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Abstract: This paper considers uniform estimates for strongly elliptic equations in high-contrast
composites. The composites consist of an ε-periodic lattice of fibers with high conductivity, included
in a connected material with normal conductivity. The diffusion coefficients of the elliptic equations,
depending on the conductivities, are not bounded above. The equations have fast diffusion inside the
fibers and slow diffusion elsewhere. Let ω2 ∈ (1,∞) denote the conductivity ratio of the fibers to the
connected material and let ε µ2 ∈ (0, 1
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1. Introduction

Uniform estimates for strongly elliptic equations in high-contrast composites are considered here.
The composites consist of an ε-periodic lattice of fibers with high conductivity, included in a connected
material with normal conductivity. The diffusion coefficients of the elliptic equations, depending on the
conductivities, are not bounded above. Let Ω ⊂ R2 be a bounded smooth domain with boundary ∂Ω,
ε, µ ∈ (0, 1), Ω(ε) ≡ {x ∈ Ω| dist(x, ∂Ω) > ε}, Iε ≡ {j ∈ Z2| ε(Y + j) ⊂ Ω(ε)}, where Y ≡ [−1

2 ,
1
2 )2, Yµ,m

is a disc centered at 0 with a radius µ

4 ,Yµ, f ≡ Y\Yµ,m, Ωε
µ,m ≡

⋃
j∈Iε ε(Yµ,m +j) is a disconnected subset

of Ω, and Ωε
µ, f (≡ Ω\Ωε

µ,m) is a connected sub-region of Ω. Moreover,D ≡ Ω×(0,L) ⊂ R3 is the whole
composite, Dεµ,m ≡ Ωε

µ,m × (0,L) is the union of the ε-periodic lattice of fibers, and Dεµ, f ≡ Ωε
µ, f × (0,L)

is a connected region. Let Eε
θ,µ ≡ XDεµ, f + θXDεµ,m denote the diffusion coefficient for ε, µ ∈ (0, 1) and

θ > 0, where XS is a characteristic function on S . The strongly elliptic equations are−∇ · (Eε
ω2,µ
∇U) = F in D,

U = 0 on ∂D,
(1.1)
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where ε, µ ∈ (0, 1) and ω ∈ (1,∞). Note 1 ≤ Eε
ω2,µ
≤ ω2 < ∞. The unique existence of an H1

0(D)
solution for problem (1.1) is by the Lax-Milgram Theorem [17].

Problem (1.1) has applications in flows in fractured media, photonic crystal fibers, and the electrical
conductivity of fiber-reinforced composites (see [5, 18, 20] and references therein). Problem (1.1)
contains elliptic equations with fiber-like stiff inclusions, Eq (1.1) has fast diffusion inside the fibers
and slow diffusion elsewhere, and the homogenized macroscopic equations of (1.1) can have nonlocal
terms. For reference, some homogenized macroscopic equations of (1.1) are listed in the last section
of this work (or see [4, Theorem A], [7, Eq (1.2)], and [8, Theorem 3]). Similar nonlocal behaviors
are also found in the homogenized equations for other elliptic equations in high-contrast composites
[6,9,25]. However, Briane (see [7, Theorem 1]) shows that in the case of two-dimensional (2-D) space,
nonlocal macroscopic behavior does not appear in the homogenized solutions for the elliptic equations
in high-contrast composites.

We now recall the regularity results related to (1.1). The Lipschitz estimate uniformly in ε for
the Laplace equation in periodic perforated domains is shown in [21]. By the periodicity of the
domains, the L∞ norm is established uniformly in ε for discrete difference quotients of the Laplace
equation. Then we solve local elliptic problems with boundary conditions from the solutions of the
abovementioned discrete difference quotients. Lipschitz estimates are derived uniformly in ε for the
Laplace equation by a scaling argument to the solutions of the abovementioned local elliptic problems.
The Hölder, W1,p, and Lipschitz estimates uniformly in ε for uniform elliptic equations with Hölder
periodic coefficients are shown in [2, 22, 26] by a three-step compactness argument. These estimates
are proved by studying the homogenization problems of uniform elliptic equations first. Then we
solve local elliptic problems from some scaled given functions. The expected estimates are derived
by applying a scaling argument to the solutions of the local elliptic problems above. Similar ideas to
the three-step compactness argument are also employed in the Hölder, W1,p, and Lipschitz estimates
uniformly in ε, ω for degenerate elliptic equations with grain-like soft inclusions [28]. Recently, two
papers concerned uniform estimates for degenerate elliptic equations with grain-like soft inclusions
(see [15, 24]); uniform non-tangential maximal function estimates for the Dirichlet, regularity, and
Neumann problems with Lp boundary data are obtained.

A few results on the regularity for strongly elliptic equations with fiber-like stiff inclusions are
reported. Equation (1.1)1 (that is, the first equation in (1.1) or −∇ · (Eε

ω2,µ
∇U) = F in D) with

nonhomogeneous Dirichlet boundary conditions in the case of ω ≥ 1, ω2|Dεµ,m| ≈ 1, and ε2| ln µ| ≈ 1
are studied in [8] (here, a ≈ b means m0 a ≤ b ≤ m1 a for some positive constants m0,m1 independent
of ε, ω, µ). A W1,p (for p > 2) estimate can not be expected uniformly in ε, ω, µ for Eq (1.1)1 with
nonhomogeneous Dirichlet boundary condition in the whole domainD in general (see [8, Corollary 2]).
Moreover, nonlocal behaviors appear in the homogenized macroscopic solutions of (1.1) (see [8,
Theorem 3]). Local W1,6 estimates and local C1,α convergence are obtained uniformly in ε, ω, µ in
the interior of the sub-region Dεµ, f of D for the solutions of (1.1)1 with nonhomogeneous Dirichlet
boundary conditions. Shen [23] considers elliptic systems for elasticity with periodic grain-like stiff
inclusions in Rn for n ≥ 3. By the periodicity of the diffusion coefficients, local Lipschitz estimates
are proved uniformly in ε, ω for the solutions of the elliptic system. For strongly elliptic equations
in two-dimensional space, Lipschitz estimates for the solutions of the elliptic equations in the whole
domain can be found in [29].

Under ω > 1 and ω2|Dεµ,m| ≈ 1, this work derives a W1,p (for p > 2) estimate uniformly in

AIMS Mathematics Volume 10, Issue 7, 17012–17048.



17014

ε, ω, µ for (1.1) in the whole domain. Here, the parameters ε, ω, µ satisfy (i) ωµ ≈ 1 (equivalent to
ω2|Dεµ,m| ≈ 1) and (ii) ε, µ are free. By [4, Theorem A], [7, Eq (1.2)], and [8, Theorem 3], we know
that under ω > 1, ω2|Dεµ,m| ≈ 1, and ε2| ln µ| ≈ 1, the nonlocal term appears in the homogenized
macroscopic equations of (1.1). In other words, our results can be applied to strongly elliptic equations
that their homogenized macroscopic equations may have nonlocal behaviors. Next, we describe the
idea of derivation for the W1,p estimate. As mentioned above, (i) the solutions of the homogenized
macroscopic equations of (1.1) in three-dimensional (3-D) space have nonlocal behaviors (which
explains the difficulty of obtaining the regularity of solutions of (1.1) in 3-D space case) and (ii) the
solutions of the homogenized macroscopic equations for the 2-D elliptic equations in high-contrast
composites do not have nonlocal behaviors [7]. Therefore, to avoid the difficulty from the nonlocal
behaviors, we transform the 3-D problem (1.1) into 2-D problems but with strange external sources.
More precisely, we apply separation of variables to replace the 3-D problem (1.1) by 2-D Helmholtz-
type strongly elliptic equations in ε-periodic composites Ω. Then we study the uniform convergence,
the homogenization problems, and the Lipschitz estimates for the strongly elliptic 2-D equations.
This is achieved by employing the layer potentials [11], the reverse Hölder inequality [16], and a
three-step compactness argument [2, 3]. In order to employ the three-step compactness argument,
we need uniform convergence of the solutions of the 2-D elliptic equations with “uni f orm L1” (or
“uni f orm L1 \ Ls f or s > 1”) external sources (see Remark 4.1 for the definition of “uni f orm L1” (or
“uni f orm L1 \ Ls f or s > 1”)). Indeed, this is an essential step used to obtain the uniform estimate
for the problem (1.1). The uniform convergence of the 2-D elliptic equations with “uni f orm L1” (or
“uni f orm L1\Ls f or s > 1”) external sources for the case of periodic size ≤ µ and for µ ≤ periodic size
is considered separately. To study the boundary Lipschitz estimate for the 2-D strongly elliptic
equations, we need the corrector functions of the 2-D elliptic operators (see [29, Lemma 6.9]). Finally,
the W1,p (for p > 2) estimate uniformly in ε, µ (= 1

ω
) for the problem (1.1) in D ⊂ R3 is proved by

combining the estimates obtained from the abovementioned 2-D strongly elliptic equations. Note that
the Lipschitz estimate for the solutions of 2-D strongly elliptic equations with Ls for s > 1 external
sources can be found in [29].

The rest of this work is organized as follows: The notation and main results are stated in Section 2.
The main results are proved in Section 3 by the separation of variables and the Lipschitz estimate
for 2-D Helmholtz-type strongly elliptic equations (i.e., Lemma 3.2). Next, we study two convergence
results for the 2-D elliptic equations with “uni f orm L1” (or “uni f orm L1 \ Ls f or s > 1”) external
sources. The first one is the uniform convergence of the 2-D elliptic equations shown in Section 4;
the second one is the L2-gradient convergence of the 2-D elliptic equations shown in Section 5.
Furthermore, a Lipschitz estimate for 2-D diffraction problems (i.e., Lemma 4.1), L∞-estimates for 2-D
elliptic equations, and a local W1,2+δ estimate for the 2-D elliptic equations are derived in Section 4.
Lipschitz estimates for the 2-D elliptic equations are given in Section 6 and shown by a three-step
compactness argument [2, 3] and the results from Sections 4 and 5. Lemma 3.2 is proved in Section 7;
Lemma 4.1 is in Section 8; some of the homogenized macroscopic equations of (1.1) are listed in
Section 9 for reference.

2. Notation and main results

Ck,α, Lp,Wk,p,Hk denote the Hölder space, Lebesgue space, Sobolev space, and Hilbert space
(see [17]). H1

0(S ) (resp. C1
0(S )) is the closure of C∞0 (S ) under the H1 norm (resp. C1 norm). [ϕ]Cα
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is the α-th Hölder seminorm of ϕ; ‖ϕ‖Cα = ‖ϕ‖L∞ + [ϕ]Cα; supp(ϕ) is the support of function ϕ.
Br(z) ≡ {x ∈ R2| ‖x − z‖ < r} is a disk centered at z with a radius r. For a set S , S is the closure of S ,
∂S is the boundary of S , |S | is the volume of S , and S/r ≡ 1

r S ≡ {x|rx ∈ S } for r > 0. S 1 b S 2 means
that S 1 is a compact subset of the interior of S 2. If ϕ ∈ L1(S ),

(ϕ)S ≡ −

∫
S
ϕ(x)dx ≡

1
|S |

∫
S
ϕ(x)dx. (2.1)

If x ∈ R3, x = (x1, x2, x3) = (x′, x3). Since Eε
ω,µ is independent of x3 (see Section 1), Eε

ω,µ can be
regarded as a function defined in R2. Define Eε,r

θ,µ(x) ≡ Eε
θ,µ(rx) on Ω/r for any ε, r, θ, µ > 0. Also define

S,rR(x) ≡ BR(x) ∩Ω/r, Sε,rµ, f ,R(x) ≡ BR(x) ∩Ωε
µ, f /r, and Sε,rµ,m,R(x) ≡ BR(x) ∩Ωε

µ,m/r.
Now we make the following statements:

(A1). Ω is a bounded C1,γ domain in R2;
(A2). ω ∈ (1,∞), ωµ = 1;
(A3). ε ∈ (0, 1), p ∈ (2,∞), 1

p + 1
p′ = 1, 2

p′ = τ ∈ (1, 2), γ =
p−2

p .

(A2) and (A3) imply (i) ω2|Dεµ,m| ≈ 1 and (ii) ε, µ (= 1
ω

) are free. We know that under ω > 1, ω2|Dεµ,m| ≈

1, and ε2| ln µ| ≈ 1, the nonlocal term appears in the homogenized macroscopic equations of (1.1)
(see [4, Theorem A], [7, Eq (1.2)], and [8, Theorem 3]). Our results can be applied to the equations
considered in [4, 7, 8]; the results are below.

Theorem 2.1. Under (A1)–(A3), L > 0, q ∈ (2,∞), and F ∈ Lp(D), there is a constant c independent
of ε, ω, µ such that the solution of (1.1) satisfies

‖Eε
ω2/q,µ

∂x′U‖Lq(D) + ‖Eε
ω2/p,µ

∂x3U‖Lp(D) ≤ c
( ∞∑

k=1

‖Eε
1/ω,µFk‖

s
L2(Ω)

)1/s

+ c
( ∞∑

k=1

‖Eε
1/ωτ,µFk‖

t
Lp(Ω)

)1/t

,

where s, t ∈ (1,∞) and ϑ ∈ (0, 1
q
2−1 ) satisfy 1

s + 1
s′ = 1, (1 + ϑ − q

2ϑ)s′ > 1, 2s′
q > 1, 1

t + 1
t′ = 1, and

ϑ t′ > 1. Here, ∂x3 (resp. ∂x′) is the partial derivative with respect to the x3 (resp. x′) variable. If π
is the ratio of the circumference of a circle to its diameter, Fk : Ω → R for k ∈ N are the Fourier sine
coefficients of F in (1.1) satisfying F(x′, x3) ≡

∑∞
k=1 Fk(x′) sin

( kπ
L x3

)
.

Theorem 2.1 shows the W1,q estimate uniformly in ε, µ (= 1
ω

) for problem (1.1) in the domain
D. High integrability for the derivatives of the solutions of (1.1) is derived. The solutions are less
oscillatory in the fibers Dεµ,m than in the connected region Dεµ, f . Moreover, to obtain high integrability
for the derivatives of the solutions, more constraints are required in the horizontal directions than in
the vertical direction. Theorem 2.1 implies the following result.

Corollary 2.1. If (A1)–(A3), L > 0, q ∈ (2,∞), F(x′, 0) = F(x′,L) = 0, F ∈ Lp(D), and ∂x3 F ∈ Lp(D),
there is a constant c independent of ε, ω, µ such that the solution of (1.1) satisfies

‖Eε
ω2/q,µ

∂x′U‖Lq(D) + ‖Eε
ω2/p,µ

∂x3U‖Lp(D) ≤ c
( ∫

Ω

∣∣∣∣∣ ∫ L

0
|Eε

1/ω,µ(x′)∂x3 F(x′, x3)| dx3

∣∣∣∣∣2dx′
)1/2

+c
( ∫

Ω

∣∣∣∣∣ ∫ L

0
|Eε

1/ωτ,µ(x′)∂x3 F(x′, x3)| dx3

∣∣∣∣∣pdx′
)1/p

.
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Remark 2.1. The constant c is independent of ε, ω, µ but depends on p, q.

Proof. The Fourier sine coefficients Fk of F in (1.1) can be written, by integration by parts and
F(x′, 0) = F(x′,L) = 0, as

Fk(x′) ≡
2
L

∫ L

0
F(x′, x3) sin

(kπ
L

x3
)

dx3 =
−2
kπ

∫ L

0
∂x3 F(x′, x3) cos

(kπ
L

x3
)

dx3.

Therefore, for s ∈ (1,∞),
∞∑

k=1

‖Eε
1/ω,µFk‖

s
L2(Ω) =

∞∑
k=1

( ∫
Ω

|Eε
1/ω,µFk|

2dx′
)s/2

≤ c
∞∑

k=1

1
ks

( ∫
Ω

∣∣∣∣∣ ∫ L

0

∣∣∣Eε
1/ω,µ(x′)∂x3 F(x′, x3)

∣∣∣ dx3

∣∣∣∣∣2dx′
)s/2

≤ c
( ∫

Ω

∣∣∣∣∣ ∫ L

0

∣∣∣Eε
1/ω,µ(x′)∂x3 F(x′, x3)

∣∣∣ dx3

∣∣∣∣∣2dx′
)s/2

. (2.2)

Similarly, for t ∈ (1,∞),

∞∑
k=1

‖Eε
1/ωτ,µFk‖

t
Lp(Ω) ≤ c

( ∫
Ω

∣∣∣∣∣ ∫ L

0

∣∣∣Eε
1/ωτ,µ(x′)∂x3 F(x′, x3)

∣∣∣ dx3

∣∣∣∣∣pdx′
)t/p

. (2.3)

Corollary 2.1 follows from Theorem 2.1, (2.2), and (2.3). �

3. Proof of the main result

This section aims to prove Theorem 2.1.

Lemma 3.1. Suppose (A1), ω ∈ (1,∞), ε, µ ∈ (0, 1), β > 0, and G ∈ Lλ(Ω) for λ ∈ [2,∞). A solution
of −∇ · (Eε

ω2,µ
∇V) + β2Eε

ω2,µ
V = G in Ω,

V = 0 on ∂Ω
(3.1)

exists uniquely in H1(Ω) and satisfies
∥∥∥β2Eε

ω2/λ,µ
V
∥∥∥

Lλ(Ω)
≤ c

∥∥∥Eε
ω−2/λ′ ,µ

G
∥∥∥

Lλ(Ω)
,∥∥∥βEε

ω,µ∇V
∥∥∥

L2(Ω)
≤ c

∥∥∥Eε
1/ω,µG

∥∥∥
L2(Ω)

,
(3.2)

where 1
λ

+ 1
λ′

= 1 and c is a constant independent of ε, ω, µ, β.

Proof. The unique existence of (3.1) is by the Lax-Milgram Theorem [17], and (3.2) is obtained by
testing (3.1) against |β2V |λ−2β2V and applying the Hölder inequality. �

Lemma 3.2. Under (A1)–(A3), β > 1, and G ∈ Lp(Ω), any solution of (3.1) satisfies

‖∇V‖L∞(Ω) ≤ c
(
‖Eε

1/ω,µG‖L2(Ω) + ‖Eε
1/ωτ,µG‖Lp(Ω)

)
,

where c is a constant independent of ε, µ (= 1
ω

), β. See (A3) for τ, p.
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Proof of Lemma 3.2 is given in Section 7. Lemmas 3.1 and 3.2 imply the following.

Lemma 3.3. Under (A1)–(A3), β > 1, G ∈ Lp(Ω), and q ∈ (2,∞), any solution of (3.1) satisfies∥∥∥β 2
q Eε

ω2/q,µ
∇V

∥∥∥
Lq(Ω)
≤ c

(
‖Eε

1/ω,µG‖L2(Ω) + ‖Eε
1/ω,µG‖

2
q

L2(Ω)‖E
ε
1/ωτ,µG‖

1− 2
q

Lp(Ω)

)
,

where c is a constant independent of ε, µ (= 1
ω

), β, q. See (A3) for τ, p.

Proof. By (3.2)2 and Lemma 3.2,

‖β2/q Eε
ω2/q,µ
∇V‖qLq(Ω) ≤ c ‖βEε

ω,µ∇V‖2L2(Ω) ‖∇V‖q−2
L∞(Ω) ≤ c

(
‖Eε

1/ω,µG‖
q
L2(Ω) + ‖Eε

1/ω,µG‖
2
L2(Ω)‖E

ε
1/ωτ,µG‖

q−2
Lp(Ω)

)
.

�

The Fourier sine representations of U, F in (1.1) are
U(x′, x3) =

∞∑
k=1

Uk(x′) sin
(kπ

L
x3

)
,

F(x′, x3) =

∞∑
k=1

Fk(x′) sin
(kπ

L
x3

)
.

Comparing the Fourier coefficients, we obtain, for any k ∈ N,−∇ · (Eε
ω2,µ
∇Uk) + k2π2

L2 Eε
ω2,µ
Uk = Fk in Ω,

Uk = 0 on ∂Ω.
(3.3)

Proof of Theorem 2.1. By Lemmas 3.1 and 3.3, the solution of (3.3) satisfiesk2‖Eε
ω2/p,µ
Uk‖Lp(Ω) ≤ c‖Eε

ω−2/p′ ,µ
Fk‖Lp(Ω) = c‖Eε

1/ωτ,µFk‖Lp(Ω),

k2/q‖Eε
ω2/q,µ
∇Uk‖Lq(Ω) ≤ c

(
‖Eε

1/ω,µFk‖L2(Ω) + ‖Eε
1/ω,µFk‖

2/q
L2(Ω)‖E

ε
1/ωτ,µFk‖

1−2/q
Lp(Ω)

)
,

(3.4)

where k ∈ N, q ∈ (2,∞), and c is independent of ε, µ(= 1
ω

), k, q. See (A3) for τ, p, p′. By (3.4) and
Young’s inequality,

‖Eε
ω2/q,µ

∂x′U‖Lq(D) + ‖Eε
ω2/p,µ

∂x3U‖Lp(D) ≤ c
∞∑

k=1

(
‖Eε

ω2/q,µ
∇Uk‖Lq(Ω) + k‖Eε

ω2/p,µ
Uk‖Lp(Ω)

)
≤ c

∞∑
k=1

(
k
−2
q ‖Eε

1/ω,µFk‖
2/q
L2(Ω)‖E

ε
1/ωτ,µFk‖

1−2/q
Lp(Ω) + k

−2
q ‖Eε

1/ω,µFk‖L2(Ω) + k−1‖Eε
1/ωτ,µFk‖Lp(Ω)

)
≤ c

∞∑
k=1

((
k

q
2ϑ−1−ϑ + k

−2
q
)
‖Eε

1/ω,µFk‖L2(Ω) +
(
k−ϑ + k−1)‖Eε

1/ωτ,µFk‖Lp(Ω)

)
,

for any ϑ > 0. Suppose ϑ ∈ (0, 1
q
2−1 ), there exist s, t ∈ (1,∞) such that 1

s + 1
s′ = 1, (1 + ϑ − q

2ϑ)s′ > 1,
2s′
q > 1, 1

t + 1
t′ = 1, and ϑ t′ > 1. By the Cauchy inequality,

∞∑
k=1

(
k

q
2ϑ−1−ϑ + k

−2
q
)
‖Eε

1/ω,µFk‖L2(Ω) ≤ c
( ∞∑

k=1

‖Eε
1/ω,µFk‖

s
L2(Ω)

)1/s

,
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∞∑
k=1

(
k−ϑ + k−1)‖Eε

1/ωτ,µFk‖Lp(Ω) ≤ c
( ∞∑

k=1

‖Eε
1/ωτ,µFk‖

t
Lp(Ω)

)1/t

.

Theorem 2.1 follows from the above estimates. �

We are ready to show Lemma 3.2. From now on, the functions are defined in 2-D space. In Sections
4 and 5 below, we study the convergence of strongly elliptic 2-D equations with “uni f orm L1” (or
“uni f orm L1 \ Ls f or s > 1”) external sources. See Remark 4.1 for the definition of “uni f orm L1” (or
“uni f orm L1 \ Ls f or s > 1”). Consider the following problem:−∇ ·

(
Eε,r
ω2,µ
∇Ψ

)
= G in B1(0) ∩Ω/r,

Ψ = Ψb on B1(0) ∩ ∂Ω/r,
(3.5)

where ε, µ, r ∈ (0, 1),ω ∈ (1,∞), Ψb is smooth, and G ∈ “uni f orm L1” (or “uni f orm L1\Ls f or s > 1”).
Here, Eε,r

ω2,µ
is a highly oscillatory function and G is a non-smooth function. We plan to show uniform

convergence for Eq (3.5) in Section 4 and L2-gradient convergence for Eq (3.5) in Section 5.

4. Uniform convergence

This section studies uniform convergence for the elliptic Eq (3.5). Convergence analysis for the
case of periodic size ≤ µ (resp. µ ≤ periodic size) is in Subsection 4.1 (resp. Subsection 4.2).

4.1. Convergence for periodic size ≤ µ

We first show a uniform Lipschitz estimate for diffraction problems. Then we show a maximal
principle and uniform convergence for Eq (3.5). Lemmas 4.3 and 4.4, and Remark 4.2 are true under
periodic size ≤ µ; the external sources G in Lemma 4.4 and Remark 4.2 belong to “uni f orm L1” (or
“uni f orm L1 \ Ls f or s > 1”).

For any θ, ν ∈ (0,∞) and µ ∈ (0, 1), define a periodic function Kθ,µ (resp. Kν
θ,µ) with a period Y

(resp. νY) in R2 as Kθ,µ(z) ≡ θXYµ,m(z) + XYµ, f (z) if z ∈ Y,

Kν
θ,µ(x) ≡ Kθ,µ( x

ν
) if x ∈ R2.

(4.1)

Lemma 4.1. Suppose that ω ∈ (1,∞), µ ∈ (0, 1), | ln µ|
ω2µ
≤ 1, p > 2, G ∈ Lp(Y), and Q ∈ Cγ(Y) for

γ ≡ p−2
p . Any solution of

− ∇ · (Kω2,µ(∇Ψ + Q)) = G in Y (4.2)

satisfies ‖∇Ψ‖L∞(B2/5(0)) ≤ c
(
‖Ψ‖L2(Y\B1/4(0)) + ‖Q‖Cγ(Y) + ‖K1/ω2,µG‖Lp(Y)

)
, where c is a constant

independent of ω, µ.

Lemma 4.1 is proved in Section 8. We follow the proof of Lemma 12 in [8] to see the following.

Lemma 4.2. Suppose that (A2), ε, εr ∈ (0, 1), r > 0, and κ ≥ 2 and suppose that D is a Lipschitz
subdomain of Ω/r. In this case, there is a constant c (independent of ε, ω, µ, r, |D|) such that, for any
ζ ∈ H1

0(D),

‖Eε,r
ω2/κ,µ

ζ‖Lκ(D) ≤ c max
{
1, |
ε

r
|

2
κ | ln µ|

1
2

}
‖Eε,r

ω,µ∇ζ‖L2(D).

AIMS Mathematics Volume 10, Issue 7, 17012–17048.



17019

Consider the equation
− ∇ ·

(
Eε,r
ω2,µ
∇Ψ

)
= G in D (⊂ Ω/r). (4.3)

Modifying the argument of Lemma 11 [8], we have the following result.

Lemma 4.3. If (A2), (A3), ε
r ∈ (0, 1), r > 0, G ∈ Lp(D), and D is a bounded Lipschitz subdomain

of Ω/r and if κ > 2, 0 < 6
κ
< τ, and | εr |

4
κ | ln µ| are bounded independent of ε, ω, µ, r, then any weak

solution Ψ ∈ H1(D) of (4.3) satisfies
sup

D
Ψ ≤ sup

∂D
Ψ+ + c(p, κ)|D|1−

1
p−

2
κ

∥∥∥Eε,r
1/ωτ,µG

∥∥∥
Lp(D)

,

sup
D

(−Ψ) ≤ sup
∂D

(Ψ−) + c(p, κ)|D|1−
1
p−

2
κ

∥∥∥Eε,r
1/ωτ,µG

∥∥∥
Lp(D)

,
(4.4)

where Ψ+ ≡ max{0,Ψ},Ψ− ≡ max{0,−Ψ}, and c is a constant independent of ε, ω, µ, r, |D|. Note
1
κ
< 1 − 1

p −
2
κ
< 1 and see (A3) for p, p′, τ.

Proof. Consider (4.4)1 first. By Lemma 4.1, any solution of (4.3) is a Lipschitz function. Set X ≡
‖Eε,r

1/ωτ,µG‖Lp(D), C ≡ sup
∂D

Ψ+, and A(k) ≡ {x ∈ D| Ψ(x) ≥ k} for any k > C. Note that A(k) is a Lipschitz

subdomain of D. Since κ > 2 and 6
κ
< τ = 2

p′ , there is a θ ∈ (1, κ2 ) satisfying 1
p + 1

κ
+ 1

θ
= 1. Test (4.3)

against ζ = (Ψ − k)+ ∈ H1
0(D) and apply Lemma 4.2 to obtain

m2

∥∥∥Eε,r
ωσ,µ(Ψ − k)+

∥∥∥2

Lκ(A(k))
≤

∫
A(k)

Eε,r
ω2,µ
∇Ψ∇ζ dz =

∫
A(k)

G (Ψ − k)+dz

≤ X
∥∥∥Eε,r

ωσ,µ(Ψ − k)+
∥∥∥

Lκ(A(k))

∥∥∥Eε,r
ωτ−σ,µ

∥∥∥
Lθ(A(k))

≤ X
∥∥∥Eε,r

ωσ,µ(Ψ − k)+
∥∥∥

Lκ(A(k))
|2A(k)|

λ
κ , (4.5)

where σ ≡ 2
κ
, λ ≡ κ

θ
> 1, and m2 is a constant independent of ε, ω, µ, r, |A(k)|. Note that 1

p + 1
κ

+ 1
θ

= 1
implies (τ − σ)θ = 2. For any C < h < k,

|A(k)| ≤
∫
A(k)

|(Ψ − h)+|κ

(k − h)κ
dz =

‖(Ψ − h)+‖κLκ(A(k))

(k − h)κ
.

For any C < h < k, by (4.5),

‖(Ψ − k)+‖Lκ(A(k)) ≤
X

m2
2
λ
κ

‖(Ψ − h)+‖λLκ(A(k))

(k − h)λ
. (4.6)

Let us define

δ ≡

∣∣∣∣∣ Xm2

∣∣∣∣∣1/λ 2
λ
λ−1 2

1
κ

∥∥∥(Ψ − C)+
∥∥∥ λ−1

λ

Lκ(A( C))
. (4.7)

If (Ψ − C)+ = 0 or G = 0, then (4.5) implies (4.4)1 true. By (4.7), (Ψ − C)+ = 0 if and only if δ = 0.
We consider δ > 0 below. Define

t j ≡ 2δ (1 − 1
2 j+1 ) + C,

ℵ ≡ X

m2

∣∣∣2
δ

∣∣∣λ,
` j ≡ ℵ

1
λ−1 ‖(Ψ − t j)+‖Lκ(A(t j)),

for j ≥ 0. (4.8)
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By (4.7) and (4.8)2,
ℵ = 2

−λ
κ 2

−λ
λ−1

∥∥∥(Ψ − C)+
∥∥∥1−λ

Lκ(A( C))
. (4.9)

By (4.8)3 with j = 0 and (4.9), `0 ≤ 2
−λ
κ(λ−1) 2

−λ

(λ−1)2 . By (4.8)2,3, set k = t j+1 and h = t j in (4.6) to see

` j+1 ≤ 2
λ
κ2 jλℵ

λ
λ−1 ‖(Ψ − t j)+‖λLκ(A(t j+1)) ≤ 2

λ
κ2 jλ `λj .

Lemma 4.7 in [19] implies ` j+1 ≤ 2
−λ
κ(λ−1) 2

−λ

(λ−1)2 2
− jλ
λ−1 . Since λ ≡ κ

θ
> 1, we obtain lim

j→∞
` j = 0. Since

lim
j→∞

t j = 2δ + C, by (4.8)3,

‖(Ψ − C)+‖L∞(D) ≤ 2δ. (4.10)

Equations (4.7) and (4.10) imply δ ≤ |m2|
−1
λ 2

λ
λ−1 2

1
κ2

λ−1
λ

∣∣∣X∣∣∣ 1
λ δ

λ−1
λ |A( C)|

λ−1
κλ . So

δ ≤ c(p, κ,m2)|A( C)|
λ−1
κ X. (4.11)

Since λ ≡ κ
θ
, 6
κ
< 2

p′ , and 1
p + 1

κ
+ 1

θ
= 1, we have λ−1

κ
= 1 − 1

p −
2
κ
> 1
κ
> 0. By (4.10) and (4.11),

‖(Ψ − C)+‖L∞(D) ≤ c(p, κ,m2)|D|1−
1
p−

2
κX. (4.12)

Equation (4.4)1 follows from (4.12). To obtain (4.4)2, we simply replace Ψ by −Ψ and repeat the
argument for Case (4.4)1. �

By translation, we can move any point z ∈ ∂Ω to 0. By (A1), there is a γ∗ > 0 (independent of z)
and a C1,γ function Υ : R→ R such that

Υ(0) = 0,
‖∇Υ‖L∞(R) ≤ m3,

Bγ∗(0) ∩Ω = Bγ∗(0) ∩ {(x1, x2)| x1 ∈ R, x2 > Υ(x1)},
m4 x2 ≤ dist(x, ∂Ω) ≤ m5 x2 for any x = (0, x2) ∈ Bγ∗(0) ∩Ω.

(4.13)

Here, dist(x, ∂Ω) is the distance from x to ∂Ω; γ∗,m3,m4,m5 are positive numbers independent of
z (∈ ∂Ω), x (∈ Bγ∗(0) ∩Ω). Recall Section 2 for S,rR(x) ≡ BR(x) ∩Ω/r.

Lemma 4.4. Consider the following problem:−∇ ·
(
Eε,r
ω2,µ
∇Ψ

)
= G in B1(0) ∩Ω/r,

Ψ = Ψb on B1(0) ∩ ∂Ω/r.
(4.14)

Suppose that a sequence {εk, ωk, µk, rk,Ψk,Gk,Ψb,k,S,rk
1 (0)} and a set S satisfy (A1)–(A3), εk

rk
, rk, α ∈

(0, 1), d ∈ (1, 2), (4.13), and (4.14) and suppose the following:

(i) κ > 2, 0 < 6
κ
< τ, and | εk

rk
|

4
κ | ln µk| are bounded independent of k;

(ii) ‖Ψk‖W1,d(S,rk
1 (0)), ‖E

εk ,rk
1/ωτk ,µk

Gk‖Lp(S,rk
1 (0)), and ‖Ψb,k‖C1,α(S,rk

1 (0)) are bounded independent of k;
(iii) |S,rk

1 (0) \ S| + |S \ S,rk
1 (0)| → 0 as k → ∞;

(iv) Ψk ∈ W1,d(S,rk
1 (0)) ∩C(S,rk

1 (0)) converges to Ψ ∈ W1,d(S) ∩C(S) weakly in W1,d(S) as k → ∞,
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then ‖Ψk − Ψ‖L∞(S,rk
1 (0)∩S) → 0 as k → ∞. See (A3) for p, τ.

Remark 4.1. Although each source function Gk in Lemma 4.4 is in Lp space, the whole sequence
{Gk}

∞
k=1 is bounded (uniformly in k, εk, ωk, µk, rk) only in L1 space. This is the reason we say that

Gk ∈ “uni f orm L1” (or “uni f orm L1 \ Ls f or s > 1”). We now show that the sequence {Gk}
∞
k=1 in

Lemma 4.4 is bounded (uniformly in k, εk, ωk, µk, rk) in L1 space. By the Hölder inequality, (ii) of
Lemma 4.4, and (A3),

‖Gk‖L1(S,rk
1 (0)) ≤ ‖E

εk ,rk
1/ωτk ,µk

Gk‖Lp(S,rk
1 (0))‖E

εk ,rk
ωτk ,µk
‖Lp′ (S,rk

1 (0)) ≤ c,

where 1
p + 1

p′ = 1 and c is a constant independent of k, εk, ωk, µk, rk.

Proof. Step I. By Lemma 6.37 [17], for any r, α ∈ (0, 1), there exists an extension operator Πr :
C1,α(S,r1 (0))→ C1,α(B1(0)) such that, for any ζ ∈ C1,α(S,r1 (0)),Πr ζ = ζ in S,r1 (0),

‖Πr ζ‖C1,α(B1(0)) ≤ c‖ζ‖C1,α(S,r1 (0)),

where c is a constant independent of r. Define φk ≡ ΨkXS,rk
1 (0) + ΠrkΨb,kXB1(0)\S,rk

1 (0). By (ii) of the

assumptions, ‖φk‖W1,d(B1(0)) + ‖ΠrkΨb,k‖C1,α(B1(0)) are bounded independent of k. There are Ψ̂,Ψb ∈

C(B1(0)) and a subsequence of {φk,ΠrkΨb,k} (with the same notation for the subsequence) such that,
by (iii) and (iv) of the assumptions, and Theorem 7 in [14], we have

φk converges quasi-uniformly to Ψ̂ ∈ C(B1(0)) and Ψ̂|S = Ψ,

lim
k→0
‖ΠrkΨb,k − Ψb‖C1(B1(0)) + lim

k→0
‖φk − Ψb‖C1(B1(0)\S,rk

1 (0)) = 0,

|Ψb(x) − Ψ̂(x)| = 0 if x ∈ B1(0) \
⋃∞

k=1 S,rk
1 (0).

(4.15)

Step II. Claim a subsequence of φk converges to Ψ̂ in C(B 1
2
(0)). If this is true, the whole sequence φk

converges to Ψ̂ in C(B 1
2
(0)) by a contradiction argument.

Proof of the claim. If m (∈ N) > 6, by Ψ̂,Ψb ∈ C(B1(0)), there is a δm ∈ (0, 1
m ) satisfying|Ψ̂(x) − Ψ̂(y)| < 1

2m ,

|Ψb(x) − Ψ̂(x) − Ψb(y) + Ψ̂(y)| < 1
4m ,

if x, y ∈ B2/3(0), |x − y| ≤ δm. (4.16)

Let Cs(L) for s ∈ (1,d) be the s-capacity of a unit segment L in R2 (see [10, page 458]). For any
s ∈ (1,d), by [14, Theorem 7] and (4.15)1, there is an open subset Os,m ⊂ B2/3(0) and a number
Ns,m ∈ N so that Cs(Os,m) < Cs(L)|δm|

2−s,

|φk(x) − Ψ̂(x)| < |2m|−1 if x ∈ B2/3(0) \ Os,m, k ≥ Ns,m,
(4.17)

where Cs(Os,m) is the s-capacity of Os,m. Moreover, by (4.15)3, (4.16)2, and (A1),

|Ψb(x) − Ψ̂(x)| < |4m|−1 if x ∈ B2/3(0) \ S,rk
1 (0), k ≥ Ns,m. (4.18)
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Then (4.15)2 and (4.18) imply

|φk(x) − Ψ̂(x)| < |2m|−1 if x ∈ B2/3(0) \ S,rk
1 (0), k ≥ Ns,m. (4.19)

Find a connected component O of Os,m so that O ∩ B1/2(0) , ∅ (see Section 2 for the definition of the
closure of a set). Since O is connected, for any y, z ∈ O, there is a curve L (⊂ O ⊂ Os,m) connecting y
and z. By [10, Lemma 2.8] and (4.17)1,

Cs(L)|y − z|2−s ≤ Cs(L) ≤ Cs(Os,m) ≤ Cs(L)|δm|
2−s. (4.20)

In this case, (4.20) implies diam(O) ≤ δm (here, diam(O) is the diameter of O). Therefore,

|O| ≤ π|δm|
2, O ⊂ B1/2+δm(0), ∂O ⊂ B2/3(0) \ Os,m. (4.21)

If a sequence {εk, ωk, µk, rk, φk,Gk,Ψb,k,S,rk
1 (0)} satisfies (4.14), then Lemma 4.3 and (4.21) imply, for

x ∈ O ∩Ω/rk,

min
∂(O∩Ω/rk)

φk − c|δm|
2− 2

p−
4
κ ‖Eεk ,rk

1/ωτk ,µk
Gk‖Lp(S,rk

1 (0)) ≤ φk(x)

≤ max
∂(O∩Ω/rk)

φk + c|δm|
2− 2

p−
4
κ ‖Eεk ,rk

1/ωτk ,µk
Gk‖Lp(S,rk

1 (0)), (4.22)

where c is independent of εk, ωk, µk, rk,m, k, δm. By (4.16), (4.17)2, (4.19), and (4.21),
min

∂(O∩Ω/rk)
φk ≥ min

∂(O∩Ω/rk)
Ψ̂ − 1

2m ≥ Ψ̂(x) − 1
m ,

max
∂(O∩Ω/rk)

φk ≤ max
∂(O∩Ω/rk)

Ψ̂ + 1
2m ≤ Ψ̂(x) + 1

m ,
for k ≥ Ns,m, x ∈ O. (4.23)

By (4.22) and (4.23), for any m ∈ N and k ≥ Ns,m,

‖φk − Ψ̂‖L∞(O∩Ω/rk) ≤
1
m

+ c|δm|
2− 2

p−
4
κ ‖Eεk ,rk

1/ωτk ,µk
Gk‖Lp(S,rk

1 (0)). (4.24)

Since Os,m is the union of its connected components, (4.17)2 and (4.24) imply

‖φk − Ψ̂‖L∞(B1/2(0)∩Ω/rk) ≤
1
m

+ c|δm|
2− 2

p−
4
κ ‖Eεk ,rk

1/ωτk ,µk
Gk‖Lp(S,rk

1 (0)), (4.25)

for m ∈ N, k ≥ Ns,m. Note 1
κ
< 1 − 1

p −
2
κ
< 1 by Lemma 4.3. By δm < 1

m , (4.19), (4.25), and (ii) of
the assumptions, we prove the uniform convergence of φk. So we prove the claim, and Lemma 4.4 is
proved. �

Remark 4.2. Lemma 4.4 proves a convergence result for Eq (4.14) around the boundary of the domain.
A straightforward modification of the argument of Lemma 4.4, we see that the convergence result is
also true in the interior of the domain.

Consider the following problem:

− ∇ ·
(
Eε,r
ω2,µ
∇Ψ

)
= G in B1(0) (b Ω/r). (4.26)

Suppose that a sequence {εk, ωk, µk, rk,Ψk,Gk} satisfies (A2) and (A3), εk
rk
, rk ∈ (0, 1), d ∈ (1, 2), and

(4.26) and suppose the following:

(i) κ > 2, 0 < 6
κ
< τ, and | εk

rk
|

4
κ | ln µk| are bounded independent of k;

(ii) ‖Ψk‖W1,d(B1(0)), ‖Eεk ,rk
1/ωτk ,µk

Gk‖Lp(B1(0)) are bounded independent of k;
(iii) Ψk ∈ W1,d(B1(0)) ∩C(B1(0)) converges to Ψ ∈ W1,d(B1(0)) ∩C(B1(0)) weakly in W1,d(B1(0)).

In this case, ‖Ψk − Ψ‖L∞(B1(0)) → 0 as k → ∞. See (A3) for p, τ.
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4.2. Convergence for µ ≤ periodic size

We show a regularity result for interface problems and show local L2+δ-gradient estimates and a
uniform convergence for (3.5). Lemmas 4.10–4.12 are true under µ ≤ periodic size; the external
sources G in Lemmas 4.10–4.12 are “uni f orm L1” (or “uni f orm L1 \ Ls f or s > 1”). Convergence
(i.e., Corollary 4.1) is from Lemma 4.12 and Sobolev’s embedding theorem [17].

Assume that A1, A2 are two positive functions and θ > 0, and defineTθ(x) ≡ X{(z1,z2)|z2≥0}(x) + θX{(z1,z2)|z2<0}(x),
Pθ(x) ≡ A1X{(z1,z2)|z2≥0}(x) + θA2X{(z1,z2)|z2<0}(x).

(4.27)

Following the proof of Lemma 3.2 [29], we have the following result.

Lemma 4.5. If ω, t, q ∈ (1,∞), σ ∈ [0, 2], 0 < m6 < A1, A2 ∈ C2(B2(0)) in (4.27), Q ∈ L2(B1(0)), and
G ∈ Lt(B1(0)), then any solution of −∇ · (Pω2∇Ψ + Q) = G in B2(0) satisfies

‖Tωσ∇Ψ‖L2(B1/2(0)) ≤ c
(
‖Tωσ−2 Q‖L2(B1(0)) + ‖Tωσ−2G‖Lt(B1(0))

)
+ c min

{
‖TωσΨ‖L2(B1(0)), |(|Tωσ∇Ψ|q)B1(0)|

1/q
}
,

where c is a constant independent of ω, t, q, σ. See (2.1) for (|Tωσ∇Ψ|q)B1(0) and (4.27) for Tθ,Pθ.

H1(D)/R ≡ {ζ ∈ H1(D)| (ζ)D = 0} for any set D. See (2.1) for (ζ)D. Below is an extension result.

Lemma 4.6. If µ ∈ (0, 1), there is an operator Π̃µ : H1(Yµ,m)/R→ H1
0(2Yµ,m) such thatΠ̃µζ = ζ in Yµ,m,

‖Π̃µζ‖H1(2Yµ,m) ≤ c‖∇ζ‖L2(Yµ,m),
for ζ ∈ H1(Yµ,m)/R,

where c is a constant independent of µ.

Proof. Let c be a constant independent of µ. By [17, Theorem 7.25 and the Poincaré inequality], there
is an operator Π̃ : H1(B1(0))/R→ H1

0(B2(0)) such thatΠ̃φ = φ in B1(0),
‖Π̃φ‖H1(B2(0)) ≤ c‖∇φ‖L2(B1(0)),

for φ ∈ H1(B1(0))/R.

Extend Π̃φ ∈ H1
0(B2(0)) from B2(0) to R2 by 0 and consider H1

0(B2(0)) ⊂ H1(R2). Recall that Yµ,m =

Bµ/4(0). Define an operator Π̃µ : H1(Yµ,m)/R → H1
0(Y) as follows: Set φ(x) ≡ ζ(µ4 x) for any ζ ∈

H1(Yµ,m)/R and x ∈ B1(0), and set Π̃µζ(y) ≡ Π̃φ( 4
µ
y) for Π̃φ ∈ H1(B2(0)) and y ∈ 2Yµ,m. ThenΠ̃µζ = ζ in Yµ,m,

‖Π̃µζ‖H1(2Yµ,m) ≤ c‖Π̃φ‖H1(B2(0)) ≤ c‖∇φ‖L2(B1(0)) ≤ c‖∇ζ‖L2(Yµ,m).

Thus we prove the lemma. �

Next is a local L2-gradient estimate for the solutions of elliptic equations. The idea is from [23].
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Lemma 4.7. Suppose ω, t ∈ (1,∞), ε
r , r, µ ∈ (0, 1), Q ∈ L2( 2ε

r Yµ,m), and G ∈ Lt( 2ε
r Yµ,m). Then any

weak solution of
− ∇ ·

(
Kε/r
ω2,µ
∇Ψ + Q

)
= G in ε

rY (4.28)

satisfies

‖∇Ψ‖L2( εrYµ,m) ≤
c
ω2

(
‖∇Ψ‖L2( 2ε

r Yµ,m\
ε
rYµ,m) + ‖Q‖L2( 2ε

r Yµ,m) +
∣∣∣εµ

r

∣∣∣ 2
t′ ‖G‖Lt( 2ε

r Yµ,m)

)
,

where 1
t + 1

t′ = 1 and c is a constant independent of ε, ω, µ, r, t. See (4.1)2 for Kε/r
ω2,µ

.

Proof. Take a constant h such that (Ψ−h) ε
rYµ,m

= 0 (see (2.1)). By Lemma 4.6, there is a V ∈ H1
0( 2ε

r Yµ,m)
satisfying V = Ψ − h in ε

rYµ,m,

‖V‖H1( 2ε
r Yµ,m) ≤ c‖∇Ψ‖L2( εrYµ,m),

(4.29)

where c is a constant independent of ε, ω, µ, r. Extend V from 2ε
r Yµ,m to ε

rY by 0 and test (4.28) against
V to get ∫

2ε
r Yµ,m

Kε/r
ω2,µ
∇Ψ∇V dx +

∫
2ε
r Yµ,m

Q∇V dx =

∫
2ε
r Yµ,m

GV dx.

We then have

ω2‖∇Ψ‖2L2( εrYµ,m) ≤
(
‖∇Ψ‖L2( 2ε

r Yµ,m\
ε
rYµ,m) + ‖Q‖L2( 2ε

r Yµ,m)

)
‖∇V‖L2( 2ε

r Yµ,m) + ‖G‖Lt( 2ε
r Yµ,m)‖V‖Lt′ ( 2ε

r Yµ,m).

The lemma follows from the inequality above and (4.29). �

Lemma 4.8. Suppose (A1), ω, t, q ∈ (1,∞), 1
t + 1

t′ = 1, ε
r , r, µ ∈ (0, 1), σ ∈ [0, 2], P ∈ Ω/r, Q ∈

L2(BR(P) ∩Ω/r), and G ∈ Lt(BR(P) ∩Ω/r). Consider the following problem:−∇ ·
(
Eε,r
ω2,µ
∇Ψ + Q

)
= G in BR(P) ∩Ω/r,

Ψ = 0 on BR(P) ∩ ∂Ω/r.
(4.30)

(I) If R ∈ (0, εµr ], any solution of (4.30) satisfies

‖Eε,r
ωσ,µ∇Ψ‖L2(S,rR/2(P)) ≤ c

(
‖Eε,r

ωσ−2,µ
Q‖L2(S,rR (P)) + R2/t′‖Eε,r

ωσ−2,µ
G‖Lt(S,rR (P))

)
+c min

{
R−1‖Eε,r

ωσ,µΨ‖L2(S,rR (P)), R
∣∣∣(|Eε,r

ωσ,µ∇Ψ|q
)

S,rR (P)

∣∣∣1/q} , (4.31)

where c is independent of ε, ω, µ, r, σ, t, q,R,P. See Section 2 for S,rR(P) and see (2.1) for(
|Eε,r

ωσ,µ∇Ψ|q
)

S,rR (P).
(II) If R ∈ ( εµr , 32 εµ

r ], any solution of (4.30) satisfies

‖Eε,r
ωσ,µ∇Ψ‖L2(S,rR/2(P)) ≤ c

(
R
∣∣∣(|∇Ψ|q)S,rR (P)

∣∣∣1/q + ‖Eε,r
ωσ−2,µ

Q‖L2(S,rR (P)) + R2/t′‖Eε,r
ωσ−2,µ

G‖Lt(S,rR (P))

)
, (4.32)

where c is independent of ε, ω, µ, r, σ, t, q,R,P. See (2.1) for
(
|∇Ψ|q

)
S,rR (P).
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Proof. For Case (I). If BR(P) ⊂ Ωε
µ, f /r or BR(P) ⊂ Ωε

µ,m/r or P ∈ ∂Ω/r, then (4.31) is proved
by the energy method. Consider P ∈ ε

r∂(Yµ,m + j) for j ∈ Iε . By translation, let P = 0. Define
φ(x) ≡ Ψ(Rx),Q(x) = RQ(Rx), and G(x) = R2G(Rx). Then φ,Q,G satisfy

− ∇ ·
(
Eε,rR
ω2,µ
∇φ + Q

)
= G in B1(0). (4.33)

Any solution of (4.33) satisfies, by [1, pages 3964 and 3965] and Lemma 4.5,

‖Eε,rR
ωσ,µ∇φ‖L2(B1/2(0)) ≤ c

(
‖Eε,rR

ωσ−2,µ
Q‖L2(B1(0)) + ‖Eε,rR

ωσ−2,µ
G‖Lt(B1(0))

)
+c min

{
‖Eε,rR

ωσ,µφ‖L2(B1(0)),
∣∣∣(|Eε,rR

ωσ,µ∇φ|
q)

B1(0)

∣∣∣1/q} , (4.34)

where t, q > 1 and c is a constant independent of ε, ω, µ, r, σ, t, q,R. Here, (4.31) is from (4.34) and a
change in the variables.

For Case (II). By translation, set P = 0. Define h ≡ εµ

r , φ(x) ≡ Ψ(hx), Q(x) ≡ hQ(hx), and G(x) ≡
h2G(hx). Then φ,Q,G satisfy−∇ ·

(
Eε,rh
ω2,µ
∇φ + Q

)
= G in BR/h(0) ∩Ω/rh,

φ = 0 on BR/h(0) ∩ ∂Ω/rh.

Next, we take some finite points {Pi}
k
i=1 such that (i) B2/3(Pi)∩∂ 1

µ
(Yµ,m +j) = ∅ or Pi ∈ ∂

1
µ
(Yµ,m +j) for

j ∈ Iε and (ii) BR/2h(0) ⊂
⋃k

i=1 B1/2(Pi) ⊂
⋃k

i=1 B2/3(Pi) ⊂ BR/h(0). For each point Pi ∈ ∂
1
µ
(Yµ,m + j),

we consider
− ∇ ·

(
Eε,rh
ω2,µ
∇φ + Q

)
= G in B2/3(Pi). (4.35)

Following the argument in [1, pages 3964 and 3965] and applying Lemma 4.5 with σ = 0, any solution
of (4.35) satisfies the following, for t > 1,

‖∇φ‖L2(B1/2(Pi)) ≤ c
(
‖φ‖L2(B2/3(Pi)) + ‖Eε,rh

ω−2,µ
Q‖L2(B2/3(Pi)) + ‖Eε,rh

ω−2,µ
G‖Lt(B2/3(Pi))

)
. (4.36)

For each point Pi with B2/3(Pi) ∩ ∂ 1
µ
(Yµ,m + j) = ∅, we consider−∇ ·

(
Eε,rh
ω2,µ
∇φ + Q

)
= G in S,rh

2/3(Pi) ≡ B2/3(Pi) ∩Ω/rh,

φ = 0 on B2/3(Pi) ∩ ∂Ω/rh.
(4.37)

By the energy method, any solution of (4.37) satisfies, for t > 1,

‖∇φ‖L2(S,rh
1/2(Pi)) ≤ c

(
‖φ‖L2(S,rh

2/3(Pi)) + ‖Eε,rh
ω−2,µ
Q‖L2(S,rh

2/3(Pi)) + ‖Eε,rh
ω−2,µ
G‖Lt(S,rh

2/3(Pi))

)
. (4.38)

Square both sides for (4.36) and (4.38); sum these equations for i = 1, · · · , k to get

‖∇φ‖2
L2(S,rh

R/2h(0))
≤ c

(
‖φ‖2

L2(S,rh
R/h(0))

+ ‖Eε,rh
ω−2,µ
Q‖2

L2(S,rh
R/h(0))

+ ‖Eε,rh
ω−2,µ
G‖2

Lt(S,rh
R/h(0))

)
. (4.39)

In (4.39), the sum is over a finite numbers. After a change in the variables,

‖∇Ψ‖2L2(S,rR/2(0)) ≤ c
(
h−2‖Ψ‖2L2(S,rR (0)) + ‖Eε,r

ω−2,µ
Q‖2L2(S,rR (0)) + h

4
t′ ‖Eε,r

ω−2,µ
G‖2Lt(S,rR (0))

)
. (4.40)
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By Lemma 4.7, (4.40), and R ∈ ( εµr , 32 εµ

r ],

‖Eε,r
ωσ,µ∇Ψ‖2L2(S,rR/4(0)) ≤ c

(
‖∇Ψ‖2L2(S,rR/2(0)) + ‖ωσ−2Q‖2L2(S,rR (0)) + h

4
t′ ‖ωσ−2G‖2Lt(S,rR (0))

)
≤ c

(
h2

∣∣∣(|∇Ψ|q)S,rR (0)

∣∣∣ 2
q + ‖Eε,r

ωσ−2,µ
Q‖2L2(S,rR (0)) + h

4
t′ ‖Eε,r

ωσ−2,µ
G‖2Lt(S,rR (0))

)
,

for t, q > 1. Inequality (4.32) follows from the inequality above. �

Lemma 4.9. Suppose (A1), (A3), ε
r , r ∈ (0, 1), q ∈ (1,∞), P ∈ Ω/r, Q ∈ L2(S,rR(P)), Eε,r

ω−2,µ
Q ∈

Cγ(S,rR(P)), and G ∈ Lp(S,rR(P)). If 32 εµ

r < ε
r and R ∈ (32 εµ

r ,
ε
r ], any weak solution Ψ of (4.30) satisfies

‖Eε,r
ω2−τ,µ
∇Ψ‖L2(S,rR/2(P)) ≤ c

(
R
∣∣∣(|∇Ψ|q)S,rR (P)

∣∣∣1/q + ‖ω−τQ‖L2( 2ε
r (Yµ,m+j)∩S,rR (P))

+R‖Eε,r
ω−2,µ

Q‖Cγ(S,rR (P)) + Rτ‖Eε,r
1/ωτ,µG‖Lp(S,rR (P))

)
,

where c is independent of ε, µ (= 1
ω

), r, p, q,R,P. See (A3) for p, p′, τ, γ, and Section 2 for S,rR(P) and(
|∇Ψ|q)S,rR (P).

Proof. For ε
r (Yµ,m + j) ⊂ BR/2(P) ⊂ Ω/r. By translation and dilation, assume ε

rRYµ,m ⊂ B1/2(0) ⊂
Ω/rR. Define φ(x) ≡ Ψ(Rx), Q(x) = RQ(Rx), and G(x) = R2G(Rx). Then φ,Q,G satisfy

−∇ ·
(
Eε,rR
ω2,µ
∇φ + Q

)
= G in B1/2(0).

By (A2) and Lemma 4.1,

‖∇φ‖L2(B1/4(0)) ≤ ‖∇φ‖L∞(B1/4(0)) ≤ c
(
‖φ‖L2(B1(0)∩ ε

rRYµ, f ) + ‖Eε,rR
1/ω2,µ
Q‖Cγ(B1(0)) + ‖Eε,rR

1/ω2,µ
G‖Lp(B1(0))

)
,

where γ =
p−2

p and c is independent of ε, µ (= 1
ω

). After a change in the variables,

‖∇Ψ‖L2(B2R/3(0)) ≤ c
(
R−1‖Ψ‖L2(BR(0)∩ εrYµ, f ) + R‖Eε,r

ω−2,µ
Q‖Cγ(BR(0)) + Rτ‖Eε,r

ω−2,µ
G‖Lp(BR(0))

)
≤ c

(
R
∣∣∣(|∇Ψ|q)BR(0)

∣∣∣1/q + R‖Eε,r
ω−2,µ

Q‖Cγ(BR(0)) + Rτ‖Eε,r
ω−2,µ

G‖Lp(BR(0))

)
,

for q ∈ (1,∞). By Lemma 4.7 with t = p,

‖Eε,r
ω2−τ,µ
∇Ψ‖2L2(BR/2(0)) ≤ c

(
‖∇Ψ‖2L2(Sε,r

µ, f ,2R/3(0)) + ‖ω−τQ‖2
L2( 2ε

r Yµ,m)
+

∣∣∣εµ
r

∣∣∣2τ‖ω−τG‖2
Lp( 2ε

r Yµ,m)

)
≤ c

(
R2

∣∣∣(|∇Ψ|q)BR(0)

∣∣∣2/q + ‖ω−τQ‖2
L2( 2ε

r Yµ,m)
+ R2‖Eε,r

ω−2,µ
Q‖2Cγ(BR(0)) + R2τ‖Eε,r

1/ωτ,µG‖
2
Lp(BR(0))

)
.

So Lemma 4.9 is true for the case of ε
r (Yµ,m + j) ⊂ BR/2(P) ⊂ Ω/r.

For P ∈ ∂Ω/r or ε
r (Yµ,m + j) ∩ BR/2(P) = ∅. In this case, Lemma 4.9 can be proved by the energy

method. �

Lemma 4.10. Suppose (A1)–(A3), ε
r , r ∈ (0, 1

2 ), R ∈ (max{ ε2r , 16 εµ

r }, 2), µ ≤
∣∣∣ ε

r

∣∣∣τ−1
, P ∈ Ω/r, Q ∈

L2(S,rR(P)), G ∈ Lp(S,rR(P)), and Ψ is a weak solution of (4.30). If ` ∈ [R
2 ,R − 8 εµ

r ] and θ ∈ (0, 1), then

‖Eε,r
ω2−τ,µ
∇Ψ‖2L2(S,r

`
(P)) ≤

c
θ(R − `)2 ‖Ψ‖

2
L2(S,rR (P)) +

( c
ω2 + θ

)
‖∇Ψ‖2L2(S,rR (P))

+c θ−1
(
‖Eε,r

1/ωτ,µQ‖2L2(S,rR (P)) + R2τ‖Eε,r
1/ωτ,µG‖

2
Lp(S,rR (P))

)
,

where c is independent of ε, µ (= 1
ω

), r, p,R, θ, `,P. See (A2) and (A3) for ω, µ, p, p′, τ.
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Proof. Recall S,rR(P),Sε,rµ, f ,R(P),Sε,rµ,m,R(P), and (ϕ)D from Section 2. By Lemma 4.7 with t = 2 and
(A3) and summing up all ε

r (Y + j) with ε
r (Y + j) ∩ S,r` (P) , ∅, we have

‖Eε,r
ω2−τ,µ
∇Ψ‖2L2(S,r

`
(P)) ≤ c

(
‖∇Ψ‖2L2(Sε,r

µ, f ,`(P)) + ‖ω−τQ‖2L2(S,r
`

(P)) +
∣∣∣εµ

r

∣∣∣2‖ω−τG‖2L2(S,r
`

(P))

)
, (4.41)

where c is a constant independent of ε, ω, µ, r, `,P. Since R − ` ≥ 8 εµ

r , there is a bell-shaped function
η ∈ C1

0(BR−3 εµ
r
(P)) so that η = 1 in B`+3 εµ

r
(P) and

|∇η| ≤ c
∣∣∣R − ` − 6

εµ

r

∣∣∣−1
≤ c|R − `|−1.

For each ε
r (Yµ,m + j) with j ∈ Iε , there exist Vj ∈ H1

0( 2ε
r Yµ,m + ε

r j) and hj ∈ R such that, by Lemma 4.6,Vj = Ψη2 − hj in ε
r (Yµ,m + j),

‖Vj‖H1( 2ε
r Yµ,m+ ε

r j) ≤ c‖∇(Ψη2)‖L2( εr (Yµ,m+j)).
(4.42)

Note that hj =

0 if ε
r (Yµ,m + j) \ BR(P) , ∅

(Ψη2) ε
r (Yµ,m+j) otherwise

. Extend Vj from 2ε
r Yµ,m + ε

r j to R2 by 0 and

set ζ = Ψη2 −
∑

j∈Iε Vj in Ω/r. Then ζ ∈ H1
0(BR(P)) and ∇ζ = 0 in Sε,rµ,m,R(P). Test (4.30) against ζ to

get ∣∣∣∣∣ ∫
Sε,r
µ, f ,R(P)

∇Ψ∇ζ dx
∣∣∣∣∣ ≤ ‖Q∇ζ‖L1(Sε,r

µ, f ,R(P)) + ‖G ζ‖L1(S,rR (P)). (4.43)

By Hölder’s inequality and (4.42),

‖Q∇ζ‖L1(Sε,r
µ, f ,R(P)) ≤ ‖Q‖L2(Sε,r

µ, f ,R(P))‖∇(Ψη2)‖L2(S,rR (P)). (4.44)

Apply Hölder’s inequality and Sobolev’s embedding theorem to get, by τp′ = 2,

‖G ζ‖L1(S,rR (P)) =
∥∥∥G ζXSε,r

µ, f ,R(P) + G ζXSε,rµ,m,R(P)

∥∥∥
L1(S,rR (P))

≤ ‖G‖Lp(Sε,r
µ, f ,R(P))‖ζ‖Lp′ (Sε,r

µ, f ,R(P)) + ‖G‖Lp(Sε,rµ,m,R(P))‖ζ‖Lp′ (Sε,rµ,m,R(P))

≤ c‖G‖Lp(Sε,r
µ, f ,R(P))Rτ‖∇ζ‖L2(Sε,r

µ, f ,R(P)) + c‖Eε,r
1/ωτ,µG‖Lp(S,rR (P))‖ω

τζ‖Lp′ (Sε,rµ,m,R(P)). (4.45)

Since µ ≤
∣∣∣ ε

r

∣∣∣τ−1
<

∣∣∣1
2

∣∣∣τ−1
, there is a number s > 1 satisfying µ

−2
s = 2τ−1. There is a constant c

(independent of ε, µ (= 1
ω

), r,R, s, p,P) so that, by Hölder’s inequality, (4.42), 1
s + 1

s′ = 1, and (A2) and
(A3),

‖ωτζ‖
p′

Lp′ (Sε,rµ,m,R(P))
≤ c

∑
ε
r (Yµ,m+j)∩Sε,rµ,m,R(P),∅

ω2hp′

j |
εµ

r
|2 ≤ cω2

∫
Sε,rµ,m,R(P)

|Ψη2|p
′

≤ cω2|µR|
2
s′ ‖Ψη2‖

p′

Lp′ s(S,rR (P))
≤ c R2‖∇(Ψη2)‖p′

L2(S,rR (P)). (4.46)

In (4.46), we use µ
−2
s = 2τ−1. Define Ĩε,r ≡ {j ∈ Iε | εr (Y + j) ∩ S,rR(P) , ∅}. By (4.42)–(4.46) and

Lemma 4.7 with t = 2,∣∣∣∣∣ ∫
Sε,r
µ, f ,R(P)

∇Ψ∇(Ψη2) dx
∣∣∣∣∣ ≤ ∑

j∈Ĩε,r

∣∣∣∣∣ ∫
ε
r (Yµ, f +j)

∇Ψ∇Vj dx
∣∣∣∣∣ + ‖Q∇ζ‖L1(Sε,r

µ, f ,R(P)) + ‖G ζ‖L1(S,rR (P))
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≤ c
∑
j∈Ĩε,r

‖∇Ψ‖L2( εr (Yµ, f +j))‖∇(Ψη2)‖L2( εr (Yµ,m+j)) + ‖Q∇ζ‖L1(Sε,r
µ, f ,R(P)) + ‖G ζ‖L1(S,rR (P))

≤ c
∑
j∈Ĩε,r

∥∥∥∇Ψ
∥∥∥

L2( εr (Yµ, f +j))

(
‖Ψ∇η‖L2( εr (Yµ,m+j)) +

∥∥∥ω−2∇Ψ
∥∥∥

L2( εr (Yµ, f +j))

+‖ω−2Q‖2L2( εr (Y+j)) +
εµ

r

∥∥∥ω−2G
∥∥∥

L2( εr (Y+j))

)
+‖Q‖L2(Sε,r

µ, f ,R(P))‖∇(Ψη2)‖L2(S,rR (P)) + c Rτ‖Eε,r
1/ωτ,µG‖Lp(S,rR (P))‖∇(Ψη2)‖L2(S,rR (P)).

Note that µ ≤
∣∣∣ ε

r

∣∣∣τ−1
implies εµ

r ≤
∣∣∣ ε

r

∣∣∣τ ≤ cRτ. For any θ ∈ (0, 1),∣∣∣∣∣ ∫
Sε,r
µ, f ,R(P)

∇Ψ∇(Ψη2) dx
∣∣∣∣∣ ≤ c

θ

∫
S,rR (P)

|Ψ∇η|2dx +

( c
ω2 + θ

) ∫
S,rR (P)

|∇Ψ|2dx

+c θ−1
(
‖Q‖2L2(Sε,r

µ, f ,R(P)) + R2τ‖Eε,r
1/ωτ,µG‖

2
Lp(S,rR (P))

)
. (4.47)

Moreover, (4.41), (4.47), and εµ

r ≤ cRτ imply Lemma 4.10. �

Lemma 4.11. Suppose that (A1)–(A3), ε
r , r ∈ (0, 1

2 ), R ∈ (max{ εr , 32 εµ

r }, 2), µ ≤
∣∣∣ ε

r

∣∣∣τ−1
, P ∈ Ω/r,

Q ∈ L2(S,rR(P)), G ∈ Lp(S,rR(P)), and q ∈ (1,∞) and suppose that Ψ is a weak solution of (4.30). In
this case,

‖Eε,r
ω2−τ,µ
∇Ψ‖L2(S,rR/2(P)) ≤ cR

∣∣∣(|∇Ψ|q
)

S,rR (P)

∣∣∣1/q +
1
2
‖∇Ψ‖L2(S,rR (P)) + c

(
‖Eε,r

1/ωτQ‖L2(S,rR (P)) + Rτ‖Eε,r
1/ωτG‖Lp(S,rR (P))

)
,

where c is a constant independent of ε, µ (= 1
ω

), r, p, q,R,P. See (A2) and (A3) for ω, µ, p, p′, τ and
Section 2 for S,rR(P) and

(
|∇Ψ|q

)
S,rR (P).

Proof. Let k be the integer satisfying R
2k+2 < 8 εµ

r ≤
R

2k+1 . In this case, 2k εµ
r ≈ R (see Section 1). Set

ρi ≡ R(1 − 1
2i ) for i ∈ N. Then ρi ≥

R
2 and ρi+1

2 ≤ ρi ≤ ρi+1 − 8 εµ

r for i = 1, · · · , k. By Lemma 4.10 with
` = ρi and R = ρi+1, for any θ ∈ (0, 1),

‖Eε,r
ω2−τ,µ
∇Ψ‖2L2(S,rρi (P)) ≤

c0

θ(ρi+1 − ρi)2 ‖Ψ‖
2
L2(S,rρi+1 (P)) +

( c0

ω2 + θ
)
‖∇Ψ‖2L2(S,rρi+1 (P))

+
c0

θ

(
‖Eε,r

1/ωτ,µQ‖2L2(S,rρi+1 (P)) + ρ2τ
i+1‖E

ε,r
1/ωτ,µG‖

2
Lp(S,rρi+1 (P))

)
,

where c0 is independent of ε, µ (= 1
ω

), r, p, θ, ρi, ρi+1,P. By an iteration argument,

‖Eε,r
ω2−τ,µ
∇Ψ‖2L2(S,rρ1 (P)) ≤

c0

θ

k∑
i=1

( c0
ω2 + θ)i−1

(ρi+1 − ρi)2 ‖Ψ‖
2
L2(S,rR (P)) +

( c0

ω2 + θ
)k
‖∇Ψ‖2L2(S,rR (P))

+
c0

θ

k∑
i=1

( c0

ω2 + θ
)i−1 (
‖Eε,r

1/ωτ,µQ‖2L2(S,rR (P)) + R2τ‖Eε,r
1/ωτ,µG‖

2
Lp(S,rR (P))

)
.

Since ρi+1 − ρi = R
2i+1 , we obtain

‖Eε,r
ω2−τ,µ
∇Ψ‖2L2(S,rR/2(P)) ≤ 4c0

∑k
i=1

(
4 c0
ω2 + 4θ

)i

θ( c0
ω2 + θ)R2 ‖Ψ‖2L2(S,rR (P)) +

( c0

ω2 + θ
)k
‖∇Ψ‖2L2(S,rR (P))
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+
c0

θ

k∑
i=1

( c0

ω2 + θ
)i−1 (
‖Eε,r

1/ωτ,µQ‖2L2(S,rR (P)) + R2τ‖Eε,r
1/ωτ,µG‖

2
Lp(S,rR (P))

)
.

Suppose 4c0
ω2 ≤

1
22 . Take θ = 1

24 and apply Sobolev’s embedding theorem [17] to get

‖Eε,r
ω2−τ,µ
∇Ψ‖2L2(S,rR/2(P))

≤ cR−2‖Ψ‖2L2(S,rR (P)) + 2−3k‖∇Ψ‖2L2(S,rR (P)) + c
(
‖Eε,r

1/ωτ,µQ‖2L2(S,rR (P)) + R2τ‖Eε,r
1/ωτ,µG‖

2
Lp(S,rR (P))

)
≤ cR2

∣∣∣(|∇Ψ|q)S,rR (P)

∣∣∣2/q + 2−2‖∇Ψ‖2L2(S,rR (P)) + c
(
‖Eε,r

1/ωτ,µQ‖2L2(S,rR (P)) + R2τ‖Eε,r
1/ωτ,µG‖

2
Lp(S,rR (P))

)
.

This proves Lemma 4.11 for 4c0
ω2 ≤

1
22 case.

Suppose 4c0
ω2 >

1
22 . Note 1 < ω2 < 24c0 and (4.30)1 is a uniform elliptic equation. Let η ∈ C∞0 (BR(P))

be a non-negative bell-shaped function with η = 1 in BR/2(P). Lemma 4.11 for the case of 4c0
ω2 >

1
22 is

obtained by testing (4.30) against Ψη2. �

Next, we state a local gradient estimate for strongly elliptic equations.

Lemma 4.12. If (A1)–(A3), εr , r,R ∈ (0, 1
2 ), µ ≤

∣∣∣ ε
r

∣∣∣τ−1
, P ∈ Ω/r, Q ∈ L2(S,rR(P)), Eε,r

ω−2,µ
Q ∈ Cγ(S,rR(P)),

and G ∈ Lp(S,rR(P)) and if Ψ is a weak solution of (4.30), then there is a number λ∗ > 2 such that, for
any λ ∈ (2, λ∗),

‖Eε,r
ω2−τ,µ
∇Ψ‖Lλ(S,rR/2(P)) ≤ c

(
R

2
λ−1‖Eε,r

ω2−τ,µ
∇Ψ‖L2(S,rR (P)) + ‖Eε,r

ω−τ,µQ‖Lλ(S,rR (P))

+R
2
λ ‖Eε,r

ω−2,µ
Q‖Cγ(S,rR (P)) + R

2
λ ‖Eε,r

ω−τ,µG‖Lp(S,rR (P))

)
, (4.48)

where c is independent of ε, µ, ω, r, p,R,P. See (A3) for p, p′, τ, γ and Section 2 for S,rR(P).

Proof. Since τ > 1, Rτ ≤ cR. Lemma 4.8 (with σ = 2 − τ, t = p) and Lemmas 4.9 and 4.11 imply that
a weak solution of (4.30) satisfies

−

∫
S,rR/2(P)

|Eε,r
ω2−τ,µ
∇Ψ|2dy ≤ c

∣∣∣∣(|Eε,r
ω2−τ,µ
∇Ψ|q

)
S,rR (P)

∣∣∣∣2/q +
1
4
−

∫
S,rR (P)

|∇Ψ|2dy

+
c

R2

(
‖Eε,r

ω−τ,µQ‖2L2(S,rR (P)) + R2‖Eε,r
ω−2,µ

Q‖2Cγ(S,rR (P)) + R2‖Eε,r
ω−τ,µG‖

2
Lp(S,rR (P))

)
,

where q ∈ (1, 2), γ =
p−2

p , and c is a constant independent of ε, ω, µ, r, p, q,R,P. Let us define
φ ≡ |Eε,r

ω2−τ,µ
∇Ψ|q, s ≡ 2

q > 1, and

ζ(y) ≡ |Eε,r
ω−τ,µQ|q(y) + ‖Eε,r

ω−2,µ
Q‖qCγ(S,rR (P)) + ‖Eε,r

ω−τ,µG‖
q
Lp(S,rR (P)).

We have

−

∫
S,rR/2(P)

φs dy ≤ c
(
−

∫
S,rR (P)

φ dy
)s

+
1
4
−

∫
S,rR (P)

φs dy + c −
∫

S,rR (P)
ζ s dy.
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By [16, Proposition 1.1], there is a λ∗ > 2 such that if λ ∈ (2, λ∗), then(
−

∫
S,rR/2(P)

|Eε,r
ω2−τ,µ
∇Ψ|λdy

)1/λ

≤ c
(
−

∫
S,rR (P)

|Eε,r
ω2−τ,µ
∇Ψ|2dy

)1/2

+c
(
R
−2
λ ‖Eε,r

ω−τ,µQ‖Lλ(S,rR (P)) + ‖Eε,r
ω−2,µ

Q‖Cγ(S,rR (P)) + ‖Eε,r
ω−τ,µG‖Lp(S,rR (P))

)
.

Lemma 4.12 follows from the inequality above. �

By Lemma 4.12, we have the following result.

Corollary 4.1. Suppose that (A1)–(A3), ε
r , r,R ∈ (0, 1

2 ), µ ≤
∣∣∣ ε

r

∣∣∣τ−1
, P ∈ Ω/r, and Ψ is a weak solution

of −∇ ·
(
Eε,r
ω2,µ
∇Ψ

)
= G in BR(P) ∩Ω/r,

Ψ = Ψb on BR(P) ∩ ∂Ω/r.
(4.49)

If ‖Eε,r
1/ωτ,µG‖Lp(S,rR (P)), ‖Eε,r

ω,µ∇Ψ‖L2(S,rR (P)), and ‖Ψb‖C1,γ(S,rR (P)) are bounded independent of ε, µ, ω, r,R,P,
then there is a sequence of solutions of (4.49) converging uniformly in BR/2(P) ∩ Ω/r. See Section 2
for S,rR(P) and (A3) for p, τ, γ.

Proof. Set φ = Ψ − Ψb and Q = Eε,r
ω2,µ
∇Ψb. Then−∇ ·

(
Eε,r
ω2,µ
∇φ + Q

)
= G in BR(P) ∩Ω/r,

φ = 0 on BR(P) ∩ ∂Ω/r.

There is a λ ∈ (2, λ∗) so that the right-hand side of (4.48) are bounded independent of ε, µ, ω, r,R,P.
By Lemma 4.12 and Sobolev’s embedding theorem [17], there is a sequence of solutions of (4.49)
converging uniformly in BR/2(P) ∩Ω/r. �

5. L2-gradient convergence

This section shows a L2-gradient convergence result for Eq (3.5) with “uni f orm L1” (or
“uni f orm L1 \ Ls f or s > 1”) external sources; that is, Lemma 5.2.

5.1. Preliminary

Let H1
#(R2) denote the space containing local H1 periodic functions with a period Y. If j ∈ {1, 2},

we find Xω,µ, j ∈ H1
#(R2) by solving∇ ·

(
Kω2,µ

(
∇Xω,µ, j + ~e j

))
= 0 in Y,

(Xω,µ, j)Y = 0,
(5.1)

where ~e j is the unit vector in the j-th coordinate direction in R2. See (2.1) for (Xω,µ, j)Y and (4.1) for
Kω2,µ. By the Lax-Milgram Theorem and (A2), Eq (5.1) is uniquely solvable in H1

#(R2) and

‖Kω,µ∇Xω,µ, j‖L2(Y) ≤ c, (5.2)
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where c is independent of µ (= 1
ω

). If y = (y1, y2) and Ψ j(y) = Xω,µ, j(y) + y j for j = 1, 2, then
∇ ·

(
Kω2,µ∇Ψ j

)
= 0 in Y. Lemmas 4.1 and 4.7, and (5.2) imply‖∇Xω,µ, j + ~e j‖L∞(Y) = ‖∇Ψ j‖L∞(Y) ≤ c‖∇Ψ j‖L2(Y) ≤ c,

‖Kω2,µ

(
∇Xω,µ, j + ~e j

)
‖L2(Y) = ‖Kω2,µ∇Ψ j‖L2(Y) ≤ c‖∇Ψ j‖L2(Y) ≤ c,

(5.3)

where c is a constant independent of µ (= 1
ω

). The expressions in (5.3)1 and (5.1)2 imply

‖Xω,µ, j‖L∞(Y) ≤ c (independent of µ (= ω−1)). (5.4)

Define, for any ν > 0 and j = 1, 2,

Xνω,µ, j(x) ≡ νXω,µ, j(x/ν), Xνω,µ(x) ≡
(
Xνω,µ,1(x),Xνω,µ,2(x)

)
. (5.5)

Let Kω,µ denote a 2 × 2 matrix with (i, j)-entries as

∫
Y

Kω2,µ

(
δi, j + ∂iXω,µ, j(y)

)
dy where δi, j ≡

1 if i = j,

0 if i , j.
(5.6)

By the remark in [18, pages 43 and 44] and (5.3)2, Kω,µ is a positive scalar function depending only on
µ (= 1

ω
) and satisfies 0 < d2 ≤ Kω,µ ≤ d3,

Kω,µ is continuous in
{
µ| µ ∈ (0, 1)

}
,

(5.7)

where d2,d3 are constants independent of µ (= 1
ω

).

5.2. L2-gradient convergence

Lemma 5.1. If ε, µε ∈ (0, 1), ωε = 1
µε

, and K̃ = lim
ε→0
Kωε ,µε , then Ψε(x)

(
≡ Kε

ω2
ε ,µε

(x)∇
(
x + Xεωε ,µε (x)

))
converge to K̃ I weakly in L2(Ω). Here I is the identity; see (5.5) and (5.6) for Xεωε ,µε ,Kωε ,µε .

Proof. To prove Lemma 5.1, we need to show the following, by [12, Proposition 1.46]:
‖Ψε‖L2(Ω) ≤ c (independent o f ε),∫

D∩Ω

Ψε(x) dx −−−−→
ε→0

∫
D∩Ω

K̃ I dx = |D ∩Ω|K̃ I,
(5.8)

for any rectangle D. Here, (5.3)2 implies (5.8)1. By (2.9) in [12] and (5.3)2,∫
D∩Ω

Ψε(x) dx =
∑

j∈A(ε)

ε2Kωε ,µε I +
∑

j∈A′(ε)

∫
ε(Y+j)∩Ω

Ψε(x) dx −−−−→
ε→0

|D ∩Ω|K̃ I,

where A(ε) ≡ {j| ε(Y + j) b D ∩Ω} and A′(ε) ≡ {j| ε(Y + j) ∩ ∂(D ∩Ω) , ∅}. �
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Lemma 5.2. Consider the following problem:−∇ ·
(
Eε,r
ω2,µ
∇V

)
= G in B2(0) ∩Ω/r,

V = Vb on B2(0) ∩ ∂Ω/r.
(5.9)

Suppose that a sequence {ε, ωε , µε , rε ,Vε ,Gε ,Vb,ε ,Kωε ,µε } satisfies (A1)–(A3), (5.9), and
ε, εrε → 0, rε → r ∈ [0, 1], ‖Eε,rε

1/ωτε ,µε
Gε‖Lp(S,rε2 (0)) → 0,

K̃ = lim
ε→0
Kωε ,µε ,

Vb,ε(0) = ∂TVb,ε(0) = 0,
‖Vε‖L∞(S,rε2 (0)), [∇Vb,ε]Cγ(S,rε2 (0)) ≤ 1.

(5.10)

See (A3) for p, τ, γ and Section 2 for S,rR(0); K̃ is a scalar constant (see (5.7)); and ∂TVb,ε is the
tangential derivative of Vb,ε . Then the following hold.

(S1) ‖Eε,rε
ωε ,µε∇Vε‖L2(S,rε1 (0)) are bounded independent of ε, ωε , µε , rε;

(S2) There is a subsequence of {Vε} (with same notation for the subsequence) so that
Vε → V weakly in H1(S,r1 (0)),
Eε,rε
ω2
ε ,µε
∇Vε → ζ weakly star in Radon measures,

Vb,ε → Vb weakly in C1,γ(S,r1 (0)),

as ε
rε
→ 0;

(S3) −∇ · ζ = 0 in S,r1 (0) in the distribution sense;
(S4) ζ = K̃∇V.

Proof. Step I. As ε
rε
→ 0, by Hölder’s inequality, (5.10)1, (A2), and (A3),

‖Gε‖L1(S,rε2 (0)) ≤ ‖Eε,rε
1/ωτε ,µε

Gε‖Lp(S,rε2 (0))‖Eε,rε
ωτε ,µε
‖Lp′ (S,rε2 (0)) → 0. (5.11)

Let η ∈ C∞0 (B2(0)) and η = 1 in B1(0). Test (5.9) against (Vε − Vb,ε)η2, and apply (5.10)4 and (5.11) to
get (S1). (S2) is from (S1) and [12, Proposition 1.48 ].

Step II. If ψ ∈ C∞0 (S,r2 (0)), then supp(ψ) ∩ ∂Ω/rε = ∅ when ε is small. Test (5.9) against ψ to get∫
S,rε2 (0)

Eε,rε
ω2
ε ,µε
∇Vε∇ψ dx =

∫
S,rε2 (0)
Gεψ dx.

As ε → 0, (S2) and (5.11) imply −∇ · ζ = 0 in S,r1 (0). So we get (S3).

Step III. Recall (5.5) for Xε/rεωε ,µε , j
and Step II for ψ. Consider the identity∫

S,rε1 (0)
Eε,rε
ω2
ε ,µε
∇Vε ψ∇

(
x j + Xε/rεωε ,µε , j

)
dx =

∫
S,rε1 (0)

Eε,rε
ω2
ε ,µε
∇
(
x j + Xε/rεωε ,µε , j

)
ψ∇Vε dx. (5.12)

By (5.4), (5.5), (5.9)1, (5.11), (S2), and (S3), the left-hand side of (5.12) satisfies∫
S,rε1 (0)

Eε,rε
ω2
ε ,µε
∇Vε ψ∇

(
x j + Xε/rεωε ,µε , j

)
= −

∫
S,rε1 (0)

Eε,rε
ω2
ε ,µε
∇Vε

(
x j + Xε/rεωε ,µε , j

)
∇ψ +

∫
S,rε1 (0)
Gε

(
x j + Xε/rεωε ,µε , j

)
ψ
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−−−−−−→
ε
rε
→0

−

∫
S,r1 (0)

ζ x j∇ψ =

∫
S,r1 (0)

ζ ~e jψ. (5.13)

Next, we check the right-hand side of (5.12). By (4.1), (5.1), and Green’s formula,∫
S,rε1 (0)

Eε,rε
ω2
ε ,µε
∇
(
x j + Xε/rεωε ,µε , j

)
ψ ∇Vε dx = −

∫
S,rε1 (0)

Kε/rε
ω2
ε ,µε
∇
(
x j + Xε/rεωε ,µε , j

)
Vε∇ψ dx

+

∫
S,rε1 (0)

(
Eε,rε
ω2
ε ,µε
−Kε/rε

ω2
ε ,µε

)
∇
(
x j + Xε/rεωε ,µε , j

)
ψ ∇Vε dx. (5.14)

Since supp(ψ) ∩ ∂S,r1 (0) = ∅,
(
Eε,rε
ω2
ε ,µε
−Kε/rε

ω2
ε ,µε

)
ψ = 0 in S,rε1 (0) if ε

rε
is small. So∫

S,rε1 (0)

(
Eε,rε
ω2
ε ,µε
−Kε/rε

ω2
ε ,µε

)
∇
(
x j + Xε/rεωε ,µε , j

)
ψ ∇Vε dx −−−−−−→

ε
rε
→0

0. (5.15)

Note that

−

∫
S,rε1 (0)

Kε/rε
ω2
ε ,µε
∇
(
x j + Xε/rεωε ,µε , j

)
Vε∇ψ dx = −

∫
S,rε1 (0)

Kε/rε
ω2
ε ,µε
∇
(
x j + Xε/rεωε ,µε , j

)
V∇ψ dx

−

∫
S,rε1 (0)

Kε/rε
ω2
ε ,µε
∇
(
x j + Xε/rεωε ,µε , j

)
(Vε − V)∇ψ dx.

Lemma 5.1 and (5.10)2 imply

−

∫
S,rε1 (0)

Kε/rε
ω2
ε ,µε
∇
(
x j + Xε/rεωε ,µε , j

)
V∇ψ dx −−−−−−→

ε
rε
→0

−

∫
S,r1 (0)
K̃~e j V∇ψ dx

=

∫
S,r1 (0)
K̃~e j∇V ψ dx =

∫
S,r1 (0)

~e jψ K̃∇V dx. (5.16)

Moreover, (5.3)2, (S2), and Hölder’s inequality imply∣∣∣∣∣ ∫
S,rε1 (0)

Kε/rε
ω2
ε ,µε
∇
(
x j + Xε/rεωε ,µε , j

)
(Vε − V)∇ψ dx

∣∣∣∣∣ −−−−−−→ε
rε
→0

0, (5.17)

and (5.12)–(5.17) imply
∫

S,r1 (0)
ζ ~e jψ dx =

∫
S,r1 (0)
K̃∇V ~e jψ dx. This proves ζ = K̃∇V, since ψ and j are

arbitrary. This proves (S4). �

6. The Lipschitz estimate

With the convergence results (that is, Lemmas 4.4 and 5.2, Remark 4.2, and Corollary 4.1) from
Sections 4 and 5, we consider the Lipschitz estimate for strongly elliptic equations. This is done by
a three-step compactness argument [2, 3]. The interior Lipschitz estimate for the solutions of strongly
elliptic equations is given in Subsection 6.1; the boundary Lipschitz estimate is in Subsection 6.2.
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6.1. Interior Lipschitz estimate

Assume B1(0) b Ω.

Lemma 6.1. Under (A2) and (A3), there are constants θ, ε0 ∈ (0, 1) such that if
−∇ · (Eν

ω2,µ
∇V) = G in B1(0),

ν, µ ∈ (0, ε0),
‖V‖L∞(B1(0)), ε

−1
0 ‖E

ν
1/ωτ,µG‖Lp(B1(0)) ≤ 1,

(6.1)

then

sup
z∈Bθ(0)

∣∣∣V(z) − V(0) −
(
z + Xνω,µ(z)

)
bω,µ,ν

∣∣∣ ≤ θ1+γ, (6.2)

where bω,µ,ν ≡ K−1
ω,µ

(
Eν
ω2,µ
∇V

)
Bθ(0) and K−1

ω,µ is the inverse matrix of Kω,µ. See (A3) for τ, p, p′, γ and
(2.1) for

(
Eν
ω2,µ
∇V

)
Bθ(0).

Proof. Consider −∆V = 0 in B4/5(0). By [17, Theorem 4.6], a small θ ∈ (0, 1) exists such that, for
some γ̂ ∈ (γ, 1),

sup
z∈Bθ(0)

∣∣∣V(z) − V(0) − z(∇V)Bθ(0)

∣∣∣ ≤ θ1+γ̂‖V‖L∞(B4/5(0)). (6.3)

We claim (6.2). If not, there is a sequence {ν, ων, µν,Vν,Gν,Kων,µν} satisfying (6.1) and
ν, µν → 0, ‖Eν

1/ωτν,µν
Gν‖Lp(B1(0)) → 0,

K̃ = lim
ν→0
Kων,µν ,

sup
z∈Bθ(0)

∣∣∣Vν(z) − Vν(0) −
(
z + Xνων,µν(z)

)
bων,µν,ν

∣∣∣ > θ1+γ.

(6.4)

See (5.6) for Kω,µ; (6.4)2 is due to (5.7)1. By (A2) and (A3), Lemma 5.2, and (6.4)1,‖Gν‖L1(B1(0)) ≤ ‖Eν
1/ωτν,µν

Gν‖Lp(B1(0))‖Eν
ωτν,µν
‖Lp′ (B1(0)) −−−−−−→

ν→0
0,

‖Eν
ω2
ν ,µν
∇Vν‖L1(B4/5(0)) ≤ c‖Eν

ων,µν
∇Vν‖L2(B4/5(0)) ≤ c,

(6.5)

where c is a constant independent of ν, ων, µν. The functions Eν
ω2
ν ,µν
∇Vν are equi-integrable. That is, for

any δ > 0, by Hölder’s inequality, (A2), and (6.5)2, we have

‖Eν
ω2
ν ,µν
∇Vν‖L1(Bδ(0)) ≤ c‖Eν

ων,µν
∇Vν‖L2(B4/5(0))δ ≤ c δ, (6.6)

where c is independent of ν, ων, µν, δ. Note that ν is the periodic size. By (6.1), (6.4), (6.5),
and Lemma 5.2, there is a subsequence of {ν, ων, µν,Vν,Gν,Kων,µν} (with the same notation for the
subsequence) satisfying

Vν → V weakly in H1(B4/5(0)),
Eν
ω2
ν ,µν
∇Vν → K̃∇V weakly star in Radon measures,

∆V = 0 in B4/5(0),

as ν→ 0, (6.7)

where K̃ is a positive constant. For the sequence {ν, ων, µν,Vν,Gν,Kων,µν} in (6.7), either (i) an infinite
number of µν satisfy µν ≤ ντ−1 or (ii) an infinite number of µν satisfy µν > ντ−1. In either case, the
sequence in (6.7) has a uniformly convergent subsequence. The reason is as follows.
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• For Case (i). A sequence {ν, ων, µν,Vν,Gν,Kων,µν} in (6.7) satisfies the assumptions of
Corollary 4.1. So Corollary 4.1 implies that a V ∈ H1(B4/5(0)) ∩ C(B4/5(0)) and a
subsequence of {Vν} in (6.7) (with the same notation for the subsequence) exist such that
Vν → V in C(B4/5(0)) as ν→ 0.
• For Case (ii). Note that lim

ν→0
ν

4
κ | ln µν| = 0 for any κ > 2 with 0 < 6

κ
< τ. The

assumptions of Lemma 4.4 and Remark 4.2 are satisfied by the sequence {ν, ων, µν,Vν,Gν,Kων,µν}

in (6.7). Lemma 4.4 and Remark 4.2 imply that there is a V ∈ H1(B4/5(0)) ∩ C(B4/5(0))
and a subsequence of {Vν} in (6.7) (with the same notation for the subsequence) such that
Vν → V in C(B4/5(0)) as ν→ 0.

Therefore, there is a V ∈ H1(B4/5(0)) ∩ C(B4/5(0)) and a subsequence of {Vν} in (6.7) (with the same
notation for the subsequence) so that

Vν → V in C(B4/5(0)),
‖V‖L∞(B1(0) ≤ 1,
Eν
ω2
ν ,µν
∇Vν → K̃∇V weakly star in Radon measures,

−∆V = 0 in B4/5(0).

(6.8)

For any δ ∈ (0, θ), let ηδ ∈ C∞0 (Bθ(0)) be a non-negative function with ηδ ∈ [0, 1] and ηδ(x) = 1 if
x ∈ Bθ−δ(0). By (6.8)2,3 and (6.6), we see

lim
ν→0

∣∣∣∣∣ ∫
Bθ(0)

(Eν
ω2
ν ,µν
∇Vν − K̃∇V) dx

∣∣∣∣∣
≤ lim

ν→0

∣∣∣∣∣ ∫
Bθ(0)

(Eν
ω2
ν ,µν
∇Vν − K̃∇V)ηδ dx

∣∣∣∣∣ + lim
ν→0

∣∣∣∣∣ ∫
Bθ(0)

(Eν
ω2
ν ,µν
∇Vν − K̃∇V)(1 − ηδ) dx

∣∣∣∣∣
≤ lim

ν→0

∫
Bθ(0)\Bθ−δ(0)

∣∣∣Eν
ω2
ν ,µν
∇Vν

∣∣∣ +
∣∣∣K̃∇V∣∣∣ dx ≤ c δ1/2. (6.9)

Moreover, (6.4)2 and (6.9) imply

lim
ν→0

bων,µν,ν = lim
ν→0
K−1
ων,µν
−

∫
Bθ(0)

Eν
ω2
ν ,µν
∇Vν dx = (∇V)Bθ(0). (6.10)

By (5.4), (5.5), (6.3), (6.4)3, (6.8), and (6.10),

θ1+γ ≤ lim
ν→0

sup
z∈Bθ(0)

∣∣∣Vν(z) − Vν(0) −
(
z + Xνων,µν(z)

)
bων,µν,ν

∣∣∣
= sup

z∈Bθ(0)

∣∣∣V(z) − V(0) − z(∇V)Bθ(0)

∣∣∣ ≤ θ1+γ̂‖V‖L∞(B4/5(0)). (6.11)

We get a contradiction from (6.11). So (6.2) is true. �

Lemma 6.2. Under (A2) and (A3), there are constants θ, ε0 ∈ (0, 1) such that if
−∇ · (Eε

ω2,µ
∇V) = G in B1(0),

ε, µ ∈ (0, ε0),
k ∈ N satisfying ε

ε0
< θk,

(6.12)
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then we have the constants aε,kω,µ, bε,kω,µ satisfying
|aε,kω,µ| + |bε,kω,µ| ≤ cJ,

sup
z∈B

θk (0)

∣∣∣∣V(z) − V(0) − εaε,kω,µ −
(
z + Xεω,µ(z)

)
bε,kω,µ

∣∣∣∣ ≤ θk(1+γ)J, (6.13)

where J ≡ ‖V‖L∞(B1(0)) + ε−1
0 ‖E

ε
1/ωτ,µG‖Lp(B1(0)) and c is independent of ε, µ (= 1

ω
), k. See (A3) for τ, p, γ.

Proof. For k = 1, (6.13) is from Lemma 6.1 with ν = ε,V = V
J ,G = G

J . In this case, aε,1ω,µ = 0 and
bε,1ω,µ = K−1

ω,µ

(
Eε
ω2,µ
∇V

)
Bθ(0). If (6.13) is true for some k ∈ N satisfying ε

ε0
< θk, we define

V(z) ≡
V(θkz) − V(0) − εaε,kω,µ −

(
θkz + Xεω,µ(θ

kz)
)

bε,kω,µ
θk(1+γ)J

G(z) ≡
G(θkz)
θk(γ−1)J

in B1(0). (6.14)

By induction, (5.1), and (5.5), V and G satisfy (6.1) with ν = ε/θk. Apply Lemma 6.1 and (6.14)1 to
obtain

sup
z∈Bθ(0)

∣∣∣∣∣V(θkz) − V(0) −
(
θkz + Xεω,µ(θ

kz)
)

bε,kω,µ + εX1
ω,µ(0)bε,kω,µ

−θkγJ
(
θkz + Xεω,µ(θ

kz)
)

bω,µ,ε/θk

∣∣∣∣∣ ≤ θ(k+1)(1+γ)J, (6.15)

where bω,µ,ε/θk ≡ K−1
ω,µ

(
Eε/θk

ω2,µ
∇V

)
Bθ(0). Define

aε,k+1
ω,µ ≡ −X

1
ω,µ(0)bε,kω,µ and bε,k+1

ω,µ ≡ bε,kω,µ + Jθkγbω,µ,ε/θk . (6.16)

By (5.7)1 and an argument like that of (6.5), |bω,µ,ε/θk | is bounded uniformly in ε, ω, µ, k. Then (6.13)1

follows from (5.4) and (6.16); (6.13)2 is obtained by employing (6.16) and by substituting θkz with z in
(6.15). �

Lemma 6.3. Under (A2) and (A3), there is an ε0 ∈ (0, 1) such that any solution of (6.12)1 satisfies, for
any ε, µ ∈ (0, ε0),

‖∇V‖L∞(B1/2(0)) ≤ c
(
‖V‖L∞(B1(0)) + ‖Eε

1/ωτ,µG‖Lp(B1(0))
)
, (6.17)

where c is a constant independent of ε, µ (= 1
ω

). See (A3) for τ, p.

Proof. Let γ, θ, ε0, J be same as Lemma 6.2 and let c be a constant independent of ε, ω, µ. Suppose that
k ∈ N satisfies θk+1 ≤ ε

ε0
< θk, then by Lemma 6.2,

sup
z∈Bε/ε0 (0)

∣∣∣∣V(z) − V(0) − εaε,kω,µ −
(
z + Xεω,µ(z)

)
bε,kω,µ

∣∣∣∣ ≤ c
∣∣∣ ε
ε0

∣∣∣1+γ
J. (6.18)

Define 
V(z) ≡

V(εz) − V(0) − εaε,kω,µ −
(
εz + εX1

ω,µ(z)
)
bε,kω,µ

ε1+γJ
G(z) ≡

G(εz)
εγ−1J

in B1/ε0(0).
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Then V,G satisfy (6.1)1 with ν = 1; ‖V‖L∞(B1/ε0 (0)) + ‖E1
1/ωτ,µG‖Lp(B1/ε0 (0)) ≤ c by (6.18). Lemma 4.1

implies
‖∇V‖L∞(B1/2ε0 (0)) ≤ c, (6.19)

and (5.3), (6.13)1, and (6.19) imply (6.17). �

Remark 6.1. Let ε0 be the same as in Lemma 6.3. If µ ∈ [ε0, 1], (A2) implies that Eq (6.12)1 is a
uniform elliptic equation. By [27], we know the following:

Under (A2), (A3), and µ ∈ [ε0, 1], any solution of (6.12)1 satisfies (6.17).
By Lemma 4.1,

Under (A2), (A3), and ε ∈ [ε0, 1], any solution of (6.12)1 satisfies (6.17).
Together with Lemma 6.3, we conclude that

Under (A2) and (A3), any solution of (6.12)1 satisfies (6.17).

6.2. Boundary Lipschitz estimate

In this subsection, (4.13) is assumed and we let Rd4,d5(0) ≡ [−d4,d4]× [−d5,d5] be a rectangle with
d4,d5 ∈ [3, 4] so that |Rd4,d5(0) ∩ ε

r (Y + j)| for j ∈ Iε is 0 or | εr |
2 for some 0 < ε

r ≤ 1. Note that d4,d5

depend on ε
r . If 0 < ε

r ≤ 1 and d4,d5 ∈ [3, 4], define the following:
Q,r ≡ Rd4,d5(0) ∩Ω/r,

Q,r
†
≡

⋃
ε
r (Y+j)⊂Rd4 ,d5 (0); j∈Iε

ε
r (Y + j).

If r = 0, define Ω/r ≡ {(x1, x2)| x2 > 0}. Then Q,r is a bounded Lipschitz domain. Let η ∈ C∞0 (Rd4,d5(0))
be a bell-shaped function with η ∈ [0, 1] and η = 1 in [−2, 2]2. Then η = 0 on ∂Q,r∩∂Q,r

†
. If 0 < ε

r ≤ 1,
findWε,r

ω,µ,2 ∈ H1(Q,r) satisfying−∇ ·
(
Eε,r
ω2,µ

(
∇Wε,r

ω,µ,2 + ~e2
))

= 0 in Q,r,

Wε,r
ω,µ,2 =

(
1 − η

)
Xε/rω,µ,2 on ∂Q,r,

(6.20)

where ~e2 is the unit vector in the second coordinate direction. See (5.5) for Xε/rω,µ,2 and Section 2 for
Eε,r
ω2,µ

. Recall [29, Lemma 6.9] to see the following result.

Lemma 6.4. Under (A1), (A2), and ε
r , r ∈ (0, 1], a solution of (6.20) exists uniquely in H1(Q,r). There

is a constant c (independent of ε, µ (= 1
ω

), r,d4,d5) such that

sup
z∈Q,r

∣∣∣Wε,r
ω,µ,2(z)

∣∣∣ ≤ c
ε

r
.

Lemma 6.5. Let θ, ε0 be the same as in Lemma 6.1. Under (A1)–(A3) and r ∈ (0, 1], constants θ̃ (< θ),
ε̃0 (< ε0) exist such that if 

−∇ · (Eε,r
ω2,µ
∇V) = G in B1(0) ∩Ω/r,

V = Vb on B1(0) ∩ ∂Ω/r,
ε
r , µ ∈ (0, ε̃0),

(6.21)
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and Vb(0) = ∂TVb(0) = 0,
‖V‖L∞(S,r1 (0)),

1
ε̃0
‖Eε,r

1/ωτ,µG‖Lp(S,r1 (0)), [∇Vb]Cγ(S,r1 (0)) ≤ 1,
(6.22)

then

sup
z∈S,r

θ̃
(0)

∣∣∣∣V(z) −
(
z2 +Wε,r

ω,µ,2(z)
)
dω,ε,r

∣∣∣∣ ≤ θ̃1+
γ
2 . (6.23)

Here, z = (z1, z2); ∂TVb (or ∂1Vb) is the tangential derivative of Vb; dω,ε,r is the second component of
K−1
ω,µ

(
Eε,r
ω2,µ
∇V

)
S,r
θ̃

(0); and K−1
ω,µ is the inverse matrix of Kω,µ. See Section 2 for S,rR(0) and

(
Eε,r
ω2,µ
∇V

)
S,r
θ̃

(0),
and see (A3) for τ, p, p′, γ.

Proof. The proof is similar to Lemma 6.1. Suppose that r ∈ [0, 1] and V,Vb satisfy
−∆V = 0 in B4/5(0) ∩Ω/r,

V = Vb on B4/5(0) ∩ ∂Ω/r,

Vb ∈ C1,γ(Ω/r) with Vb(0) = ∂TVb(0) = 0.

(6.24)

By [17, Theorem 4.16] and (4.13), θ̃ ∈ (0, 4
5 ) and γ̂ ∈ (γ2 , γ) exist such that

sup
z∈S,r

θ̃
(0)

∣∣∣V(z) − z2 (∂2V)S,r
θ̃

(0)

∣∣∣ ≤ θ̃1+γ̂
(
‖V‖L∞(S,r4/5(0)) + [∇Vb]Cγ(S,r4/5(0))

)
, (6.25)

where ∂2 is the partial derivative with respect to the z2 variable.
We claim (6.23). If not, there is a sequence {ε, ωε , µε , rε ,Vε ,Gε ,Vb,ε ,Kωε ,µε } satisfying (6.21), (6.22),

and 
ε
rε
, µε → 0, rε → r ∈ [0, 1], ‖Eε,rε

1/ωτε ,µε
Gε‖Lp(S,rε1 (0)) → 0,

K̃ = lim
ε→0
Kωε ,µε ,

sup
z∈S,rε

θ̃
(0)

∣∣∣∣Vε(z) −
(
z2 +Wε,rε

ωε ,µε ,2
(z)

)
dωε ,ε,rε

∣∣∣∣ > θ̃1+
γ
2 .

(6.26)

See (5.6) for Kω,µ; (6.26)2 is due to (5.7)1. By (A2) and (A3), Lemma 5.2, and (6.26)1,
‖Gε‖L1(S,rε1 (0)) ≤ ‖Eε,rε

1/ωτε ,µε
Gε‖Lp(S,rε1 (0))‖Eε,rε

ωτε ,µε
‖Lp′ (S,rε1 (0)) −−−−−−→ε

rε
→0

0,

‖Eε,rε
ω2
ε ,µε
∇Vε‖L1(S,rε4/5(0)) ≤ c‖Eε,rε

ωε ,µε∇Vε‖L2(S,rε4/5(0)) ≤ c,
(6.27)

where c is a constant independent of ε, ωε , µε , rε . Functions Eε,rε
ω2
ε ,µε
∇Vε are equi-integrable. That is, for

any δ > 0, by Hölder’s inequality, (A2), and (6.27)2, we have

‖Eε,rε
ω2
ε ,µε
∇Vε‖L1(Bδ(0)∩S,rε4/5(0)) ≤ c‖Eε,rε

ωε ,µε
∇Vε‖L2(S,rε4/5(0))δ ≤ c δ, (6.28)
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where c is independent of ε, ωε , µε , rε , δ. Then (6.21), (6.22), (6.26), (6.27), and Lemma 5.2 imply that
there is a subsequence of {ε, ωε , µε , rε ,Vε ,Gε ,Vb,ε ,Kωε ,µε } (with the same notation for the subsequence)
satisfying 

Vν → V weakly in H1(S,r4/5(0))),
Eε,rε
ω2
ε ,µε
∇Vε → K̃∇V weakly star in Radon measures,

∆V = 0 in S,r4/5(0)),

as ε
rε
→ 0, (6.29)

where K̃ is a positive number. For the sequence {ε, ωε , µε , rε ,Vε ,Gε ,Vb,ε ,Kωε ,µε } in (6.29), either (i) an
infinite number of µε satisfy µε ≤

∣∣∣ ε
rε

∣∣∣τ−1
or (ii) an infinite number of µε satisfy µε >

∣∣∣ ε
rε

∣∣∣τ−1
. In either

case, the sequence in (6.29) has a uniformly convergent subsequence. The reason is as follows:

• For Case (i). The sequence {ε, ωε , µε , rε ,Vε ,Gε ,Vb,ε ,Kωε ,µε } in (6.29) satisfies the assumptions of
Corollary 4.1. By Corollary 4.1, a V ∈ H1(S,r4/5(0)) ∩ C(S,r4/5(0)) and a subsequence of {Vε} in
(6.29) (with the same notation for the subsequence) exist such that ‖Vε −V‖L∞(B4/5(0)∩Ω/rε∩Ω/r) → 0
as ε

rε
→ 0.

• For Case (ii). Note that lim
ε
rε
→0

∣∣∣ ε
rε

∣∣∣ 4
κ
∣∣∣ ln µε ∣∣∣ = 0 for any κ > 2 with 0 < 6

κ
< τ. The assumptions

of Lemma 4.4 and Remark 4.2 are satisfied by the sequence {ε, ωε , µε , rε ,Vε ,Gε ,Vb,ε ,Kωε ,µε } in
(6.29). By Lemma 4.4 and Remark 4.2, there is a function V ∈ H1(S,r4/5(0)) ∩ C(S,r4/5(0)) and a
subsequence of {Vε} in (6.29) so that ‖Vε − V‖L∞(B4/5(0)∩Ω/rε∩Ω/r) → 0 as ε

rε
→ 0.

So there is a V ∈ H1(S,r4/5(0)) ∩C(S,r4/5(0)) and a subsequence of {Vε} in (6.29) (with the same notation
for the subsequence) so that, as ε

rε
→ 0, we have

‖Vε − V‖L∞(B4/5(0)∩Ω/rε∩Ω/r) → 0,
‖Vb,ε − Vb‖C1(B4/5(0)∩Ω/rε∩Ω/r) → 0,
Eε,rε
ω2
ε ,µε
∇Vε → K̃∇V weakly star in Radon measures,

‖V‖L∞(S,r1 (0)), [∇Vb]Cγ(S,r1 (0)) ≤ 1,
(6.24) holds.

(6.30)

For any δ ∈ (0, θ̃), let ηδ ∈ C∞0 (S,rε
θ̃

(0)) be a non-negative function with ηδ ∈ [0, 1] and ηδ(x) = 1 in
{x ∈ S,rε

θ̃
(0)| dist(x, ∂S,rε

θ̃
(0)) > δ}. By (6.30)3,4 and (6.28),

lim
ε
rε
→0

∣∣∣∣∣ ∫
S,rε
θ̃

(0)
(Eε,rε

ω2
ε ,µε
∇Vε − K̃∇V) dx

∣∣∣∣∣
≤ lim

ε
rε
→0

∣∣∣∣∣ ∫
S,rε
θ̃

(0)
(Eε,rε

ω2
ε ,µε
∇Vε − K̃∇V)ηδ dx

∣∣∣∣∣ + lim
ε
rε
→0

∣∣∣∣∣ ∫
S,rε
θ̃

(0)
(Eε,rε

ω2
ε ,µε
∇Vε − K̃∇V)(1 − ηδ) dx

∣∣∣∣∣
≤ lim

ε
rε
→0

∫
{x∈S,rε

θ̃
(0)| dist(x,∂S,rε

θ̃
(0))≤δ}

∣∣∣Eε,rε
ω2
ε ,µε
∇Vε

∣∣∣ +
∣∣∣K̃∇V∣∣∣ dx ≤ c δ1/2. (6.31)

Here, (6.31) and (6.26)2 imply

lim
ε
rε
→0

dωε ,ε,rε = lim
ε
rε
→0
K−1
ωε ,µε
−

∫
S,rε
θ̃

(0)
Eε,rε
ω2
ε ,µε
∂2Vε dx = (∂2V)S,r

θ̃
(0). (6.32)
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So (6.26)3, (6.30)1, Lemma 6.4, (6.32), and (6.25) imply

θ̃1+
γ
2 ≤ lim

ε
rε
→0

sup
z∈S,rε

θ̃
(0)

∣∣∣∣Vε(z) −
(
z2 +Wε,rε

ωε ,µε ,2
(z)

)
dωε ,ε,rε

∣∣∣∣
= sup

z∈S,r
θ̃

(0)

∣∣∣V(z) − z2(∂2V)S,r
θ̃

(0)

∣∣∣ ≤ θ̃1+γ̂(‖V‖L∞(S,r4/5(0)) + [∇Vb]Cγ(S,r4/5(0))
)
.

We get a contradiction if θ̃ is small enough. So (6.23) is true. �

Lemma 6.6. Let θ̃, ε̃0 be the same as in Lemma 6.5. Under (A1)–(A3), if
−∇ · (Eε

ω2,µ
∇V) = G in B1(0) ∩Ω,

V = 0 on B1(0) ∩ ∂Ω,

ε, µ ∈ (0, ε̃0),
k ∈ N satisfying ε

ε̃0
< θ̃k,

(6.33)

then we have the constants dε,k−1
ω,µ satisfying

|dε,k−1
ω,µ | ≤ cJ̃,

sup
z∈B

θ̃k (0)∩Ω

∣∣∣∣∣V(z) −
k−1∑
j=0

θ̃
jγ
2

(
z2 + θ̃ jWε,̃θ j

ω,µ,2(
z

θ̃ j
)
)
dε, jω,µ

∣∣∣∣∣ ≤ θ̃k(1+
γ
2 ) J̃,

(6.34)

where z = (z1, z2); J̃ ≡ ‖V‖L∞(B1(0)∩Ω)+
1
ε̃0
‖Eε

1/ωτ,µG‖Lp(B1(0)∩Ω); c is a constant independent of ε, µ (= 1
ω

), k.
See (A2) and (A3) for ω, µ, τ, p, γ.

Proof. If k = 1, (6.34) holds by Lemma 6.5 with r = 1, V = V
J̃
, and G = G

J̃
. dε,0ω,µ is the second

component of K−1
ω,µ

(
Eε
ω2,µ
∇V

)
Bθ̃(0)∩Ω and |dε,0ω,µ| ≤ cJ̃ (see (6.27)). Suppose that (6.34) is true for some

k ∈ N satisfying ε
ε̃0
< θ̃k, we define, in B1(0) ∩Ω/̃θk,

V(z) ≡
1

J̃ θ̃k(1+
γ
2 )

(
V
(̃
θkz

)
−

k−1∑
j=0

θ̃
jγ
2

(̃
θkz2 + θ̃ jWε,̃θ j

ω,µ,2(
θ̃kz

θ̃ j
)
)
dε, jω,µ

)
,

G(z) ≡
G(̃θkz)

J̃ θ̃k( γ2−1)
,

Vb(z) ≡
−1

J̃ θ̃k(1+
γ
2 )

k−1∑
j=0

θ̃
jγ
2 θ̃k z2 dε, jω,µ.

Note that [∇Vb]Cγ(B1(0)∩Ω/̃θk) = 0. The functions V,G,Vb satisfy (6.21) and (6.22) with r = θ̃k. Apply
Lemma 6.5 to get

sup
z∈Bθ̃(0)∩Ω/̃θk

∣∣∣∣∣V(z) −
(
z2 +Wε,̃θk

ω,µ,2(z)
)

dω,ε,̃θk

∣∣∣∣∣ ≤ θ̃1+
γ
2 , (6.35)

where dω,ε,̃θk is the second component ofK−1
ω,µ

(
Eε,̃θk

ω2,µ
∇V

)
Bθ̃(0)∩Ω/̃θk . By (5.7)1 and an argument like (6.27),

|dω,ε,̃θk | are bounded uniformly in ε, µ (= 1
ω

), k. Rewrite (6.35) in terms of V in Bθ̃k+1(0) to obtain

sup
z∈B

θ̃k+1 (0)∩Ω

∣∣∣∣∣V(z) −
k−1∑
j=0

θ̃
jγ
2

(
z2 + θ̃ jWε,̃θ j

ω,µ,2(
z

θ̃ j
)
)
dε, jω,µ − θ̃

kγ
2 J̃

(
z2 + θ̃kWε,̃θk

ω,µ,2(
z

θ̃k
)
)
dω,ε,̃θk

∣∣∣∣∣ ≤ θ̃(k+1)(1+
γ
2 ) J̃.
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If dε,kω,µ ≡ J̃ dω,ε,̃θk , then (6.34) holds for k + 1. �

Lemma 6.7. Let ε̃0 be the same as in Lemma 6.6. Suppose (A1)–(A3) and ε, µ ∈ (0, ε̃0), any solution
of (6.33)1,2 satisfies

‖∇V‖L∞(B1/2(0)∩Ω) ≤ c
(
‖V‖L∞(B1(0)∩Ω) + ‖Eε

1/ωτ,µG‖Lp(B1(0)∩Ω)
)
, (6.36)

where c is a constant independent of ε, µ (= 1
ω

). See (A2) and (A3) for ω, µ, τ, p.

Proof. From (4.13), 0 ∈ ∂Ω and there is a γ∗ > 0 and a C1,γ function Υ : R→ R such that Bγ∗(0)∩Ω =

Bγ∗(0) ∩
{
(z1, z2)

∣∣∣ z1 ∈ R, z2 > Υ(z1)
}
. For convenience of presentation, assume γ∗ = 1. We claim the

following:

sup
(0,z2)∈B1/2(0)∩Ω

|∇V(0, z2)| ≤ c
(
‖V‖L∞(B1(0)∩Ω) + ‖Eε

1/ωτ,µG‖Lp(B1(0)∩Ω)
)
. (6.37)

Proof of the claim. Let c be a constant independent of ε, µ, ω; let θ̃, J̃, γ be the same as in Lemma 6.6;
and k is a number satisfying θ̃k+1 ≤ ε

ε̃0
< θ̃k. If z ≡ (0, z2) ∈ B1/2(0)∩Ω, then either (i) 1

2 θ̃
m+1 ≤ z2 <

1
2 θ̃

m

for 0 ≤ m ≤ k or (ii) 0 ≤ z2 ≤
1
2 θ̃

k+1.

For Case (i). In this case,

z ≡ (0, z2), 2−1 θ̃m+1 ≤ z2 < 2−1 θ̃m for 0 ≤ m ≤ k. (6.38)

Let ξz ≡ dist(z, ∂Ω) be the distance from z to ∂Ω. By (4.13)4 and (6.38),ξz ≈ z2 ≈ θ̃
m (see S ection1 f or ≈),

ε ≤ ε̃0 θ̃
k ≤ ε̃0θ̃

m ≤ c̃ε0 ξ
z,

(6.39)

where c is independent of ε, µ, ω,m, z. By Lemma 6.6,

sup
x=(x1,x2)∈Bθ̃m (0)∩Ω

∣∣∣∣∣V(x) −
m−1∑
j=0

θ̃
jγ
2

(
x2 + θ̃ jWε,̃θ j

ω,µ,2(
x

θ̃ j
)
)
dε, jω,µ

∣∣∣∣∣ ≤ c θ̃m(1+
γ
2 ) J̃, (6.40)

where c is independent of ε, µ (= 1
ω

),m. By (6.34)1, Lemma 6.4, (6.39), and (6.40),

sup
Bθ̃m (0)∩Ω

|V | ≤ cJ̃
(
θ̃m(1+

γ
2 ) +

(̃
θm + ε

))
≤ c ξz J̃. (6.41)

By (6.38) and (6.41), we see
sup

Bξz/2(z)
|V | ≤ c ξz J̃, (6.42)

where c is independent of ε, ω, µ,m, z. Define
Eε,ξ

z

ω2,µ
(y) ≡ Eε

ω2,µ
(z + ξz y)

V(y) ≡
V(z + ξz y)

ξz J̃

G(y) ≡
ξz G(z + ξz y)

J̃

in B1/2(0).
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Then V,G satisfy, by (6.42), −∇ ·
(
Eε,ξ

z

ω2,µ
∇V

)
= G in B1/2(0),

‖V‖L∞(B1/2(0)) +
∥∥∥Eε,ξz

1/ωτ,µG
∥∥∥

Lp(B1/2(0))
≤ c.

By (6.39)2, ε/ξz ≤ c̃ε0. Remark 6.1 implies that ‖∇V‖L∞(B1/4(0)) ≤ c. That is,

‖∇V‖L∞(Bξz/4(z)) ≤ cJ̃.

This proves (6.37) for Case (i).

For Case (ii). In this case, 0 ≤ z2 ≤
1
2 θ̃

k+1 and θ̃k ≈ ε. By Lemma 6.6,

sup
x=(x1,x2)∈B

θ̃k (0)∩Ω

∣∣∣∣∣V(x) −
k−1∑
j=0

θ̃
jγ
2

(
x2 + θ̃ jWε,̃θ j

ω,µ(
x

θ̃ j
)
)

dε, jω,µ

∣∣∣∣∣ ≤ θ̃k(1+
γ
2 ) J̃.

Lemma 6.4 and (6.34)1 imply
sup

B
θ̃k (0)∩Ω

|V | ≤ cε J̃. (6.43)

Define 
V(y) ≡

V(ε y)

ε J̃
G(y) ≡

εG(ε y)

J̃

in B1(0) ∩Ω/ε.

By (6.43),
‖V‖L∞(B1(0)∩Ω/ε) +

∥∥∥Eε,ε
1/ωτ,µG

∥∥∥
Lp(B1(0)∩Ω/ε)

≤ c.

Then V,G satisfy −∇ · (Eε,ε

ω2,µ
∇V) = G in B1(0) ∩Ω/ε,

V = 0 on B1(0) ∩ ∂Ω/ε.
(6.44)

Lemma 4.1 and the classical regularity results [17] imply ‖∇V‖L∞(B1/2(0)∩Ω/ε) ≤ c. This proves (6.37) for
Case (ii). Therefore, the claim (6.37) is proved.

Next, we repeat the same argument for (6.37) (i.e., (6.40)–(6.44)) by varying the origin along the
boundary B1(0) ∩ ∂Ω and by adjusting the constant c. Then we see that (6.36) is true. �

Remark 6.2. Let ε̃0 be the same as in Lemma 6.7. If µ ∈ [̃ε0, 1], (A2) implies that Eq (6.33)1 is a
uniform elliptic equation. By [27], we know that

Under (A1)–(A3) and µ ∈ [̃ε0, 1], any solution of (6.33)1,2 satisfies (6.36).
By Lemma 4.1 and the classical regularity results [17],

Under (A1)–(A3) and ε ∈ [ε0, 1], any solution of (6.33)1,2 satisfies (6.36).
Together with Lemma 6.7, we conclude the following:

Under (A1)–(A3), any solution of (6.33)1,2 satisfies (6.36).
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7. Proof of Lemma 3.2

Equation (3.1) can be written as−∇ · (Eε
ω2,µ
∇V) = G − β2Eε

ω2,µ
V in Ω,

V = 0 on ∂Ω.
(7.1)

By Remarks 6.1 and 6.2, the solution of (7.1) satisfies

‖∇V‖L∞(Ω) ≤ c
(
‖V‖L∞(Ω) + ‖Eε

1/ωτ,µG‖Lp(Ω) + ‖β2Eε
ω2−τ,µ

V‖Lp(Ω)
)
. (7.2)

See (A3) for τ, p. Since β > 1 (the assumption of Lemma 3.2), the solution of (7.1) satisfies, by
Lemma 3.1 and (A3),‖β2Eε

ω2−τ,µ
V‖Lp(Ω) =

∥∥∥β2Eε
ω2/p,µ

V
∥∥∥

Lp(Ω)
≤ c

∥∥∥Eε
1/ωτ,µG

∥∥∥
Lp(Ω)

,∥∥∥Eε
ω,µ∇V

∥∥∥
L2(Ω)
≤ c

∥∥∥Eε
1/ω,µG

∥∥∥
L2(Ω)

.
(7.3)

Next we estimate ‖V‖L∞(Ω) as follows:

• For µ ≤ ετ−1. By Lemma 4.12, Sobolev’s embedding theorem [17], and (7.3), the solution of (7.1)
satisfies

‖V‖L∞(Ω) ≤ c(‖Eε
ω,µ∇V‖L2(Ω) + ‖Eε

1/ωτ,µG‖Lp(Ω) + ‖β2Eε
ω2−τ,µ

V‖Lp(Ω))
≤ c(‖Eε

1/ω,µG‖L2(Ω) + ‖Eε,r
1/ωτ,µG‖Lp(Ω)). (7.4)

• For µ > ετ−1. Note that ε
4
κ | ln µ| are bounded independent of ε, ω, µ for any κ > 2 with 0 < 6

κ
< τ.

By Lemma 4.3 and (7.3), the solution of (7.1) satisfies

‖V‖L∞(Ω) ≤ c
(
‖Eε

1/ωτ,µG‖Lp(Ω) + ‖β2Eε
ω2−τ,µ

V‖Lp(Ω)
)
≤ c‖Eε

1/ωτ,µG‖Lp(Ω). (7.5)

Lemma 3.2 follows from (7.2)–(7.5).

8. Proof of Lemma 4.1

Let Γ(z − y) denote the fundamental solution of the Laplace equation in R2 [17] and let Br ⊂ R
2

denote a disc centered at 0 with a radius r. Define a single-layer and a double-layer potentials as, for
any smooth function ζ on the boundary ∂Br,

S∂Br (ζ)(z) ≡
∫
∂Br

Γ(z − y) ζ(y) dσy

D∂Br (ζ)(z) ≡
∫
∂Br

∇yΓ(z − y)~ny ζ(y) dσy

for z ∈ ∂Br,

where ~ny is the unit vector outward normal to ∂Br. By [13, pages 148–151] and [11, pages 226 and
227] and by following the proof of Lemma 3.2 [27], we know the following.
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Lemma 8.1. For any α ∈ (0, 1), the linear operatorsS∂B1 : Cα(∂B1)→ C1,α(∂B1)
D∂B1 : Cα(∂B1)→ C1,α(∂B1)

are bounded, I − d1D∂B1 for d1 ∈ [−2, 2] are invertible in C1,α(∂B1), and

‖ζ‖C1,α(∂B1) ≤ c‖(I − d1D∂B1)(ζ)‖C1,α(∂B1),

where I is the identity operator and c is a constant independent of d1.

If ~n is the unit vector outward normal to ∂Yµ,m, define, for any y ∈ ∂Yµ,m and any function ζ on Y,ζ,±(y) ≡ lim
t→0+

ζ(y ± t~n), bζc(y) ≡ ζ,+(y) − ζ,−(y),

∂±nζ ≡ ∇ζ,± · ~n, b∂nζc(y) ≡ ∂+
nζ(y) − ∂−nζ(y).

(8.1)

Proof of Lemma 4.1. Let Ĵ ≡ ‖Ψ‖L2(Y\B1/4) + ‖Q‖Cγ(Y) + ‖K1/ω2,µG‖Lp(Y), γ ≡
p−2

p , and let c be a constant
independent of ω, µ. By [17, Theorem 4.15], any solution Ψ of (4.2) satisfies

‖Ψ‖C1,γ(B9/20\B7/20) ≤ cĴ. (8.2)

Next, we find ζ ∈ C1,γ(B2/5) by solving−∇ · (∇ζ + Q) = K1/ω2,µG in B2/5,

ζ = Ψ on ∂B2/5.

By [17, Theorems 4.15 and 4.16],
‖ζ‖C1,γ(B2/5) ≤ cĴ. (8.3)

Recall Yµ,m = Bµ/4(0). Define Φ ≡ Ψ − ζ in B2/5 and Φ̂(y) ≡ Φ(µ4 y), ζ̂(y) ≡ ζ(µ4 y), Q̂(y) ≡ µ

4 Q(µ4 y) in
B8/5µ. Then 

−∆Φ̂ = 0 in B 8
5µ
\ ∂B1,

bΦ̂c = 0 on ∂B1,

bK4/µ
ω2,µ
∇Φ̂c · ~ny = Ĝ on ∂B1,

Φ̂ = 0 on ∂B 8
5µ
,

(8.4)

where ~ny is the unit vector normal to ∂B1 and Ĝ = −bK4/µ
ω2,µ

(∇ζ̂ + Q̂)c · ~ny. See (4.1) for K4/µ
ω2,µ

and (8.1)

for bΦ̂c, bK4/µ
ω2,µ
∇Φ̂c. Note, by (8.2), (8.3), and definition of the single-layer potential, we have‖Ĝ‖Cγ(∂B1) ≤ cω2µĴ,∥∥∥S∂B8/5µ

(
∂nΦ̂|∂B8/5µ

)∥∥∥
C1,γ(∂B1)

≤ cĴ| ln µ|,
(8.5)

where ∂nΦ̂|∂B8/5µ is the normal derivative of Φ̂ on ∂B8/5µ. By Green’s formula, (8.4), and [13, pages 148–
151],  Φ̂

2 + D∂B1(Φ̂) = S∂B1(∇Φ̂,− · ~ny|∂B1)
Φ̂
2 − D∂B1(Φ̂) = −S∂B1(∇Φ̂,+ · ~ny|∂B1) + S∂B8/5µ(∂

−
nΦ̂|∂B8/5µ)

on ∂B1.
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Therefore, (
I −

2(1 − ω2)
1 + ω2 D∂B1

)
Φ̂ =

2
1 + ω2

(
S∂B1(−Ĝ) + S∂B8/5µ(∂

−
nΦ̂|∂B8/5µ)

)
,

where I is the identity matrix. Apply (8.5) and Lemma 8.1 to see

‖Φ̂‖C1,γ(∂B1) ≤
c
ω2

(
‖Ĝ‖Cγ(∂B1) +

∥∥∥S∂B8/5µ

(
∂nΦ̂|∂B8/5µ

)∥∥∥
C1,γ(∂B1)

)
≤ cĴ

(
µ + ω−2| ln µ|

)
. (8.6)

By the maximal principle, (8.4), and (8.6),

‖Φ̂‖W1,∞(B1) + ‖Φ̂‖W1,∞(B8/5µ\B1) ≤ cĴ
(
µ + ω−2| ln µ|

)
. (8.7)

By the assumptions, (8.7), and the definition of Φ̂, we see

‖∇Φ‖L∞(B2/5) ≤ cĴ. (8.8)

By (8.3) and (8.8), ‖Ψ‖L∞(B2/5) ≤ ‖∇Φ‖L∞(B2/5) + ‖∇ζ‖L∞(B2/5) ≤ cĴ. So Lemma 4.1 is proved. �

9. Homogenized macroscopic equations

This section recalls the homogenized macroscopic equations of the problem (1.1). The
homogenization of quasilinear elliptic equations is studied in [4]. When p = 2 and the Dirichlet
boundary condition are concerned, the quasilinear elliptic equations are reduced to the following linear
elliptic equations: −∇ · (Eε

ω2,µ
∇Uε) = F in D,

Uε = Ub on ∂D.
(9.1)

As ε → 0, under (A1), ω > 1, ω2|Dεµ,m| ≈ 1, and ε2| ln µ| ≈ 1, the homogenized macroscopic equations
of (9.1) are, by [4, Theorem A], and [8, Theorem 3],

−∆U + θ3 (U − V) = F in D,
−θ4 ∂

2
x3

V + θ3 (V − U) = 0 in D,
U = Ub on ∂D,
V(x′, 0) = Ub(x′, 0),
V(x′,L) = Ub(x′,L),

(9.2)

where θ3, θ4 are two positive constants. If Ub = 0, the homogenized macroscopic Eq (9.2) is
−∆U + θ3 (U − V) = F in D,
−θ4 ∂

2
x3

V + θ3 (V − U) = 0 in D,
U = 0 on ∂D,
V(x′, 0) = V(x′,L) = 0.

(9.3)

The solution V of −θ4 ∂
2
x3

V + θ3 (V − U) = 0 in D,
V(x′, 0) = V(x′,L) = 0
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can be written as

V(x′, x3) =

∫ L

0
G(x′, x3, z)U(x′, z) dz, (9.4)

where the kernel G(x′, x3, z) can be computed (see [4]). By (9.4), the solution U of (9.3) satisfies−∆U + θ3 U − θ3

∫ L

0
G(x′, x3, z)U(x′, z) dz = F in D,

U = 0 on ∂D.
(9.5)

Equations (9.2), (9.3), and (9.5) are the homogenized macroscopic equations with a nonlocal term. For
more details, see [4, Theorem A], [7, Eq (1.2)], and [8, Theorem 3].
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