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Abstract: Suppose that X is a finite group with prescribed 2-subgroups. Under certain conditions,
it is shown that the normalizer property holds for X. In particular, let X be a semidirect product of a
normal 2-complement O, (X) by a Sylow 2-subgroup P. If m?® is conjugate to m or m™!, for all m € P,
then X has the normalizer property. Our result generalizes a result due to Mazur, which states that the
normalizer property holds for finite groups that have the Sylow 2-subgroup of order 2.
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1. Introduction

Let X be a finite group and U(ZX) be the group of units of the integral group ring ZX. We use
Z(U(ZX)) to denote the center of U(ZX). The normalizer problem (Problem 43 in Sehgal [1]) of
integral group rings asks whether Nyzx)(X) = X Z(U(ZX)) for any finite group X, where Nyzx)(X) is
the normalizer of X in U(ZX). If this equality is satisfied, we say that the normalizer property holds
for X. Historically, the first positive result regarding this question was established by Coleman [2],
who demonstrated that the normalizer property holds for finite nilpotent groups. Jackowski and
Marciniak [3] proved that the finite group having a normal Sylow 2-subgroup has the normalizer
property. In particular, the normalizer property holds for groups of odd order. Although Hertweck [4]
constructed the first counterexample to the normalizer problem, it still remains of interest to
investigate for which groups have the normalizer property. Recently, a number of related works on the
normalizer problem have been published; see [5-9].

Let Aut(X) be the automorphism group of X. By conj(x) we denote the inner conjugation g — x~'gx
on X. In order to investigate the normalizer problem, as in [7], several special automorphisms of finite
group X are defined as follows:

Let 8 € Aut(X). If for any y € X, there exists an x € X such that y# = x!yx, then § is called a
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class-preserving automorphism. Denote by Aut.(X) the class-preserving automorphism group of X.

Let 5 € Aut(X). If for any prime p||X| and any Sylow p-subgroup R of X, there exists an x € X such
that S|z = conj(x)|, then § is said to be a Coleman automorphism. Denote by Autcy(X) the Coleman
automorphism group of X.

Let u € Nyezx)(X), g% = u'gu for all g € X. Then 6, € Aut(X). Write Autz(X) = {6, € Aut(X) |
X = u xu, u € Ny (X), x € X}. Obviously, Autz(X) < Aut(X).

We set

Out.(X) = Aut.(X)/Inn(X),

Outcol(X) = Autce (X)/Inn(X)

and
Outz(X) = Autz(X)/Inn(X).

Jackowski and Marciniak [3] proved that Nygzx)(X) = XZ(U(ZX)) if and only if Outz(X) = 1. In
addition, Outz(X) < Out.(X)NOutcy(X) and Outz(X) is an elementary abelian 2-group(see [1]). Hence,
if it can be shown that |Out.(X) N Outcy(X)| is an odd number, then Outz(X) = 1. In particular, the
normalizer property holds for X.

In this paper, the normalizer problem of finite groups with prescribed 2-subgroups is investigated.
Mazur [10] conjectured that finite groups with abelian Sylow 2-subgroups have the normalizer
property. He proved that the conjecture holds if the Sylow 2-subgroups of finite groups are of order 2.
This result was generalized by Hertweck [8]; he proved that X has the normalizer property, provided
that X has a normal 2-complement and X has a cyclic Sylow 2-subgroup or an abelian of exponent at
most 4. Marciniak and Roggenkamp [11] constructed a group X = (C; X C3) Cg such that
|Out.(X) N Outcy(X)| is an even number. This example shows that if the Sylow 2-subgroup of X is
non-abelian, then, in general, |Out.(X) N Outcy(X)| is not necessarily odd. In [6], Van Antwerpen
proved that if a finite group X possesses a self-centralizing normal 2-subgroup, then X does not have
any non-inner Coleman automorphisms. In particular, the normalizer property holds for X. Inspired
by these findings, we are able to establish the following results.

Theorem 1.1. Let P € Syl,(X) and F(X) be the Fitting subgroup of X. Assume that any chief factor of
X/F(X) is not isomorphic to C,, and K is a maximal subgroup of P satisfying K < X. Then |Out.(X) N
Outcy(X)| is an odd number; that is, X has the normalizer property.

Theorem 1.2. Let X = 0,(X) = P be a semidirect product of a normal 2-complement Oy (X) by a
Sylow 2-subgroup P. If m? is conjugate to m or m~!, for all m € P, then Outz(X) = 1, that is, X has the
normalizer property.

Theorem 1.3. Let X be an extension of a centerless finite group A by a 2-group P, where Autc,(A) =
Inn(A). If m?® is conjugate to m or m™!, for all m € P, then Outz(X) = 1.

Throughout, X is a finite group, and C,, denotes a cyclic group of order p. Let H < X or H < X,
and ¥ € Aut(X). We denote 3|y or ?|x,n, respectively, if ¢ fixes H or X/H. For ay € X, conj(y) means
g°M0) = g¥ for all g € X. For any pl||X|, we denote O,(X) to be the largest normal p-subgroup of X and
O,/(X) the largest normal p’-subgroup of X. Other notations are standard; refer to [7,12].

2. Preliminaries
Lemma 2.1. [7] Assume that H < X and X/H is a p’-group. Then we have the following statements.
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(1) If 9 € Aut.(X) is of p-power order, then ¥y € Aut.(H);

(2) If 9 € Autco(X) is of p-power order, then ¥y € Autcq(H);

(3) If Out.(H) or Outc, (H) is a p’-group, then so is Out.(X) or Outcy(X).
Lemma 2.2. [8] |Out.(X) N Outcy(X)| is an odd number if there exists a cyclic Sylow 2-subgroup of X.
Lemma 2.3. Suppose that H < X and ¢ € Aut(X). Then we have the following statements.

(1) If 9 € Aut.(X), then ¥y € Aut(H) and Fx;n € Aut.(X/H).

(2) If 9 € Autcg(X), then Iy € Aut(H) and ¥|x/y € Autcq(X/H).

Proof. These proofs are obvious, so we omit them. O

Lemma 2.4. Suppose that H < X and ¢ € Aut(X) \ Inn(X) is a p-element. If #|x,z € Inn(X/H), then
there exists a y € Inn(X) satisfying yd|x,;n = id|x/n, and y& € Aut(X) \ Inn(X) remains a p-element.

Proof. By ¥|x;u € Inn(X/H), so we suppose that J|x;z = conj(x)|x,x for some x € X. Let i be a positive
integer and o() = p'. Denote 8 = conj(x). Hence, 8 '9|x/i = id|x;5. Suppose that n is positive integer
and (n, p) = 1. If (87'9)" is the p-part of S~!19, then there exist s,t € Z satisfying sn + tp’ = 1. It is
clear that o((8~'9%)™) is a power of p, and (87'9)"|x/y = id|x;z. By Inn(X) < Aut(X), there exists a
y € Inn(X) satisfying (8~'9)" = y9" = y#'~#' = yi. Therefore, Y9y = (BN |xm = idlxy. O

Lemma 2.5. Suppose that N < X and 9 € Aut(X) is a p-element. Let ¥y € Aut(N) and ¥y = conj(x)|y
for some x € X; then there exists a p-element s € X satisfying J|y = conj(h)|y.

Proof. Let o() = p", o(x) = p°j, where r, s, j € Nand (p, j) = 1. Seti = max{r, s}. By (pi,_j) =1,

P

then there exists u, v € Z, satisfying up'+vj = 1. Leth = x"/, so that h is a p-element. By z = =
up!

for any z € N, so that z% = z* = z* " = (2" )" = 2 = 7. Hence, #|y = conj(h)|y. o

Lemma 2.6. [13] Suppose that ¢+ € Aut(X) is a p-element and any chief factor of X/F*(X) is not
isomorphic to C,. Assume that H < X with H” = H. If 9|y/y = id|x,y and there is an x € X satisfying
g = conj(x)|, where R € Syl(H), then we have y € O,(X)H and ¥z = conj(y)|g.

Lemma 2.7. [13] Let J € Aut(X) be a p-element. Suppose that H < X satisfying ¥y = id|y and
Px/n = 1d|x;z. Then 19|X/0,,(Z(H>) = ile/Op(Z(H))- Moreover, we have ¢ € Inn(X) if #|p = id|p, where
P € Syl (X).

Lemma 2.8. [14] Suppose that v € Nyczx)(X). Then y is conjugate to v™'yv for any y € X.

Lemma 2.9. [1] All central units of Z(X) are trivial if and only if for every x € X, any generator of
< x > is conjugate to either x or x~!.

Lemma 2.10. [5] Let w € Nyzx)(X), H < X, and let R < X be a p-subgroup. Assume that w? = Hx e
X/H for some x € X, where § : ZX — Z(X/H) is the natural homomorphism. Then there exists an
h € H satisfying w™'yw = (hx)'y(hx) for every y € R.

Lemma 2.11. [1] Suppose that v € Ny@zx(X), and ¢, € Autz(X). Then ¢? € Inn(X).

Lemma 2.12. [13] Assume that m(X) and m(Autc, (X)) are the sets of prime divisors of |X]
and |Autc, (X)|, respectively. Then m(Autco (X)) € m(X).

Lemma 2.13. [13] Let X be a simple group. Then there exists a ¢ | |X| such that g-central
automorphisms of X are inner automorphisms.

Lemma 2.14. Suppose that H < X and ¥ € Aut(X) is a p-element. If ¢y = conj(x)|y for some x € X,
then there exists a y € Inn(X) that satisfies yi#|y = id|y and y?) remains a p-element.

Proof. Similar to the proof of Lemma 2.4, so we omit it. O
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3. Proof of the theorems

Recall that F*(X) is said to be the generalized Fitting subgroup of X if F*(X) is a central product
of its Fitting subgroup F(X) and its layer £ = E(X), which is generated by the components, i.e., the
subnormal quasisimple subgroups of X.

Theorem 3.1. Let P € Syl,(X) and F(X) be the Fitting subgroup of X. Assume that any chief factor of
X/F(X) is not isomorphic to C5, and K is a maximal subgroup of P satisfying K < X. Then |Out.(X) N
Outco(X)| is an odd number; that is, X has the normalizer property.

Proof. Let 9 € Aut.(X) N Autcy(X) be a 2-element. Then we have to show that ¢ € Inn(X). If P < X,
then, by Lemma 2.1, the assertion follows. If K = 1, then P is a cyclic group of order 2. Hence,
according to Lemma 2.2, this concludes the proof.

Henceforth, we suppose that P g X and K # 1. Under this assumption, we have K = O,(X) # P.
It follows that the Sylow 2-subgroups of X/0,(X) are cyclic groups of order 2. Then, by Lemma 2.2,
Out.(X/0,(X)) N Outce(X/0,(X)) is of odd order. Further, by Lemma 2.3, we obtain that

PNx/0,0x) € Aut(X/0:(X)) N Autco(X/0(X)).

In addition, by assumption,  is a 2-element. Consequently, J|x;0,x) € Inn(X/0,(X)). Therefore, by
Lemma 2.4, without losing generality, we can assume the following:

WNx/0,00 = 1dlx/0,x)-
Since ¢ € Autcq(X), according to Lemma 2.5, there exists a 2-element x € X satisfying
Hp = conj(x)|p.

We denote F*(X) as the generalized Fitting subgroup of X. Next we will show that F*(X) = F(X). Note
that the Sylow 2-subgroups of X/0,(X) are cyclic groups of order 2. Hence, according to Burnside’s
theorem, there is a normal 2-complement of X/0,(X). By the Feit-Thompson theorem, which asserts
that every group of odd order is solvable, X is solvable. Therefore, F*(X) = F(X).

Now, according to Lemma 2.6, there is y € O,(X) satisfying

o, = conj(y)lo,x)-
Moreover, given that ¢#|p = conj(x)|p and O,(X) < P, we conclude that
Flo,x) = conj(0)lo,x)-
Consequently, conj(x)|o,x) = Po,x) = conj(y)lo,x), which implies that
17! € Cx(02(X)).
Since Yx/0,00 = idlx/0,x), P’ = P. Additionally, by d#|p = conj(x)|p, we can have P’ = P~

Accordingly, we have P* = P, which yields x € Nx(P). Thus x € P, as x is a 2-element. Note that
y € 0,(X) < P; we obtain that xy™' € P.
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If xy~! ¢ 0,(X), then P =< xy~!, 0,(X) > since 0,(X) is a maximal subgroup of P. We derive that
-1
xy~' € Z(P) and thus
deonj(y H)lp = conj(xy Hlp = idlp.

Moreover, it is obvious that
. _1 .
deonj(y™Hlo,xy = idlo,x)

and
. _1 .
deonj(y” lxs0,x) = 1dlx/0,x)-

According to Lemma 2.7, we have dconj(y~!) € Inn(X), which implies that ¢ € Inn(X).
If xy~! € 0,(X), then x € O,(X). As a result, we have

| .
deonj(x)|x/0,00 = 1dlx/0,x)-

In addition, we can see that
. _1 .
Yeonj(x™)lo,x) = 1dlo,x)s

and
Yeonj(x V)|p = id|p.

Using Lemma 2.7, we have ©¥conj(x™!) € Inn(X) and thus 9 € Inn(X). Hence, in either case, we have
P € Inn(X). O

Remark 3.2. The requirement that X/F(X) does not have a chief factor isomorphic to C, cannot be
omitted. For instance, with the assumption that Out.(X) N Outcy(X) is of even order, Marciniak and
Roggenkamp [11] constructed a group X = (C; X C3) = C3.

Theorem 3.3. Let X = 0,/(X) = P be a semidirect product of a normal 2-complement Oy (X) by a
Sylow 2-subgroup P. If m?® is conjugate to m or m™!, for all m € P, then Outz(X) = 1, that is, X has the
normalizer property.

Proof. To demonstrate that the assertion is true for X, we need only prove that Autz(X) € Inn(X).
Suppose that € Autz(X). It follows that for all x € X, there exists w € Nyzyx)(X) satisfies 2 =wlaw.
We suppose the augmentation map as follows:

E:ZX%Z(ZFXXHZG),

xeX xeX

where r, € Z for any x € X. Then we have e(w) = 1 or —1 since w € U(ZX). It is evident that
¥ = conj(w) = conj(—w). Hence, we can assume that e(w) = 1.

For X/0,(X), we use the bar notation for the elements and subgroups. Namely, we denote X :
x0»(X), U := UO»(X)/O»(X), for any x € X, U < X, respectively. Specifically, we have X :=
X/0y(X).

Denote

piZX—)ZX(ZI’XXI—)er)_C)

xeX xeX

the natural homomorphism for ZX to ZX.
Claim 1. Notation as above, there exists an & € X satisfying p(w) = h and 9|z = conj(h)|x.
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By w € Ny@zx)(X), then p(w) € NU(Z;()()_(). According to Lemma 2.8, 0»(X)? = 0,(X) and 9|3 €
Aut(X). Since for any x € X, x” = w™lxw, so

% = wlxw = p(w™xw) = p(w) ' Tp(w). (3.1

Therefore, 9J|x is induced by p(w) via conjugation, namely, ¥z € Autz(X). According to Lemma 2.3,
we have 9|z € Inn(X). It follows that there is a y € X satisfying ?#|z = conj(7)|g, which implies that
¥l = ™ = ¥V for any % € X. Then, p(w)y~! € Z(U(ZX)). Moreover, for all m € P, X = P and m’® is
conjugate to m or m~!. According to Lemma 2.9, it is trivial for all central units of Z(X). Hence, there
is a central element 7 of X satisfying p(w)y~! = Z. Denote by h = Zy. Therefore, p(w) = h. According
to Eq (3.1), we obtain

Fx = conj(h)x. (3.2)

Claim 2. dconj(h™")lo, x) € Autco(Ox (X))

For any k € O (X), we have k” = w'kw. Since w € Nuyzx)(X) and Lemma 2.8, this implies that
w~lkw and k are conjugate in X. Therefore, there exists a g € X satisfying k” = k8. But O, (X)<X, so we
get that k” € Oy (X). Then, it follows that 9o, (x) € Aut(O(X)) and deonj(h Mo, x) € Aut(Ox(X)).
Hence, we need to check that ﬁconj(h‘1)|02,(x) € Autc (O (X)). Suppose that p € m(O (X)) and
P € Syl (O»(X)). Consequently, according to Lemma 2.10, there is a b € Oy (X) satisfying

deonj(h™")|p = conj(b)lp (3.3)

Accordingly, ﬁconj(h‘1)|02,(x) € Autco (O (X)), since the Eq (3.3) holds.
Claim 3. 9 € Inn(X).
Write ¢ := Yconj((bh)~!). By equation (3.2), we get that
Ylx/0, 00 = 1dlxj0, x)- (3.4)

Since ¥ € Autz(X), this implies that ¢y = d¥conj((bh)™!) € Autz(X). According to Lemma 2.11,
? € Inn(X). We may suppose that i is a 2-element. So is Yo, (x). Note that

Wlo,x = peonj(h™Heonj(b™Hlo, x) € Autco(Ox(X)).

By Lemma 2.12 and /o, x) being a 2-element, we deduce that

Yo, = 1dlo, x)- 3.5

Now by Lemma 27, EqS (34) and (35) yleld that lﬁ|x/02(z(02,(x))) = ile/Oz(Z(Oz/(X)))- Since 02/(X) 1S
a 2’-group, it follows that ¢ = id, that is, ¥conj((bh)~") = id. Hence ¥ € Inn(X). O

Corollary 3.4. Let X have a Sylow 2-subgroup of order 2. Then X has the normalizer
property (see [10]).

Proof. According to Burnside’s theorem, there is a normal 2-complement O, (X) of X. Then the
consequence is immediate from Theorem 3.3. O

Theorem 3.5. Let X be an extension of a centerless finite group A by a 2-group P, where Autcq(A) =
Inn(A). If m? is conjugate to m or m™"', for all m € P, then Outz(X) = 1.
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Proof. Let ¥ € Autz(X) be a p-element; we will show that ¢+ € Inn(X). Since X/A = P has proofs
similar to those of Claim 1 and Claim 2 in Theorem 3.3, then there exists some & € X such that #{y/4 =
conj(h)|x/4 and Jconj(h )[4 € Autco(A). Since Autco(A) = Inn(A), we know that deonj(h™')|4 €
Inn(A). Thus there exists some a € A satisfying

ﬁconj(h_l)lA = conj(a)|s- (3.6)

Write i := ¥conj((ah)~'. By Px/a = conj(h)|x,a, we obtain

Ylxsa = d|x/a- (3.7)

By Eq (3.6), we have
Yla = 1dla. (3.8)
Now by Lemma 27, EqS (37) and (38) y161d that le/Op(Z(A)) = ile/Op(Z(A))- Since Z(A) = 1, it follows
that = id, that is, Jconj((ah)™") = id. Hence ¢ € Inn(X). We are done. O

Corollary 3.6. Let X be an extension of a finite complete group F by a cyclic group P of order 4 or a
quaternion group P of order 8. Then Outz(X) = 1.

Proof. Since F is a complete group, then Z(F) = 1 and Aut(F) = Inn(F’). Since P is a cyclic group of
order 4 or P =< a,bla* = 1,b* = a*,b~'ab = a® >, which implies that m? is conjugate to m or m~!, for
all m € P. Thus the result is immediate from Theorem 3.5. O

Corollary 3.7. Let X be an extension of an almost simple group H by a cyclic group P of order 4 or a
quaternion group P of order 8. Then Outz(X) = 1.

Proof. Since H is an almost simple group, then there exists some non-abelian simple group A satisfying
A < H < Aut(A). Obviously Z(H) = 1. Next we show that Autc,(H) = Inn(H). By Lemma 2.13,
there exists a prime ¢q | |A| such that g-central automorphisms of A are inner. Let ¢ € Autcq(H) and
Q € Syly(H). By definition, then there exists some 4 € H satisfying #|p = conj(h)|p. According to
Lemma 2.14, we may assume that ¥y = id|p. Set D = Q N A; thus, D € Squ(A) and ?|p = id|p. Note
that A < H. By Lemma 2.3, we deduce that |4 is a g-central automorphism of A. Hence, |4 € Inn(A),
that is, 9|4, = conj(a)|4 for some a € A. Set = ¥conj(a™'), then |, = id|4. Again note that A is a non-
abelian simple group; we obtain Cy(A) = Cayn)(A) N H = 1 because A identifies with Inn(A). Thus,
forany y € H and x € A, we have (y"'xy)¥ = (y71)Yxy¥ = y~!xy; this implies that y*y~! € Cy(A) = 1,
1.e., ¥ = id. Hence, © € Inn(H). So this result is immediate from Theorem 3.5. O

Example 3.8. Let X be an extension of a simple group A by a cyclic group P of order 4 or a quaternion
group P of order 8. Then Outz(X) = 1.

Proof. According to the abelianity of the simple group, the proof splits into two cases.

(1) Let A be a non-abelian simple group. This is a direct consequence of Corollary 3.7.

(2) Let A be an abelian simple group. It is known that A is a cyclic group of order p, where p
is a prime. If p = 2, then X is a 2-group. By the definition of Coleman automorphisms, we obtain
that Outco(X) = 1; this implies that Outz(X) = 1. If p # 2, the assertion is a direct consequence of
Theorem 3.3. O
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Corollary 3.9. Let X be an extension of a symmetric group Z;(i > 3) by a cyclic group P of order 4 or
a quaternion group P of order 8. Then Outz(X) = 1.

Corollary 3.6. If i = 6, then X¢ is an almost simple group. Hence, the assertion is immediate from
Corollary 3.7. O

Proof. If i > 3 and i # 6, then X; is a complete group. Hence, the assertion is immediate from

4. Conclusions

This paper continues the study of the normalizer problem of finite groups with prescribed
2-subgroups. We have proven that X has the normalizer property, if X is an extension of some
centerless finite groups by 2-groups with trivial central units or X is a semidirect product of a finite
group of odd order by a 2-group with trivial central units. Additionally, we have shown that under
some conditions class-preserving Coleman automorphisms of 2-power order of some finite groups are
inner. In particular, the normalizer property holds for these groups.
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