

In (4.46), we use u~ = 2" Define I, = {j € I €Y +j) N Sp(P) # 0}. By (4.42)~(4.46) and
Lemma 4.7 with t = 2,

[ veverpad< Y| [ vevviad + 10V, o0 + 16 s
SE,r R(@) —_ (yu f+.|) HsJ 5

Jjele
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2
< ¢ ) IVl IV ) + 10V s, 0 + 16 Ll sy
jEff,)‘

=¢ Z ||V‘P||L2<%<My,f+j>>(||TV'7”LZ(5W"“'” o™V e, a0
ieTes

2 2 .2
+lw Q||L2<%(y+j»+_||‘” G||L2<§(y+j»)
) 2
H1Qllser IV lsgery + ¢ RUIET,: Gl IV llzs;o.-

< ¢! implies % < |< " < cR". For any 6 € (0, 1),

f VOV W) dx| < & f WVnldx + (i2 +9) f VPPdx
S @) 0 Js;) w SHED)

0 (10 e )+ RN, Gl i) (4.47)
Moreover, (4.41), (4.47), and % < ¢R" imply Lemma 4.10. O

Lemma 4.11. Suppose that (Al)—(A3), <,r € (0, 2) R € (max{¢ 326”} 2), u < , P e Qfr,
0 € LZ(SR(@)), G € LP(Si(P)), and q e (1, 00) and suppose that Y is a weak solutlon of (4.30). In
this case,

l/q

B, VWlizsy o < RV grim| * + ||VT||L2<S o + ¢ (IES Ollsgory + RIEST Gliusoy)

where c is a constant independent of €, u (= i), rp,q,R,%. See (A2) and (A3) for w,u, p, p’, T and
Section 2 for Sp(?) and (|V‘P|q)s,r@).

Proof Let k be the integer satisfying == sz < 8 < Zkﬂ In this case, 2’“% ~ R (see Section 1). Set
= R(1 — 5) for i € N. Then p; > % and 22 < pi < pis1 —8% fori=1,--- k. By Lemma 4.10 with

f =p;and R = p;;1, forany 0 € (0, 1),

€,r
”E VlP”Lz(S (@5)) < m” ”LZ(S’ (@)))

€, 1 €1
+ (I Oy oy + PEIES Gl )

+ (4 0) IV, o

where ¢ is independent of €, u (= 5), r, p, 0, pi, pir1, 2. By an iteration argument,

€r CO Co
B, Vs ) < Z(plﬂ_p)z Higzonn (22 +6) V¥,

k
CO €r 2 €71
"o 2 (_ " 9) (”El/aﬂ Ollpzsyny) + RME Gl u’)))

i=1
Since piy — pi = 5a7, we obtain

>h (4% +49)

€r 2 o
I, V¥ e o + (55 + )||V\P||Lz(s o

< 4C0

L2(Sg,(P))
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k i
+%) Z;( ) ( I u Qs + RNEY - Gllpes; (@»)
Suppose - T < 22 Take 6 = 24 and apply Sobolev’s embedding theorem [17] to get
IESL V¥ o)
< R gy, + 2 IV sy + (IS, Qg + R NES e Gl i)
< cR|QVHsgen [ + 2V sy + (I Qsyny *+ RN Gl sy )
This proves Lemma 4.11 for 4‘0 < 21—2 case.

Suppose deg > 55. Note 1 < w? < 2%cy and (4.30), is a uniform elliptic equation. Let n € CW(BR(@ )
be a non- negatlve bell-shaped function with 7 = 1 in Bg/»(%?). Lemma 4.11 for the case of 4C° > o3 18
obtained by testing (4.30) against ¥n?. O

Next, we state a local gradient estimate for strongly elliptic equations.

Lemma 4.12. If (Al)—«(A3), £,r,R € (0 hu< £ _1, P eQlr,Qc€ LZ(S}Q(@)), EZ;#Q € C'(Sp(9)),
and G € LP(Si(?)) and if ¥ is a weak solution of (4.30), then there is a number A, > 2 such that, for
any A € (2, 4,),

: 21 pe '
||EZ,§_T,#VT||U(S;§/2(@)) <c (R‘ ||EZ);_T#V‘P||L2(S;§(@)) + ||EZL#Q||L/1(S’,;‘(@))
2 2
+RAIES, Ollosyom + RIES. ,Glluisor ) (4.48)

where c is independent of €, i1, w, 1, p,R,%. See (A3) for p, p’, 7,y and Section 2 for Sx(%P).

Proof. Since 7 > 1, R™ < cR. Lemma 4.8 (with 0 = 2 — 7,¢ = p) and Lemmas 4.9 and 4.11 imply that
a weak solution of (4.30) satisfies

er er 2/q 1
J[ |Ew’2_,ﬂV‘I’|2dy <c (lonz-r# 4 G + Zf |V\P|2dy
Skn(?) ’ 7 Sp(@)

c €1 2 2 €1 2 2 €1 2
+F(HEOJ’T,#Q”L2(S’£(9)) + R ||Ew—2,ﬂQ||Cy(s}g(@)) + R ”Ew’T,yGHLP(S’lg(?P)) )

where g € (1,2), vy = ‘%2, and ¢ is a constant independent of €, w,u,r, p,q,R,%. Let us define
¢ = |EZ;TIIV‘I’|4, s=2>1,and

S

— €r q €r q €r q
‘:()’) - |Ew7T5ﬂQ| (y) + ||Ew—2’#Q||C7(S}$(@)) + ||E G”LP(S (9}))'

N 1 )
f ¢deSc(J[ ¢dy) + — ¢“'dy+cf 2 dy.
$7,@) SI@) 4 Js: @) S1@)

R

We have
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By [16, Proposition 1.1], there is a A, > 2 such that if 1 € (2, A.), then

1/2 12
(f e, vera) <o { i vers)
Sp0@) # Sp(@) #

-2
+c (R TIESS: , Qlleisyey + IES, Ollersyery + ”EZL#GHU’(S};(?}’)))'
Lemma 4.12 follows from the inequality above. O
By Lemma 4.12, we have the following result.

Corollary 4.1. Suppose that (Al)—(A3), f, r,R € (0, %), u < T_l, 9P € Q/r, and ¥ is a weak solution

of

€
P

(4.49)

-V- (EZ);HV‘P) =G inBr(@P)NnQ/r,
Y=Y, on Br(PP)N oQ/r.

If ||ES) #GIILp(S)g(@)), ||EZ;SJV‘I’||L2(S};@)), and |[Wsllcio(s7 @) are bounded independent of €, i, w, 1, R, 9@,

/w7,

then there is a sequence of solutions of (4.49) converging uniformly in Bg(2) N Q/r. See Section 2
for Sp(P) and (A3) for p,t,y.

Proof. Setp =¥ — ¥, and Q = EZ#V‘Pb. Then
V(B Vo +0Q) =G inBy@)NQ/r,
$»=0 on Br(9?) N oQ/r.

There is a A € (2, A,) so that the right-hand side of (4.48) are bounded independent of €, u, w,r,R,%.
By Lemma 4.12 and Sobolev’s embedding theorem [17], there is a sequence of solutions of (4.49)
converging uniformly in Bg;»(%?) N Q/r. O

5. L’-gradient convergence

This section shows a L?-gradient convergence result for Eq (3.5) with “uniform L'’ (or
“uniform L' \ L* for s > 1) external sources; that is, Lemma 5.2.

5.1. Preliminary

Let H;(Rz) denote the space containing local H' periodic functions with a period Y. If j € {1, 2},
we find X, ; € Hy(R?) by solving

{V (Kepu(VEopy +2)) =0 in Y, (5.1)

(Xw,p,j)y = 07

where ¢; is the unit vector in the j-th coordinate direction in R2. See (2.1) for (Xyuj)y and (4.1) for
K. ,. By the Lax-Milgram Theorem and (A2), Eq (5.1) is uniquely solvable in H; (R?) and

1Ko Vo jllr2) < ¢, (5.2)
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where ¢ is independent of u(= 1). If y = (y1,y2) and W;(y) = X, () + y; for j = 1,2, then

V- (K,,V¥;) =0in Y. Lemmas 4.1 and 4.7, and (5.2) imply

IVXy i+ Eillioy = IV illiowy < eVl < c,
K2 (VX + D) = 1K VY ll2) < Vil < c,

where c is a constant independent of u (= i). The expressions in (5.3); and (5.1), imply
X0 jllzoy < ¢ (independent of (= w™)).
Define, forany v > O and j = 1,2,
X, (2 = VR (x/V), X0 = (X,,,(0.X,,().

Let K, denote a 2 X 2 matrix with (i, j)-entries as

| ifi= ],
Ka)z,y((si,j + 3in,y,j()’))dy where §i,j o .
v 0 ifi#j.

(5.3)

(5.4)

(5.5)

(5.6)

By the remark in [18, pages 43 and 44] and (5.3),, K., is a positive scalar function depending only on

(= +) and satisfies

0< d2 < (](w,ﬂ < d3,
Ky is continuous in {u| u € (0, 1)},

where d,, d; are constants independent of u (= i).

5.2. L*-gradient convergence

Lemma 5.1. Ife,u. € (0,1), we = #if and K = lirr(}WwE,ﬂe, then ¥ (x) ( = Kzﬁp (X)V(x + X¢

converge to KI weakly in L*(Q). Here I is the identity; see (5.5) and (5.6) for X¢ Koo pie-

We,He”?

Proof. To prove Lemma 5.1, we need to show the following, by [12, Proposition 1.46]:

Well2q) < ¢ (independent of €),
f ¥, (x) dx — KIdx =D NQIKI,
DNQ

=0 Jpno

for any rectangle D. Here, (5.3), implies (5.8);. By (2.9) in [12] and (5.3),,

Y (0)dx= Y K, 1+ f ¥ (x)dx —— DN QKI,
Z * Z (Y+HnQ =0

DnQ jeA(e) jeA (o)

where A(e) = {jle(Y +j) e DN Q}and A’(e) = {jl e/ + j) N oD N Q) # 0}.

(5.7)

ey))

(5.8)

O
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Lemma 5.2. Consider the following problem:

-V (EZQ#VV) =G inB,(0)NQ/r, (59
V=V, on B>(0) N Q. ’
Suppose that a sequence {€, We, e, Ye, Ve, Ge, Vi e, Koy} satisfies (Al1)—(A3), (5.9), and
&+ =0, re—orel01], IEY: Gellseoy = 0,
K =lm%K,_,.,
€0 (5.10)

Vpe(0) = 07V, (0) = 0,

IVellzssseops [VVaelersyeoy < 1.
See (A3) for p,t,y and Section 2 for Sz(0); K is a scalar constant (see (5.7)); and 07V, is the
tangential derivative of V, .. Then the following hold.

(S1) |[EG, VV | 12s7<(0y) are bounded independent of €, e, e, T'e;
(S2) There is a subsequence of {V .} (with same notation for the subsequence) so that

V.-V weakly in H'(S;(0)),
EZJ’;; VV, - ¢ weakly star in Radon measures, —as = — 0;
Ve 2V, weakly in C'(S7(0)),

(S3) =V - =0in S{(0) in the distribution sense;
(S4) £ = KVV.

Proof. Step L. As = — 0, by Holder’s inequality, (5.10), (A2), and (A3),
”Ge”Ll(S’;E(O)) < ||E?/r;‘£,HEGE||LP(S‘2r€(O))”EZ‘ZLE”LP'(S’Z’E(O)) — 0. (5.11)

Letn € C7(B2(0)) and 7 = 1 in B;(0). Test (5.9) against (V. — Vb,f)nz, and apply (5.10)4 and (5.11) to
get (S1). (S2) is from (S1) and [12, Proposition 1.48 ].

Step IL If y € C3°(S;(0)), then supp(y) N 0Q/re = O when € is small. Test (5.9) against i to get

f E“ VV V¢ dx = f Gy dx.
Sz"e(o) We,le S,ZVE(())

As € — 0,(S2) and (5.11) imply —=V - £ = 0 in §;(0). So we get (S3).
Step I1I. Recall (5.5) for Xff: ., and Step II for . Consider the identity

We e WesHe, ] <, We,He,]

f EF VV y V(x; + X ydx = f E°F V(x;+ X )y VV, dx. (5.12)
S'{E(O) S’{E(O) We,He

By (5.4), (5.5), (5.9)1, (5.11), (S2), and (S3), the left-hand side of (5.12) satisfies

€ ) €)

f ES; VV. YV (x;+ X" )= - f ES YV, (x;+ X" Vg + f Gel(x; + X", v
S/<(0) ¢ S/<(0) ‘ S/<(0)

AIMS Mathematics Volume 10, Issue 7, 17012-17048.



17033

— —f XV = g2 (5.13)
S7(0)

7e 0 S7(0)
Next, we check the right-hand side of (5.12). By (4.1), (5.1), and Green’s formula,

EF V(x;+ X )y VV,.dx =~ f
‘L{E(O) We e We>Hes]

K V(x;+ X YV Vy dx
7o) el

21 We e, ]

W2t Weples]

+ f (B — K )WV(x; + X" )y VV, dx. (5.14)
S'IVE(O) We e
Since supp(y) N S (0) = 0, (EZQ# - Kj{ﬂ E)w = 0in S{*(0) if £ is small. So

(B — K )W(x; + X )y VV, dx — 0. (5.15)
S,]VE(O) WesHe We>He Westes] i—»O

Note that

- f KO V(o + X070 VeV dx = - f Ko V(x; + X0 )V dx
S’lré(o) € (2l ) €}es

€ o S,lrg () We e
- f K V(x;+ X )V, - V)V dx.
Slrg(o) We He

Z, We e, ]

Lemma 5.1 and (5.10), imply

- f K V(x;+ X" )V dx —— - K& VVy dx
S,lrg(o) We,Me €sMes, i_)o S’{(O)
= K& VV y dx = f &y KVV dx. (5.16)
S7(0) S7(0)

Moreover, (5.3),, (S2), and Holder’s inequality imply

‘ K V(x; + X" )V, - V)V dx| — 0, (5.17)
Sye) ek et 0
and (5.12)—(5.17) imply €y dx = KVV & W dx. This proves ¢ = KVV, since  and j are
S7(0) S7(0)
arbitrary. This proves (S4). O

6. The Lipschitz estimate

With the convergence results (that is, Lemmas 4.4 and 5.2, Remark 4.2, and Corollary 4.1) from
Sections 4 and 5, we consider the Lipschitz estimate for strongly elliptic equations. This is done by
a three-step compactness argument [2, 3]. The interior Lipschitz estimate for the solutions of strongly
elliptic equations is given in Subsection 6.1; the boundary Lipschitz estimate is in Subsection 6.2.
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6.1. Interior Lipschitz estimate
Assume B;(0) € Q.
Lemma 6.1. Under (A2) and (A3), there are constants 0, €y € (0, 1) such that if
-V. (ELZ’MVV) =G in B1(0),
v, 1 € (0, &), (6.1)
V|28, 05 661||EY/MT,MG||LP(BI(0)) <1,
then

sup [V(z) = V(0) = (z + X2, ,()bu] < 67, (6.2)

7€By(0)

where b, = 7(‘;11 (EZ)Z,;;VV) B,(0) and (Ka‘)il is the inverse matrix of ‘K, ,. See (A3) for v, p,p’,y and
(2.1) for (EZﬂ,HVV)Bg(O)'
Proof. Consider —AV = 0 in B45(0). By [17, Theorem 4.6], a small 6 € (0, 1) exists such that, for

some 7 € (7. 1), )
sup [V(z) = V(0) = 2(VV) 00| < 0" Vlzosy5000- (6.3)

2€B5(0)

We claim (6.2). If not, there is a sequence {v, w,, t,, V,, G,, K., ., } satisfying (6.1) and

ity =0, B Gollgion — 0,

K= i Ko (6.4)
sup |V,(2) = V(0) = (2 + X, , (2))ba, | > 0"

2€By(0) o

See (5.6) for K, ;; (6.4), is due to (5.7);. By (A2) and (A3), Lemma 5.2, and (6.4),,

{nvaBlm» < Bz, Gl o1, o0y ——— 0, 65

IE7,  VVillLis,sop < B, L, VVlls,s0) < 6

where c is a constant independent of v, w,, 1. The functions E”, p VYV, are equi-integrable. That is, for
any 0 > 0, by Holder’s inequality, (A2), and (6.5),, we have ’

”EZ)%’HVVVV”LI(BL;'(O)) < c|E; VYV, [z, 5000 < €6, (6.6)

wV’/’tV
where ¢ is independent of v,w,,u,,6. Note that v is the periodic size. By (6.1), (6.4), (6.5),
and Lemma 5.2, there is a subsequence of {v,w,,u,,V,,G,, K, ,,} (with the same notation for the
subsequence) satisfying

VvV, -V weakly in H'(By;5(0)),
E"zﬂ Vv, — KVV weakly star in Radon measures, asv — 0, (6.7)
AV =0 in B4/5(0)7

where K is a positive constant. For the sequence {v, w,,u,,V,,G,, K, ,,} in (6.7), either (i) an infinite
number of y, satisfy g, < v"! or (ii) an infinite number of u, satisfy u, > v*~!. In either case, the
sequence in (6.7) has a uniformly convergent subsequence. The reason is as follows.
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e For Case (i). A sequence {v,w,,u,,V,,G,, K, .} in (6.7) satisfies the assumptions of
Corollary 4.1.  So Corollary 4.1 implies that a V. € H'(By5(0)) N C(Bys5(0)) and a
subsequence of {V,} in (6.7) (with the same notation for the subsequence) exist such that
V, — Vin C(B4/5(0)) as v — 0.

e for Case (ii). Note that 1i11(1)v3|1nuv| = 0 for any » > 2 with 0 < S < 1. The

assumptions of Lemma 4.4 and Remark 4.2 are satisfied by the sequence {v, w,, t,, V,, G,, Ko, 1, }
in (6.7). Lemma 4.4 and Remark 4.2 imply that there is a V € H'(By5(0)) N C(By5(0))
and a subsequence of {V,} in (6.7) (with the same notation for the subsequence) such that
V, = Vin C(By5(0)) as v — 0.

Therefore, thereisaV e H 1(B4/5(O)) N C(B4;5(0)) and a subsequence of {V,} in (6.7) (with the same
notation for the subsequence) so that

VvV, >V in C(B45(0)),

IVl @0 < 1,
E’, VV, - KVV weakly star in Radon measures,

Wy,[y

-AV =0 in B4/5(0).

(6.8)

For any 6 € (0,0), let ns € C;’(By(0)) be a non-negative function with 175 € [0,1] and ns(x) = 1 if
X € By_5(0). By (6.8),3 and (6.6), we see

lim (E’, VV,-KVV)dx
=01 Iy
< lim (E’, VV, - KVV)isdx| + lim f (B, VV, —KVV)(1 —ns) dx
=01 gy =01 gy
< lim B, VV,|+|KVV|dx < cs'. (6.9)
720 JByonBs©@
Moreover, (6.4), and (6.9) imply
limb,, ., = im %, o E!, VV,dx= (V). (6.10)

By (5.4), (5.5), (6.3), (6.4)3, (6.8), and (6.10),

6" <lim sup |V,(z) = V,(0) = (z + X, , (2))bu,

V=0 €B,(0) ot
= sup [V(z) = V(0) = 2(VV)g,00| < 0" IIVllzoqmysc0p- (6.11)
Z€By(0)
We get a contradiction from (6.11). So (6.2) is true. O

Lemma 6.2. Under (A2) and (A3), there are constants 0, € € (0, 1) such that if

-V. (EzzﬂVV) =G in B1(0),
€,1 € (0, &), (6.12)
k € N satisfying é < &,
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then we have the constants aﬁ;ﬁ,, bf;ﬁl satisfying

k k
laGul + [bgl < cJ,

sup ‘V(z) ~V(0) - eagt, — (2 + X5,@) be,
2€By (0)

S 9k(1+)/)J, (6.13)

€
/w7,

where J = ||V~ 0y + 661||E ﬂG”L}?(Bl(())) and c is independent of €, u (= i),k. See (A3) for T, p,y.

Proof. For k = 1, (6.13) is from Lemma 6.1 with v = €,V = %,G
bj;}# = (K;L (EZZWVV) B0y 1f (6.13) is true for some k € N satisfying

%. In this case, aj;}ﬂ = 0 and
< 6%, we define

Im 1l

V(6'2) - V(0) - eall, — (6°z + X¢,,(62)) b,
g in B,(0). (6.14)

V(z) =
G(6*7)
Gk=1 J

By induction, (5.1), and (5.5), V and G satisfy (6.1) with v = €/6*. Apply Lemma 6.1 and (6.14), to
obtain

G(z) =

sup [V(#'2) — V(0) - (62 + X5, (6"2)) bS, + €X, (O)bS,
2€B4(0)
—07T (02 + X5, (0 2)) by g | < 04V, (6.15)
— € k
where by, /o = K}, (E w/f’#VV) 5,(0)- Define
ag't! = -X) (Obg,  and b = b+ J0b, e (6.16)

By (5.7); and an argument like that of (6.5), [b,, ¢/ is bounded uniformly in €, w, u, k. Then (6.13),
follows from (5.4) and (6.16); (6.13), is obtained by employing (6.16) and by substituting #*z with z in
(6.15). O

Lemma 6.3. Under (A2) and (A3), there is an € € (0, 1) such that any solution of (6.12), satisfies, for
any €, € (0, &),
IVVIlLs, p0) < cUVIlz=@,0) + IES)0r  Gller o) (6.17)

where c is a constant independent of €, u (= U‘—)). See (A3) for T, p.

Proof. Letvy, 6, €, J be same as Lemma 6.2 and let ¢ be a constant independent of €, w, u. Suppose that
k € N satisfies 6*! < £< 6%, then by Lemma 6.2,

€. € 3 €1
s V(@) - V(0) - east, - (e + X5, ) bt | < o] | 71 (6.18)
€€
Define i
Vi = V(ez) — V(0) — el — (ez + €X], ,(2)bE,
(Z) - ey in Bl 0

_ G(e2) /€(0)-

G = e1J
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Then V, G satisfy (6.1); with v = 1; ||V||Lm(31/50(0)) + ||E%/wr’uG||Lp(B]/EO(O)) < ¢ by (6.18). Lemma 4.1
implies

||VV||L°°(BI,250(0)) <c, (6.19)
and (5.3), (6.13), and (6.19) imply (6.17). O

Remark 6.1. Let €, be the same as in Lemma 6.3. If u € (e, 1], (A2) implies that Eq (6.12), is a
uniform elliptic equation. By [27], we know the following:
Under (A2), (A3), and u € (€, 1], any solution of (6.12), satisfies (6.17).
By Lemma 4.1,
Under (A2), (A3), and € € | &y, 1], any solution of (6.12), satisfies (6.17).
Together with Lemma 6.3, we conclude that
Under (A2) and (A3), any solution of (6.12), satisfies (6.17).

6.2. Boundary Lipschitz estimate

In this subsection, (4.13) is assumed and we let Ry, 4,(0) = [—d4, d4] X [—ds, ds] be a rectangle with
ds, ds € [3,4] so that [Rq, 4,(0) N E(M +j)forje I.is0or Ifl2 for some 0 < < < 1. Note that dy4, ds
depend on €. If 0 < £ < 1 and dy, ds € [3,4], define the following:

Q" =Ra,a,(0) NQ/r,
or= U Y+
(Y +i)Ray.a5(0); jeZ,
If r = 0, define Q/r = {(x;, x2)| x, > 0}. Then 2" is a bounded Lipschitz domain. Let n € C;’(Rq, a,(0))
be a bell-shaped function withy € [0, 1] and 7 = 1in [-2,2]?. Thenn = 0 on 02N If0< £ <1,
find W , € H'(2) satisfying

(6.20)

w2
We,=(1- n)Xe" on 62",

W2

{—v (B (VWS +8))=0 inQ,

€/r

2 and Section 2 for
S

where &, is the unit vector in the second coordinate direction. See (5.5) for X
Ez)g R Recall [29, Lemma 6.9] to see the following result.

Lemma 6.4. Under (Al), (A2), and <, r € (0, 1], a solution of (6.20) exists uniquely in H'(Q"). There
is a constant c (independent of €, u (= i), r,dys, ds) such that

€
sup |WZ;:J’2(z)| <c-.
€9 r

Lemma 6.5. Let 0, ) be the same as in Lemma 6.1. Under (Al)—(A3) and r € (0, 1], constants5(< 0),
‘6 (< &) exist such that if

-V. (EZQ#VV) =G inBi(0)NQ/r,
V=Y, on B1(0) N oQ/r, (6.21)
1€ 0, 6),
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and
V,(0) = 07V,(0) =0,
»(0) = Or 1;( )” (6.22)
IVllz=srons Iy e Ollrsions [VValersyon < 1,
then
sup ‘V(z) (2 + W (D))dye,] <672 (6.23)

w,u,2
ZESg(O)

Here, 7 = (21,22); 01V, (or 0,V}) is the tangential derivative of V; d,, ., is the second component of
W;’L(Ezg’yVV)Sg(O),- and K, is the inverse matrix of K, ,. See Section 2 for Sz(0) and (EZ;#VV)S-’;
and see (A3) for T, p,p’, .

oy

Proof. The proof is similar to Lemma 6.1. Suppose that r € [0, 1] and V, V,, satisfy

-AV =0 in B4/5(0)OQ/F,
V=Y, on By/s(0) N 9Q/r, (6.24)
VY, € CY7(Q/r) with V,(0) = 67V,(0) = 0.

By [17, Theorem 4.16] and (4.13), 6 e (0,%) andy € (%, y) exist such that

sup [V(2) = 22 (0:V)seo)| < 0" (Vs on + [VVslenss on) (6.25)
2€87(0) 0 ’
0

where 0, is the partial derivative with respect to the z, variable.
We claim (6.23). If not, there is a sequence {€, we, le, e, Ve, Ge, Vi e, Koy} satisfying (6.21), (6.22),
and

oHe = 0, re > rel0,1], IEY ar . Gelliresyeon = 0,
K=1m%¥K, ..,
€0 eHe (6.26)
sl e ~l Z
sup [Ve(2) = (2 + W, 2| > 6%,
€S7(0)

See (5.6) for K, ,; (6.26), is due to (5.7);. By (A2) and (A3), Lemma 5.2, and (6.26),,

€,T¢ (33
”GellL'(S’lr‘(O)) < ||E1 /w;,MEGe”U’(S’{E(O))l|Ew;ﬂ6||LI7/(S’Ir€(O)) ‘—‘—’i_)o 0,
re (6.27)
€Te €,l¢
1B, VVellisyson < Bl VVellzsye o) < ¢

where c is a constant independent of €, we, i, .. Functions EZ;G# VV. are equi-integrable. That is, for
any 0 > 0, by Holder’s inequality, (A2), and (6.27),, we have

||EZ§H€VVE||L1(36(0)ms;(;5(0)) < C||E2:fuevve||y(s;{;5(0))5 < cé, (6.28)
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where c is independent of €, we, L, 7e, 6. Then (6.21), (6.22), (6.26), (6.27), and Lemma 5.2 imply that
there is a subsequence of {€, we, U, re, Ve, Ge, Vi e, Ko .} (With the same notation for the subsequence)
satisfying

VvV, >V weakly in Hl(S;(/S(O))),
Ezgfﬂ VvV, —» KVV weakly star in Radon measures, as £ — 0, (6.29)
AV =0 in S;(/S(O)),

where 7~< is a positive number. For the sequence {€, we, e, re, Ve, Ge, Vi e, K.} 0 (6.29), either (i) an

o . -1 . o . -1 .
infinite number of y, satisfy u. < |<|” or (i) an infinite number of s, satisfy . > . . In either
case, the sequence in (6.29) has a uniformly convergent subsequence. The reason is as follows:

Te

e For Case (i). The sequence {€, We, fe, Te, Ve, Ge, Vi e, Ky} 10 (6.29) satisfies the assumptions of
Corollary 4.1. By Corollary 4.1, aV € H I(S;( /5(0)) N CES; /5(0)) and a subsequence of {V.} in
(6.29) (with the same notation for the subsequence) exist such that ||V, — V|| 1=z, s0)ne/r.na/m — 0
as = — 0.

4

g = 0 for any x > 2 with 0 < £ < 7. The assumptions

£
Te

e For Case (ii). Note that lfirr%) In p,

of Lemma 4.4 and Remark 4.2 are satisfied by the sequence {€, we, e, 7e, Ve, Ge, Vi o, Koy} In
(6.29). By Lemma 4.4 and Remark 4.2, there is a function V € Hl(S’4r/5(O)) N C(S;(/S(O)) and a
subsequence of {V.} in (6.29) so that [[Ve — V|1, s0)ne/rne/mn — 0 as ri — 0.

SothereisaVeH ‘(S;f /5(0)) N C(S;( /5(0)) and a subsequence of {V.} in (6.29) (with the same notation
for the subsequence) so that, as ri — 0, we have

Ve - V||L°°(84/5(0)ﬂ§2/r60§2/r) — 0,

IVpe— Vb||C1(34/5(0)ﬂQ/rsﬂQ/r) - 0,
E“c VV. - KVV weakly star in Radon measures, (6.30)

We e
IVllz=srons [YValersion < 1,
(6.24) holds.

For any ¢ € (0,5), let s € Cg"(S’gf(O)) be a non-negative function with s € [0, 1] and 75(x) = 1 in
{x e S:eff(O)l dist(x,dS2<(0)) > 6}. By (6.30);4 and (6.28),

0

lim f (ES VV, — KVV)dx
i—)O Sée(o) st e
< lim f (E VYV, - KVV)isdx| + lim f (E" VV. - KVV)(1 - ns) dx
é —0 Sgg () We e i —0 Sge ) We He
< lim EY VV| +|KVV|dx < c6'2. (6.31)
720 Jixesze )l distxose <oy
Here, (6.31) and (6.26), imply
123) dy.cr. = 123) K, o E;gﬂgazvf dx = (0, V)s:(0)- (6.32)
re 13 .§
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So (6.26)3, (6.30);, Lemma 6.4, (6.32), and (6.25) imply

Ve(@) = (22 + W5, 2@,

'+ < lim  sup
ol 2€87°(0)

= sup [V(z) - 22(32V)5~(0)| <6 (||V||L°°(s4 <o T [VVslersy on)-
€87(0)

We get a contradiction if 0 is small enough. So (6.23) is true. O

Lemma 6.6. Leta% be the same as in Lemma 6.5. Under (Al)—(A3), if

-V. (EZ)ZMVV) =G in B1(0) N Q,
V=0 B1(0) N 0Q,
N on B,(0) (6.33)
€U € (07 60),
k € N satisfying Eio < ¢,
then we have the constants df;;ﬁfl satisfying
a5t < ed,
il 6.34
sup  |V(2) - Z g% ( o+ efo" (= ))df' <@D] (6.34)
2Bz (0)NQ

where 7 = (z1,22); J = ||V||L°°(Bl(0)nQ)+—g||Ef/wr,ﬂG||LP(Bl(0)mQ)? c is a constant independent of €, u (= i), k.
See (A2) and (A3) for w, u, 7, p,y.

Proof. If k = 1, (6.34) holds by Lemma 6.5 with r = 1, V = V ,and G = % dE’O is the second
component of K (EE VV) B(ONQ and |[d5° ul < cJ (see (6.27)). Suppose that (6.34) is true for some
k € N satisfying £ < 0", we define, in B;(0) N Q/¢,

=~

_1 ~k
€6 < € i
VO = == y)( V@) - ) 0% (e 4 OWE, 2(—j))du;jl),
j=0
B G(ka)
G(z) = ~—§(z_1) N
V(@) = == 676 2 s/,
g+ =

Note that [VV,] ey, 0naa) = 0- The functions V, G, V), satisfy (6.21) and (6.22) with r = &. Apply
Lemma 6.5 to get

sup  |Viz) - (Zz ; ng"z(z)) | <8 (6.35)
Z€BA0)NQ/ 6k
where d , 5 is the second component of K, ;L(EfﬂVV) Byone/z BY (5.7)1 and an argument like (6.27),

d,, .| are bounded uniformly in €, u (= :—J), k. Rewrite (6.35) in terms of V in Bz..(0) to obtain

< '§(k+1)(1+%)j

sup
2€Bg+1 (0)NQ

k—1
V@ = 20 o+ FW L ogl — 7 e + PHLL 0 e
Jj=0
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Ifds!, = Jd,, 7, then (6.34) holds for k + 1. O

w,e,0k
Lemma 6.7. Let € be the same as in Lemma 6.6. Suppose (Al)—(A3) and €, u € (0,€), any solution
of (6.33)1, satisfies

IVVIlLo @ p0n0) < (Vi@ one + IES, Gl ono)s (6.36)
where c is a constant independent of €, u (= i). See (A2) and (A3) for w, u, T, p.

Proof. From (4.13), 0 € Q and there is ay, > 0 and a C'” function Y : R — R such that B, (0)NQ =

B, (0)N {(zl, 12)| 71 €R, 20 > T(zl)}. For convenience of presentation, assume vy, = 1. We claim the
following:

sup IVV(0, 22)| < c(IVllzo@,0ne) + 1EY4  Gllrs,0na)- (6.37)
(0,22)€B)2(0)NQ

Proof of the claim. Let c be a constant irldependent of €, u, w; letg, f, v be the same as | in Lemma 6;@
and k is a number satisfying ! < £< . If z = (0,22) € By 2(0)NQ, then either (i) 16™! <z, < 36"
for 0 < m < kor (i) 0 < 75 < 161,

For Case (i). In this case,
2=2(0,2), 27'0"' <z <27'9" forO<m<k (6.38)

Let & = dist(z, 0Q) be the distance from z to 0Q2. By (4.13)4 and (6.38),

& zfij 5’i~(see iectionl for =), (6.39)
€< g8 < eb" <cqf,
where c is independent of €, u, w, m, z. By Lemma 6.6,
m—1 . ~ _ X _ _
sup V() = )0 (o + BWE ()| < 8P, (6.40)
x:(xl’XZ)EBgm(O)nQ j=0 ,’ 01
where c is independent of €, u (= i), m. By (6.34);, Lemma 6.4, (6.39), and (6.40),
sup V| < cf( g 4 (0 + 6)) <c&J. (6.41)
B3 (ONQ
By (6.38) and (6.41), we see _
sup |V| < cé&, (6.42)

Bgza(2)

where c is independent of €, w, i, m, z. Define

ES () =E, (2+&)
_ VE+EY)
Vo) = <7 in By/>(0).

Gy = EGEFEY
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Then V, G satisty, by (6.42),

{—V : (EZf;VV) =G in B 5(0),

€&
IV1lz81 0000 + ||El/w7,,uG||Lp(Bl/2(O)) sc.

By (6.39), €/&" < c&. Remark 6.1 implies that [|[VV|| =, ,,0) < c. That s,
||VV||L°O(B§1,4(Z)) <cl.

This proves (6.37) for Case (i).

For Case (ii). In this case, 0 < 7, < 16**! and 6* ~ e. By Lemma 6.6,

1
2

< @D

k-1
sup V() - > 07 (xzwai;f’,i(:)) ds/,
x=(x1,x2)€Bg (0)NQ 0 Qi

Lemma 6.4 and (6.34); imply

sup |V| < cel. (6.43)
Bz (0)nQ

Define
Vv
V(y) = (613)
€
G(y) = EGify )

in B;(0) N Q/e.

By (6.43),

€,€
VI8, 0n00 + 1S uCll s, oo < €

Then V, G satisfy

-V-(E® VV)=G inB;(0)NQ/e,
{ (B VV)=G inBi(0)NQ/e (6.4

V=0 on B;(0) N oQ/e.

Lemma 4.1 and the classical regularity results [17] imply ||[VV||z=5, ,0)ne/e < c¢. This proves (6.37) for
Case (ii). Therefore, the claim (6.37) is proved.

Next, we repeat the same argument for (6.37) (i.e., (6.40)—(6.44)) by varying the origin along the
boundary B;(0) N 0 and by adjusting the constant c. Then we see that (6.36) is true. O

Remark 6.2. Let € be the same as in Lemma 6.7. If u € [&, 1], (A2) implies that Eq (6.33); is a
uniform elliptic equation. By [27], we know that
Under (Al)—(A3) and u € [€, 1], any solution of (6.33),, satisfies (6.36).
By Lemma 4.1 and the classical regularity results [17],
Under (Al)—(A3) and € € €y, 1], any solution of (6.33),, satisfies (6.36).
Together with Lemma 6.7, we conclude the following:
Under (Al)—(A3), any solution of (6.33), , satisfies (6.36).
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7. Proof of Lemma 3.2

Equation (3.1) can be written as

-V. € — _ [R2ERe :
\% (sz,#VV) G- sz#V in Q, 7.1
V=0 on 0Q2.
By Remarks 6.1 and 6.2, the solution of (7.1) satisfies
IVVilLs@) < c(IVIieo@ + 1B . Gllrg) + ||,82Ez)2—r’ﬂV”LP(Q))- (7.2)

See (A3) for 7,p. Since f > 1 (the assumption of Lemma 3.2), the solution of (7.1) satisfies, by
Lemma 3.1 and (A3),

Ei/wT,yG”

{lszZz_T,ﬂV||LP<Q> = “'BZEZZ/I’,HV”LP(Q) < | L@ (7.3)

BV V2 < el loacor

Q) —
Next we estimate ||V]|;~q) as follows:

e Foru < €' By Lemma4.12, Sobolev’s embedding theorem [17], and (7.3), the solution of (7.1)
satisfies

Vo) < c(Eg,, VVilza) + 1E): Gl + IIBZEZZ_T#VIILP@)
< c(Ef,, Gl + 1Ef,: Gll@)- (7.4)
e For > €', Note that egl In | are bounded independent of €, w, u for any » > 2 with 0 < g <T.
By Lemma 4.3 and (7.3), the solution of (7.1) satisfies
Vi@ < ¢S, Gl + IBES

wZ*T’

V@) < cllE ., Gl (7.5)

Lemma 3.2 follows from (7.2)—(7.5).
8. Proof of Lemma 4.1

Let I'(z — y) denote the fundamental solution of the Laplace equation in R? [17] and let B, C R?
denote a disc centered at O with a radius r. Define a single-layer and a double-layer potentials as, for
any smooth function £ on the boundary dB,,

P (@) = f Iz - y) £() dor,

0B for z € 0B,,
IO = [ VIE- R 0)do,

0B,

where 1, is the unit vector outward normal to dB,. By [13, pages 148-151] and [11, pages 226 and
227] and by following the proof of Lemma 3.2 [27], we know the following.
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Lemma 8.1. For any a € (0, 1), the linear operators
Fsp, : CU(OB)) — C'*(6B))
Dos, : C*(0By) — C*(dBy)
are bounded, I — d,%p, for d, € [-2,2] are invertible in C*(B,), and

I{Ncram,) < clld = diDag, X Ollcre@s,),

where I is the identity operator and c is a constant independent of d;.

If 1 is the unit vector outward normal to Y, ,,, define, for any y € Y, ,, and any function ¢ on Y,

{my) = lim o £ ), 10D = .0) = -0, o

0a¢ = V. -0, LOnZ1() = 0L (y) = 3,4 (y).

Proof of Lemma 4.1. Let J= N2 8,0 + 1Qllerw) + K02, Gllryy, ¥ = ”7_2 and let ¢ be a constant
independent of w, u. By [17, Theorem 4.15], any solution ¥ of (4.2) satisfies

—

||lP||C]”(Bg/20\B7/20) <cl. (82)

Next, we find £ € C'(B,/s5) by solving

-V-(V{+0) =K,,,2,G in By,
g =Y¥ on 832/5.

By [17, Theorems 4.15 and 4.16],
”g”CW(Bz/s) <clJ. (83)

Recall Y, = B,4(0). Define ® = ¥ — { in B,/s and &B(y) = (%), Z(y) = {(§y), @(y) = £0(4y) in
Bg/S#. Then

“AD =0 in Bs \ 0B,
D] =0 on 0B,
e o o (8.4)
Lsz’#V(DJ -n, =G ondB,
o=0 on 8BS§,

where 1, is the unit vector normal to dB; and G = —LK:‘)/Z’f H(VZ+ 0)] - R,. See (4.1) for K** and (8.1)

) W

for LEﬁJ, LKi/Z’f #Va;J. Note, by (8.2), (8.3), and definition of the single-layer potential, we have

Gller < cw?ul,
{” lle (0B)) M (8.5)

”3)638/5# (6n5|538/5”)| C-T| In yl,

<
C'7(@By) —

where 6n6|@38 5, 18 the normal derivative of ®on 0Bg/s,. By Green’s formula, (8.4), and [13, pages 148-

151],
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Therefore,

2(1 — w?) —~ —~ ~
(1 - Twz@a& )CD "1+ a2 (yaBl(—G) + yaBg/Su(anq)ng,sﬂ)),

where / is the identity matrix. Apply (8.5) and Lemma 8.1 to see

[®@lcrsany < = (Blleram + [ Fams, @alans M ciriony) < T+ w7l nmh. (8:6)
By the maximal principle, (8.4), and (8.6),
1Dl =,y + 1Pl oy < €T + ™| I pl). (8.7)
By the assumptions, (8.7), and the definition of Eﬁ, we see
IVD| oy < €T (8.8)

By (8.3) and (8.8), [['Wllz=(8,5) < IVllzesy5) + [IVEllzo(8y5) < ¢J. So Lemma 4.1 is proved. O
9. Homogenized macroscopic equations

This section recalls the homogenized macroscopic equations of the problem (1.1). The
homogenization of quasilinear elliptic equations is studied in [4]. When p = 2 and the Dirichlet
boundary condition are concerned, the quasilinear elliptic equations are reduced to the following linear
elliptic equations:

9.1

-V. (EZ)ZMVUE) =F in?,
Uc=U, on 0.

As € — 0, under (Al), w > 1, wzlbz’ml ~ 1, and €?|Iny| ~ 1, the homogenized macroscopic equations
of (9.1) are, by [4, Theorem A], and [8, Theorem 3],

-AU+6;(U-V)=F in D,

—048§3V+93(V—U):0 inD,

U=U, on 09, 9.2)
V(x',0) = Up(x',0),

V(x',L) = Uy(x", L),

where 65, 64 are two positive constants. If U, = 0, the homogenized macroscopic Eq (9.2) is

-AU+6;(U-V)=F in D,
—048§3V+93(V—U):O in D,
U=0 on 09D,
V(x',0)=V(&',L)=0.

9.3)

The solution V of

—6’46)2(3V+ 0;(V-U)=0 7D,
V(x',0)=V(x,L)=0
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can be written as .
VX', x3) = f G(x', x3,2)U(X',2) dz, 9.4)
0

where the kernel G(x', x3, z) can be computed (see [4]). By (9.4), the solution U of (9.3) satisfies

L
—AU + 65U - 93f G, x3,2)U(x',z)dz=F inD,
0 9.5)

U=0 on 09.

Equations (9.2), (9.3), and (9.5) are the homogenized macroscopic equations with a nonlocal term. For
more details, see [4, Theorem A], [7, Eq (1.2)], and [8, Theorem 3].
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